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(* Nonparametric Delta Method for Variance of Correlation Coefficient

Efron & Tibshirani section 21.9 result on page 315 )

(* for bivariate data (X,Y), n observations, form the vector
Q = {X, Y, X*2, XY, ¥Y*2} and for q[[i]] = mean (Q[[i]])
the sample correlation coefficient is given by rfunc below x)

rfunc[ql_, 92_, q3_, q4_, a5_] := (a4 - qlxq2) /
Sqrt[(q3 - ql*2) * (g5 - 9272)]

(# Step 1: Obtain Vr in E&F equation 21.67 with the del function below *)
ident = IdentityMatrix[5];

delCorr[ql_, gq2_, q3_, gq4_, g5_] :=
Table[FullSimplify[Derivative[ident[[i, 1]], ident[[i, 2]], ident[[i, 3]],

ident[[i, 4]], ident[[i, 5]]][rfunc][ql, 92, g3, q4, 9511, {i, 1, 5}]

delCorr[ql, g2, g3, g4, g5]

(9293 -gql g4) (a2°-g5) (gl*-qg3) (-g2 g4 +gl gb)
3/2 7 3/2 !
((ql® - qg3) (92®-g5)) ((gl* - g3) (q2°-g5))
(-9l g2 +g4) (-92° +g5) 1 (=91 +g3) (-gl g2 +qg4) )
3/2 1 3/2

2 ((ql? - q3) (92 -g5)) Vi(al® -a3) (@2°-a5) 2 ((q1?-q3) (q2%-g5))

(» that's a useful bit of calculus done for us instantaneously;
because the final result, eq 21.70, is expressed in central moments,
it' s useful to reformat the result above in order to convert from

raw moments to central moments x)

delCorr[ul,o r Ho,1r H2,0 7 Hi1,1/ Ilo,z]

;2 ’ ’ ’ ’ ’
No,1*ﬂo,2) (*Nl,oﬂl,l*ﬂo,l Nz,o)
372 !

{(

;2 ’ ;2 ’
((Uo,l *Uo,2) (111,0 *Uz,o))

’ ’ ’ ’ ;2 ’ ;2 ’ ’ ’ ’
(/-10,2 Hi,0 = Ho,1 /Jl,l) (Hl,o*l«lz,o) (*/Jo,lﬂ-lo,z) (*/-10,1 Hl,o*“l,l)
2 , 2 , 372 N 2 , 2 , 3727
((/Jo,lf/-loa) (Hl,o*ﬂz,o)) 2 ((No,l*/-lo,2) (Hl,o*ﬂz,o))
’ ’ ’ ;2 ’
1 <—/lo,1 Il1,o+ll1,1) (—U1,0+U2,o)

2 B ro 2 / 2 i 3/2 }
o) (i) 2 (o =iia) ffo=iino))

(* transformation from raw to central moments is a two-step
procedure, using the facilities in mathStatica =*)

? RawToCumulant

RawToCumulant|[r] expresses the rth raw moment /Jr in terms of
cumulants x;. To obtain a multivariate conversion, let r be a list of integers.

? CumulantToCentral

CumulantToCentral[r] expresses the rth cumulant x, in terms of central
moments ;. To obtain a multivariate conversion, let r be a list of integers.

rulesDelRawtoK = {RawToCumulant[{0, 1}], RawToCumulant[{O0, 2}],
RawToCumulant[{1l, 0}], RawToCumulant[{1l, 1}], RawToCumulant[{2, 0}]}

, , 5 , , , 2
{/Jo,l - Ko,1rs Ho,2 7 Kp,1 + ¥Ko,2s HM1,0 > K1,0r H1,1 2 Ko,1 K1,0+K1,17 Hp,0 2 K7,0 +K2,O}
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delCorrinK = delCorr[[zl,o , Mo1s Ha2,0 0 Hi,1s /.'10,2] /. rulesDelRawtoK

2 2
{ Ko,2 (=K1,0 (Ko,1 K1,0 +K1,1) +Ko,1 (Ko +K2,0)) ((X§,1 +Xo,2) K1,0 -~ Ko,1 (Ko,1K1,0 +K1,1)) K2,0
B 372 r- 372 ’
(Ko,2 K2,0) (Ko,2 K2,0)
_ Ko,2 K1,1 1 ~ K1,1K2,0 }
377 7 ’ 372
2 (Ko,2 K2,0) VKo,2 Kz2,0 2 (Ko,2 K2,0)

