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Stein’s Method for Birth and Death Chains
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Abstract

This article presents a review of Stein’s method applied to the case of discrete random variables. We
attempt to complete one of Stein’s open problems, that of providing a discrete version for chapter 6 of
his book. This is illustrated by first studying the mechanics of comparison between two distributions
whose characterizing operators are known, for example the binomial and the Poisson. Then the case
where one of the distributions has an unknown characterizing operator is tackled. This is done for
the hypergeometric which is then compared to a binomial. Finally the general case of the comparison
of two probability distributions that can be seen as the stationary distributions of two birth and death
chains is treated and conditions of the validity of the method are conjectured.

3.1 Overview

Stein’s method provides ways of proving weak-convergence results using test functions and approxi-
mations to expectations. It is a method that many have found quite difficult to infiltrate because it does
not use any of the more classical tools such characteristic functions.

My thanks go to Charles Stein who painstakingly led me through the intricacies of his approach while
I was visiting Stanford in 1993, and to Persi Diaconis who first tried to explain his picture of the method
to me. | made my own picture of the procedure by trying to make a discrete version of chapter 6 of
Charles’ book (stein, 1986) upon his suggestion.

A little history: Stein’s method of exchangeable pairs and characterizing operators, not to be confused
with shrinkage, was first used by Charles in the early 70’s, at the 6th Berkeley Symposium to prove
central limit theorems for dependent random variables (Stein, 1992).

His approach was a complete innovation, because he does not use characteristic functions. Instead
Charles based his argument on what he called a characterizing operator for the normal distribution.

Here is how this characterization is stated in his book (Stein, page 21, 1986).

Proposition 3.1.1 A random variable has a standard normal distribution iff for &ll: R — R,
piecewise continuously differentiable whose absolute value of first derivative has a finite expectation
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with regards to the normaN |h/| < oo we have :
E{R' (W) = Wh(W)} =0
which we will also write
(3.1) Vh € Fn, E(Tyh)(W) = 0, whereTxh(z) = h'(x) — zh(z).

Ty is a function from the space of piecewise continuously differentiable funclignt® the space of
continuously differentiable functions, we will call it the characterizing operator for the norival.
denotes the expectation kfwvith regards to the normal.

After following Stein’s proof of the central limit theorem, | realized that he not only associated an
operator to the normal, but also built one for the other distribution then compared the two operators,
bounding the expectation of their difference on special test functions.

Following Charles’ work, many authors have built characterizing operators, Chen (1974) for the
Poisson, Loh (1992) for the multinomial, Diaconis (1998) for the uniform, Mann (1995) and Reinert
(1997) for they?. Barbour, Holst and Janson(1992) have written a book on the use of the method in
the context of Poisson approximation.

The question arises of how to construct the characterizing operator for any given distribution. Once
this has been done and certain properties have been proved for both operator and inverse, limit theorems
become reasonably straightforward to prove. Let us start exploring with this latter part of the method.
How can we compare two distributions for which the characterizing operators are well studied?

We begin with the binomial distribution as tterget, playing the same role as the normal in Charles’
first work. The Poisson will be the random variable we want to approximate.

3.2 Examples
3.2.1 Bounds on the distance between Poisson and binomial

As a first motivation we will show the procedure for proving a bound for the total variation distance
between a PoissoR(\) and a binomial3(n, p) distribution. Of course, to make the distributions close
we will suppose thak = np.

We will not worry about how to build the characterizing operators for the time being, and we will just
use the fact that Charles Stein (1986) proved the following:

Proposition 3.2.1 A random variable is binomiaB(n, p) if and only if for every bounded functiof)
the expectation computed with respect to that random varigblg f) is zero, where

Tof(w) = p(n —w)f(w+1) —w(l —p)f(w).
ThisTy is called the characterizing operator of the binom#n, p) distribution.

Remark on notation. In this example, our target distribution is the binomial we will denote anything
related to the target with the indéXx for instance the expectation under the binomial willHe this
is a convention that extends to the sequel as well, where the target distributions will not necessarily be
the binomial, but will always be identified by the index

The other distribution is Poisson with matching mea#s np which also has a characterizing opera-
tor denotedl"«, which we will prove later to be:

(3.2) (Ta)f(w) =npf(w+1) —wf(w) = pf(w+1) —wf(w).

We expect the fit to depend gnin particular, the fit should be good fprsmall, of an orde%. All we
have to remember about these operators for the moment is that



1. ETaf =0, for all f, iff the expectation is computed with respect to the Poisson, and
2. ETyf = 0, for all f, iff the expectation is taken with respect to a binomial distribution.

For any functionf defined on0, 1,. .., n] the difference between these operators is
(8.3) (Ta—-Ty)f(w)=pw(f(w+1)— f(w))=pwAf(w), defined forw € [0,1,...,n — 1]

WhereA f(w) = f(w+ 1) — f(w) denotes the first order difference fpatw.

If we take as our functiorf a function whose image b is preciselyl,,, — Py(m) = Ty f, where
I, denotes the indicator function for the get}, by computing the expected value of the difference
between operators we will obtain the difference in expectations at that funftion

P(m) - Po(m) = (E — Eo)(Hm — P()(m)) = ET()f = E(TO — Ta)f
Using (2.3), the right hand side will be easy to bound if for this particfijave can bound its increase
AV
It has been proved by Stein (1986), in the case 1/2 and by Barbour, Holst and Janson, (1992),
page 190, for general that for f such thatl,, — Py(m) = Ty f, we have:

(3.4) Afw) < ——, V.
npq

This provides the following uniform pointwise bound:
1
For everym, |P(m) — Py(m)| < Epw(—) = B, whereg =1 —p
npq q

Remarks:

1. This bound would usually be used wheis small (for instance = 1, soq close to 1).

n

2. This translates to the following inequality:

(np)ke—(np) _ (n> m_n—m

pq b
k! m

<
q

which might not be so easy to prove by simple calculus. We will see in section 4, that there is a
better bound available, reversing the roles of the two distributions, making the Poisson the target
and using the bound on the first order difference of its pseudo-inverse.

