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Abstract

The useof multiscalestatistics,i.e. the simultaneousinferenceaboutvariousstretches

of datavia multiple localizedstatistics,is a naturalandpopularmethodfor inferenceabout

e.g. local qualitative characteristicsof a regressionfunction, a density, or its hazardrate.

We addressseveralstatisticalandcomputationalissuesconcerningsuchmultiscalestatistics

andillustratethosefor theproblemof providing simultaneouscon�dencestatementsfor the

existenceand location of local increasesanddecreasesof a density. We review the bene-

�ts of employing scale-dependentcritical valuesfor multiscalestatisticsandthenderive an

approximationschemethat resultsin a fastalgorithmwhile preservingstatisticaloptimality

properties.The main contribution is a methodologyfor calibratingmultiscalestatisticsthat

doesnot requirea case-by-casederivation of its speci�c form. We show that in the above

densitycontext the methodologypossessesstatisticaloptimality propertiesandallows for a

fastalgorithm.We furtherillustratethemethodologywith amultiscalestatisticintroducedby

GijbelsandHeckmanfor inferenceabouta hazardrate.
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1 Intr oduction

Therehasbeenconsiderablerecentinterestin the inferenceaboutqualitative characteristicsof a

regressionfunction,a density, or its hazardrate,suchasthenumberor locationof monotoneor

convex regions,localextremaor in�ection points.As thelocationandextentof theselocalcharac-

teristicsis notknown in advance,it is naturalto employ multiscalemethodsfor suchaninference,

i.e. onesimultaneouslyexamineslocal regionsof varioussizesandlocations.This approachwas

usedby ChaudhuriandMarron (1999,2000)andDümbgenandSpokoiny (2001)in conjunction

with kernelestimateswith varyingbandwidths,by Dümbgen(2002)andRohde(2006)with local

ranktests,by Hall andHeckman(2000)with local linearsmoothers,by GanguliandWand(2004)

with local splines,andby Gijbels andHeckman(2004)andDümbgenandWalther(2006)with

local spacings.

For a conciseexpositionwe will focusour theoreticalinvestigationson the problemof in-

ferenceabouta densityas in DümbgenandWalther (2006). But it will becomeclear that the

methodologyintroducedin thispapercanbeadaptedto theothercontexts citedabove,andit may

berelevant for multiscalemethodsbeyond theareaof shape-restrictedinference.As an illustra-

tion, in Section5 we will apply the methodologyto a multiscalestatisticthat hasrecentlybeen

introducedby GijbelsandHeckman(2004)for inferenceaboutahazardrate.

Our main focus is thus to detectand localize local increases(or decreases)of a univariate

densityf basedon a vectorX of i.i.d. observationsX 1; : : : ; X n . The natureof the problem

suggeststo considerlocal test statisticson multiple intervals and then performa simultaneous

inferencewith thesemultipletests.Thisgeneralprogramof multiscaleinferencewasimplemented

in thiscontext by DümbgenandWalther(2006)asfollows:

Considerall intervalsI j k := (X (j ) ; X (k) ), 1 � j < k � 1 � n � 1, andoneachsuchinterval

I j k computethe local teststatisticTj k(X ) :=
q

3
k� j � 1

P k� 1
i= j +1

�
2

X ( i ) � X ( j )

X ( k ) � X ( j )
� 1

�
. If f is non-

increasingon I j k , thenoneobtainsthedeterministicinequalityTj k(X ) � Tj k(U ), whereU is

the vectorof U[0; 1] randomvariablesUi := F (X i ), 1 � i � n. Thuswe canconcludewith

con�dence1 � � thatf musthave anincreaseon every interval I j k for which Tj k(X ) exceedsa

critical valuecj k(� ) thatcanbesimulatedwith U[0; 1] randomvariables.Moreprecisely:f must

have anincreaseon every I j k 2 D+ (� ), where

D+ (� ) :=
n

I j k : Tj k(X ) > cj k (� )
o

;
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providedthat

IP
n

jTj k (U )j � cj k(� ) for all 1 � j < k � 1 � n � 1
o

� 1 � �;

andfurthermoref musthave a decreaseon every I j k for which Tj k(X ) < � cj k(� ). Note that

thisapproachyieldsaguaranteed�nite samplecon�dencelevel 1 � � .

A centralproblemof themultiscaleinferenceis thechoiceof thelocal critical valuescj k (� ).

Thetraditionalapproachto thisproblemis to treatall of thelocal teststatisticsequal,i.e. onesets

cj k (� ) := ~� n (� ), where~� n (� ) is chosen,e.g.via MonteCarlo,suchthat

(1) IP
n

max
1� j <k � 1� n� 1

jTj k(U )j � ~� n (� )
o

� 1 � �:

(Of course,suchan equaltreatmentrequiresthat all local statisticsare �rst standardizedto the

samemeanandvariance;Tj k(U ) hasmean0 andvarianceunity for all (j; k).) It canbeshown

thatfor thesecritical values~� n (� ) �
p

2logn.

