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Abstract

The useof multiscalestatistics,i.e. the simultaneousnferenceaboutvariousstretches
of datavia multiple localizedstatistics,is a naturaland popularmethodfor inferenceabout
e.g. local qualitative characteristicof a regressionfunction, a density or its hazardrate.
We addresseveral statisticaland computationalssuesconcerningsuchmultiscalestatistics
andillustratethosefor the problemof providing simultaneougon dencestatementsor the
existenceand location of local increasesand decreasesf a density We review the bene-
ts of employing scale-dependemtritical valuesfor multiscalestatisticsandthenderive an
approximationschemethat resultsin a fastalgorithmwhile preservingstatisticaloptimality
properties. The main contribution is a methodologyfor calibratingmultiscalestatisticsthat
doesnot requirea case-by-caséerivation of its speci ¢ form. We shav thatin the above
densitycontext the methodologypossessestatisticaloptimality propertiesand allows for a
fastalgorithm.We furtherillustratethemethodologywith a multiscalestatisticintroducedoy

GijbelsandHeckmarfor inferenceabouta hazardrate.
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1 Intr oduction

Therehasbeenconsiderableecentinterestin the inferenceaboutqualitative characteristicef a
regressiorfunction, a density or its hazardrate, suchasthe numberor locationof monotoneor
corvex regions,local extremaor in ection points.As thelocationandextentof thesdocalcharac-
teristicsis notknown in advancet is naturalto employ multiscalemethodgor suchaninference,
i.e. onesimultaneoushexaminedocal regionsof varioussizesandlocations.This approachwas
usedby ChaudhuriandMarron (1999,2000)and Dimbgenand Spoloiny (2001)in conjunction
with kernelestimatesvith varyingbandwidthshy Diimbgen(2002)andRohde(2006)with local
ranktests by Hall andHeckman(2000)with local linearsmoothershy GanguliandWand(2004)
with local splines,andby Gijbels and Heckman(2004) and Diimbgenand Walther (2006) with
local spacings.

For a conciseexpositionwe will focusour theoreticalinvestigationson the problemof in-
ferenceabouta densityasin Dimbgenand Walther (2006). But it will becomeclearthatthe
methodologyintroducedn this papercanbeadaptedo the othercontets citedabore, andit may
berelevantfor multiscalemethodsbeyond the areaof shape-restrictethference.As anillustra-
tion, in Section5 we will apply the methodologyto a multiscalestatisticthat hasrecentlybeen
introducedby GijbelsandHeckman(2004)for inferenceabouta hazardrate.

Our main focusis thusto detectandlocalize local increaseqor decreasesdf a univariate
densityf basedon a vectorX of i.i.d. obserationsX 1;:::;Xp. The natureof the problem
suggestgo considerlocal test statisticson multiple intenals and then perform a simultaneous
inferencewith thesemultiple tests.Thisgeneraprogramof multiscaleinferencevasimplemented
in this context by DumbgenandWalther(2006)asfollows:

Considenall intenals| i := (X i) X (k)), 1 j<k 1 n 1 andoneachsuchintenal

9——Py, X(i) X)

I jx computethelocal teststatisticT; (X ) == =7 izju Ko X

1 .If f isnon-
increasingon | j, thenoneobtainsthe deterministicinequality Tj (X )  Tjx(U), whereU is
the vectorof U[0; 1] randomvariablesU; = F(X;), 1 i n. Thuswe canconcludewith
con dencel thatf musthave anincreaseoneveryintenal | j for which T; (X ) exceedsa
critical valuecj () thatcanbesimulatedwith U[0; 1] randomvariables.More precisely:f must

have anincreaseneveryl 2 D" ( ), where

n 0
DY () == ljk : T(X)>qk( ) ;



providedthat

n o]
IP jTik(U)j ¢k( )foralll j<k 1 n 1 1

andfurthermoref musthave a decreas@n every | j for whichTj (X' ) < ¢k( ). Notethat
thisapproactyieldsaguaranteedchite samplecon dencelevel 1
A centralproblemof the multiscaleinferenceis the choiceof thelocal critical valuesc; ().