3. Actually one is usually more interested in the total variation distance between the two distribu-
tions then in the pointwise distance. The bound| Arf| is available even foyf a solution to
Tof =14 — Py(A), forany A C [0, n]. Barbour, Holst and Janson (1992) proved that (2.4) still
holds for these more generfl This provides the bound:

drv (P, Fy) < g

4. Bounds such as (2.4) are crucial properties of characterizing operators that must be proved anew
for each new target distribution.
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3.2.2 Hypergeometric and binomial

Now, we will do a more original example. Suppose that the target is bind#fialp) again, but that
the other distribution’s characterizing operator is unknown.

We will bound the distance between a binon#éh, p) distribution and the hypergeometfit{ N, R, n).
That is, suppose we are pickimgballs without replacement from an urn 8f balls of whichR are
red and we look at the distribution of the number of red balls denbt&lle are going to compare it to

a binomialB(n, &).

We start by finding an exchangeable pair dendgtled:’). This is used to define a characterizing
operator for the hypergeometric distribution with paramef&rd/,n: H(N, R, n).

Suppose we lay out the balls uniformly at random in a line, thelefhes are the ones in the sample,
among whichk are red anch — k are black. Now suppose that we exchange two different balls picked
uniformly at random and then count again how many red ones among the tleifs will be our random
variablek’.

(k, k") is an exchangeable pair because the procedure is obviously reversible. Repeating these switches
defines a birth and death chaih:will at most change by one. Cali, the probability, given that the
variable was at, that it will go tok + 1 after one move, andl, the probability that it will go down one
given that it was ak. Thusj, = P( hit a black ball among left. and switch it with a red ball among
the right N — n).

This gives
n—kR-—k
— X

N N-1

0, = P( hitared ball among the left n ones and switch it with a black ball in the right)jpnes

Be=P(K =k+1]k) = 2,

kN—-—R—(n—k)

Ok = P(K =k —1[k) = & N1 x 2.
From these definitions we may compute
(3.5) E*K — k) =B — 6= Ak —p),  with A= %
because
EF(E —k) = (+1)Bk + (=1)6 = B — 0,
= N(N2—1) [nR —nk — kR+k* — kN — k* + kn + Rk]
_ N(N2_1) R — kN] = —ﬁ(z@ - n%)
= =Mk — p)with u = n% and\ = %
In order to construct the characterizing operator we define acnfegm functionsf on{0,1,...,n}
to the space of antisymmetric functions as
(@f)w,w) = 5 (7 mss = F (@) s1)

Note: Given any exchangeable péipr, w’) of random variables, any antisymmetric real functién
defined for all pairgw, w’) with finite expectation, has to satisfyA(w,w’) = 0. This is going to
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provide a good way of finding functions in the kernel Bf To constructl’, as is usual in Stein’s
method of use of exchangeable pairs, we take an exchangeablevpair) and an antisymmetrié&’
and define(T'F)(w) = E¥F(w,w"). In this case:

Bk

= —=Af(k —f(k
TAS(R) + T f ()

Note that by construction, because, w') is exchangeable ar{d.f) antisymmetric, we havET o =
0.

This operatofl'« is a characterizing operator for the hypergeometric. We will see that for any func-
tion f the difference betweeif'a: and Ty will again be of particular utility. In fact, originally the
characterizing operator of the binomial was constructed in a similar fashion and can be written as:

Tof(k) =p(n — k)Af — (k —np)f(k)

(3.6) (Ta)f (k) P — %

Here we will havep = %. We compare the two operators:

(3.7) (To — To)f(k) = R’f —(n— k)Jﬂ 1
38) = O har)

N

First consider the simple case bounding pointwise probabilities, say at thenpoitle would like to
bound|P(m) — Py(m)| = |EL,, — EoL,|, this is done taking in the equations above to be the solution
to:

(3.9) Tof (k) = Ln(k) — Po(m)

Theorem 3.1 ( Distance between binomial and hypergeometric)et P;, denote the hypergeomet-
ric probability distribution andP, the binomial3(n, p) then:

Py(m) — Po(m)| < 2

Proof. Through (2.4) we have, fof the solution to (2.9), a bound akf.
Note that ifx has aH (N, R,n) distribution angp = £:

-1
E(k?) = var(k) + n’p* = npg{l — %} + n2p?
1 1
E(Ta —To)f(k) < —~——(Ekn —EE?
(Ta-To)f(h) < 5o (Bhn—ER)
< = (n2p—n2p® —npg{l —
< anq(np np” —npg{l — 1)
1 n—1
< —(n-1
< N(n +N—1)
n—1
<
- N-1

Remark 3.2.1 Actually if we are more ambitious and want to bound Té distance between the two
distributions, as in the first example, exactly the same argument follows through, replacing (2.9) by:

Tofa =14 — Py(A)
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whereA is a set of[0, n]. As above Barbour et al. [1992] show that we still have the bound

1
Afg < —
npq

and all the other computations are the same. This proves:

Theorem 3.2 The total variation distance between the hypergeoméifiév, R, n) and the relevant
binomial B(n, &) is bounded byn — 1)/(N — 1), uniformly in R, forR > n.

This can be compared to Diaconis and Freedman (1981):

4n
drv Py P) < 7
which they proved to be sharp, up to constants.
Let us now generalize each step of this procedure. The next section sets the scene for extensions
of the method from situations where we know the characterizing operators to cases where we need to
build them and the ‘pseudo-inverse’ for a new target and bound the increase in this ‘pseudo-inverse’.

