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Abstract

Wide band systems operating over multipath channels magadgheir power over an infinitely wide
bandwidth if they use duty cycle. At the limit of infinite bamiith, direct sequence spread spectrum
and pulse position modulation systems with duty cycle aghtbe channel capacity, if the increase of
the number of channel paths with the bandwidth is not toodraphe higher spectral efficiency of the
spread spectrum modulation lets it achieve the channelcdgpa the limit, in environments where
pulse position modulation with non-vanishing symbol tina@weot be used because of the large number
of channel paths. Channel uncertainty limits the achievalaita rates of power constrained wide band
systems; Duty cycle transmission reduces the channel taiagr because the receiver has to estimate
the channel only when transmission takes place. The optitmaice of the fraction of time used for

transmission depends on the spectral efficiency of the kigodulation.

I. INTRODUCTION

This work discusses the achievable data rates of systerhsvesiy wide bandwidths. Consid-
ering communication with an average power constraint, #pacity of the multipath channel in
the limit of infinite bandwidth is identical to the capacity the additive white Gaussian noise
(AWGN) channelCxywen = P/Ngloge, where P is the average received power ang is the
received noise spectral densitgennedy[1] and Gallager [2] proved this for fading channels
using FSK signals with duty cycle transmissiofelatar and Ts€3] extended the proof for

multipath channels with any number of paths. The AWGN capasitachievable on multipath
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channels also by dividing the spectrum into many narrow bamd transmitting bursty signals
separately on each band.

When using spreading modulatiomdedard and Gallagef5] show that direct sequence spread
spectrum signals, when transmitted continuously (no dutye¢ over fading channels (that have
a very large number of channel paths), approach zero daanr#he limit of infinite bandwidth.

A similar result was shown b$ubramanian and Haje}6]. Telatar and Tsd3] show that over
multipath channels, the data rate in the limit of infinite hardth is inversely proportional to
the number of channel paths.

This work is motivated by a recent surge in interest in ultrdedoand systems, where spreading
signals are often desired. It shows that under suitableittonsd, spreading signals can achieve
AWGN capacity on multipath channels in the limit of infiniteravidth, if they are used with
duty cycle. In other words, peakiness in time is sufficienathieve AWGN capacity, and the
transmitted signal does not have to be peaky in frequencyedls We analyze direct sequence
spread spectrum (DSSS) and pulse position modulation (FfMals, and show that when the
scaling of the number of channel paths is not too rapid, tisggeals achieve the capacity in
the limit as the bandwidth grows large.

Our results can be seen as a middle ground between two pserasults: 1. FSK with duty
cycle achieves AWGN capacity for any number of channel patits2a direct sequence spread
spectrum signals with continuous transmission (no dutyegytave zero throughput in the limit,
if the number of channel paths increases with the bandwidth.

Our main results are as follows. In the limit of infinite bandtkh, DSSS systems where the
receiver knows the path delays achieve AWGN capacity if thaber of channel path is sub—
linear in the bandwidth, formally i% — 0 where L is the number of independently fading
channel paths andl” is the bandwidth, and the system uses an appropriate dutg.dyPM
systems too can achieve AWGN capacity in the limit of infinisndwidth, but this is possible
for smaller number of channel paths. A PPM system with a veceghat knows the path delays
achieves AWGN capacity ifogLW — 0. PPM systems with lower bounded symbol time have
zero throughput iflOgLW — o0. In systems where the receiver does not know the path gains
or delays, we show that DSSS systems can achieve AWGN Cap&% — 0 as the
bandwidth increases. Measurements of the number of ch@atie$ vs. bandwidth in Figure 1

show an increase of the number of channel paths that appeaes sub—linear.
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Fig. 1. Number of significant channel paths vs. bandwidth. The pattsuating for 60—90 percent of the energy were counted

in two separate measurement campaigns. The Intel data were takerifrand the Time Domain data from [8]

The effect of duty cycle can be understood in terms of the wblumcertainty a communication
system faces. The data rate is penalized when the receigetohastimate the channel, so
infrequent usage of the channel leads to a small channelktaimtty and a small penalty. The
spectral efficiency of the modulation scheme plays an ingmbntole in determining the channel
uncertainty a system handles. A system with a low spectfaiezicy can pack a small number
of bits into each transmission period, and in order to margahigh data rate it must transmit
often. Thus, low spectral efficiency forces the communaasystem to estimate the channel
often, and suffer from a large penalty on its data rate.

A useful intuition is given by the ratio
P I
NoOL

This ratio compares the channel uncertainty per unit %1&) the data rate in the limit of infinite

SNReSt -

bandwidth that is proportional t%. L is the number of independent channel componéhtss
the coherence time artds the duty cycle parameter or the fraction of time used fmngmission.
The ratioSNR.s; can also be interpreted as tB&R over a coherence period per uncertainty
branch of the channel. A communication system can achievecliannel capacity in the limit
of infinite bandwidth only if the channel uncertainty per tuimne becomes insignificant relative
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to the capacity or
SNReSt — OO

In systems with bounded average received power, the dutle @arameter must diminish in
order to balance the increase in the number of channel coempeh, and let the overall channel
uncertainty diminish. Spectrally efficient modulation sotes permit infrequent transmission (or
small ), thus reducing the channel uncertainty per unit time. Intiast, low spectral efficiency
forces frequent transmission, and the duty cycle paranmetest stay high.

The difference between the wideband capacities of DSSS &M $themes comes about
precisely because of their different spectral efficienci8M is an orthogonal modulation, so
the number of bits it can transmit per unit time increasesitigmically with the bandwidth,
where the number of bits a DSSS transmitter can send per igretincreases linearly. Thus,
DSSS can tolerate a larger amount of channel uncertaintyP#aM. Note that, in contrast, both
PPM and DSSS achieve the channel capacity in the limit ofitefimandwidth over the AWGN
channel as well as over the multipath fading channel whexesliannel is known to the receiver.

It is interesting to contrast our results with those of \lerd4], where the crucial role of
peakiness in time is pointed out and a connection is also rbatieeen the spectral efficiency
of a modulation scheme and its data rate over a large bandwitie theory there analyzes the
capacity of channels witfixedamount of channel uncertainty as the average received posver
degree of freedom goes to zero (or, equivalently, the bagttiwgoes to infinity). By suitable
scaling of the duty cycle, the infinite bandwidth AWGN capgacg always approached in the
limit by the modulation schemes considered there, and wheeiss therate of convergencéo
that limit. This rate of convergence depends on the speetfialency of the modulation scheme
used. In contrast, the environment faced by the modulatberees considered here is a harsher
one, in that the channel uncertaintycreaseswith the bandwidth. Now the issue wghethera
modulation scheme approaches the AWGN capacity at all. Tomdwork in [4] is suitable
for systems that break the wideband channel into many naoeowd channels in parallel; one
example is the OFDM modulation. In this context, one can $amu a single narrowband channel,
in which the channel uncertainty is fixed.