Thetraditionalapproacho this problemis to treatall of thelocalteststatisticsequal,i.e. onesets

Ck( )= ~n( ),where~y( ) ischoseng.g.via MonteCarlo,suchthat
n 0
& P max W ()1

(Of course,suchan equaltreatmentrequiresthat all local statisticsare rst standardizedo the
samemeanandvariance;T; k(U ) hasmean0 andvarianceunity for all (j; k).) It canbeshavn
thatfor thesecritical values~, ( ) P 2logn.

DumbgenandSpoloiny (2001)pioneeredan approachhatassignglifferentcritical valuesto
differentscaleskn—j. In thepresentontext theirmethodamountgo settinggj () := | M+

n( ),i.e. () ischoservia MonteCarlosuchthat

n e 0
(2) IP . J.<|£na1><n . iTik(U)j 2logﬁ n( ) 1

A motivationfor thischoiceis asfollows: Thereare 2 disjointintenals! ;i of ‘length'h = ¥_L.

As the distritutci]on of Tjk(U) is roughly standardnormal, max;x Tjk(U) over theseintenals

will be of size 2Iog%. Intenals of this length that overlap with thosedisjoint intervals will
resultin local statisticsT; (U ) that are correlatedand will not affect the overall maximumin
arelevantway. Thusmax;k Tjx(U) over smallintenals | j with k j const will be of
the size P 2logn, while maxjx Tjk(U) overlargeintenals| jx withk j  const n will
staybounded.Consequentjyin the traditionalapproach(1) the overall critical value ~, () will
essentiallybe determinedoy the stochasticallylarger null distribution at the small scaleswith
a correspondindoss of power at large scales. Method (2) countersthis by rst subtractingoff

m, the putative sizeof max; T;x(U) on scalek L, thusputtingthevariousscaleson a
moreequalfooting.

Thisapproacthasstrongtheoreticakupport:As detailedin Section, it canbeshavn thatthis



calibrationleadsto optimallarge samplepower propertiesor detectingncreasesnddecreasesn

smallscalesandon large scalesin contrastthetraditionalapproach(1) will necessarilyeadto a

suboptimalperformancdor signalson large scales Onedisadwantageof the calibration(2) is the

factthatits particularform depend®n the particularsetupat hand.For example likelihoodratio

type statisticswill requirea different calibration,whoseparticularform mustbe derived from

theoreticalconsiderationshat are non-trivial. The main contrikution of this paperis a method
of calibrationthatis generallyapplicablewithout the needfor suchcase-by-casspeci cations,
which s simpleto implementandwhich is shavn to sharethe large sampleoptimality properties
of thecalibration(2) in the statisticalcontext underconsideratiornere.

We startwith a small simulationstudyin Section2 to investigatethe effectsof differentcal-
ibrationsin a nite samplecontet. Section3 addresses computationalprobleminherentin
multiscaleinference: Thereare of the ordern? intenals | j, andon eachsuchintenal a local
teststatisticneedso be computed.We will introducea methodologyto choosea particularsub-
setof intenals thatresultsin a total computationatostof O(n logn) while essentiallyretaining
the optimal power properties. This ef cient computationabtratgy providesthe main ideasfor
the generalmethodof calibration,which is introducedin Section4 andis shavn to combine
computationakf ciency with statisticaloptimality. In Section5 we applythis methodologyto a
multiscalestatisticintroducedby GijebelsandHeckman(2004)for inferenceabouta hazardrate.
We summarizeour ndings in Section6. Somecomputationatletailsandproofsaredeferredto

Section7.

2 Calibrating the multiscale statistic

In this sectionwe will investigatethe effectsof the differentcalibrations(1) and(2). The large
samplepropertiesof the latter calibrationwereinvestigatedn the settingof the GaussianVhite
noise modelin Dumbgenand Spoloiny (2001). In the presentdensity setting Diimbgenand
Walther (2006) shav that the relevant quantity for detectingan increaseof the densityf on an

intenal | isH (f;1) := inf, fc]”-z:p F (1), andthey establistthefollowing theorem:

Theorem1 Letf, beadensitywith distributionfunctionF,, thatsatis esH (f,; 1) Cnp log(e=FK,(I))=n

for aboundedntervall ,. Then

IP;, D*( ) containsanintervalJ In ! 1;



providedthatC,, = P2a+ p— b withb, ! 1.
log(e=Fn (In))