3.3 Notation and Context

Suppose we have a probability spg€e 5, P) we will call E : X — R the expectation associated to
P on X, the space of real-valued random variables define@ tdmt have finite expectation.

We will be trying to computeFZ the expectation of some random variable or an approximation
thereof. To this end we will consider the null-spacefbfker E = {y : Ey = 0}, we will look for a
random variable close t6 — ¢ (c a constant). Thus we will be able to sBY ~ ¢. We will call X the
space of real valued functions that have finite expectation with the target distribution Aend) be
considered a subset af and will denote a natural embedding &f into X.

3.3.1 Exchangeable Variables

Strange as it may seem, the studykef F is done through a pair of exchangeable variables, the
definition of which | recall to be:

(X, X'") is a pair of exchangeable variables iff the joint distribution of the Q&irX"’) is identical to
the distribution of X', X), written sometime$X, X') 4 (X', X).

In what follows (X, X’) is used to denote an exchangeable pair.

3.3.2 Operators of Antisymmetric Functions

Call F the set of antisymmetric functions defined@h
In what follows we will denote byf” the operatofl” : 7 — X which associates to every antisym-
metric F’ in F the function:

TF such thatTF(z) = EX=*F(X, X')

whereEX is the conditional expectation givexi.

A simple computation showsmF C kerFE, the reverse is also true as long as any two elements
of the state space can be connected through a sequence of exchangeable pairs. (Diaconis, personal
communication)

ThenImT = kerE and the following diagram is exact:

Flx Er_

Thus the image df completely defines the null spaker E. Now if we're trying to find the distribution
of W = (X ) we may try and give an approximation bf.(¢>( X)) for functionsh such as indicators.



3.3.3 A Characterizing Operator for the Target Distribution

It has to be the case that we have an idea about the relevant target. That is, we know which approxima-
tion to choose. In most cases the expectations with respect to this distribution are dénoted

We will define an operatdrf that characterizes the target distribution. Later we will explain more in
detail how such a characterization is built. For the time being, we will look at cases where this operator
is known.

3.3.4 A Useful Diagram

The point of view we are going to stress here starts through the comparison of the two exact sequences:
F Ty £, R—0
Fo 2 xy 22 R—0
we will show that we can write
Eh(z) = Eoh + E(Qh)(x,z")

where the last term on the right provides an indication of how good the approximation is. It is especially
important to notice that this residual is an expectation with regards to the ‘unknown’ distribution.
Bounds on@h| will provide bounds for the approximation.

We will now detail this decomposition through what will be called the basic diagram:

T FE
F X R
o B gl
Uo Lo
Fo _ ., Xo _ » R
Ty Ey

The top part of the diagram contains the sétandX” and the operatorgs and E defined above.
Xp is a subspace ot. F is a subspace of anda will denote a natural embedding &%, into F.
The functiony transforms a real number into the random variable always equal to that real value.
Uy is the ‘pseudo-inverse’ for the functidp,. In the examples above, we looked for a functjpn
such thatly f = I,,, — Py(m) = L, — Eol,, this can be expressed as the condition that for @y
X we can defind/y(g) such that

TooUog:g—LooE()(g)

We will call Uy the ‘pseudo-inverse’ dfy in all that follows.
An algebraic lemma of Stein [1986] is the basis for the approximations used here.

Lemma 3.1 (Commutation of the Diagram) When the sets of the diagram are vector spaces and the
functions linear and when the following conditions are fulfilled:

e FoT =0

° LOOE0+TOOU0:IXO



e FofowoEy=~o0kEy

Then we can write:
EofB—~oEy=FEo(Toa—30Tpy)oUy

It is often possible to bound the right hand side of this equation.

3.4 Birth and Death Chains
3.4.1 Exchangeable Pairs

We will start with the case of a random variable taking its valuefin .., n}. We suppose that this
random variablé? has a distribution:

PW =k)=pg,for0<k<n
and a mean denoted

p=EW = Zpkk
k=0

We would like to find a¥’ such that:
o (W, W) is exchangeable

e a general contraction property is satisfied, i. e.

(3.10) EVW' —W = —X(W — ), with0 < A < 1}

This is the generalization of (2.5).

e W andW’ differ by at most 1 (thus forming a birth and death chain).
These conditions specify enough equations so that we can define as follows:
PW' =W +1|W =k) = B
PW' =W —1|W = k) Ok
G, =0anddy = 0
Ok + B

IN

Bopo = 01p1

Bip1 = dap2
, L
(W, W') exchangeable |mpI|es.ﬁkpk = Opi1Dkr1

We rewrite the contraction property:
B — 6k = =Nk — )
0r and g, have to be of the form:
Bo = A

k—1
A .
(3.11) op = N E pi(i—n), 1<k<n
i=0

k
A .
B = —*ij(l?—u), 1<k<n-1
Pr =5



In order for this to be possible must satisfy0 < §, + G < 1. This is equivalent to

< —Pk
T2 (G — 1) + pe(k — p)

3.4.2 A generalization of Todhunter’s formula

0<A

Mills ratio type bounds for binomial tail probabilities can be derived from the following formula due
to Todhunter (see Diaconis and Zabell (1991)). We can generalize this idea to give bounds for the
stationary distribution of the birth and death chains constructed above.

m

> (i —=np)pi = (1 = p)lpe — (n —m)pm,  ¥m,Ve
4

The definition of the birth rate in the above birth and death chains enables us to write:

m

Z(i — W)pi = %(ﬂeﬂpeﬂ — Bmpm)

L

We will now look at how this can be used in examples.