DümbgenandSpokoiny (2001)pioneeredanapproachthatassignsdifferentcritical valuesto

differentscalesk� j
n . In thepresentcontext theirmethodamountstosettingcj k(� ) :=

q
2log en

k� j +

� n (� ), i.e. � n (� ) is chosenvia MonteCarlosuchthat

(2) IP
n

max
1� j <k � 1� n� 1

�
jTj k (U )j �

r
2 log

en
k � j

�
� � n (� )

o
� 1 � �:

A motivationfor thischoiceis asfollows: Thereare� 1
h disjointintervalsI j k of `length'h = k� j

n .

As the distribution of Tj k (U ) is roughly standardnormal, maxj;k Tj k(U ) over theseintervals

will be of size
q

2log 1
h . Intervals of this length that overlapwith thosedisjoint intervals will

result in local statisticsTj k(U ) that arecorrelatedandwill not affect the overall maximumin

a relevant way. Thusmaxj;k Tj k(U ) over small intervals I j k with k � j � const will be of

thesize�
p

2logn, while maxj;k Tj k(U ) over large intervals I j k with k � j � const � n will

staybounded.Consequently, in the traditionalapproach(1) theoverall critical value~� n (� ) will

essentiallybe determinedby the stochasticallylarger null distribution at the small scales,with

a correspondinglossof power at large scales.Method(2) countersthis by �rst subtractingoff
q

2log en
k� j , theputative sizeof maxj;k Tj k(U ) onscalek� j

n , thusputtingthevariousscaleson a

moreequalfooting.

Thisapproachhasstrongtheoreticalsupport:As detailedin Section2, it canbeshown thatthis
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calibrationleadsto optimallargesamplepowerpropertiesfor detectingincreasesanddecreaseson

smallscalesandon largescales.In contrast,thetraditionalapproach(1) will necessarilyleadto a

suboptimalperformancefor signalson largescales.Onedisadvantageof thecalibration(2) is the

factthat its particularform dependson theparticularsetupat hand.For example,likelihoodratio

type statisticswill requirea different calibration,whoseparticularform must be derived from

theoreticalconsiderationsthat arenon-trivial. The main contribution of this paperis a method

of calibrationthat is generallyapplicablewithout the needfor suchcase-by-casespeci�cations,

which is simpleto implementandwhich is shown to sharethelargesampleoptimality properties

of thecalibration(2) in thestatisticalcontext underconsiderationhere.

We startwith a small simulationstudyin Section2 to investigatetheeffectsof differentcal-

ibrationsin a �nite samplecontext. Section3 addressesa computationalprobleminherentin

multiscaleinference:Thereareof the ordern2 intervals I j k , andon eachsuchinterval a local

teststatisticneedsto becomputed.We will introducea methodologyto choosea particularsub-

setof intervals that resultsin a total computationalcostof O(n logn) while essentiallyretaining

the optimal power properties.This ef�cient computationalstrategy providesthe main ideasfor

the generalmethodof calibration,which is introducedin Section4 and is shown to combine

computationalef�ciency with statisticaloptimality. In Section5 we apply this methodologyto a

multiscalestatisticintroducedby GijebelsandHeckman(2004)for inferenceaboutahazardrate.

We summarizeour �ndings in Section6. Somecomputationaldetailsandproofsaredeferredto

Section7.

2 Calibrating the multiscalestatistic

In this sectionwe will investigatethe effectsof the differentcalibrations(1) and(2). The large

samplepropertiesof the latter calibrationwereinvestigatedin thesettingof theGaussianWhite

noisemodel in Dümbgenand Spokoiny (2001). In the presentdensitysettingDümbgenand

Walther(2006)show that the relevant quantityfor detectingan increaseof the densityf on an

interval I is H (f ; I ) := inf I f 0jI j2=
p

F (I ), andthey establishthefollowing theorem:

Theorem 1 Letf n beadensitywithdistributionfunctionFn thatsatis�esH (f n ; I n ) � Cn
p

log(e=Fn (I n ))=n

for a boundedinterval I n . Then

IPf n

�
D+ (� ) containsan intervalJ � I n

�
! 1;
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providedthatCn =
p

24+ bnp
log(e=Fn (I n ))

with bn ! 1 .

This theorem1 allows to deducelargesampleoptimalityonsmallscales(i.e. intervalsI n with

Fn (I n ) ! 0) aswell ason largescales(intervalsI n with lim inf Fn (I n ) > 0):

Optimalityfor smallscales.Thereisathresholdeffectfor H (f n ; I n ) at
p

24log(e=Fn (I n ))=n:

If the factor
p

24 is replacedby
p

24 + � n for certain� n ! 0, thenthe multiscalestatisticwill

detectandlocalizethe increasewith power converging to 1. On theotherhand,it canbeshown

that in the case
p

24 � � n no procedurecandetectsuchan increasewith non-trivial asymptotic

power.

