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“(God knows the last thing we need is another algorithm

for the lasso”

Stephen Boyd, Sept 28, 2010

This is not quite a talk about algorithms for the lasso— but ideas

for speeding up existing algorithms.

Also reveals interesting aspects of convex statistical problems.



Top 7 reasons why this Lasso/L1 stuff may have gone too far

1.

One of Tibshirani’s students just wrote a paper on the

“Generalized adaptive doubly sparse grouped relaxed lasso”

. One of Candes’s students just wrote a paper on the

“Near-optimality of the generalized adaptive doubly sparse

grouped relaxed lasso”

. One of Donoho’s students just wrote a paper on

“Higher criticism for near-optimality of the generalized adaptive

doubly sparse grouped relaxed lasso”

Papers are now being rejected out-of-hand from Statistica Sinica if

they don’t mention L1 penalties at least three times in the abstract

. There are now more Lasso algorithms than millionaires at FaceBook

. Someone discovered a computational fact about the lasso that’s

NOT an exercise in Boyd’s Convex Optimization book

The Bayesians are getting really pissed off!



The Lasso '

Usual regression setting /N X p matrix of predictors X, N-vector of

outcomes y.

N . 1

B = argmin 5  ly — XBI3 + A8, (1
“f1- regression”, “Basis pursuit” (Chen, Donoho and Saunders,

1997). Delivers a sparse solution vector B

Let x; be the jth column of X.

Question: before we fit the lasso for a fixed value A, can we safely
discard a predictor j (set Bj = 0) based just on the inner product

T/?
X,y



...5eems unlikely I

Think of linear regression analogy- where marginal correlation can be

zero while partial correlation is not.

Lasso becomes linear regression as A — 0.

— 7=0 0% ooeP
— Z=1 O O e}

- - e o
O o @PYHRO 8%00
@OW%OO@O% °

o] AR
o

- | © o(% o %%%%Ooo

| o &
o° © @ 00

Y - o

o




‘Surprise! (to me, at least)'

El Ghaoui et al. (2010) recently derived “SAFE” rules that
guarantee that a predictor will have a coefficient of zero in
the lasso fit with parameter \, based just on the inner product

T
X; Y.

They are useful for saving time and space in lasso-type

computations, but they are limited in what they can achieve

In this talk we propose strong rules that are sequential and

discard many more predictors than the SAFE rules.

BUT the strong rules are not foolproof— sometimes they
discard predictors that have a non-zero coefficient. Fortunately
they can be combined with simple checks of the KKT

conditions to make them safe.



Outline '

The SAFE rules and their derivation from the dual
Strong rules for lasso
Implementation and Timings

Strong rules for general problems



‘ Related work I

e Sure independence screening “SIS” (Fan and Lv 2008) screens
predictors based on inner products, and then fits on remaining
predictors; asymptotic justification; goal is not to obtain the

exact lasso solution

e This talk is about exact computation for the lasso, not

asymptotic approximation. But it may have consequences for
SIS as well.

e Wu, Chen, Hastie, Sobel and Lange (2009) proposed “swindles”
for screening predictors in ¢1-penalized logistic regression,
based on the univariate inner products. Similar idea to this

talk, but not as principled and not sequential.



‘SAFE rules for the Lasso'

A _ 1
B = argmin g §||Y—X5||§+>\H5H1» (2)
SAFE rule: discard predictor j if

max A (3)

Y

A
x5y < A= [1x;ll2[lyll2

)\max

where A\pax = max; |X?y\ is the smallest A\ for which all coefficients

are zero.



‘More on the SAFE rule.

max_)\

A
x; ¥l < A= lxll2lyll2

Y
AITlaJX

Necessary and sufficient (KKT) conditions for solution:

X;F(y — XB) = X-s(B8;) subgradient equations
S(Bj) — Sign(ﬁj) if Bj 7A O, S(Bj) c [—1, 1] if Bj =0

At 3 = 0, KKT conditions are simply Xfy = +Amax

SAFE rule adjusts the bound downward, to account for the
fact that we have moved from A .« to A
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SAFE bound for the X, 7 example'

< e SAFEDOUNG - -+ - v rrrrrememeneeeamteaenennn. E

Inner product with residual
0
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Inner product with residual

...with a smaller lambda'

12



...with an even smaller lambda'

Inner product with residual
0
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Derivation /proof for the SAFE bound'

Start with lasso: argmin|ly — X8> + \||8]|:

Focus on the equivalent Lagrange dual problem:

) 1 1
6 = argmax G(0) = §IIY||3 - §I|Y+9||§

subject to |X;‘~F0| < \Xforj=1,...p. (5)

The relationship between the primal and dual solutions is 0 = X,é —y.

|X§Fé| < X means ; = 0.
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‘The dual of the lasso.