Uniform Distribution on {0, ..., n}

In this case we have:

- 1
P = ntl
- n
=
A
Br = §(k+1)(n—k‘)
A
If nis even we must have: < 4
n? +2n
If nis odd we must hava: < 4
n2+2n—1

In the appendix some of the numerical simulations show how the valardfuences the speed of
convergence to stationarity.

Note the “standard birth and death chain with a uniform stationary distribution is the random walk on
a path with holding; at each end. This does not gi#& W) = (1 — \)W for any\.

Binomial Distribution

The algebraic construction obtained through the above formula gives exactly the exchangeable pair we
find for the binomial by using the construction:
Define the exchangeable pél#’, W') as follows:

- Write W = >"" ;| X;, sum of independent Bernoulli variables with= P(X; = 1)

- Choose a randorhuniformly in {1...n}
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- X7 is changed intoX; with P(X; =1) =p
- W =W - X+ X

The computations then give in this case=p x (n — k) andd, =g x k

Poisson Distribution

In our development we have not used the fact that the random variable is bounded. By induction we
can generalize the definition gfandd to N. For example if the stationary distribution is Poisson:

ko—p ) ;
P = K€ andpij — E
k! Pj+1 J
By induction as before:
Bo = Au
o = @ﬁo =
P
Pro= 0—AMl—p)=A
oy = &ﬂl =2A
p2

Bo = b= A2—p) =X

o, = kA
B = Au

Hypergeometric Distribution

This construction provides the same birth and death chain the exchangeable pair dDd,:w%ﬁ_ﬁ.
The general form gives in this case:

(N—R—(n—k))
N

B = )\(MN(R_k))

5 = Mk

3.4.3 Characterizing Operators
From any functionf we build an antisymmetric functiofaf) defined ‘locally’ as:
1
(af)(w, wl> = by (f(wl)ﬂw’=w+1 - f(w)]luzw’—&-l)

ForT, we take an exchangeable pair, w’) and an antisymmetrig’ and define{T'F)(w) = E* F(w, w")
so that in this case:

1
(3.12) T(af)(w) = E¥(af)(w,w) = < (Buf(w +1) = b f(w)).
Because of the exchangeability and the antisymmetry we will k&0¢ = 0, for all f so that:

ImT C KerFE.
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Further, if the birth and death chain is conneciedl’ = KerE andT'« is a characterizing operator.
In the four examples considered above this gives:

Taf(w) = (w+1)(n—w)f(w+1) —whn —w+1)f(w)

’ Binomial(n, p) ‘

Taf(w)=px(n—-w)f(w+1)—gxwf(w)

Tof(w) = pf(k+1) —kf(k)
’ Hypergeometrid(, NV, R)) ‘

Tafw) = BOEZR) o gy  MEZRZ 0B g
It is sometimes a good idea, given the contraction property to rewrite (2.12) as follows:
w w 5w w
613)  Taf)w) = 22arae) + P20 ) = POA () — (w0 ) ().

Because then, in comparisons between two birth and death chains whose means are equal, the second
part of the right hand side cancels. The following section presents a few specific examples. We will
return to the general birth and death chains and the definition of the inve¥ae, tand its bounds in

the section 5.3.

3.4.4 Examples
Comparison of the binomial and Poisson

Just to illustrate how the machinery we installed works formally, we can turn over the first example,
taking the target to be Poisson. We will show how the algebraic lemma and the properties of the pseudo-
inverseg of an indicator functior 4 provide bounds for the distances between these two distributions.

Let’s define the elements of the diagram. In this case the target is Poisson withnméangely
developed in the book by Barbour, Holst and Jansen (1992)) the characterizing operator is:

(3.14) Tof(w) =npf(w+1) —wf(w).
We will take the binomial characterization obtained above
(3.15) T(af)(w) =pn—w)f(w+1) —w(l —p)f(w).

X o is the space of functionms — R having at most exponential increase,
Fo=XNn{f: f(0)=0}. Xthe same ag’, but restricted to functions defined ¢f...n}. g is the

relevant restriction function: ()
] flw) ifw<n
ﬁf(w)_{() if w>n
By taking f = I, andUy f = g defined such that:
Tpo Uo(]lk) =1 — pu(k’)
npg(w + 1) —wg(w) = f(w) — Eof = f(w) — Eof, Vw.
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Lemma 3.2 (Bound on the pseudo-inverse and its increasdjor g4 the solution to the equation:
uga(w + 1) —wga(w) =Ia(w) — Po(A),

we have the bounds:

1
3.16 = su i) < min(1, —
(3.16) gl jpg(J) < min( \/ﬁ)
(3.17) Ag = suplg(j + 1) — g(j)| < min(1, ;»
J

For a proof one can look at Barbour, Holst and Jansen (page 7 and page 223).
Then, the algebraic lemma implies that for any 4etnd functiong4 defined as above:

|P(A) — Po(A)] = E[Taga— Togal
Enpg(w + 1) — wg(w) — npg(w + 1)

+wpg(w + 1) + wg(w) — wpg(w)]
Elwp(g(w + 1) — g(w))]
E(wp)A

IA

IN

1
np*A < np? min(1, —).

7!
This is sharper than the result in remark 3 of Section 3.2.1.

The number of ones in the binary expansion of an integer

This is an example treated in different ways by Diaconis (1977), Stein (1986) and Barbour and Chen
(1992). This presentations follows the first two authors closely.
Letn be fixed. Choose uniformly an integ&r betweerd andn. We want to study:
W = Number ofl’s in the binary expansion oX.
Let’s write this expansionXX,, X,,,_1 ... X7 with m the maximal number of possible digits that
could take:

m = [logyn] + 1

following Diaconis (1977) we will cal)(z) the number of’s in z’s binary expansion which can’t be

changed without making the new number bigger thaRor instance)(17) = 2 if n = 23.
Exchangeable Pair

Choose! uniformly in {0...m}. ChangeX; into its contrary as long as this doesn’t make the new

integer larger tham.