Optimality for largescales.If Cn ! 1 , thenthemultiscaleprocedurewill detecttheincrease

with power converging to 1. It is shown in DümbgenandWalther(2006)thatCn ! 1 is alsoa

necessaryconditionfor any testto have asymptoticpower 1.

This optimality result for small scalesas well as for large scalessupportsthe strategy (2),

which employs larger critical valuesfor smallerscalesthanfor larger scales.In a �nite sample

context, this arrangementof critical valueswill simply shift power from the small scalesto the

large scaleswhencomparedto the traditionalcalibration(1). Theabove resultsshow thatasthe

samplesizegetslarge, this disadvantageat small scalesdisappears,while theadvantageat large

scalespersists,so thenstrategy (2) will dominatestrategy (1). It is of interestto seefrom what

samplesizeon this effect setsin, andhow the trade-off in power looks like for smallersample

sizes.

We performeda simulationstudyfor sampleswith n = 200, 1000, and5000observations

from adensitythatequals1 on [0; 1] apartfrom a linearincreasewith slopes onaninterval [a;b]:

f (x) = 1f x 2 [0; 1]g + s(x � (a + b)=2)1f x 2 [a;b]g. To examinethepowerona largescalewe

setb� a = 1=2 andasasmallscalewetookb� a just largeenoughto getmeaningfulpower, viz.

0.15,0.07and0.03,respectively. In eachsimulationrun, theinterval [a;b] waslocatedrandomly

in [0; 1]. The�nite samplecritical values~� n (0:95) and� n (0:95) weresimulatedwith 105 Monte

Carlosamples.Figure1 shows thepower of eachmethodasa functionof theslopeparameters.

Therelevantgraphsarethedashedbluecurve for thetraditionalmethod(1) andthedashedblack

curve for themethodwith theadditive correctionterm(2).

[Figure1 abouthere.]

1A key point in establishingthis theoremis to show that � n (� ) staysboundedin n, i.e. after subtractingoffp
2 log(: : :) to adjust for multiple testingover different intervals on a given scale,there is no further adjustment

necessaryfor combiningthemultiple scales.
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The plots in Figure1 show that the methodwith the additive correctionterm (2) hasa clear

advantageonthelargescale,while thetraditionalmethod(1) methodhasmorepoweronthesmall

scaleunderconsideration.However, it turnsout thatthisadvantageextendsonly overasmallpart

of thescalerange:Thescaleb � a above which method(2) hasmorepower than(1) wasfound

for thethreesamplesizesto be0.25,0.13and0.06,respectively. Theplot with n = 5000shows

theonsetof thethresholdeffectdescribedabove.

Thuswe concludethatfor samplesizesin thehundreds,thereis a trade-off in power between

the two methods,with method(2) having morepower on a large part of the scalerange. For

samplesizesin thethousands,thisadvantageextendsto all but thesmallestscales.

3 A fast approximation

Computinga local teststatisticon intervals at variouslocationsandsizesis computationallyex-

pensive: Thereareof theordern2 intervals I j k , andon eachsuchinterval onehasto computea

local teststatistic.Theideafor a fastbut accurateapproximationis basedon thefollowing obser-

vation:For largeintervals,thereis notmuchlostby consideringonly endpointswith indicesonan

appropriategrid, becausethedistancebetweenpotentialendpointswill besmallcomparedto the

lengthof theinterval (wheredistanceandlengtharein termsof empiricalmeasure).Wewill show

how this ideacanbe �nessedin a way that reducesthecomputationalcomplexity to O(n logn),

while at thesametimeessentiallyretainingtheoptimality resultswith respectto power.

Thealgorithmcanbedescribedasfollows: We startout by �rst consideringaspotentialend-

pointsonly every D th observation, andwe consideronly intervals that containbetweenM and

2M � 1 observations. Thenwe increaseM to 2M andD to
p

2D anditeratewhile M � n=2.

We foundthatD = 2 andM = 10 workswell andusethischoicein thefollowing.

This algorithmproducesa collectionof approximatingintervalswith endpointson a grid that

is �ner for small intervals andcoarserfor larger intervals. IncrementingD only by a factorof
p

2 while the interval lengthis doubledresultsin anapproximationlossthatbecomesnegligible

relative to thelengthof theinterval, andthischoiceyieldstheoptimalcomputationalandstatistical

propertiesasdetailedbelow.

