HRP 261: Supplement to Lecture One; January 12, 2004

The Risk Ratio and the Odds Ratio as Conditional Probability

In epidemiology, the association between a risk factor or protective factor (exposure) and a disease may be evaluated by the “risk ratio” (RR) or the “odds ratio” (OR).  Both are measures of “relative risk”—the general concept of comparing disease risks in exposed versus unexposed individuals.

Definitions:

Risk = P(A) = cumulative probability (you specify the time period!)

For example, what’s the probability that a cheesecake addict develops diabetes in 1 year, 5 years, or over a lifetime?  

Odds = P(A)/P(~A)

For example, “the odds are 3 to 1 against a horse” means that the horse has a 25% probability of winning.

Note: An odds is always higher than its corresponding probability, unless the probability is 100%.
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Risk Ratio = 
[image: image8.wmf]RR

OR

E

D

P

E

D

P

E

D

P

E

D

P

E

D

P

E

D

P

E

D

P

E

D

P

E

D

P

E

D

P

D

E

P

D

E

P

D

E

P

D

E

P

=

»

=

=

=

)

~

/

(

)

/

(

)

~

/

(~

)

~

/

(

)

/

(~

)

/

(

)

~

&

(~

)

&

(~

)

~

&

(

)

&

(

)

~

/

(~

)

~

/

(

)

/

(~

)

/

(


To determine the risk of disease in both groups, we must sample both exposed and unexposed subjects (called “sampling on exposure”) and follow them over time to determine what proportion of each exposure group develops disease (=”prospective cohort study”). 

For example, suppose we sampled 300 cyclists (call cycling the “exposure) and 600 couch potatoes (similar in age, sex, race, SES, etc.), we might get the following results after 5 years:

	
	Heart attack
	No heart attack
	

	Cyclists
	50
	250
	300

	Non-exercisers
	200
	400
	600


Risk ratio

The risk of heart attack among the 300 cyclists is 50/250=16.7%.

The risk of heart attack among the 600 couch potatoes is 200/600=33.33%.

Therefore the risk ratio = 16.7% / 33.3%= .50; thus, those who cycle have half the risk of having a heart attack.

This risk ratio seems like the perfect measure of relative risk.  Why not stop here?  Why introduce the more complicated odds ratio??

We cannot calculate a risk ratio from a case-control study.  Case-control studies are a popular study design in epidemiology, because they are useful for studying rare diseases.  

A prospective cohort study is a poor design for studying rare diseases because it takes a lot of people or a lot of time to see enough cases of disease develop in order to make conclusions. 

In a case-control study, since we are sampling conditional on disease status, we cannot calculate a risk ratio.  For example, suppose we sampled 100 cases with liver cancer and 100 controls without cancer and asked about their hepatitis C status and got the following results:

	
	Hep C +
	Hep C -
	

	Cases: Liver cancer
	90
	10
	100

	Controls
	30
	70
	100


What are P(D/E) and P(D/~E) here?  

We can’t tell, because, by design, we have fixed the proportion of liver cancer cases in this sample at 50% simply by selecting half controls and half cases.

All these data give us is: P(E/D) and P(E/~D).

BUT epidemiologists care about the risk of disease given exposure, not vice versa!!

Luckily, 

P(E/D) [=the quantity you have] = 
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 by Bayes’ Rule…

Unfortunately, our sampling scheme precludes calculation of the marginals: P(E) and P(D), but turns out we don’t need these if we use an odds ratio because the marginals cancel out!


Odds Ratio = 
[image: image3.wmf])

~

/

(~

)

~

/

(

)

/

(~

)

/

(

D

E

P

D

E

P

D

E

P

D

E

P




[image: image4.wmf])

(~

)

(~

)

~

/

(~

)

(~

)

(

)

/

(~

)

(

)

(~

)

~

/

(

)

(

)

(

)

/

(

D

P

E

P

E

D

P

D

P

E

P

E

D

P

D

P

E

P

E

D

P

D

P

E

P

E

D

P

 =


[image: image5.wmf])

~

/

(~

)

~

/

(

)

/

(~

)

/

(

E

D

P

E

D

P

E

D

P

E

D

P


which (also via Bayes’ Rule) is equivalent to the following easy calculation formula:

	
	D
	~D

	E
	a
	b

	~E
	c
	d
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For our above example,  OR = 90*70/10*30 =21.0

Note:  This indicates that those with Hep C infection have a 21-fold increase in their odds of developing liver cancer (not in their risk!).  The odds ratio will always be bigger than the corresponding risk ratio if RR >1 and smaller if RR <1 (the harmful or protective effect always appears larger); the magnitude of the inflation depends on the prevalence of the disease.

The rare disease assumption

The rare disease assumption states: if a disease is rare, the odds ratio approximates the risk ratio.  This is a happy result, since the risk ratio has more meaning for us intuitively.





Examples:

Suppose the following data were collected on a random sample of subjects (the researchers did not sample on exposure or disease status).

	
	Neck pain
	No Neck Pain

	Own a cell phone
	143
	209

	Don’t own a cell phone
	22
	69


Calculate the odds ratio and risk ratio for the association between cell phone usage and neck pain (common outcome!).

Answers:

OR = (69*143)/(22*209) = 2.15

RR = (143/352)/(22/91) = 1.68

Suppose the following data were collected on a random sample of subjects (the researchers did not sample on exposure or disease status).

	
	Brain tumor
	No brain tumor

	Own a cell phone
	5
	347

	Don’t own a cell phone
	3
	88


Calculate the odds ratio and risk ratio for the association between cell phone usage and brain tumor (rare disease!).

Answers:
OR = (5*88)/(3*347) = .42267

RR = (5/352)/(3/91) = .43087
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Bayes’ Rule





What we want!





Odds of disease in the exposed





Odds of disease in the unexposed





Bayes’ Rule





When a disease is rare, P(~D) = 1 - P(D) ( 1
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