W =W-X;+(1-X;) if X+ (1-2X7)27<n
w' =W otherwise

(W, W) is exchangeable, and this example is the first we define that is a birth and death chain.

(3.18) EEY(W' —-W) = 0.

v —wy = meWo@ W
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(2.18) = E (m_QmW_Q) =0
— B(W) = j(m~ E(Q))

The function(w, w') — (v’ — w)(w + w’) being antisymmetric, we have

(3.19) EEVW"? -w?) = 0
(3.20) Thus var(W) — %EEWQV-wa
(3.21) asEV (W' — W)? :3%%Q

We will take for our operatof«:

T(af)(w) = y
- (" - 2w
= P 1)~ ) — L 1)
= Tof(w)~ Lflw+1)
WhereTp f(w) = m;wﬂw+m—%ﬂm

is thecharacterizing operatoof the binomialB(m, 3).
For g the solution to

Lgw+1) — 2 g(w)

m_
Iy — Po(k) = >

Stein (1980) showgy(w)| < 4.

N

|

I
|
»
Y
3

|
[\

E
=

And P(Q > k)

impliesEQ = > P(Q>k) <
k=0
Therefore  |p(k) — Py(k)| <

Contingency Tables

Diaconis and Saloff-Coste(1996) take the following example to show how Nash inequalities can be
used to bound rates of convergence of Markov Chains.

Call M2 the set of alln x n contingency tables whose margins are all equél. téve are going to
consider’¥= Number of 2’s inM, a table chosen uniformly among tables/of?. Forn large these
are sparse tables witha rare event.

In this case we will start by creating an approximate birth and death chain through construction of
an exchangeable pair, this will make clear what the mean and variance are. Seeing that they are equal
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points to a Poisson target. We then explore the distance to the Poisson using the bound we have on the
inverse to the Poisson characterizing operator.

Exchangeable Pair
We will use the paif M’, M) constructed as a reversible Markov chain for generating uniformly such
tables as our basis for the exchangeable @&if, 7).

Note: When we have a procedure for generating a reversible Markov chain, we will always have an
exchangeable pair. See Chapter 1 of this book.

e Choose a pair of different rows at random
e Choose a pair of different columns at random

e As long as it doesn't make any table value negative make the following change 20obthe

square thus define< J_r I_ > or< J_r f ) choosing one of the above with probability

%. Otherwise the chain stays at the original table.

An exchangeable pai{i?V’, W) is thus defined naturally from the pdié/, M").
Let's compute3,, = P(W' = W + 1|W), the probability that the number @fs increases byi.

For that to happen a configuration of tH 1

0 ’ must be chosen as tleby 2 square, this can be
decomposed into the product:
-Probability of choosing two columns without aig.

(n—w)(n—w-—1)
(n—1)n

-and the probability of choosing the twiés amongn, when there are only two of them:

2
n(n—1)

-and the probability that the second columr(isl):

There are four configurations of this type (four position8'sf, only half of which will be compatible
with the choice of+ and— patterns to enable a step, thus:

By = 4("_1”)7(:;(;1_”1_)41)(” 2 _ n(nf Tl - )1 - (- ni o)

For the probability that the number 2% to decreases by, we look for the probability of a configu-
ration of a 2 0 configuration.

0 1
By a similar decomposition as above, this configuration has probability
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Of which only two out of four will produce a move, thus:

B P B B dw(n —w)
0w =PW' =w 1|W_w>_7n2(n—1)2
Note that ( )
P ) w1
PW' =w—=2|W = w) 2(n 1)

is of an ordem—! smaller, we are going to ignore it, as well as

4n—w)(n —w—1)
n3(n —1)3

PW'=w+2|W =w) =

In fact, if the original chain is modified to hold whé# jumps by two, the following calculations are
all valid. We can start by computing the mean simply by exchangeability:

EE"W'—=W = E(By—0y)=0

_ dn—w) [(n—w—-1)(n—-2)
homtn = o [ ]
4(n —
= ng((n _lf))g (2 = w)n® = n(w + 6) + 4(w + 1)]
B 4 w(l—w) (A+4w)---
 n(n—1)2 [(wl) n on-—1 712}
thusE (5, — dy) = 0 impliesE(W) = 1.
We remark that:
) 4
Buw — 0w = m[_(w —1)]
providing an approximate contraction property
EYW' —-W = —%(W — E(W))
. 4
with A = nn =172

For the variance we can use the fact that;
EW"? -W?) = EW - W)W +W) = 0 by antisynmetry

EYW' —W)? = EY(W? W) +2WEY(W — W)
= EY(W?-W? —2WEY(W' —W)

thus vaflv) = WEE”(W’ —W)?
ThenEEY(W' —W)? = 2 EW(W — E(W))
BuLE (W = W) =t [ 1) = S +2)+ o
var(lW) = 1E(w +1)=1

2
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As usual we define:

(af)(w,w) =

A []Iw’:wﬂ-lf(w/) - Hw:w’-l-lf(w”

w O
T(0f)w) = B* (o), w) = 22 flw 1) = 22 f(w)
As suggested by the first two moments, a Poisson(1) approximation seems appropriate, so we are
going to compare the operator constructed above with the Poisson(1) op&ator:) = 1 x f(w +

1) —wf(w):

Ta(7)w) - Tof@w) = (52— Daf)+ (%) fw) + 1) 70w
Po_ o w_w 1
A n n—1 n—-1 n?
511) _ 6w . w(w 2)
A = |Tw=D+ n
To(f)w) - Tof(w) = ~22 LAz~ =2 s

The pseudo-inversg and its increase are both bounded by 1. To bound the total variation distance
between these two measures, for anyAdts measure is the expectation of the indicatgr call the
Poisson oné”o(A) and denote be4 = Uyl4 the solution to the equation:

Tog =1 x ga(w +1) —wga(w) =14 — Po(A).
Lemma 5 of Barbour, Holst and Janson (1992) provides, as shown above:
Ags < land|g| < 1.
Thus bounding the expectationBfx(g4)(w) — Toga(w) gives:

2w+1)+E((w—2)w 3 1

dry (P, Po) < |E(

3.5 General Discrete Target distribution

This section is the discrete version of chapter 6 of Stein (1986) which he suggests for development in
the section on open problems.