The outline of the paper is as follows. After presenting tharmel model and the signals

in Section Il, a summary of the results is presented in Sediiloand discussion is brought
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in Section IV. Section V presents a bound on the channel taiogy penalty related to path
delays. Sections VI and VIl then present bounds on the daés g DSSS and PPM system
where the receiver knows the channel path delays.

I[I. CHANNEL MODEL AND SIGNAL MODULATIONS

The natural model for an ultra wide band channel is real, bmezdhere is no obvious ‘carrier

frequency’ that defines the phase of complex quantities. Hamnel is composed df paths:

Y(t) = A()X(t—dt)+ Z(t)

The received signal’(¢) is matched filtered and sampled at a rail’, where W is the
bandwidth of the transmitted signal. We get a discrete sgr@tion of the received signal. We
assume a block fading model: the channel remains constant amherence periods that last
T., and changes independently between coherence periodspathe delays are in the range
[0,T,), where the delay spreaf, is assumed much smaller than the coherence period, so signal
spillover from one coherence period to the next is negl@il@onsidering a double sided noise

density% the discretized and normalized signal is given by

e & |
Y, = E;Asz—Tm+Zz ZZO;”':LTCWJ —1 (l)
with £ = 2]{,30% = 2LSNR and K. = |T.W . The noise{Z;} is real and Gaussian, and the

normalization requires that the path gaind,,} and the transmitted signdlX;} are scaled so
that £ (3" A Xi_m)” = 1. If {4,,} are independent and zero mean, the scaling requirement is
S E[A2] =1 and E[X7] = 1. This normalization ensures thatZ?] = 1. P is an average
received power andll’ is the bandwidth.

In order to avoid complications at the edge of the coherentenial, we approximate the
channel using a cyclic difference ovéf, instead of a simple differencén) = n mod K.. The

difference is negligible as the delay spread is much smdiken the coherence time.

£ < .
K:\/E,;AmX(WwZi i=0,... |TW] -1 2)

Note that whenX is a PPM signal from Section II-B (that included’g guard time between

symbols) the circular formulation (2) is identical to thegimal model (1).
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The path delayqr,,} are bunched into resolvable paths, separated by the systenrédso-
lution % The resolvable paths are defined by summing over the pathssimilar delays:

Gi= Y, A, 0<I<|TW]

L L +1
m.W§7m< %

The number of resolvable paths is and their deIays{Dl}lL:1 are integers betweefi and

|WT,]—1. The L delays are uniformly distributed over ttQéWLTdJ) possibilities of combinations

(WTa)
L

£ <& ,
m_,/ZlZIGZXi_DZ+Zi i=0,...,|T.W] -1

The channel gains are real, we assume that they are 1ID amgbemdient of the delays. Our

of L values out of( ) positions.

normalization requires that the variance of the gains eq%aIThe delays are assumed IID
uniform over0, ... |WT,| — 1.

The systems we consider do not use channel information arahemitter.

A. Direct Sequence Spread Spectrum Signals

Each transmitted symbol contains a random series ofHlDGaussian valueéz; fio_ ! with

zero mean, and an energy constraint is satisfied:

1 K.—1
— xf =1
]

where0 < ¢ < 1 is the duty cycle parameter or the fraction of time used fangmission. The

E[X?] = 0F

lower case symbat is used for the transmitted signal during active transrarsgieriods, while
the upper case symbd{ represents all of the transmitted signal, that includesnsiperiods due
to duty cycle.

We define the autocorrelation of the signal

0
C(m,n) = 7 Z TiemTien Vm,n

Edge conditions are settled by assuming that the each syiwlhmi/s a similar and independent

one. For 1ID chips we have

L L
2L L? - L
E E Ex ) - 5mn S 3
m=1 n=1 |C(m n) | \/ﬂ-—[{c * Kc ( )
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see the proof in the appendix.
The upper bound on DSSS capacity (Section VI-B) is also vaidahother type of signals,
wherez is composed of pseudo-random sequencel ofalues. The empirical autocorrelation

of the input is bounded and the signal has a delta—like auteledion:
0 K.—1
C(m,n) = X 0 TiemTin Vm,n

=

(Cm,n) — 6(n,m)| < - @)

c

whered does not depend on the bandwidth.
In either case (IID or pseudo-random signals) the duty ¢ywléh parameter, is used over
coherence times: of each peri%d, one period off,. is used for transmission and in the rest of

the time the transmitter is silent.

B. PPM Signals

The signals defined in this section are used to calculaterl®®ands on the data rates of
PPM systems (Section VII-A). The upper bound on PPM perfoicaaholds for a wider family
of signals, defined in Section VII-B.

Signaling is done over periods long, with | 7,1 | positions in each symbol. A guard time
of T, is taken between the symbols, so the symbol period;is- 7,. The symbol timeT; is
typically in the order of the delay spread or smaller. It does play a significant role in the

results. Each symbol is of the form:

W (Ts + T;) one position of each group of |T,W |

With n|(To+T)W|<i<n|(Ts+Ty)W |+|Ts W | —1

(0 other positions

=0,1 Le 1
n=20,1,..., T 1T,

i=0,1,...,|T.W]|—1

The number of symbols transmitted over a single coherendedes N = Tﬁch. We assume

N is a whole number, this assumption does not alter our thdtresuprove here. The symbol

November 5, 2004 DRAFT



[T, W] Positions - One of them high

i qul | ememeeeeeeee- i

Fig. 2. PPM symbol timing.

timing is illustrated in Figure 2. The duty cycle parametex ¢ < 1 is used over coherence
times: of each perioe%, one period of7, is used for transmission and in the rest of the time

the transmitter is silent.

[ll. SUMMARY OF THE RESULTS

The fastest increase of the number of paths that a systenolaate depends on its spectral
efficiency. A direct sequence spread spectrum system withivier knowledge of the path delays,
can tolerate a sub-linear increase of the number of paths thé bandwidth, and achieve
AWGN capacity (Section VI-A.1). Conversely, if the number dftips increases linearly with
the bandwidth, the data rate is penalized (Sections VI-B).

Theorem 1. Part 1:DSSS systems with duty cycle where the receiver knows thk pat
delays (but not necessarily their gains) achiéygss — Cawen asW — oo if % — 0.

Part 2: DSSS systems with duty cycle achie@gsss — Cawan asW — oo if Ll‘)TgW — 0.

No knowledge of the channel is required.

Converse 1:DSSS systems with duty cycle where the path gains are unktmwre receiver
and uniformly bounded byG,| < % with a constantB, achieveCpgss < Cawen In the limit
W — o if % — «a and a > 0. This bound holds whether the receiver knows the path delays
or it does not.

The proof is presented in Section VI.