Hereis amoreformaldescriptionof thealgorithmthatis usefulin thefollowing:

[Table1 abouthere.]
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ThuswesetthenotationsuchthatI app(1) containsthelargestintervals,andI app(lmax ) con-

tainsthesmallestintervals. I app :=
S lmax

l=1 I app(l ) is thenthesetof all approximatingintervals

that we are considering. We de�ne D+
app(� ) analogouslyto D+ (� ) with I app in placeof all

intervalsfI j k ; 1 � j < k � ng.

Theorem 2 I app containsO(n logn) intervals. Moreover, Theorem1 continuesto hold when

D+ (� ) is replacedbyD+
app(� ) providedCn =

p
24+ bn

(log(e=Fn (I n ))) 1=4 with bn ! 1 .

Thusthemultiscalestatisticson I app canbecomputedin O(n logn) steps2, while this pro-

cedureretainsthe statisticaloptimality propertieson both large andsmall scales. The slightly

differentresultof Theorem2 comparedto Theorem1 affectsonly thesecondarystructureof the

thresholdeffect, i.e. therateat which � n ! 0.

Thesimulatedpower curvesin Figure1 show thatthepower lossdueto theapproximationis

indeedsmall. Therelevantgraphsarethesolid blueandblack lines,which have to becompared

to therespective dashedlines.

4 A generalcriterion

Section2 hasshown thatemploying differentcritical valuesfor differentscalescanresultin advan-

tageousstatisticalproperties.Onedisadvantageof themethod(2) is thattheform of thecorrection

termdependson theparticularsituationat hand,namelyon thetail behavior of thelocal statistics

aswell ason a certainentropy andthebehavior of theincrementsof a certainstochasticprocess,

seeTheorem8 in DümbgenandWalther (2006). Deriving thesepropertiesis typically a non-

trivial task. It is thusof interestto developmethodologythatdoesnot requirethesecase-by-case

speci�cations.

Themotivationfor ourmethodologyderivesfrom theabovecomputationalconsiderationsthat

groupsintervalsinto blocks:As eachblockcontainsintervalsof aboutthesamelength(scale),we

will assignto eachsuchinterval thesamecritical value.Thenwesetthesecritical valuessuchthat

thesigni�cancelevel of thel-th blockdecreasesas� l � 2.

Moreformally, let � 2 (0; 1) andde�ne ql (� ) tobethe(1� � )-quantileof maxI j k 2 I app (l ) jTj k(U )j.

We suppressthedependenceof ql (� ) on thesamplesizen for notationalsimplicity. Let ~� bethe

2A naive computationof thelocal teststatisticswill addanotherfactorn to thecomputationalcomplexity. But the
particularstatisticusedherecanbe computedin constanttime after computingthe vectorof cumulative sumsof the
observationsoncein thebeginning.
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largestnumbersuchthat

(3) IP
� lmax[

l=1

n
max

I j k 2 I app (l )
jTj k (U )j > ql

� ~�
(A + l)2

�o�
� �;

whereA � 0; we found that A := 10 works well in practiceand we usethis choicein the

following. Section7 shows that the critical valuesql ( ~�
(A+ l )2 ) can be simulatedwith a simple

extensionof thealgorithmusedfor methods(1) and(2).

Now we cande�ne D+
block(� ) analogouslyto D+ (� ) by taking as critical value in the l-th

block ql

�
~�

(A+ l )2

�
. By construction,we canagainclaim with guaranteed�nite samplecon�dence

1 � � that f musthave an increaseon every I j k 2 D+
block(� ). The next theoremshows that in

thesetupunderconsiderationhere,we obtainthesamestatisticaloptimality propertiesasfor the

method(2):

Theorem 3 Theorem1 continuesto hold whenD+ (� ) is replacedby D+
block(� ) providedCn =

p
24+ bn

(log(e=Fn (I n ))) 1=4 with bn ! 1 .

Theproofof Theorem3 shows thatif weapplytheblockprocedureto all intervalsI j k , i.e. we

do not enforce(a), thenwe recover thestrongerassertionof Theorem1. Of course,in thatcase

wewould losethecomputationalef�ciency thatI app affords.

In Figure1, thepower curvesof theblock methodaredepictedby a solid redline, which has

to becomparedto thesolid blue line of the traditionalmethod(1) andthesolid black line of the

method(2) thatusesanadditive correctionterm.Thusoneseesthatin a �nite samplecontext, the

blockmethodis intermediatebetweentheothertwo methods.In particular, it givesmorepower to

smallscalesthanmethod(2),andwefoundthisto beadesirablefeaturein many examplesthatwe

investigated.The increasedpower at small scalesarisesby construction:While thesigni�cance

level for the l-th block canbeshown to decreaseexponentiallyas� exp(� c
p

l) for method(2)

(seeProposition1), 3 theblock methodemploys theslower polynomialdecrease� l � 2. Another

reasonfor thebetterpoweratsmallscalesof theblockmethodis thefactthatthecritical valuesin

eachblockautomaticallyadaptto theexact�nite sampledistribution of thelocal teststatistics.