For a given target distribution (2.14) provides a general form of characterizing operator. In order for
the method to be useful we need to define and bound the inverse of some very specific test functions
suchady — pa.

First we will define the inverse, then we will give conditions on the stationary distribution that will
ensure that the increase in the solution is bounded. This section concludes with a large class of new
examples, related to distance regular graphs, where our conditions are satisfied.

Pseudo-Inverse forTj

Suppose that the target distribution is also defined from a birth and death &haip defined in (2.11))
that is we havédy of the form :

(322) Tof(w) = 5 (Buf (0 +1) — 6 f ()
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Given a functiory defined on{0...n}, how and when can we define its inversef This can be
reduced to a set of recurrence equations, sefting f(k) andg, = g(k), we want:

Bk fr+1 — Ok fr = Mgk 0<k<n
(3.23) Bof1 = Ago

—Onfn = Agn
The last condition of the recurrence implies:

1 ( ﬂnfk /ankJrl L 5n—2 ﬂn—l
)

5n7k n—k+1 5nfk+2 571—1 571

fnfk = -

gn +- "gnk> .
Exchangeability of the chain imposes :

BrPk = Ok-+1Pk-+1-
From this we can do the simplifications :

i Bt _ b

92 03 on D1

A [ DPn n—
hi=-5 (p g+ g ~--+—gl).
1 b1

Coherent with the initial conditiofy f1 = g if

n
Zpkgk =0.
k=0

When this is fulfilled the general form of the inverse is:

In particular

(pkgk + .. .pngn)
> ik i — 1)

Because of the definition (2.11) 6f. For such a definition, (Barbour, Holst and Janson (1992), page
189, Lemma 9.2.1) give a general boundfof, under the condition that th#, are non-increasing and
the §,, non-decreasing. This bound is valid for the inverse of the indicator of any set A safisfies
Tof(k) =14 — p(A) then

A
(3.24) n:—;—m%+upwm:
kPk

(3.25) Af =max|f(j+1)— f(y)] < ma:><mm(A é)
J ﬁ (5]'

Again taking into account the definitions 6f andd;, we have

- — —Pk — - Pk i
§j Sk piG—n) 2=k PiG—H)
i = Pk Pk
ﬁk Z] 0P (G—1) Zj:kJrlpj(]_“)

We define the pseudo inverse of any function f by

g(k) = Uf(k)

Z@

ﬁk 1Pk—1
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It is easy to check that suctyasatisfiesTg(k) = f(k) — E f as before. Suppose the test functjoaf
interest is the indicator functiofi = I, ;. In this case the expectation gfwill be Ef = p(ko) = px,

and APrg k=1 <k
Ullyo} (k) = { Tl
Br—1Pr—1 Zj:k Pjs k< ko
We know that if we match up the means of the distributions, we only need to bound the first order
difference ofU1,, which we will denote byAUTy, = Ul (k + 1) — Ul (k).
There are three possible cases for the form that this can take on, depending orkwhsiteiated

with regards tdc:

1.
Sk Sk—1 >
If £ < ko, thenAUT,, (k) = —X —

’ ko () Pho (5&% Br—1Pk—1

& (1-58 S
AUTy, (ko) = —A e — )

ko (ko) Pho < BroPko  Bro—1Pko—1

3.

1-5) (1- 5k1)>

If & > ko, thenAUT, (k) = Apg, <( BrPk Br—1Pk—1

Proposition 3.5.1 For (3, decreasing andj, increasing, then the only case whexé/I;, (k) > 0 is for
k = ko.

Proof.
We are going to look at :

(Sk Sk >
Bk Br—1Pk-1

and prove that it is always positive.

<Sk Sk > _ Z
Bkbk  Br—1Pk—1 pkﬂk Oﬁk 1pk 1

Jj=

p] 1
exch. +
pk,ﬂkz Z pkﬁk pk:5k

k

p 1 Pi-1 Bk
= > pi(1 - 5
1

PeBe  PrBk Dj
k
Do 1 0; B
- L - (1 —
peBe PrBk Z:p]( Bi-1 5k)

Under the monotonicity conditions above @y anddy, this last parenthesis on the right will always
be positive, thus proving thakly, (k) < 0 for all £ < ko.
A very similar argument gives the same result in dase kg =

Corollary 3.5.1 For 3 decreasing andy, increasing and for any subsét C {0,1,2,...,n}:

|AUTL, (A)| < AUTy, (ko).
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Proof.

n—1

3" AU, (f) = Uliy (n) — ULy, (0) = A28l = \Pho g

j=0 ﬁnflpnfl 571
So the overall sum of the sequence is positive, thus the one positive element is larger than any combi-
nation of the othersa

A large class of examples of distributions @i 1, 2, . . . d} where the appropriate monotonicity con-
ditions for a natural birth and death chain are satisfied is the class of distance regular graphs. These
are connected graphswith vertex sef2. Letd(z,y) be the graph distance between verticesndy.