Theorem 2:PPM systems with duty cycle, where the receiver knows thie galays, achieve
Cepn — Caway W — ooif oh — 0 and the path gaingG, 1 - | satisfy (A)ymax; <<y, |G| — 0
in probability as — oo, and (B) Eg = Y., G? — 1 in probability as. — oo. Note that if

the gains are Gaussian IID with zero mean then the above tcamdhiolds.
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Converse 2:PPM systems with a non-vanishing symbol time transmittingroa channel

with Gaussian path gains that are unknown to the receivbip@ECppy — 0 as W — oo if

_L
log W

The proof is presented in Section VII.

— oo. This result holds whether the receiver knows the path detayit does not.

IV. DISCUSSION

This section presents bounds on the data rates of direcesegispread spectrum and PPM
systems for different channels, computed in Sections V,a¥ilj VIl. The channel and system
parameters were chosen to represent a realistic low SN&witte band system. For the figures
with fixed bandwidth we use: Bandwidifr =20 GHz,N%:SO dB (SNR=-53 dB at’'=20 GHz),
coherence period.=0.1 msec, delay spreafi;=200 nsec, PPM symbol tim&,=800 nsec
with guard time of 200 nsec between symbols, @l = 1. B is defined in the converse
to Theorem 1, it is used to characterize channel gains. defined in (4) for pseudo-random

chips; it equals 1 for IID chips. For the figures with a fixed raenof paths we us&=100.

A. The Advantage of Duty Cycle

Figure 3 shows the increase of data rate given by the usagghef@nce period duty cycle, for
DSSS systems. The figure compares the upper bound on DSSfgliprd, where duty cycle is
not used (bottom graph) to the lower bound on throughput vaptimal duty cycle is used. Both
bounds decrease as the number of pdihacreases because the channel uncertainty increases

as L increases, and so does the penalty on the data rate.

B. The Duty Cycle Parameter

Figure 4 shows the lower bound on the data rate of a directesmguspread spectrum system
for different duty cycle parameter values. The bound is gedihce between the data rate of a
system with perfect channel knowledge at the receiver aaahiannel uncertainty penalty (gain
penalty and delay penalty). The data rate of a system wittegtechannel knowledge equals the
channel capacity({awcn) In the limit of infinite bandwidth, it is lower when the bandith is
finite.

The channel uncertainty penalty is small for low values ofydeycle parameter, because

the channel is used less often aslecreases. However, the data rate of a system with perfect
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Fig. 3. DSSS throughput bounds, the receiver does not know thenehgains or delays, vs. the number of channel paths.
This plot contrasts an upper bound on DSSS data rate, when duty cyot¢ issed (bottom graph, from (15)) with a lower

bound on the data rate when coherence period duty cycle is used (fop, dn@m (10)).Cawen is shown for reference.
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Fig. 4. DSSS throughput lower bound vs. duty cycle parameter, tlevezadoes not know the channel path gains or delays.
The bottom curve shows an upper bound on the channel uncertairtjtypéralculated as the sum of (7) and (5)). The dashed
curve shows a lower bound on the system throughput (10), and th&utdr@rve shows the throughput of a system with perfect
channel knowledge at the receiver (@)awcn is shown at the dotted curve for reference. The system throughastiéd curve)

is the difference between the data rate of a system with perfect chanowlddge at the receiver (top curve) and the channel

uncertainty penalty (bottom curve). The throughput is maximized wherspbetral efficiency is balanced against the channel

uncertainty penalty.

November 5, 2004 DRAFT



11

channel knowledge is severely reduced ifs too low. In this case, transmission occurs with
high energy per symbol, where the direct sequence spreadrspemodulation is no longer

spectrally efficient, so the data rate with perfect chanmeMKedge is reduced. Figure 4 shows
that the duty cycle parameter must be chosen to balance #mehuncertainty penalty (that is

large for larged) and the spectral efficiency of the selected modulatiort, itlt@eases witl.

C. Spectral Efficiency

Figure 5 contrasts the achievable data rates of DSSS and k&tshss, when both use duty
cycle on coherence periods with optimal duty cycle paramef@irect sequence spread spectrum
achieves higher data rates because is has a higher spditiahey, thus it can pack more bits
into each transmission period of lendth. By packing bits efficiently a DSSS system is able
to use a small duty cycle parameter. In contrast, PPM is Iffgseat in packing bits into
its transmission periods, and is thus forced to transmitemadten (it has a larger duty cycle
parameter, Figure 6). The PPM system is therefore forcecmalle a larger number of channel
realizations (per unit time), so it suffers a higher penédityestimating the channel parameters.
The number of bits per DSSS symbol depends linearly on thevaiath, and the number of bits
per PPM symbol (with a fixed symbol time) depends logarittathycon the bandwidth, because

PPM is an orthogonal modulation.

V. PATH DELAY UNCERTAINTY PENALTY

The L path delays are uniformly distributed over th@VLTdJ) possibilities of combinations of
L values out oft¥’'T,; positions spanning the delay spread.
The entropy of the path delays is used to bound the penalth@miutual information, due
to the delay uncertainly. The mutual information in units[loits /sec|:
I(V;X) = I(Y;X,D)—-1(Y;D|X)

> I(Y;X|D) - H(D)

= I(YV;X|D) - %logQ (LWLTdJ)

0L
> I(Y; X|D) - T log, (WTy)
6 is the duty cycle parameter, where duty cycle is used ovecdherence periods of the channel.
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Fig. 5. DSSS and PPM throughput bounds. The DSSS lower boundigi&lculated without channel knowledge at the
receiver. The PPM upper bound (23) is calculated with a receiverkti@is the channel delays but not the gains, coherence

period duty cycle is used’awcn iS shown for reference.
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Fig. 6. Throughput bounds vs. duty cycle parameter, the receivews the channel path delays but not the gains. DSSS

throughput lower bound (10) is maximized at a lower duty cycle parantieée the PPM upper bound (23).
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The delay uncertainty penalty is upper bounded:

Delay Uncertainty Penalty = I(Y;D|X) < H(D)

0L
< T log, (W1Ty) (5)

VI. SPREAD SPECTRUMBOUNDS
A. When is the Channel Capacity Achieved?

We start with a result in the case of known path delays (TheatePart 1) that shows that
the channel capacity is achieved if the number of paths islisear with the bandwidth. A
second result is then given for the case of unknown chanmbBkdqrem 1 Part 2), that shows
that the channel capacity is still achievable, but at simple/ironment, with a smaller number

of channel paths.

1) Path Delays Known to Receiver:
Theorem 1. Part 1:Direct sequence spread spectrum systems with duty cyclereathe
receiver knows the path delays, achi&Vgsss — Cawan asW — oo if & — 0.
Proof: The proof is based on a lower bound on the mutual information.