Thistheorem® allows to deducdarge sampleoptimality on smallscalegi.e. intenals| , with

Fn(lh) ! 0) aswell asonlargescaleqintenals|, with lim inf F, (1) > 0):

Optimality for smallscalesThereis athresholdeffectforH (f ;1) atp 24log(e=F, (I ))=n:
If thefactorp 24 is replacedby P 24+ |, for certain , ! 0, thenthe multiscalestatisticwill
detectandlocalizethe increasewith power corverging to 1. On the otherhand,it canbe shavn
thatin the casep 24, no procedurecandetectsuchan increasewith non-trivial asymptotic
power.

Optimality for largescaleslf C,, ! 1 , thenthemultiscaleprocedurewill detectheincrease
with power converging to 1. It is shavn in DUmbgenandWalther(2006)thatC, ! 1 isalsoa

necessargonditionfor ary testto have asymptoticpower 1.

This optimality resultfor small scalesas well asfor large scalessupportsthe stratgy (2),
which employs larger critical valuesfor smallerscalesthanfor larger scales.In a nite sample
contet, this arrangemenof critical valueswill simply shift power from the small scalesto the
large scalesvhencomparedo the traditionalcalibration(1). The above resultsshav thatasthe
samplesizegetslarge, this disadwantageat small scalesdisappearsyhile the advantageat large
scalespersistssothenstratgy (2) will dominatestratey (1). It is of interestto seefrom what
samplesize on this effect setsin, and how the trade-of in power looks like for smallersample
sizes.

We performeda simulationstudy for sampleswith n = 200 100Q and 5000 obsenrations
from adensitythatequalsl on [0; 1] apartfrom alinearincreasewith slopes onanintenal [a; b):
f(x)=12fx 2 [0;1]g+ s(x (a+ b=2)1fx 2 [a;b]g. To examinethe powveronalarge scalewe
setb a= 1=2andasasmallscalewetookb ajustlargeenougho getmeaningfulpower, viz.
0.15,0.07and0.03,respectiely. In eachsimulationrun, theintenal [a; b] waslocatedrandomly
in [0; 1]. The nite samplecritical values~, (0:95) and (0:95) weresimulatedwith 10° Monte
Carlosamples Figure 1l shavs the power of eachmethodasa function of the slopeparametes.
Therelevantgraphsarethe dashedlue curve for thetraditionalmethod(1) andthe dashedlack

curve for the methodwith the additive correctionterm(2).

[Figure 1 abouthere.]

A key pointin establishingthis theoremis to shav that ,( ) staysboundedin n, i.e. after subtractingoff
2log(:::) to adjustfor multiple testing over differentintenals on a given scale,thereis no further adjustment
necessarjor combiningthe multiple scales.




The plotsin Figurel shav thatthe methodwith the additive correctionterm (2) hasa clear
adwantageonthelarge scale while thetraditionalmethod(1) methodhasmorepoweronthesmall
scaleunderconsiderationHowever, it turnsoutthatthis advantageaxtendsonly over a smallpart
of thescalerange:Thescaleb a above which method(2) hasmore power than(1) wasfound
for thethreesamplesizesto be 0.25,0.13and0.06,respectiely. The plot with n = 5000shavs
theonsetof thethresholdeffect describedabore.

Thuswe concludethatfor samplesizesin thehundredsthereis a trade-of in power between
the two methods,with method(2) having more power on a large part of the scalerange. For

samplesizesin thethousandsthis advantageextendsto all but thesmallestscales.

3 A fastapproximation

Computinga local teststatisticon intenals at variouslocationsand sizesis computationallyex-
pensve: Thereareof the ordern? intenals | jk, andon eachsuchintenal onehasto computea
localteststatistic. Theideafor afastbut accurateapproximationis basedon thefollowing obser
vation: For largeintenals, thereis not muchlost by consideringonly endpointswith indicesonan
appropriategrid, becauséhe distancebetweerpotentialendpointswill be smallcomparedo the
lengthof theintenal (wheredistanceandlengtharein termsof empiricalmeasure)We will shav
how thisideacanbe nessedin away thatreduceghe computationatompleity to O(n logn),
while atthe sametime essentiallyretainingthe optimality resultswith respecto power.