Let [(4, z)] be the vertices at distanédrom X;,0 < ¢ < d, with d the diameter of the graph. Then

is distance regulaif there are numbers;, a;,b;,0 < i < d such that ifd(x,y) = ¢, then the number

of neightbors ofy which lie at distancé — 1,4,7 + 1 from z arec;, a;, b; the nearest neighbor random

walk on a distance regular graph generates a birth and death chain by looking at the distance from the
starting state. This chain has stationary distributi¢i), proportional tol% Atheorem of Smith

Smith, D. [1971] says that the birth and death rates satisty co ... < ¢4 an&bg >b1>...> by

(note thatcy andb, are undefined for distance regular graphs). This result shows that our bounds on
the inverse are in force for all of these birth and death chains.

The classification of distance regular graphs is one of the most active topics in algebraic combina-
torics. Well-known examples include the hypercube (with binomial stationary distribution) and the
k-sets of am-set (with hypergeometric stationary distribution). For a splendid introduction to the sub-
ject see Cameron (1999) chapter three. The definite work on the subject is by Brouwer, Cohen and Neu-
maier (1984). This contains hundreds of families of examples. Andries Browmav.(vin.tue.nl/~aeb )
maintains a website dedicated to this subject.

3.6 Appendix:Some Numbers
Here is the matrix of the birth and death chain that converges to uniform \witl9.08, n = 6.

bd2(n = 7, lambda = 0.08)
(1] [.2] [.3] [4] 5] 6] [.7]
[1] 0.76 0.24 O 0 0 0 0
[2,] 0.24 0.36 040 O 0 0 0
[3] O 0.40 012 048 © 0 0
0

[4] O O 048 0.04 048 0
0 O O 0 048 012 040 O

] O O O 0 040 036 0.24
[7] 0 O 0O 0 0 024076

Here are a few powers showing how long it takes to converge:

puissance(bd2(n = 7, lambda = 0.08),2°5)

(1 [2] (31 [4 [51  [6] [7]
[1,] 0.1652 0.1577 0.1503 0.1428 0.1354 0.1280 0.1206
[2,] 0.1577 0.1528 0.1478 0.1429 0.1379 0.1329 0.1280
[3,] 0.1503 0.1478 0.1454 0.1429 0.1404 0.1379 0.1354
[4,] 0.1428 0.1429 0.1429 0.1429 0.1429 0.1429 0.1428
[5,] 0.1354 0.1379 0.1404 0.1429 0.1454 0.1478 0.1503
[6,] 0.1280 0.1329 0.1379 0.1429 0.1478 0.1528 0.1577
[7,] 0.1206 0.1280 0.1354 0.1428 0.1503 0.1577 0.1652
puissance(bd2(n = 7, lambda = 0.08),2°6)

(1 021 [31 [4 [5]  [6] [7]
[1,] 0.1444 0.1439 0.1434 0.1429 0.1423 0.1418 0.1413
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0.1429
0.1429
0.1429
0.1429
0.1429
0.1429

0.1425
0.1427
0.1429
0.1430
0.1432
0.1434

0.1422
0.1425
0.1429
0.1432
0.1435
0.1439

0.1418
0.1423
0.1429
0.1434
0.1439
0.1444

0.1435
0.1432
0.1429
0.1425
0.1422
0.1418

0.1432
0.1430
0.1429
0.1427
0.1425
0.1423

[2,] 0.1439
[3,] 0.1434
[4,] 0.1429
[5,] 0.1423
[6,] 0.1418
[7.] 0.1413

For a smaller\, it’s slower :

bd2(n = 7, lambda = 0.04)

[1] [.2] [.3] [4] [.5] [.6] [.7]
[1] 088 0.12 O 0 0 0 0
[2] 0.12 0.68 0.20 O 0 0 0
3] O 0.20 056 0.24 O 0 0
4] O 0 024 052024 O 0
] O 0 0 024 056 020 O
6] O 0 0 0 0.20 0.68 0.12
[7] O 0 0 0 0 0.12 0.88
puissance(bd2(n = 7, lambda = 0.04),2°6)

(1 021 31 [4 [3] [6] [7]

[1,] 0.1665
[2,] 0.1586
[3,] 0.1507
[4,] 0.1428
[5,] 0.1349
[6,] 0.1271
[7,] 0.1194

puissance(bd2(n =

[1]

[1,] 0.1446
[2,] 0.1440
[3,] 0.1434
[4,] 0.1429
[5,] 0.1423
[6,] 0.1417
[7,] 0.1411

0.1586 0.1507
0.1533 0.1481
0.1481 0.1455
0.1429 0.1429
0.1376 0.1403
0.1324 0.1376
0.1271 0.1349

[.2]
0.1440
0.1436
0.1432
0.1429
0.1425
0.1421
0.1417

[.3]
0.1434
0.1432
0.1430
0.1429
0.1427
0.1425
0.1423

7, lambda
[,4]
0.1429
0.1429
0.1429
0.1429
0.1429
0.1429
0.1429

0.1428
0.1429
0.1429
0.1429
0.1429
0.1429
0.1428

0.1349
0.1376
0.1403
0.1429
0.1455
0.1481
0.1507

0.1271 0.1194
0.1324 0.1271
0.1376 0.1349
0.1429 0.1428
0.1481 0.1507
0.1533 0.1586
0.1586 0.1665

0.04),27)

[.5]
0.1423
0.1425
0.1427
0.1429
0.1430
0.1432
0.1434

L6l [7]

0.1417 0.1411
0.1421 0.1417
0.1425 0.1423
0.1429 0.1429
0.1432 0.1434
0.1436 0.1440
0.1440 0.1446