Proposition 3: DSSS systems where the receiver knows the channel pathsdetéyeve

I(X;Y|D) [b/s] > Cawan (6)
. (9L1 1 P T, i 3P2 )
Tont T e\ T aper ) T Nzew oB2¢

Discussion of Proposition 3:The channel uncertainty penalty (due to path gains) has two
parts, the first
QT_f log, (1 + %QT_E) (7)
is the penalty due to the unknown gains, it increases as timbauof paths. or the duty cycle
parameter increase.
The second part of the penalty
P2

7]\[3 o log, e
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is due to the limitation on spectral efficiency of the sprepdcsrum modulation. It penalizes

the system for using a too small duty cycle parameter, whHeresystem concentrates too much
energy on each transmitted symbol. Mathematically, tms tis the quadratic term in the series
approximating the mutual information, that is logarithmide first (linear) term in this series

equalsCawan in the limit. The balance between the two penalties is showhRigure 4.

Looking at the limit of infinite bandwidth, the data rate elguhe AWGN capacity il — oo
andfL — 0. If L is sub-linear isi¥/, these two requirements can be met simultaneously (by
choosing the appropriate duty cycle paraméferThus, the proof of Theorem 1 Part 1 follows
from Proposition 3.

Proof of Proposition 3The proof of (6) follows Theorem 3 of [3], with a real channestead

of the complex channel used there.
I(X;Y|D) = I(Y; X|G, D) = I(Y; G| X, D) (8)

The first part of (8):

1
1(Y: X|G, D) = 5 Ee.p log det (I + me AA*)

where A is a K. x K. matrix, A;,, = G, if m = (i — D;) and zero otherwise, anfl = %.
2
The eigenvalues ol A* are ‘F <Ki>‘ ,k=0,1,..., K. —1, and

F(f)=_Giexp(2mjD,f)

=1
For large L (> 1) F(f) is complex Gaussian with independent real and imaginaris ghat

may have different variances (for smdl).

F(f) ~ N(0,1)
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S0 Eg |F(f)” =1 and Eg |[F(f)[* < 3.
1

[(Y7X|G7D) = §EG,D
WT.—1 2
- & k
1 1 F
v (7))
WT.—1 2
loge - & k
> —F F
= g TGP ; WT, (WTC>
1 &2 :
1 £ 7 k
2W?2T? WT.
> §lo e— 3E° oge
= 8T 8
_ PT 3P°T,
TN 5T NeeRw €
In [bits/sec]:
P 3P?
IY; X|G,D) > ﬁolong Wlong (9)
where we usedog(1 + z) > <x — m—j) loge.
The second part of (8):
1 &
. < = *
I(Y;G|X,D) < 2EX,D log det (I—l— WTCBAB )

where B;,,, = X(i_m) and A = %I. The upper bound is tight for a Gaussian channel gains.

Following [3] we get an upper bound

[(V:G|X, D) < glog (1 + %)

Rewriting (8):

I(X;Y|D)

v

1(Y: X|G,D)—1(Y;G|X, D)

§lo 6—35210 e—élo 1+§
2 BT, T UL

vV
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in [bits/sec]:

1 yID) bofs) = D)

> gilong—g—;jclogQ (1+%)
s
AT, 52

= £1og e e—Llog (1 £QTC)
Ny 2 2T, 2 Ny 0L
3P
NZgw 82 ¢

The bound is valid for any, and we choose its maximal value:
I(X;Y|D) [b/s] =
i { o
QLI 1+ 2 P T, p? |
——lo — —— logy e
T, %2 N,OL) ~ N2ow %2

= Cawan

OL gy (14 2T =
R NooL) T N2gw 0%2¢

2) Path Delays Unknown to Receiver:

Theorem 1. Part 2:DSSS systems with duty cycle achie@gsss — Cawany asW — oo

it Ll

Proof: The proof is based on Proposition 3 and equation (5) thate®lthe mutual
information in the case of channel knowledge of the pathydeleith the mutual information in
the general case. With no channel knowledge at the recgmath delays and gains unknown),
we get:

I(X;Y) [b/s] > Cawen (10)

) GLI " P T,
0@9121 T, 082 Ny 0L

3p? 0L
NQHW log, e + — T log, (WTd)}
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The third penalty term describes the penalty due to pathydefeom (5). This term is a bound
on the penalty, that depends linearly on the number of pathysger unit time.

At the limit of infinite bandwidth the bound equals the AWGN aajty if

o« AW — o0

e 0L — 0

e OLlogW — 0
The second condition may be dropped, as the third is strofitpese conditions can be met so

simultaneously ifL log W is sub—linear inl¥/, that is if % — 0. [ ]

B. When is the Channel Capacity Not Achieved?

An additional assumption on gains is used in this sectior: ghins are uniformly upper
bounded by|G,;| < %, this is a technical condition that follows [3].
Converse to Theorem IDSSS systems with duty cycle where the path gains are unktmwn
the receiver and uniformly bounded b;| < % with a constantB, achieveCpgss < Cawan
in the limit W — oo if % — « anda > 0. This bound holds whether the receiver knows the
path delays or it does not.
Proof: We first note that the mutual information in a system whererédoeiver knows the

path delays upper bounds the mutual information in the geroase:
I(X;Y) =I(X;Y|D) = I(D; X|Y) < I(X;Y|D)

So we only need to prove the theorem regarding the conditimmi#ual information, where the
receiver knows the path delays.
The proof is based on the following upper bound on the mutu@rmation.

Proposition 4: DSSS systems with duty cycle paramefeachieve

I(X;Y|D) [b/s] < W#log, (1+ (11)

ma)
If the duty cycle is chosen so thdf, — oo asWW — oo, then a second upper bound holds in
the limit:

2T, B*d
T

d is defined in (4) for pseudo-random chips. For IID chips, tbherd holds withd = 1.

[(X,Y’D) [b/S] S CAWGN

(12)
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Discussion of Proposition 4We now look at two different possibilities regarding the ydut
cycle paramete#:

« W < o0. In this case the bound (11) is strictly lower th@awcn.

e W — oo (as W — o0). Using our assumption on the number of channel paths we get
0L — oo, so the second bound (12) becomes relevant. In situatiomsevlty < T, this
bound is significantly lower than the AWGN capacity.

If the number of paths is sub—linear W, the duty cycle can be chosen so th&t — oo
andfL — 0 and the bounds in (12) become irrelevant. In this case theruppund converges
to Caway in the limit of infinite bandwidth.

To summarize the behavior of the bound in the limit, in theeca$ a linear increase of
the number of paths with the bandwidth, the upper bound ietaivan the AWGN capacity
in normal operating conditionsl({ < 7T¢). The upper bound equalS,wcy in the case of a
sub-linear increase of the number of paths with the bandwidt

Proof of Proposition 4Ne start with a simple bound:

P
: <
[(X;Y|D) b/s] < Wolog, (1+N0W9>

This is the capacity of an AWGN channel used with duty cytlé upper bounds the data rate
for systems with channel knowledge at the receiver. In otdexchieve the capacity at the limit
of infinite bandwidth, the duty cycle parameter must be chagethatf\V — oc.