Thealgorithmcanbe describedasfollows: We startoutby rst consideringaspotentialend-
pointsonly every D th obseration, andwe consideronly intenals that containbetweenM and
2M 1 obsenrations. Thenwe increaseM to 2M andD to P 2D anditeratewhile M n=2.
WefoundthatD = 2andM = 10workswell andusethis choicein thefollowing.

This algorithmproducesa collectionof approximatingntervals with endpointson a grid that
is ner for smallintervals and coarserfor larger intenals. IncrementingD only by a factor of
P 2 while theintenal lengthis doubledresultsin an approximationlossthatbecomesegligible
relative to thelengthof theintenal, andthis choiceyieldstheoptimalcomputationahndstatistical
propertiesasdetailedbelow.

Hereis amoreformal descriptionof the algorithmthatis usefulin the following:

[Tablel abouthere.]



Thuswe setthenotationsuchthatl app(1) containghelargestintenals,andl app(Imax) con-
tainsthe smallestintenals. | 5pp := :Zix I app(l) is thenthe setof all approximatingntenals
that we are considering. We de ne Dgpp( ) analogouslyto D () with | 4pp in placeof all

intenalsfl j, ;1 j <k ng.

Theorem2 | 45, containsO(n logn) intervals. Moreover, Theoem 1 continuesto hold when

. . p_— .
D* () isreplacedoy D3,,( ) providedC, = = 24+ MW withb, ! 1.

Thusthe multiscalestatisticson | 4, canbe computedn O(n logn) stepg, while this pro-
cedureretainsthe statisticaloptimality propertieson both large and small scales. The slightly
differentresultof Theorem2 comparedo Theoreml affectsonly the secondanstructureof the
thresholdeffect, i.e. therateatwhich , ! O.

The simulatedpower curvesin Figurel shawv thatthe powver lossdueto the approximations
indeedsmall. Therelevantgraphsarethe solid blue andblacklines, which have to be compared

to therespectie dashedines.

4 A generalcriterion

Section2 hasshavn thatemplgying differentcritical valuesfor differentscalesanresultin advan-
tageousstatisticalproperties Onedisadwantageof themethod(2) is thattheform of thecorrection
termdepend®n the particularsituationat hand,namelyon thetail behaior of thelocal statistics
aswell ason a certainentrofy andthe behaior of theincrementsf a certainstochastigrocess,
seeTheorem8 in Diimbgenand Walther (2006). Deriving thesepropertiesis typically a non-
trivial task. It is thusof interestto develop methodologythatdoesnot requirethesecase-by-case
speci cations.

Themotivationfor ourmethodologyderivesfrom theabose computationatonsiderationghat
groupsintenalsinto blocks: As eachblock containgntenals of aboutthe samdength(scale) we
will assignto eachsuchintenal thesamecritical value. Thenwe setthesecritical valuessuchthat
thesigni cancelevel of thel-th blockdecreaseas | 2.

Moreformally,let 2 (0;1)andde neq( )tobethe(1 )-quantileof max, k21 app (1) iTik(U)j.

We suppresshedependencef g ( ) onthesamplesizen for notationalsimplicity. Let ~ bethe

2A naive computatiorof thelocal teststatisticswill addanotherfactorn to the computationatomplexity. But the
particularstatisticusedherecanbe computedin constantime after computingthe vectorof cumulatve sumsof the
obsenrationsoncein the beginning.



largestnumbersuchthat

e o
3 P max |)JTjk(U )i>q m ;

|:l | J k2| app
where A 0; we foundthat A := 10 works well in practiceand we usethis choicein the
following. Section7 shaws that the critical vaIuesq(W) can be simulatedwith a simple
extensionof thealgorithmusedfor methodq1) and(2).

Now we cande ne Dglock( ) analogousiyto D* () by taking ascritical valuein the I-th
block g W . By constructionwe canagainclaim with guaranteednite samplecon dence
1 thatf musthave anincreaseonevery |k 2 Dy ( ). Thenext theoremshaws thatin
the setupunderconsideratiorhere,we obtainthe samestatisticaloptimality propertiesasfor the

method(2):

Theorem 3 Theoem1 continuesto hold whenD* ( ) is replacedby Dglock( ) providedC,, =

P2 by .
24% Goglera (= Withbn 1 1.