For n=10, 11 possible values aid= 0.03 < 1/30

round(bd2(n=11,lambda=0.03),3)
(1] [.2] [.3] [4] 5] [.6] 7] 8] [.9] [,10] [11]

[1,] 0.85 0.15 0.00
[2,] 0.15 0.58 0.27
[3,] 0.00 0.27 0.37
[4] 0.00 0.00 0.36
[5] 0.00 0.00 0.00
[6,] 0.00 0.00 0.00
[7,] 0.00 0.00 0.00
[8,] 0.00 0.00 0.00
[9,] 0.00 0.00 0.00

0.00
0.00
0.36
0.22
0.42
0.00
0.00
0.00
0.00

[10,] 0.00
[11,] 0.00

0.00
0.00

0.00
0.00

0.00
0.00

0.00
0.00
0.00
0.42
0.13
0.45
0.00
0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00
0.45
0.10
0.45
0.00
0.00

0.00
0.00
0.00
0.00
0.00
0.45
0.13
0.42
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.42
0.22
0.36

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.36
0.37

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.27

0.00
0.00

0.00
0.00

0.00
0.00

0.27
0.00

0.58
0.15

round(puissance(bd2(n=11,lambda=0.03),8),3)

(1]

[.2]

[.3]

[.4]

[,5]

[.6]

L71 8]

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.15
0.85

(9] [10] [11]



[1,] 0.091
[2,] 0.091
[3,] 0.091
[4,] 0.091
[5,] 0.091
[6,] 0.091
[7,] 0.091
[8,] 0.091
[9,] 0.091
[10,] 0.091
[11,] 0.091

0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091

0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091

0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091

0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091

0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091

> round(puissance(bd2(n=11,lambda=0.03),7),3)

[.1]
[1,] 0.096
[2,] 0.095
[3,] 0.094
[4,] 0.093
[5,] 0.092
[6,] 0.091
[7,] 0.090
[8,] 0.089
[9,] 0.088
[10,] 0.087
[11,] 0.086

[.2]
0.095
0.094
0.093
0.092
0.092
0.091
0.090
0.089
0.089
0.088
0.087

[.3]
0.094
0.093
0.093
0.092
0.091
0.091
0.090
0.090
0.089
0.089
0.088

[4] [5] [6]

0.093 0.092
0.092 0.092
0.092 0.091
0.092 0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.090 0.091
0.090 0.090
0.089 0.090
0.089 0.090

0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091

[.7]

0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091

0.091
0.091
0.091
0.091
0.091
0.091
0.091
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.091

0.091
0.091
0.091
0.091
0.091
0.091
0.091

(8] [9] [10] [11]

0.090 0.089
0.090 0.089
0.090 0.090
0.091 0.090
0.091 0.091
0.091 0.091
0.091 0.091
0.091 0.092
0.091 0.092
0.092 0.092
0.092 0.093

Here is the bd chain for the hypergeometric:

pi.hyper <- dhyper(0:5, 5, 7, 5)

pi.hyper

0.0265 0.221 0.442 0.265 0.0442 0.00126

puissance(bd2(n=6,p=pi.hyper,lambda=1/3),3)

[,1]
[1,] 0.0325
[2,] 0.0296
[3,] 0.0267
[4,] 0.0240
[5,] 0.0213
[6,] 0.0187

[.2]
0.246
0.234
0.222
0.210
0.198
0.186

(3] [4]
0.445 0.240
0.444 0.252
0.442 0.264
0.440 0.276
0.438 0.289
0.435 0.301

3]
0.0355
0.0396
0.0438
0.0481
0.0526
0.0571

6]
0.000892
0.001063
0.001244
0.001433
0.001632
0.001840

puissance(bd2(n=6,p=pi.hyper,lambda=1/3),4)

[.1]
[1,] 0.0267
[2,] 0.0266
[3,] 0.0265
[4,] 0.0264
[5,] 0.0263
[6,] 0.0262

[.2]
0.222
0.221
0.221
0.221
0.220
0.220

(3] [4]
0.442 0.264
0.442 0.265
0.442 0.265
0.442 0.266
0.442 0.266
0.442 0.267

[.5]
0.0438
0.0440
0.0442
0.0443
0.0445
0.0447

[.6]
0.00125
0.00125
0.00126
0.00127
0.00128
0.00128

puissance(bd2(n=6,p=pi.hyper,lambda=1/10),4)

[1]

[.2]

(31 [4] [S]

[.6]

[1,] 0.071 0.346 0.416 0.152 0.016 0.000
[2,] 0.041 0.287 0.446 0.201 0.025 0.001
[3,] 0.025 0.223 0.453 0.259 0.039 0.001
[4,] 0.015 0.168 0.432 0.321 0.062 0.002

0.088
0.089
0.089
0.090
0.090
0.091
0.091
0.092
0.093
0.093
0.094

0.087 0.086
0.088 0.087
0.089 0.088
0.089 0.089
0.090 0.090
0.091 0.091
0.092 0.092
0.092 0.093
0.093 0.094
0.094 0.095
0.095 0.096

21
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[5,] 0.009 0.124 0.392 0.373 0.098 0.004
[6,] 0.006 0.090 0.343 0.407 0.144 0.010
puissance(bd2(n=6,p=pi.hyper,lambda=1/10),5

[ [2] [31 [4 [S] Lel
[1,] 0.032 0.244 0.444 0.243 0.037 0.001
[2,] 0.029 0.233 0.443 0.253 0.040 0.001
[3,] 0.027 0.222 0.442 0.264 0.044 0.001
[4,] 0.024 0.211 0.440 0.275 0.048 0.001
[5,] 0.022 0.201 0.437 0.286 0.052 0.002
[6,] 0.020 0.191 0.434 0.296 0.057 0.002
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