To prove (12) we follow Theorem 2 of [3], that gives an uppeutd on the mutual infor-

)

log, e (13)

mation.

I(X;Y|D) < Eglog <EH exp

L
2ERe {Z HlGl}

B2
+287ED

L L
> Y Ex|C(Di,Dy) = 61l

=1 m=1

| |

whereG and H are identically distributed and independeji, | g
The first part of (13):

log E'yy exp

me{ig,gl}]

=1

L
2ERe {Z €_j¢l|Hl|Gl}

=1

= log B\ Ey exp
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The phaseg,} equal0 or = with probability 1/2.
et +e @ a®

5 zlﬁ—; fora<k1

L
2ERe {Z eijwl ’HZ|GZ}

=1

Ey exp(Re(aejwl)) =

E|H‘E¢ exp

L
< B [] (1 + 282 H1Gi?)
=1

e300 )

< Eglog By [ (1 + 28 Hi2|GiJ?)

and the condition i$£2° < 1, which holds ifgL — oc.

L
2ERe {Z HlGl}

Eqlog (EH exp
=1

Using Jensen’s inequality:

Eqlog <EH exp

L
2ERe {Z HlGl}

=1

)

L
< Z og 1+E|Gz\|Hz|2g ’Hl| ‘Gl| )

zi: (1+2—52)

2
o (1457 )

H 2PT,

2ERe {Z HlGl}

=1

)

E¢log < 1 €Xp
T2

8P*T?
< Llog N202L2>
S|P 2
= NageL B¢

The second part of (13):
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« For IID chips: Using (3)

B2 L L
26—Ep > > Ex|C(Di,Dy) - 5lm|] log, e
=1 m=1
B? 3L L*— L
<26—FE 1
<2emp (T + EE Yo,
3 L—1
= 2EB? (\/K—f— K. )logze
26B?L
~ I log, e for L >1
4PT,
< iy log, e
00

The last inequality follows fronl. < T,V

« For pseudo-random chips:

B2 L L
QS—ED ZZEX|C(D17Dm)_6lm| 1Og2€

so (14) is valid in both cases of input signals, and for IIDpshwe taked = 1.
Putting the two parts back into (13):

8 P27 APT,
I(X:Y|D) < o2 1y
(X:YID) < Tagep loge + g

B*dlog, e

In units of [bits/sec]:

8PT, APT,
I(X;Y|D) [b/s] < logy € + ——o
NoT,

< N2k Bzdlog2 e

Using /L — oo we get

4PTy 2T,B%d
I(X;Y|D) [b/s] < mBleOgﬂf = Cawen T
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VIl. PPM BOUNDS
A. When is the Channel Capacity Achieved? (Path Delays Known deis)

Theorem 2:PPM systems with duty cycle, where the receiver knows thie galays, achieve
Cepn — Caway 8W — oo if oh — 0 and the path gaingG }1-, satisfy (A)ymax, <<z |Gy — 0
in probability as. — oo, and (B) E¢ = Zle G? — 1 in probability asZ, — co. Note that if
the gains are Gaussian then the above conditions hold.

Proof: We start by breaking the mutual information in two parts:
I(X;Y|D) > I(X;Y|G, D) — I(Y;G|X, D) (16)

The maximal data rate achievable by systems that use the RiPils defined in Section 1I-B

is the maximum of (16) over the duty cycle parameter

CPPM = ngaX [(X7 Y‘D)

> mgx[](X;Y|G, D) —I1(Y;G|X,D)] (17)

The first part of (17) describes the throughput of a systerhkhaws the channel perfectly.
Section VII-A.2 shows that it approaché&s,wqn if the duty cycle parametef is chosen
appropriately. This result is shown by demonstrating tihat probability of error diminishes
as the bandwidth increases while the data rate is as cloSeyton as desired. Section VII-A.1
calculates the penalty on the system for its channel gaiwlauge and shows that it diminishes
for our choice of duty cycle parametér

The receiver we use in the analysis of probability of errobased on a matched filter, it is
derived from the optimal (maximum likelihood) receiver metcase of a channel with a single
path. PPM signals are composedoothogonalsymbols. When a PPM signal is transmitted over
an impulsive (single path) channel, the orthogonality ef sgmbols is maintained at the receiver
side.

Considering a multipath channel, the received symbol vadwmesho longer orthogonal, so the
matched filter receiver is no longer optimal. The non—ortmadity of the received symbols has
an adverse effect on receiver performance. As the numbérarfinel paths increases, the received
symbols become increasingly non—orthogonal, and the veccg@erformance is degraded. The

matched filter receiver can sustain a growth of the numbethahiel paths (as the bandwidth
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Received Symbol
T +T,

£

erl

=1
=

-

"IT_dI'

Matched Filter

Fig. 7. A received symbol and the matched filter showing a partial qverla

increases), but this growth must not be too rapid. To put itarformally, our system achieves
the channel capacity in the limit of infinite bandwidth, ifetmumber of paths obey%j — 0.

For each possible transmitted symbol value, the receivéshrea the signal with a filter that has
L fingers at the right delays (Figure 7). The receiver usesestiuid parameted = o/E/N for
deciding on the transmitted value. If one output only is a&bdy the input is guessed according
to this output. If none of the outputs pass or there are two or more that do, an error is
declared.

We calculate an upper bound on the probability of error of thystem, and show that it
converges to zero as the bandwidth increases, if the nunit@rannel paths does not increase
too rapidly, namerLW6 — 0, and the duty cycle parameter is chosen properly.

The second part of (17) describes a penalty due to unknovwngaans, it is analyzed separately
in Section VII-A.1, the upper bound calculated there dodsdepend on the coding used by the
transmitter, and it diminishes as the bandwidth increasesur choice of duty cycle parameter.

We summarize here the conditions for convergence of (17hritag the conclusion of the
following lengthy calculation: The system uses duty cyclghwparameterf over coherence
periods; The first part of (17) converges tQwan in the limit of infinite bandwidth, if the

following conditions take place (end of Section VII-A.2):
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'/Transmitted Symbols

I Y Epe— | -
Ts Td
“rt—> Tc

Received Signal
HIIIIIIIII -------------- |I|III
T T

Fig. 8. The transmitted PPM signal, with guard timeTaf between symbols, and the received signal.

e OloglL — 0

. LWO — 0

e OlogW ~ const
The second part of (17) contains the penalty for channehjgaicertainty; it converges to zero
if 6L — 0 (Section VII-A.1). These conditions can exist simultargpuf bng — 0.

1) Upper Bound o (Y; G| X, D): The position of the signal fingers is known Asand D
are known.