Theproofof TheorenB shavs thatif we applytheblock procedurgo all intenals| j, i.e. we
do not enforce(a), thenwe recover the strongerassertiorof Theoreml. Of course,in thatcase
we would losethe computationaéf ciency thatl ,p, affords.

In Figurel, the powver curvesof the block methodaredepictedby a solid redline, which has
to be comparedo the solid blue line of the traditionalmethod(1) andthe solid blackline of the
method(2) thatusesanadditive correctionterm. Thusoneseeghatin a nite samplecontet, the
block methodis intermediatdetweerthe othertwo methodsIn particular it givesmorepowerto
smallscalegshanmethod(2), andwe foundthisto beadesirabldeaturein mary exampleshatwe
investigated.The increasedower at small scalesarisesby construction:While the signi cance
level for thel-th block canbe shavn to decreas@exponentiallyas  exp( cIO 1) for method(2)
(seePropositionl), 3 the block methodemplays the slower polynomialdecrease | 2. Another
reasorfor thebetterpowver at smallscalesof the block methodis thefactthatthecritical valuesin

eachblock automaticallyadaptto the exact nite sampledistribution of thelocal teststatistics.

3Thetheoreticalresultsin Diimbgenand Spoloiny (2001)andin DiimbgenandWalther(2006)allow for are ne-
mentof the method(2) with iteratedlogarithms.This re nementgivesmoreweightto small scalesut is not pursued
furtherin thesepapers.



5 Inferenceabout a hazard rate

Gijbels and Heckman(2004) consideredhe problemof detectinga local increasein a hazard

rate. They constructeda multiscalestatisticby localizing a statisticintroducedby Proscharand

supportis 0. ConsidetthenormalizedspacingD; := (n i+ 1)(X) X g),1 = Liioon,
whereX ) := 0. GijbelsandHeckman(2004)considerthelocal signtest

4 a m Ve
@) 1 TR g R Ve
1=2,P
wherevsk =V ( s i< s+kVij k) Vij = 1(D; > Dj), k = (k+ k=4, andvy =

(2k + 7)(k + 1)k=72. Thuss indexesthe startingpoint andk indexesthe bandwidth(scale)of
the local statistic. Hencethe methodologyof Sections3 and4 assigndocal statisticsto blocks
dependingon the valueof k. Alternatively one canreparamtrizehe local statisticby start-and
endpointandthenapplythe algorithmsof Sections3 and4 verbatim:(4) is seento be equivalent

to

5 max W;
() 1j<k n Tk

whereW; = v, 1j:2(Pj icio K Vio Kk j)

Weillustratethemethodologyoy repeatinghesimulationstudyof GijbelsandHeckmarn(2004).
n = 50o0bserationsweredravn from adistributionwhosehazardateh is modeledvialog h(t) =
ajlogt+ (2 2) Pexpf (t )2=2 ?)g,t> 0. Parameteraluesa; 0; = 0 pertainto
the null hypothesif a non-increasingailurerate,while > 0 will resultin alocalincreaseor
certainvaluesofay; ; . Asshavnin GijbelsandHeckman(2004),guaranteechite samplesig-
ni cance levelscanbeobtainedoy usingthestandardxponentialdistritution (i.e.a; = 0; = 0)
to simulatecritical values.GijbelsandHeckman(2004)considerlternatveswith = 0:3; =1
andvariousvaluesof a;; . Thevaluesa; = 0:2; = 0:1 resultin alocalincreaseon a small
scale,while thethevaluesa; = 0; = 0:2 resultin alocal increaseon a large scale. Table2
shaws the power of the multiscaletest(5) againsthesealternatveswith the calibration(1) used

by GijbelsandHeckman(2004)andthe block methodof Sectior4.

[Table2 abouthere.]



6 Conclusions

Employing a calibrationfor multiscalestatisticsthat varies with scalecanresultin important
improvementsin termsof power. An approximationschemewas describedthat allows for an
O(nlogn) algorithmto computethe multiscalestatisticwhile preservingstatisticaloptimality
properties.We introduceda generalmethodfor calibratingmultiscalestatisticswhosespeci ca-
tion doesnot dependon the particularproblemat hand. We investigatectertaininferencesabout
adensityandshavedthatthegeneraimethodis computationallyef cient andpossessestatistical
optimality properties.