%76 = A Dual feasible set |x 0] < A Vj

Discard predictor j if m; = maxg|x] 6| over the set G(6) > v is
less than A



‘Derivation of the SAFE rule.

Find a dual feasible point 8’ with dual value v = G(6’).
Find
m; = maxg|x; 6| over the set G(6) > 7. (6)

If m; < A, discard predictor j

How to find 6’7 They suggest: start with 8y = y and scale it so
that it is feasible. Then the optimization in (6) can be done
algebraically and this leads to the basic SAFE rule.

They also derive a recursive SAFE rule which starts with 6,
equal to the dual solution for some A > .

For reference, we also compute the Best SAFE rule obtained

by setting 6y equal to the actual dual solution at .
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Number of predictors left after filtering

(Doesn’t depend

‘ Numerical example I

Dense, No corr, n=200, p=5000
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Summary of SAFE rules'

e provably correct, somewhat useful
e can be extended to other settings (messy)

e to improve them significantly (discard more predictors), have

to allow occasional violations

18
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‘ Strong rules I

e Basic (global) rule

X y| < 2X = Amax
= A= (Amax — A), (7)
where as before A\ ax = max; \Xfy|.
e When the predictors are standardized (||x;||2 = 1 for each j),

we have Apax < ||y]|2, so that

)\max — A
A— ||y||2 < A— ()\max — >\) = 2\ — Amax-

)\max -

Hence strong bound > SAFE bound (discards more predictors).



Basic (global) SAFE and strong bounds'

SAFE bound
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****The take-home slide****.

Sequential strong rule

e Suppose that we have already computed the solution B()\O) at
Ao, and wish to discard predictors for a fit at A < A\g. Defining
the residual r =y — XB()\O), our strong sequential rule discards

predictor j if

|X?I“ < 22— X
= A=(do—A) (8)

e Recall that at A\, the active variables satisfy
%7 (y — XB(A)| = A. We think of (A\g — A) as a “buffer”, to

allow the inner product to rise as we move from \g to A.
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Strong rules are not foolproof I

For quite a while, we thought they were!
They can be violated (but rarely)

Violations seem to occur when p =~ N, but never when

p >> N, where they are most needed!

There are no violations in any of the numerical examples in
our talk/paper (p >> N)

Good news- can be complemented with simple checks of the
KKT conditions, to ensure exact solution is obtained (details
later)



Numerical example again'

Number of predictors left after filtering

(Doesn’t depend

Dense, No corr, n=200, p=5000
0O 004 014 021 028 035 042 048 052

o I I I I I [ I I I I | [ |
= ] .
o -
|Te}
o
S |
2
—— SAFE
8 RECSAFE
g —— Best SAFE
—— strong/global
3 —— strong/seq
§ i
o
S |
o
—
PR I ¥ S il
| T T I
0 50 100 150

Number of predictors in model

Decreasing A —

on much on the correlation between predictors)

23



24

‘ Motivation for strong rules'

If the slope of inner product as a function of A is less than or
equal to 1 in absolute value, then it can’t change more than
Amax — A1 as we move from Apax to A1. (Proof omitted).
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Where does unit slope condition come from?'

or why it can pay to be sloppy at math!!
Recall the KKT conditions

&) =xI(y - XB) = A-s, )
where s; € sign(8;). Then

ci(A) = s;5(N) € [-1,1] 777

o Actually, ¢;(A) = xj (y — XB) = X- 5;()\) and by the product
rule
ci(A) =s;(N)+ X s;()\), (10)

J

e for active variables, second term is zero and c’(A) = 1.

e for inactive variables, slope bound is a very good heuristic



A violation of the sequential strong rule (Ryan) I
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Total number of violations
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A sufficient condition for unit slope bound'

(X' X)~! is diagonally dominant, (11)

Follows from the “boundary lemma” in generalized lasso dual
path (Ryan Tibshirani and Jon Taylor)

Interestingly, it is this same condition under which lasso and
Dantzig Selector (Candes & Tao) paths are identical
(Meinshausen, Rocha, Yu)

For general X, we found that for the Dantzig Selector, the
strong rules work well in sparse part of the path, but badly in
the dense part.
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‘ Logistic regression I

Po = P(Bo(No), B(No)):

x5 (y — Po)| < 2X — Xo.