I(Y;G|X,D) = h(Y|X,D)—h(Y|X,G,D) (18)

The first part of (18) is upper bounded by the differentiake@py in the case of Gaussian path
gains. Considering the signals during a coherence peNoalgnsmitted symbols), the discretized
received signal is composed of M, values (chips), wheréd/, = W (T, + T,). Given X and
D, it is known which chips contain signal and which containyonbise (Figure 8). TheV M,
received values are distributed as follows:

e N(M, — L) are IID Gaussianv N (0, 1).

« N L values are divided into groups of si2é Each group is independent of the other groups,

it has zero mean and its correlation matrix is

2P (T, + Ty)
ONoL
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The differential entropy (in bits per coherence time) is fabed by

N(M, — L)

L
h(Y|X,D) < log, (2me) + 5 log, ((27re)N IA])

The determinant]| is the product of the eigenvalues &f 1 with multiplicity N —1 and1 + %

with multiplicity one
E

Al=1+—
Al=1+7

The second part of (18) is given by

NM,
hY|X,D,G) = 5 log, (2me)

Combining both parts, and translating to units[leifts /sec]:

0L
oT.

= oL log, (1 + é)
2T, L

_ 291% log; (1 L2 (7;]\;; LT d)N) (19)

The bound (19) converges to zero@&s — 0.
2) Lower Bound omaxy [ (Y; X |G, D): This bound holds if the path gair{s?l}le satisfy

(A) max;<;<z, |G| — 0in probability asL — oo, and (B)Es = Zle G? — 1 in probability asL — oc.
We first show that the Gaussian distributiéh ~ N (0,1/L) satisfies these condition. Condi-
tion (B) follows easily from the law of large humbers. To pravet condition (A) holds, we

I(Y:GIX, D) [bfs] < ——log, A

use the following well-known tail estimate for a standardnmal Z and anyx > 0:

\/21_7m exp (—z%/2) (20)

P(Z >z) <
Using 3 = 2/ 2L we get
p (lrg%mzl > 6) < LP(|Gi| > 5)

< 1P (|2 > BVI)

IVL
V2rlog L

— 0 as L —

exp(—2log L)

Clearly 6 — 0 as L — oc.
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Analysis of the Signals in the Receivéor every symbol, the receiver calculates
L
Si:ZG‘]’K+D‘7’*1 iIl,...,WTS
j=1

Assuming thatr; was transmitted the desired output is Gaussian with

E[Sl] = \/(C:/NEG

0'2 = EG

51

There are up td.? — L Gaussian overlap terms that contain part of the signal (Eigit Each
of these overlap terms can be described by &debf pairs of path gains, each index (between

1 and L) indicating a path in the channel response.

OL = {(I11,112) .-, (Zjou1: Ljov2) }

The number of overlap terms may vary in the range |OL| < L — 1 and the indices take
valued between 1 and7,;V |. The pairs of indices are composed of two different indices,
because the case where the filter position corresponds tactiv@l signal position is already
accounted for ins;.

Given the overlap, the overlap termg..,|/OL are Gaussian with

|OL|

E[Soverlap‘OL] = Z Gli,lGIi,Q V E/N
=1
o1

overlap

E[styenaplOL] < Y G7 G} E/N + Eg
=1

Assuming a small number of paths, the probability that thare two or more overlaps
converges to zero as the bandwidth increases to infinitytrseeroof of this convergence in
Section VII-A.3. A suitable assumption on the number of ﬁdﬁﬁ% — 0.

In addition, there are up td/7T, — 1 Gaussian noise terms:
E[Snoise] = 0
E[s2:.] = FEq

noise

For each possible transmitted symbol value, the receivmpames{si}w? to a threshold

1=

A=a\/E/N = a,/ 2% wherea € (0,1). If one output only is abovel, the input is guessed

according to this output. If none of the outputs passor there are two or more that do, an
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error is declared.

There are three types of error events, and the error pratyalsilupper bounded using the

union bound:
P(error) < P(s; < A)+ (L* — L)P(Sovertap > A)

+(WTS - 1)P(5noise 2 A)

IN

P(Sl S A) + L2P(30verlap Z A)

+WTsP(Snoise > A) (22)
The first probability is bounded using the Chebyshev inegyand the second and third using
the normal tail estimate.

First Error Event: Recalls; has expectatioR/£/N E¢ and variancer. From the Chebyshev

inequality,

P(81 SA)

IN

(Eg — a)?E/N
Sincea < 1 and E¢ — 1 in probability, for largeL the ratio E¢/(Eg — a)? is bounded. Since
E/N — oo, the probability converges to 0.
Second Error EventThe probability that an overlap term exceeds the threshokkpressed
as a sum over thé — 1 possibilities of the number of overlap positions:
L?P(Sovertap > A)
L-1

=L*Y  P(|OL| =) P (Sovertap > A||OL| = 4)

=1
Section VII-A.3 shows that if the number of paths is such tﬁat—> 0, then the probability of

overlap at more than one position diminisheslas— oc.
P(OL| >1)—0

In order to ensure that the overlap terms with more than omelagy position are insignificant

in the calculation of the probability of error, we requiﬁé — 0, and then get in the limit of
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large bandwidth
LQP(Soverlap Z A) — LQP (Soverlap Z A| |OL| = 1)

The condition|OL| = 1 is omitted in the remainder of the calculation.
Recall that in the single overlap casge.., IS normal with meary. = Gle\/m with
[ # m and varianceE; = > G?. Hence(soverlap — 1)/ Eg is @ standard normal.
By assumptionmax |G;| — 0 andEg — 1 in probability, so forL large we can assume< a/2/E/N = A/2
and Eg < 4. Then

P(Soverlap > A)
= P((Sovertap — 1)/ V' Ec = (A = 1) // Ec)
< P((Sovertap — 1)/ V' Ec = A/4)

Using the normal tail estimate (20), we obtain

L*P(Sovertap > A) < L*P(Z > A/4)

< exp(2InL — A?/32 —In A/2)

whereZ stands for a standard normal. In order to ensure convergermao of this probability,

it is enough to havéln L)/A* — 0. RecallingA = a\/E/N = oy / 37, we get an equivalent

condition:f1n L — 0.
Third Error Event: Recall s,.i. is normal with mean 0 and variandg;. The third prob-

ability in (21) is upper bounded using the normal tail estené0) for the standard normal

Z = Snoise/\/ EG:

P(soise = A) < (2m) 2 (V/Eg/A) exp(— A%/ (2Ec))

WT,P(Snoise > A) < exp [In (WT,) — A%/(2Eg) — In A]
The data rate (in bits/sec) is
ON ON
T log, (WTy) = T log, e In (WTy)

and the capacity’awaon = P/Nylog, e, SO

R =

(Cawan/R) Im(WTy) = (PT.)/(§NNo) = £/2N
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Since A? = o*£/N, we obtain the bound
WTSP<Sn0ise > A) S exp [ln (WTS)

—(a?/Eg)(Cawan/R) In(WTy)
A
VEq

Since E; — 1, the bound converges to 0 as longas> R/Cawen. This can be achieved for

—1In

any data rate below the AWGN capacity.
Achieving CapacitySo far we have assumedis a constant smaller than 1, so the commu-

nication system can achieve any rate belowy y. The duty cycle parametér must vary as

1
logW'*

increases, and the following conditions need to be satisfied

To achieve asymptoticall¢’'s,ion, the parametery must approach 1 as the bandwidth

e (Eg —a)?logW — oo in probability (first error event)

e (a?/Ec)(Cawen/R) > 1 with probability — 1 (third error event)
The exact choice ofr depends on the rate at whidly, converges to 1.