3Thetheoreticalresultsin DümbgenandSpokoiny (2001)andin DümbgenandWalther(2006)allow for a re�ne-
mentof themethod(2) with iteratedlogarithms.This re�nementgivesmoreweight to smallscalesbut is not pursued
furtherin thesepapers.
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5 Infer enceabout a hazard rate

Gijbels and Heckman(2004) consideredthe problemof detectinga local increasein a hazard

rate. They constructeda multiscalestatisticby localizinga statisticintroducedby Proschanand

Pyke (1967): Let X 1; : : : ; X n be an i.i.d. samplefrom a distribution F whoseleft endpointof

supportis 0. ConsiderthenormalizedspacingsD i := (n � i + 1)(X (i ) � X (i � 1)), i = 1; : : : ; n,

whereX (0) := 0. GijbelsandHeckman(2004)considerthelocalsigntest

(4) max
1� s� n� 1

max
1� k� n� s

V�
sk ;

whereV�
sk = v� 1=2

k (
P

s� i<j � s+ k Vij � � k), Vij = 1(D i > D j ), � k = (k + 1)k=4, andvk =

(2k + 7)(k + 1)k=72. Thuss indexesthestartingpoint andk indexesthebandwidth(scale)of

the local statistic. Hencethe methodologyof Sections3 and4 assignslocal statisticsto blocks

dependingon the valueof k. Alternatively onecanreparamtrizethe local statisticby start-and

endpointandthenapplythealgorithmsof Sections3 and4 verbatim:(4) is seento beequivalent

to

(5) max
1� j <k � n

Wj k ;

whereWj k = v� 1=2
k� j (

P
j � i<i 0� k Vii 0 � � k� j ).

Weillustratethemethodologyby repeatingthesimulationstudyof GijbelsandHeckman(2004).

n = 50observationsweredrawn from adistributionwhosehazardrateh ismodeledvia logh(t) =

a1 log t + � (2� � 2)� 1=2 expf� (t � � )2=(2� 2)g, t > 0. Parametervaluesa1 � 0; � = 0 pertainto

thenull hypothesisof a non-increasingfailurerate,while � > 0 will resultin a local increasefor

certainvaluesof a1; �; � . As shown in GijbelsandHeckman(2004),guaranteed�nite samplesig-

ni�cance levelscanbeobtainedby usingthestandardexponentialdistribution (i.e. a1 = 0; � = 0)

to simulatecritical values.GijbelsandHeckman(2004)consideralternativeswith � = 0:3; � = 1

andvariousvaluesof a1; � . Thevaluesa1 = � 0:2; � = 0:1 resultin a local increaseon a small

scale,while the the valuesa1 = 0; � = 0:2 result in a local increaseon a large scale. Table2

shows thepower of themultiscaletest(5) againstthesealternativeswith thecalibration(1) used

by GijbelsandHeckman(2004)andtheblockmethodof Section4.

[Table2 abouthere.]
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6 Conclusions

Employing a calibrationfor multiscalestatisticsthat varieswith scalecan result in important

improvementsin termsof power. An approximationschemewas describedthat allows for an

O(n logn) algorithmto computethe multiscalestatisticwhile preservingstatisticaloptimality

properties.We introduceda generalmethodfor calibratingmultiscalestatisticswhosespeci�ca-

tion doesnot dependon theparticularproblemat hand.We investigatedcertaininferencesabout

adensityandshowedthatthegeneralmethodis computationallyef�cient andpossessesstatistical

optimalityproperties.

All themethodsdescribedin thispaperareimplementedin theR–packagemodehunt , avail-

ablefrom CRAN. Thepackagealsoprovidestablesof critical valuesfor somecombinationsof �

andn aswell asfunctionsto simulate�nite samplecritical values.

7 Computational detailsand proofs

Simulating the null distribution of the multiscale statistic: In eachof M MonteCarlosimu-

lation runswe generaten i.i.d. U[0; 1] randomvariablesU = (U1; : : : ; Un ). Thecritical values

~� n (� ) and � n (� ) for methods(1) and (2) are taken as the 100(1 � � )th percentileof the M

simulatedvaluesof therespective max1� j <k � 1� n� 1(: : :) givenin (1) and(2).

For method(3) we needto �nd lmax critical valuesql ( ~� =(A + l)2), l = 1; : : : ; lmax , for a

given � 2 (0; 1). To this end, for eachsimulationrun we recordthe max of eachblock in an

M � lmax arrayS whose(m; l)th entry is maxI j k 2 I app (l ) jTj k(U )j for themth simulationrun.