All themethodgdescribedn this paperareimplementedn the R-packagenodehunt , avail-
ablefrom CRAN. The packagealsoprovidestablesof critical valuesfor somecombinationsof

andn aswell asfunctionsto simulate nite samplecritical values.

7 Computational details and proofs

Simulating the null distrib ution of the multiscale statistic: In eachof M Monte Carlo simu-

~n( ) and ,( ) for methods(1l) and (2) aretaken asthe 100(1 )th percentileof the M

simulatedvaluesof therespectie max; j<«« 1 n 1(:::) givenin (1) and(2).

given 2 (0;1). To this end,for eachsimulationrun we recordthe max of eachblock in an
M Imax arrayS whose(m; I)th entryis max, k21 app (1) jTik(U)j for the mth simulationrun.
Next we sortthecolumnsof S andstorethesen thearrayO. Thisis donesothatwe canef ciently
computevariouspercentileof thedifferentcolumns.Now thedesiredcritical valuesaregivenby

g=0M [M D)A+1)>2=A+ D3l ,1=1::;Ina, wherei is the smallestnteger

notlargerthan . Thisindex i canbequickly foundvia bisection.

We wereinitially concernedaboutthe requirednumberM of Monte Carlo simulationruns,
for two reasonsFirst, we have to estimateseveralcritical valuesg, simultaneouslySecondthose
critical valuesarefurtheroutin thetails. However, we foundthatover multiplesetsof M = 5 10°
Monte Carlo simulationsthe standarderror of thesecritical valueswasnot largerthanthatfor
overmultiplesetsof M = 10° Monte Carlosimulations We thusrecommend = 5 10° Monte

Carloruns.

10



Proof of Theorem 2: For | 2 | app(l) therearenot morethandn=d e possiblevaluesof |
dueto (a). For eachsuchj therearenot morethandm,=d e possiblevaluesof k dueto (a) and
(b). Hence# | gpp(I) dn=diedn=de 4nM =D?. Theassertioraboutthe cardinalityof | app
now follows aslmax ~ 10g,(N=M).

To provethesecondlaimwe rst rst establislananalogousesultto Lemmallin Dimbgen

andWalther(2006):

R
Lemmal Letf beadensityl beaboundedntervalandset := | f. Suppose
1. inf, fojljzzp_ Cp log(e=)=n
2.C po 2t 1+ polt 4 x250)

@ )»2' 1 2=(n) " 2log(e=)  2log(e=)
for certainnumbes 2 (0;1), 2 (0;1=2]and > 0.

p
2 - 32D
3.C log(e=) |D—m

Then

IP DZ,,( ) containsnointervald |

pp(
2exp( n 2=2)+ 2exp C(1 )p n log(e=) 2=64 + exp( 2=2):

Themaindifferenceto Lemmallin DiumbgenandWalther(2006)is theadditionalcondition

3 whichis necessitatetly the reducechumberof intenals underconsideration.
Proofof Lemmal. Write| = (a;b) andde nel ¢y := (a;a+ jlj=2], 1) = [b  jlj=2;Db).
It wasshawn in the proofof Lemmallin DimbgenandWalther(2006)that

Flg) Flp) . Toges) ,

F() F() n =8

(6)

SetN = #fi : X;21g. If N M + 2D thenwe cande ne | to be the smallestinteger

suchthatm; + 2d; N. Thisimplieslnax | log,(N=M) andhence
(7) d roundD(N=M)¥?):
Furthermorewe canconcludethat thereis anintenal | jx 2 | app With Iy I andXj)

is the rst or secondpoint on the d,-spacingthatfalls into | , and X\ is the lastor second-to-

last obsenation on the d;-spacingthatfalls into I . Hencefor 2 (0; 1=2] we have on the set

11



fN (1 )ng

Pk 1 JN)

(8) IP(lessthan2d; obserationsin | ~)jN) + IP(lessthan2d; obserationsin | ()jN)