Summary of the BoundThe system uses IID symbols, a duty cy@dleand a threshold
A= a\/E/N = a, /3L wherea € (0,1).

We calculated an upper bound on the error probability

P
P(error) < upper bound(W, L, N @ 0)
0

that converges to zero 88 — oo if

. LWG — 0 (second error event)

e OlogW ~ const (to ensure positive rat&)
e fOlog L — 0 (second error event)

o 0L — 0 (penalty for unknown gains)

If logLW — 0 these the conditions can be realized simultaneously, nainisl possible to choose

a duty cycle parametet that satisfies all the conditions.

Note that if the path delays are not known, the additionalafigr(5) increases a8L log W,
which diverges, so the above proof is not useful.
3) Estimation of Number of Overlap TermBhe number of possible path positiondig = |WT,].

We assume that, over one coherence period/tdelays are chosen uniformly at random among
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the (LLm) possibilities. We prove that if the number of paths growswvgfoenough, then with
probability converging to 1 there will be at most one oveitegtween the set of delays and any
of its translations.

Definition 1: For any setS C Z and any integet € Z, we denote by5 + ¢ the translation of
Sbyt: S+t={s+tlse S}

S corresponds to the received symbol wheanis transmitted, and + ¢ corresponds ta;, .

For integersl < L < L,, pick a random subset C {1,... , L,,} uniformly among all subsets
of {1,...,L,} with L elements. Le®, , be the law ofS; when there is no ambiguity we
drop the subscripts and refer to it Bs

Theorem 5:AssumelL*/L,, — 0 as L,, — oo, and a setS is chosen according t®r,, 1.
ThenP;, ,(|SN(S+1t)| > 1 for some t # 0) — 0.

Note thatt can take both positive and negative values. We emphasitdhthdaheorem says
that with high probability,none of the translates will have more than one overlap. The proof
requires the following

Lemma 6:Fix ¢t # 0, and letA be a set such that U (A —t) C {1,...,L,}, and|A| < L.
Then

P(AC SN (S+8) = [Lla/[Lua < (L/Ln)" (22)

wherea = |[AU(A—t)| and[z], =z(z —1)...(x —a+1).
Proof: ClearlyA C SN (S +t)is equivalenttad C S, (A —t) C S, henceS has to contain
AU (A —t). Hencea elements ofS are fixed, while the remaining — a ones can be chosen

in (“»~%) ways. The total number of subsets{f.... , L,,} with L elements is(*"), hence

P(ACSN(S+1) = (LL’”__;‘) / <LL7") = [L]a/[Lma

The inequality (22) follows easily. [ |
Note. If AU (A —t)is not a subset ofl,...,L,,}, orif |A| > L, then the probability (22) is 0.

We are ready to obtain estimates. Rix> 0. If [SN (S +1¢)| > 2, then SN (S +¢) must

containA = {4, j} for somet + 1 < i < j < L,,. There arg("" ") such setsd. Exactly L, —2t
of them (namely{i,i + ¢t} for ¢t +1 <i < L,, — t) have|AU (A — t)| = 3; all the others have
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|AU (A —t)| = 4. Hence
P(ISN(S+1)| >2)

< Y, P{i,j}cSn(S+1)
t+1<i<j<Lm
3 Ly —t 4
1
< E (L3 + L4)
The same estimate holds fox 0. Hence

P(|SN(S+1t)] > 1 for some t # 0)

< 3 P(SA(S+0)> 1)

—Lm <t<Lm

t#0
< 2L 1 L2+ LA
< ma( + )
<4L*/L,,

and the proof of Theorems 5 and 2 is complete.

B. When is the Channel Capacity Not Achieved?

Converse to Theorem 2PM systems with a lower bounded symbol time transmittingr ov
a channel with Gaussian path gains that are unknown to thevegc achieveCppy — 0 as
W — oo if bng — o0. This result holds whether the receiver knows the path deteyit does
not.

The signals we consider are PPM with symbol time that may midpa the bandwidth, but
cannot exceed the coherence period of the channel and cdimimish (by assumption). The
symbol time is divided into positions separated t@y Guard time may be used, no restriction

is imposed over it, we usg,,,, to denote the the overall symbol time, that includes the dyuar
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time. Each symbol is of the form:

)
@ one position of each group of | Ty W |
X Wlth nLTsymbWJ <i<n LTsymbWJ+LTsymbWJ71
i =
| 0 other positions

T,
n=20,1,..., L J -1 (symbol counter)
Tsymb

i=0,1,...,[T.W]| -1 (position counter)

The number of symbols transmitted over a single coherendedes N = T’f—l We assume
that N is a whole number, this assumption does not alter the reslpnove here. Duty cycle
or any other form of infrequent transmission may be used avsrtime period. We analyze
systems that use duty cycle over coherence periods, bett@gsehoice yields the highest data
rate that serves as an upper bound. The channel is compodegaths with independent and
identically distributed Gaussian gains, and delays in &rge|0,7}).

Edge effects between coherence periods are not considasdmay add a complication to
the analysis, without contributing to the understandinghef problem or the solution.

Outline of the Proof of The Converse to TheorenTRBe mutual information of the transmitted
and received signals is upper bounded by the mutual infeomathen the receiver knows the
path delays. This, in turn, is upper bounded in two ways: tts¢ i§ the PPM transmitted bit rate
for a system that does not use coding, and the second is basi performance of a simple
PPM system with no inter-symbol interference. The proof éasdal on the conditions where
the upper bound we calculate on the mutual information cg®geto zero as the bandwidth
increases.