Next wesortthecolumnsof S andstorethesein thearrayO. Thisisdonesothatwecanef�ciently

computevariouspercentilesof thedifferentcolumns.Now thedesiredcritical valuesaregivenby

ql := O
�

M � [(M � i )(A + 1)2=(A + l)2]; l
�

, l = 1; : : : ; lmax , wherei is thesmallestinteger

i 2 f 1; : : : ; M g suchthattheproportionof rows r of S for which
P lmax

l=1 1
�

S(r; l ) > ql

�
> 0 is

not largerthan� . This index i canbequickly foundvia bisection.

We wereinitially concernedaboutthe requirednumberM of Monte Carlo simulationruns,

for two reasons:First,wehave to estimateseveralcritical valuesql simultaneously. Second,those

critical valuesarefurtheroutin thetails. However, wefoundthatovermultiplesetsof M = 5�105

MonteCarlosimulationsthestandarderrorof thesecritical valueswasnot largerthanthatfor � n

overmultiplesetsof M = 105 MonteCarlosimulations.WethusrecommendM = 5� 105 Monte

Carloruns.
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Proof of Theorem 2: For I j k 2 I app(l ) therearenot morethandn=dl e possiblevaluesof j

dueto (a). For eachsuchj therearenot morethandm l =dl e possiblevaluesof k dueto (a) and

(b). Hence# I app(l ) � dn=dl edm l =dl e � 4nM =D2. Theassertionaboutthecardinalityof I app

now follows aslmax � log2(n=M ).

To provethesecondclaimwe�rst �rst establishananalogousresultto Lemma11in Dümbgen

andWalther(2006):

Lemma 1 Let f bea density, I bea boundedintervalandset� :=
R

I f . Suppose

1. inf I f 0jI j2=
p

� � C
p

log(e=�)=n

2. C �
p

24
(1� � )2

p
1� 
 � 2=(n� )

�
1 + � n (� )+ �p

2 log(e=� )
+ 
 +2 =(n� )

2 log(e=� )

�

for certainnumbers � 2 (0; 1), 
 2 (0; 1=2] and� > 0.

3. C� 2
p

log(e=�) � 32Dp
M (1� 
 )

Then

IP
�

D+
app(� ) containsno intervalJ � I

�

� 2exp(� n� 
 2=2) + 2exp
�
� C(1 � 
 )

p
n� log(e=�) � 2=64

�
+ exp(� � 2=2) :

Themaindifferenceto Lemma11in DümbgenandWalther(2006)is theadditionalcondition

3 which is necessitatedby thereducednumberof intervalsunderconsideration.

Proof of Lemma 1. Write I = (a;b) andde�ne I (` ) := (a;a+ � jI j=2], I (r ) := [b� � jI j=2; b).

It wasshown in theproofof Lemma11 in DümbgenandWalther(2006)that

(6)
F (I (r ) )

F (I )
�

F (I (` ) )

F (I )
� C

r
log(e=�)

n�
� 2=8:

SetN := # f i : X i 2 I g. If N � M + 2D thenwe cande�ne l to be thesmallestinteger

suchthatm l + 2dl � N . This implieslmax � l � log2(N=M ) andhence

(7) dl � round(D(N=M )1=2) :

Furthermorewe canconcludethat thereis an interval I j k 2 I app with I j k � I andX (j )

is the �rst or secondpoint on the dl -spacingthat falls into I , andX (k) is the last or second-to-

last observation on the dl -spacingthat falls into I . Hencefor 
 2 (0; 1=2] we have on the set

11



f N � (1 � 
 )n� g:

IP(jI j k j=jI j � 1 � � jN )

� IP(lessthan2dl observationsin I (` ) jN ) + IP(lessthan2dl observationsin I (r ) jN )(8)

It followsfromthegeneralHoeffding inequality, seeA.6.1in vanderVaartandWellner(1996),

thatIP(N � (1 � 
 )n� ) � exp(� n� 
 2=2) andthat(8) is not largerthan

2exp
�

�
N F (I (` ) )

8F (I )

�
providedthat

2dl F (I )
N F (I (` ) )

< 1=2:

But (6), (7) andN � (1 � 
 )n� imply

2dl F (I )
N F (I (` ) )

�
16D

C� 2
p

M (1 � 
 ) log(e=�)
:

Hence(6) gives

IP(jI j k j=jI j � 1 � � )

� 2exp
�
� C(1 � 
 )

p
n� log(e=�) � 2=64

�
+ exp(� n� 
 2=2)

provided that Assumption3 of the lemmaholds. Now the assertionof the lemmaobtainsby

following theproof of Lemma11 in DümbgenandWalther(2006)andby usingthefact that the

� n (� ) usedfor D+
app(� ) is not larger thanthe� n (� ) usedfor D+ (� ) in (2) asI app � fI j k ; 1 �

j < k � ng. 2

To prove Theorem2 we can now proceedsimilarly as in the proof of Theorem4(iii) of

DümbgenandWalther(2006):Set

� = � n :=
p

32=Cn (log(e=�n )) � 1=4 ;


