STATS 200 Homework 1 Solution

Thanks to Jeremy Shen for providing parts of the solution.

1 Problem 1.60
Let A; = {The item is produced by " shift} and D = {The item is defective}. Then:

P(D|A;y) = .01 P(D|As) = .02 P(D|A3) = .05

The shifts all have the same productivity implies P(A;) = % for i = 1,2,3. Apply Law of total
probability, we get:

3
P(D) =" P(D|A;)P(A;) = %(.01 +.02+.05) = 2.67%
=1

The probability that a defective item was produced by the third shift is:
P(DNAs)  P(D|As3)P(As)

P(A3|D) = = =.625
2 Problem 2.64
It is clearly that £ > 0, for every e > 0,
Fgp(E<e) = P(E<e)

= P(V?/o? < 2e/mo?)

(
(
(—v/2e/mo? < V/o < \/2¢/ma?)
(V/2¢/mo?) — @(—/2¢/mo?)

Differentiate with respect to e and use the chain rule, we get the density:
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_ 1 / 2 1 ./ 2
fE(e) - W¢( 2e/m0 ) + ng( Qe/ma )
= ;6_6/7””2 for e >0
emo?m

3 Problem 3.20

The density of X; and X3|X; are:

1
Ixi(21) = Lgiepy and fx, x, (v2l21) = al{ogngxlgl}



respectively. Thus the joint pdf of (X1, X2) is given by:

1
f(x1,22) = fx,)x, (z2]21) fx, (21) = El{ogrzswlﬁl}

For every z1,z9 € [0, 1], the joint cdf is:

F(zy,x9) = // f(u,v)dudv
[0,(21]><[0,:E2]
1

min{za,u} 1
= / / —dv | du
0 0 u

ke min{xg,u}d
———=du

0 u
B Oxl 1du , ifx <o
o { fom 1du + f;; %du , if x> a9
B T , X1 < T2
o { To + xglog(xl/xz) , T1 > T9

To get the marginal cdf, we use the joint cdf and set o = 1 and x1 = 1 respectively:
FX1 (:L'l) = F($1, 1) =T

Fx,(x2) = F(1,x2) = x2 — x2log(z2)

4 Problem 3.32

The posterior density fo x(0]r) = CO%(1—0)""%, where C' = % is a constant when z is given.

Differenciating with respect to 6 and setting it to be 0, we have:

Fox(Blz) = 208" (1—6)"" — (n—2)CO"(1 - 6)" !

T n—z [ L n—x

= o1 -0z —nb) =0

If & # 0,n, then CO*~1(1 — 0)"*~1 #£ 0, thus § = = solves the equation. To see fgx(0|7) attains

maximum when 6 = 6, we can check that:

0 0 <0
/ 0 _ > 9 "
forx (Ple) {<o , 0>0

If 2 =0 or 2 = n, it is easy to see that 6 still maximize foix (0]z) because:

fox(0]z) < C = foix(0]z)

The reslut makes sense since it is the proportion of heads in n trials.



5 Problem 3.33

(a). The following approach is fairly general in terms of finding the posterior density. We use the fact that
Posterior « Likelihood x Prior. Here the likelihood comes from geometric distribution:

faje(nlo) = 0(1—6)"~"

And of course the uniform prior is 1 on the interval [0, 1], and 0 elsewhere. So the posterior density:

foin(0ln) oc 0(1 = 60)" 1 x 1yep

Where 1p¢[p 1) is the indicator function. But recall that the posterior density is in 6 and it must integrate
to 1. To find the integrating constant, we can integrate by part:

1 1 1
1 — @)™
/ 0(1—0)"tap = —9(1 —-0)" +/ ﬂd@
0 n 0o Jo n
1 -]’
= ——(1-6)\""
n(n+1) 0
B 1
 nn+1)

Since the posterior density should integrate to 1, we found the integrating constant to be n(n+1). We
conclude that the posterior density is

foin(0ln) = n(n+1)0(1 — 6)*", for 6 in [0,1]

(b). The answer will obvious vary, here we present the posterior densities for N = 3,4 and 7.
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6 Problem 3.34

Recall the Beta(a,b) density:

gu(u) = mual(l — )’ foru €0, 1]

Consider when our prior belief about © is a Beta(3,3) distribution, with density:

fo(0) = )(302(1 — )2, for 6 € [0, 1]
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Using the likelihood fxe(x|¢) from Example E of Section 3.5.2, we can compute the posterior density
in the same way as in problem 3.33:

Posterior o« 0°(1 — 0)"%0%(1 — §)* = g T2(1 — §)"—=+2
And conditional on x, we can identify this as the ‘kernel’ of a Beta(x+3, n-x+3) density, or more explicitly:
I'(n+6)
Dz +3)'(n—x+3)

As in the example (p.95), take n=20, x = 13. Then we get a Beta(16, 10) density. Here is a plot comparing
the textbook Beta(14,8) density with ours:

6" T2(1 — 6)"**2 for 0 € [0,1]

Posterior = fo|x(0|7) =



Posterior distribution

—— beta(16,10)
Al —— beta(14,8)

7 Problem 3.48

The density function of 77 and T5 are

fri(t) = Me My 50 and fr (f2) = e 221y, 50

respectively.
Let T'=Ty +T5. Since T1 and T» are independent, the density function of 7" is the convolution of the
functions fr, and fr, (on p97), which is:

) = [ @) fny(t - 2)de

= / )\167)‘1361{3320})\267)\2@7@1{t,xzo}dx
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