Proof: We first point out that the mutual information of a system caty ancrease if the

receiver is given information on the path delays:
I(X;Y) < I(X;Y|D)

We calculate an upper bound on PPM mutual information withed Gaussian multipath channel,

in [bits/sec]:
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Proposition 7:

IOCYID) [bfs) < s min {1,(0), 1(0)) (23)

L(0) bfs] = HlogQJES?:fsymb)
L) b = 5 T (1) (24
—297{; log, <1 + ;ﬁ;ﬁ) (25)

Wherep:, . .., pw(r,:1,.,) Satisfy0 < p; <1 and 3 1w o)y —

Discussion of Proposition 7The first part of the bound;(6), is an upper bound on the the
PPM bit rate for an uncoded system, it is a trivial upper boandhe mutual informatiord is
the fraction of time used for transmission, and the bound {38naximized over the choice of
its value. The second parf;(¢) depends on the number of channel paths

Using Proposition 7, the converse to Theorem 2 follows symphe bound (23) is positive
in the limit W — oo if both its parts are positive. We note that the symbol tifhg,;, is lower
bounded by a constant that does not depend on the bandwidghfirst part,/; (), is positive
if the paramete® is chosen so thafl log (W Tg,m,) > 0. The second part,(#) is positive in
the limit of infinite bandwidth ifd . < oo. If the environment is such thqggL—W — 00, the two
conditions involvingd cannot be met simultaneously by any choice of fractionalgmsission
parameter. In this case, the bound (23) is zero in the liminfaite bandwidth.

Proof of Proposition 7:The first part of (23) follows simply from the fact thdf() is an

upper bound on the transmitted data rate. For any choiceaofidnal transmission parameter
I(X;Y[D) [b/s] < 1(6) [b/s]

The second part of (23) is proven by comparing the mutuahmé&dion of our system, with that
of a hypothetical system that is easier to analyze. The tiondl mutual information/ (X; Y| D)
is upper bounded using a hypothetical system that trandgimtsame symbols as the system
we analyze, and receivers them without inter-symbol ieterice (ISI). This is possible, for
example, by using many pairs of transmitters and receiearsh pair transmitting symbols with
long silence periods between them. The transmitter—receiirs are located in such a way that

each receiver can ‘hear’ only its designated transmitteis iypothetical system operates over
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a channel identical to the one of the original system. Thieifice between the original system
and the hypothetical system is apparent in the number céréifit noise samples they face, the
hypothetical system receives more noise, it procésse: TCM positions per coherence
period. In spite of this difference, the hypothetical sgstean achieve higher data rates, its
mutual information is an upper bound on the mutual infororain the original system. We use

I(X:;Y|D) to indicate the conditional mutual information of this syst
I(X;Y|D) [b/s] < I(X;Y|D) [b/s]
We now prove that for any choice 6f
[(X:Y|D) [b/s] < Ly(8) [b/s]

Each received symbol in the no-ISI system is composed/'afl .., + 7;;) chips, L of them
corresponding to the channel paths. All output positioneleditive Gaussian noise of variance
1. The mutual information is given by

. 0 r -~ .
1(X:Y|D) Ib/s] = — [A(Y|D) = A(Y|X, D) (26)

c

We start with the first part of (26):
WT! WT!

H(Y|D) < ZHY]D > H(Y,
=1

N (O 1+ QZTsymb> prob p;
N(0,1) prob 1 — p;
i=1,..., W(Ty+ Tsymp)

pi, the probability of receiving signal energy in thié position, depends on the distribution of
transmitted symbols, but there are exadtlyositions in the received symbol the contain a path,
thus

w (Td+Tsyrrlb)

Z pi=1L

=1
and each probability value satisfies< p; < 1.

2PTsym
2 2 symb
oy, = E [YJ =1—-p+pi (1+ GNOy )
2PTsmb
1 ; sym
9NOL
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1
HY;) < 510g(27r6032@)
1 2PT b
= Zlog (2me [ 1+ p,—oymb
2 Og( m( PN >>
W

YD) < YA

W(Td+T5ymb)

1 2PT b
< Z Z 5 log (27Te <1 +pim>>
Te/Tsymb symbols i=1
W(Td"’_Tsymb)
WTC/ A 1 2Pjﬂsymb
= log (2me) + Z Z 5 log (1 +pi79NOL )
symbols i=1
W T W (Ta+Taymb ) -
= | 2 ¢ 1 1 . symb
5 og (2me) + T Z og ( +p N )

=1
Now for the second part of (26). FQ¥ transmitted symbols, th&/7T’ received values are

distributed as follows, when the inpl and the delayd) are known:

« WT! — NL positions are IID Gaussians N(0,1). The receiver knows which positions
contain only noise, and which have signal as well.

« The number of positions with some signalA&.. These values are divided into groups of
size N, each corresponding to a single path. Each group (at knowsiiquus) is independent

of the other groups and its distribution4s N (0, A) where

1 0
2PTymb

ONyL

. T — NL
—-H(Y|X,D) = —W#log@ﬂe)

—g log ((27Te)N |A|) (27)

The determinantA| is the product of the eigenvalues af 1 with multiplicity NV — 1 and

<1 n %) with multiplicity one

2PTym,N . 2PT,

Al =1 _
A =1+ =N TN
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Simple manipulation yields

/

N T
—H(Y|X,D) = —I/VQClog(Qﬁe)

L 2PT,
—3 log | 1+

ONyL
We note that this expression dependsSOiR.; It is similar to expressions in [3], Section III.C.
Combining the two parts into (26) we get

I(X;Y|D) [b/s] < I(X;Y|D) [b/s]

i . 9
— [A(|D) - AV X, D)} =
WT/ T W(Td+TsyIIlb) 2PT
< ¢ log (2 ‘ log ( 1+ p =2
< |5 losl 7?6)+2Tsymb ; og( PN L )
WT! L 2PT.\1 6
— Tt og,(2me) — Zlog, ( 1 <) | =
5 0g,(2me) B ng( + GNOL)} T,

w (Td +Tsymb)

0 2PT b
~ log (14 py——2
T 2 Og( PN )

=1

0L, ( 2PT,
o1, 082 ON, L

- L)

Note that in the infinite bandwidth limit, i — oo than alsodIV — oo and I5(#) converges

to zero:
g W) o pr oL 2PT,
I,(0 ; symb _ IR a ey —0
20) — o7 2. p ONoL 22C T 9T, 9N, L %€
[ |
APPENDIX

This section shows that for IID Gaussiafis };°__ ~ N(0, 1), with the empirical correlation
defined by:
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We have

L L
3L L*-L
Y D E|C(m.n) = byl < N A (28)

m=1n=1
We first look atC(m,n) for m # n, and use the following inequality, that holds for any

random variable:

Elc| <\ E|Z?]
in our case:

E|C(m,n)| < E[C(m,n)?]

K.
E Ti—mTi—n
=0

2

1
_ 29
e (29)
Now for the casen =n
1
Elximri, = FE [xzfm} =3
3
The fourth moment is so becauseis Gaussian.
Using the central limit theorem (holds as are independent)
K.—1
- 1 2K,
2 - ~ s e
> (tng) ~ 5 (0 5)
=0
K.—1
0 . 1 2
Cmm) ~11= 8| 3 (ot 9)| o (30)
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[4]
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[6]

(8]
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Taking (29) and (30) into (28) gives:

Z ZE |C'(m,n) — S

m=1n=1

= LE|C(m,m)—1|+ (L - L) E |C(m,n)l,z
< 2L +L2—L

VK, K.
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