 = 
 n :=
p

2D (n� n )� 1=2 ;

� = � n := bn

whereCn andbn aregiven in the statementof the theorem,� n := Fn (I n ), andD > 0 is an

arbitrary�x ednumber. Oneeasilyveri�es that � n 2 (0; 1=4) for n large enough.It is shown in

12



theproof of Lemma11 in DümbgenandWalther(2006)thatn� n � logn. Hence
 n � 1=2 for

n � exp(8D) andtheboundgivenby Lemma1 is not largerthan

2exp(� D ) + 2exp(�
p

logn=4) + exp(� b2
n=2)

providedthat

Cn � 2
n �

32
p

log(e=�n )

and

Cn �
p

24
�

1 + k1� n + k2(
 n + log(n) � 1)
� �

1 + 
 n + log(n) � 1 +
� n (� ) + � np
2log(e=�n )

�

for certainuniversalconstantsk1 and k2. With our choicesfor Cn , � n , 
 n and � n , these

conditionsaresatis�edfor suf�ciently largen. 2

For theproofTheorem3 weneedthefollowing result:

Proposition1 Let � > 0. Thenthere is a � 0 = � 0(� ) 2 (0; 1) sothat for all � 2 2 (0; � 2
0 ]

IP
�

max
1� j <k � n: k � j � 1

n 2 ( � 2
2 ;� 2 ]

jTj k(U )j >
r

2log
en

k � j
+ �

�
� exp

�
�

r

log
1
� 2 �= 2

�

Proof of Proposition 1: For � 2 (0; 1) we will considerTn (� ) :=
n

( j
n ; k

n ) : k� j � 1
n 2

( � 2

2 ; � 2]; 1 � j < k � n
o

with the distance�
�

(s1; s2); (t1; t2)
�

:= (jt1 � s1j + jt2 � s2j)1=2

andde�ne T �
n (� ) to bea maximalsubsetof Tn (� ) suchthat� (s; t) > � (log(e=�)) � 2 for different

s; t 2 T �
n (� ). Thusfor every t 2 Tn (� ) thereexistsa t0 2 T �

n (� ) with � (t; t0) � � (log(e=�)) � 2.

Hencetheclaim follows oncewe show thatfor some� 0 = � 0(� ) 2 (0; 1) andall � 2 (0; � 0]:

(9) IP
�

A :=
n

max
( j

n ; k
n )2T �

n (� )
jTj k(U )j >

r
2log

en
k � j

+ �= 2
o �

�
1
3

exp
�

�

r

log
1
� 2 �= 2

�

and,writing t := ( j
n ; k

n ) andt0 := ( j 0

n ; k0

n ),

(10)

IP
�

max
t2T n (� );t 02T �

n (� ): � (t;t 0)� �
(log ( e=� )) 2

jTj k(U ) � Tj 0k0(U )j > �= 2
�

�
2
3

exp
�

�

r

log
1
� 2 �= 2

�
:

13



If � 2 < 1=n, then(9) holdsasTn (� ) is empty. For � 2 � 1=n theargumentin theproofof Claim3

in DümbgenandWalther(2006,Theorem2) yields# T �
n (� ) � 24(log(e=�))8� � 2, while it follows

from theproofof Claim2 thatTj k(U ) hassubgaussiantailswith scalefactor1. Hence

IP(A ) � 24(log(e=�))8� � 2 IP
�

jTj k (U )j >
r

2log
e

� 2 + 1=n
+ �= 2

�

� 48(log(e=�))8� � 2 exp
�

�
� r

2 log
e

2� 2 + �= 2
� 2

=2
�

� 36(log(e=�))8 exp
�

�

r

2 log
1
� 2 �= 2

�

�
1
3

exp
�

�

r

log
1
� 2 �= 2

�

for � � � 0(� ). As for (10), it follows from Theorem7 in DümbgenandWalther(2006)together

with thesubsequentRemark2 andClaim2 that

IP
�

B :=
n

sup
t;t 02T n (� ): � (t;t 0)� �

(log ( e=� )) 2

�
�
�
q

k� j � 1
n Tj k(U ) �

q
k0� j 0� 1

n Tj 0k0(U )
�
�
�

� (t; t0) log(e=�(t; t0))
> Q

o�
� K

�
(log(e=�))2

for certainconstantsK ; Q > 0. The latter bound is not larger than 1
3 exp

�
�

q
log 1

� 2 �= 2
�

for � small enough,dependingonly on K and Q. Elementarycalculationsshow
�
�
�
q

k� j � 1
n �

q
k0� j 0� 1

n

�
�
� � � (t; t0). Henceon A c \ Bc:

�
�
�Tj k(U ) � Tj 0k0(U )

�
�
� �

�
�
�
q

k� j � 1
n Tj k(U ) �

q
k0� j 0� 1

n Tj 0k0(U )
�
�
�

q
k� j � 1

n

+

+
�
�
�Tj 0k0(U )