It followsfromthegeneraHoeffding inequality seeA.6.1in vanderVaartandWellner(1996),

thatliP(N (1 )n ) exp( n 2=2)andthat(8)is notlargerthan

NF(le)) : 2diF (1) o
2exp TU) providedthat W‘()) < 1=2:
But(6),(7)andN (1 )n imply
2diF (1) 16D

n

NF(l) C2 M@ )loge=)

Hence(6) gives

PGl 1)

p__
2exp C(1 ) n logle=) %=64 + exp( n 2=2)

provided that Assumption3 of the lemmaholds. Now the assertionof the lemmaobtainsby
following the proof of Lemmal1in DimbgenandWalther(2006)andby usingthe factthatthe
n( ) usedfor D3,,( ) is notlargerthanthe ,( ) usedfor D*( ) in(2)asl app fl jk;1

j <k ng 2

To prove Theorem?2 we can nowv proceedsimilarly asin the proof of Theorem4(iii) of

DiumbgerandWalther(2006): Set

= = p32:Cn(|09(e:n)) =
= 54 = pf(n n) 1:2;
= n = th

whereC, andh, aregivenin the statemenof the theorem, , := Fn(ln), andD > 0Qis an

arbitrary x ed number Oneeasilyveri es that , 2 (0; 1=4) for n large enough.lt is shavn in

12



the proof of Lemmallin DimbgenandWalther(2006)thatn , logn. Hence , 1=2for

n exp(8D) andtheboundgivenby Lemmal is notlargerthan

2exp( D) + 2exp( " logn=4) + exp( 2=2)

providedthat
2 32
log(e=n)
and
p_ 1 1 n( )+ n
Cn 24 1+ kg n* ka( n+log(n) ) 1+ n+log(n) *+ p—i——
2log(e=n)

for certainuniversalconstantk; andk,. With our choicesfor C,, n, n and p, these

conditionsaresatis edfor sufciently largen. 2
For the proof Theorem3 we needthe following result:

Proposition1 Let > 0. Thentherisa o= o( ) 2 (0;1) sothatforall 22 (0; &]

r
. . ' en 1
IP max iTik(U)j > 2log + exp log— =2
1j<k nikd 1p(2: 2 k
n . .
Proof of Propositionolz For 2 (0;1) we will considerTy( ) := (k%) : % 2
(72; 21 j < k n withthedistance (s1;Sy);(t1;t2) = (jt1  Sij + jto  Spj)t?

andde ne T, ( ) to beamaximalsubsebf T,,( ) suchthat (s;t) > (log(e=)) 2 for different
s;t 2 T, (). Thusfor everyt 2 T( ) thereexistsat®2 T, () with (;t9  (log(e=)) 2.

Hencethe claimfollows oncewe shav thatfor some g = o( ) 2 (0;1) andall 2 (0; o¢]:

r
n . o en 0 1 1
9 IP A= S max  jTik(U)j > 2log _+ =2 —exp log = =2
(5821, () k j 3
and,writing t := (L; ¥) andt®:= (J'ﬁo; kﬁ")’
(10) r
IP max JTik(U) Tioo(U)j > =2 gexp Iogi2 =2:

tZTn( );tOZTn( ): (t;to) m

13



If 2< 1=n,then(9) holdsasT,( ) isempty For 2 1=ntheargumentin theproofof Claim3
in DiUmbgerandWalther(2006, TheorenR) yields# T, ()  24(log(e=))® 2, whileit follows

from the proofof Claim 2 thatT; (U ) hassubgaussiatails with scalefactorl. Hence

r .
IP(A) 24(log(e=))® 2P jTjk(U)j > 2'09724,e t=2

1=n
r
e 2
48(log(e=))® Zexp 2Iogﬁ + =2 =2
' 1
36(log(e=))8 exp 2log = =2
r

1 1

3 exp log— =2
for o( ). As for (10), it follows from Theorem? in DimbgenandWalther(2006)together
with the subsequerRemark2 andClaim 2 that

a kj 1 g KO jO 1
I n sup =1 Tik(U) J?Tjoko(U) N QO <
. 6t2Ta () (119 ey (t; t9 log(e= (t; t9) (logle=))?2