(12)
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Number of predictors left after filtering

le+03 le+05

le+01

‘ Newsgroup data I

N =11,314,p = 777,811, X sparse
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Implementing the sequential strong rule'

e For use with any generic optimizer; have to guard against

possible violations

e Given a solution B()\O) and considering a new value A < \g, let
S(M\) be the indices of the predictors that survive the screening

rule (8): we call this the strong set. Computational approah:

1. Start with just the strong set S(\).

2. Solve the problem at value A using only the predictors in
S(A)

3. Check the KKT conditions at the solution for all predictors.
If there are no violations, we are done. Otherwise add the

predictors that violate the KKT conditions to the strong set
and repeat (2),(3).



Application to generalized gradient algorithm'

e For lasso, basic iteration is

B Spa(B+1t-XT(y — Xp))
where S is the soft-threshold operator, t is a stepsize.
e Speedup: when p > N, reduces Np per iteration to ~ N2

e Numerical example: generalized gradient with approximate
backtracking applied to lasso, N = 100. 100 values of A
spanning the entire relevant range.

p 500 1000 5000 10000 p=>500, N=1000
speedup factor | 2.7 4.6 9.6 15.5 1.9

Similar results for Nesterov’s momentum method
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‘Implementation in glmnet.

Our glmnet program uses coordinate descent to solve the
lasso, logistic/lasso and related problems. It is one of the

fastest computational approaches available.

It uses coordinate descent over a path of decreasing A values
with warm starts and an active set strategy- iteration is first
done over variables that have ever had a non-zero coeflicient for

some earlier value of A
active set strategy is very effective

Typically
active set C strong set,

and so we use them both.
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‘ Glmnet timings.

Lasso, p = 100, 000 predictors, N = 200 observations, 30 nonzero
coefficients; In the rightmost column, the data matrix is sparse,
consisting of just zeros and ones, with 0.1% of the values equal to 1.
There are p = 50,000 predictors, N = 500 observations, with 25% of the

coefficients nonzero, having a Gaussian distribution; signal-to-noise ratio

equal to 4.3.
Method Population correlation
0.0 0.25 0.5 0.75 Sparse
glmnet 4.07 6.13 9.50 17.70 4.14
with seq-strong | 2.50 2.54 2.62  2.98 2.52

Average time in seconds
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Glmnet timings (seconds) fitting a lasso/logistic regression problem.
Here the data matrix is sparse, consisting of just zeros and ones, with
0.1% of the values equal to 1. There are p = 50,000 predictors, N = 800
observations, with 30% of the coefficients nonzero, with the same value

and signs alternating; Bayes error equal to 3%.

Method Population correlation
0.0 0.5 0.8

glmnet 11.71  12.41 12.69

with seqg-strong | 6.31 9.491 12.86




Strong rules for general problems'

e Suppose that we have a convex problem of the form

minimizeg [f(,B) + A i g(ﬂj)]
k=1

where f and g are convex functions, f is differentiable and
B = (81,32, ...08K) with each 3, being a scalar or vector.

e Then following the same logic as before, we can derive the

general strong rule

A

f(Bok
| 5, Mg < (1+A)A— AN

where A is a bound on the subgradient variable for g.

(13)

(14)
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Graphical lasso for sparse covariance estimation'

Observed covariance matrix S. Maximize the penalized log-likelihood:

logdetX +tr(STH) — X271,

Graphical lasso uses blockwise coordinate descent, one row/col at a time.

Strong rule discards an entire row/column at once:

max|&?2 — 812| < 2N — Xo.
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‘ Final comments '

e Can apply these ideas to other problems, eg. matrix
completion (Rahul Mazunder, Trevor Hastie), group lasso,

adaptive lasso etc.
e Application to other model selection problems?

e Why does strong rule “never” fail when p >> N7
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‘Predicted questions from audience'

. What exactly is plotted on the horizontal axis?

. Does this have something to with a result of Vapnik and
Chernovenkis? (first part of a multi-part question)

. Isn’t this just a restatement of the ergodic theorem?

. I’'m sure this must all be an exercise in my Convex

Optimization book!
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