�
�
� �

�
�
�
q

k� j � 1
n �

q
k0� j 0� 1

n

�
�
�

q
k� j � 1

n

�
Q� (t; t0) log(e=�(t; t0))

q
k� j � 1

n

+
� r

2log
en

k � j
+

�
2

� � (t; t0)
q

k� j � 1
n

:

Employing k� j � 1
n � � 2=2 and� (t; t0) � � (log(e=�)) � 2 oneseesthatthissumis smallerthan�= 2

for � smallenough,dependingonQ and� . 2

Proof of Theorem 3: Theprobability in (3) is not larger than
P lmax

l=1
~�

(A+ l )2 � ~� � 2=6. Thus

~� � 6�=� 2 by the de�nition of ~� . Thusthe probabilityof rejectionin the l-th block is at least

6�
� 2 (A+ l )2 . Firstwe considersmallscales:

14



Let I j k 2 I app(l ) with l � l0, wherel0 will bespeci�ed below. Thus k� j � 1
n 2 (� 2=2; � 2],

where� 2 := (2m l � 1)=n. Togetherwith lmax � log2(n=M ) we obtainl � log2(1=� 2) + 1. If

we requirel0 � log2(2=� 2
0), where� 2

0 is given by Proposition1 with � := lim inf n � n (� ) > 0,

thenweobtain� 2 � � 2
0. ThussaidPropositiongives

IP
�

max
1� j <k � n: k � j � 1

n 2 (� 2 =2;� 2 ]
jTj k (U )j �

r
2 log

en
k � j

+ � n (� )
�

� exp
�

�
p

log(1=� 2) �= 2
�

� exp
�

�
p

l � 1 �= 4
�

�
6�

� 2(A + l)2

�
~�

(A + l)2

for l � l0(� 0; A; � ). Hencefor intervals I j k 2 I app(l ) with l � l0, thecritical valueql

�
~�= (A +

l)2
�

is not larger than
q

2log en
k� j + � n (� ) andthusthepower is not smallerthanin thecaseof

Theorem2.

Next we considerlarge scalesl < l0, i.e. intervals I with
R

I f � � 0 > 0 for some� 0. In

thatcasetheclaim of Theorem3 follows becausemaxl<l 0 ql

�
~� =(A + l)2

�
staysboundedin n.

In moredetail: Lemma1 continuesto hold for suchintervals with D +
block in placeof D+

app if we

replacethetermexp(� � 2=2) by exp(� � 2=50) andCondition2 by

20. C �

p
24

�
max l<l 0 ql ( ~� =(A+ l )2 )+ � =5

�

(1� � )2
p

1� 
 � 2=(n� )
p

2 log(e=� )
.

Thus,asin theproof of Theorem2, we needto checkthat for thechoicesof � n ; 
 n and� n there,

Cn satis�es

Cn �
p

24
�

1 + k1� n + k2(
 n + log(n) � 1)
� maxl<l 0 ql ( ~� =(A + l)2) + � n=5

p
2log(e=Fn (I n ))

for certainuniversalconstantsk1 and k2. As � n = bn this inequalityholds for large enough

n, provided thatmaxl<l 0 ql ( ~� =(A + l)2) staysboundedin n. But that follows from Theorem2

in DümbgenandWalther (2006) togetherwith ~�
(A+ l )2 � 6�

� 2 (A+ l0)2 andthe fact that n
k� j stays

boundedfor l < l0. 2
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Figure1: Power curvesfor samplesizesn = 200, 1000and5000for increaseson a large scale
(left) and on on a small scale(right). Eachcurve is basedon 1000 simulationsat eachof 20
lattice pointsandgives the proportionof simulationsthat producean interval I j k 2 D+ (0:05)
with I j k \ [a;b] 6= ; .
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Tables

SetD ; M > 1
lmax  blog2(n=M )c
for l = 1; : : : ; lmax do

I app(l )  fg
dl  round(D2(lmax � l )=2)
ml  round(M 2lmax � l )
Add all intervals I j k to I app(l ) for which
(a) j; k 2 f 1 + id l ; i = 0; 1; : : :g (weconsideronly every dl th observation)
and
(b) m l � k � j � 1 � 2m l � 1 (I j k containsbetweenm l and 2m l � 1 observations)

end%for

Table1: Pseudo-codeto enumeratethesetsof intervalsI app(l ); l = 1; : : : ; lmax .
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n = 50 n = 250
method(1) blockmethod method(1) blockmethod

a1 = � 0:2; � = 0:1 0.128 0.147 0.556 0.622
a1 = 0; � = 0:2 0.122 0.146 0.317 0.384

Table2: Proportionof rejectionsof the null hypothesisat the 5% signi�cance level in 10,000
simulations.
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