q
for certainconstantsK;Q > 0. The latter boundis not larger than %exp log3 =

for small enough,dependingonly on K and Q. Elementarycalculationsshav k1

n
KO jO 1
n

(t; 9. Henceon A°\ BC:

kj 1 9% 01
Tik(U) ——Tjoo(U)

n

Tik(U)  Tjoo(U) G— +
j 1
n
g kK j 1 g kO jO 1
+ Tjao(U) g
k j 1
r
t; tY) log(e= (t;t en tt
Q (ttglogle= (619 , ~ Ho e, (1)
k j 1 k j 2 k j 1
n n
Employing “L-2  2=2and (519  (log(e=)) ? oneseeshatthissumis smallerthan = 2
for smallenoughdependingpnQ and . 2
P
Proof of Theorem 3: The probabilityin (3) is notlargerthan :’;‘alx W ~ 226, Thus

~ 6= 2 pythede nition of ~. Thusthe probability of rejectionin thel-th block is at least

—Zﬁz. Firstwe considersmallscales:

14



Letljk 2 | app(l) with | 1o, wherelo will bespeci ed belaw. Thus®1-2t 2 (2=, 2,
where 2 := (2m; 1)=n. Togethewith Imax  10gy(n=M) weobtainl  log,(1= 2) + 1. If
we requirely  log,(2= 3), where § is given by Propositionl with  := liminf, ,( ) > 0,
thenwe obtain 2 3. ThussaidPropositiongives

r—._
P max T(U)  2log =+ o)
1 j<k nk i lp(2=p 2 K]

n

p
exp log(1= 2) =2

exp pI 1=4
5
2(A + |)2
(A+1)2
forl  lo( 0;A; ). Henceforintenalsl ji 2 | app(l) with | I, thecritical valueq = (A +

1)2 is notlargerthan m+ n( ) andthusthe power is not smallerthanin the caseof
Theoren?2.

Next we considerlarge scaled < lg, i.e. intenals| with le o > 0for some . In
that casethe claim of Theorem3 follows becausemax; , ¢ ~=(A + 1)? staysboundedn n.
In moredetail: Lemma1 continuesto hold for suchintenals with D, in placeof D7, if we
replacethetermexp(  2=2) by exp(  2=50) andCondition2 by

P24 maxiq ,q(~=(A+)?)+ =5
[a) D

2 C

(1 )21 25n) 2log(e=)

Thus,asin the proof of Theorem2, we needto checkthatfor thechoicesof ,; , and | there,

C, satis es

maxi<, G(~<(A+ )*) + =5

p__
C 24 1+ kg o+ k + log(n) 1!
n 1n 2( n g( ) ) | 2log(e=Fn(In))

for certainuniversalconstantk; andk,. As , = b, thisinequality holds for large enough

n, provided thatmaxi< , g (~=(A + 1)?) staysboundedn n. But thatfollows from Theorem2

in Diimbgenand Walther (2006) togetherwith 2(A6+|0)2 andthefactthatﬁ stays

boundedor | < . 2
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Figurel: Pawer curvesfor samplesizesn = 200, 1000and5000for increase®n alarge scale
(left) and on on a small scale(right). Eachcurwe is basedon 1000 simulationsat eachof 20
lattice points and gives the proportionof simulationsthat produceanintenal | j, 2 D* (0:05)
with I\ [a;b] 6 ;.
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Tables

SetD:M > 1

Imax  blog,(n=M)c

forl = 1;:::; lnax dO
I app(l) fg

d round(D 2(lmax 1=2)
m;  round(M 2lmax 1
Add all intervals| i to | app(l) for which

@ j; k2fl+id;;i=0;1;:::g (weconsideronly every d,th obsewation)
and
(b) m, k j 1 2m; 1 (I containsbetweenm; and2m; 1 obsewations)
end % for
Tablel: Pseudo-cod® enumerateéhe setsof intenals| app(l); 1= 1,017 Imax
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n=50

n= 250

method(1) blockmethod

method(1) blockmethod

ai= 02
ap =0

Table 2: Proportionof rejectionsof the null hypothesisat the 5% signi cance level in 10,000

simulations.

=01
= 0:2

0.128 0.147
0.122 0.146
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0.556 0.622
0.317 0.384