FullSimplify[%]

{ Ko,2 (K1,0 K1,1 = Ko,1 K2,0) (=Ko,2 K1,0 + Ko,1 K1,1) K2,0

3/2 ’ 32 '
(k0,2 K2,0) >’ (x0,2 K2,0) >’
Ko,2 K1,1 1 _ K1,1 K2,0

B 3/2 7/ 4 3/2 }
2 (0,2 %2,0)° \VKo,2 K2,0 2 (Ko,2 K2,0) >

rulesDelKtoC = {CumulantToRaw[{1l, 0}], CumulantToRaw[{0, 1}],
CumulantToCentral[{2, 0}], CumulantToCentral[{l, 1}], CumulantToCentral[{0, 2}]}

{Kl,o %L,ll,O/ Ko, 1 %L’lo,l: K2,0 > M2,0r K1,1 > H1,1, Ko,2 %Uo,z}
delCorrinC = FullSimplify[delCorrinK /. rulesDelKtoC]

{ Ho, 2 (—uz,o Ho,1 + H1,1 /ll,o) Hz2,0 (ul,l Ho,1 ~— Ho,2 /ll,o)
(Ho,2 Uz,0)>"? ' (Mo, 2 Hz,0)>"? '
Ho,2 U1,1 1 B U1,1 H2,0

2 (Lo,2 H2,0) %" ho,2 2,0~ 2 (Ho,2 H2,0)°"2 }

(* Step 2: Build up the 5x5 covariance matrix of the Q vector
I do so element by element for simple exposition; there are
more elegant forms for this x)

sigll = pus,0; sig22 = pg,2 ; sigl2 = sig2l = 3,1 ;

sig33 = \VIN(\ (- \&/\_\ (2, 0\) \%2\) + \u\&/\_\ (4, O\)\);
5ig55 = \IN(\ (- \&/\_\(0, 2\) \%2\) + W \&/\_\ (0, 4\)\);
sig44 = \!\(\ (- \&/\_\(1, 1\) \%2\) + \u\&/\_\(2, 2\)\);
sigl3 =sig3l = -[3,0 2,0 + 3,0/ Sig25 = $ig52 = -fig 1 Uo,» + Ho,3;
sigl4 = sig4l = -[11,1 I»’11,0 +I»'12,1r'

sigl5 = sig5l = —[10,2 [11,0 +[11,2; sig23 = sig32 = —[12,0 [10,1 +[12,1 ;
sig24 = sigd42 = -3 1 Ho,1 + 1,2 ; Sig34 = sigd3 = -y 1 Uy o+ M3, ;
sig35 = sig53 = -[lg,2 U 0 + 2,2 ; Sig45 = sig54 = -[i3 1 Uo,p + U1,3;

sigRaw = {{sigll, sigl2, sigl3, sigl4, sigl5},
{sig21, sig22, sig23, sig24, sig25}, {sig31, sig32, sig33, sig34, sig35},
{sig4l, sig42, sig43, sig44, sig45}, {sig51, sig52, sig53, sig54, sig55}}

H2,0 Hi1,1 —H1,0 Hz,0 t H3,0 —Hi1,0H1,1 tHp,1 —Ho,2 H1,0 1+ Ha,2
Hi,1 Ho, 2 “Ho,1 H2,0 * H2,1 —Ho,1 H1,1 * H1,2 —Ho,1 Ho,2 + Ho,3
’ ’ ’ ’ ’ ’ ;2 ’ ’ ’ ’ ’ ’ ’
—H1,0 Mz,0 * M3,0 —Ho,1 H2,0 * H2,1 —Hz,0 * Hg,o0 —Hi,1 H2,0 * H3,1 —Ho,2 H2,0 * H2,2
’ ’ ’ ’ ’ ’ ’ ’ ’ ;2 ’ ’ ’ ’
“Hi,0 M1,1 * H2,1 —Ho,1 M1t H1,2 —Hi,1 H2,0 T H3,1 “Hi,1tH2,2 ~Ho,2 H1,1 + H1,3
’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ;2 ’
~Ho,2 M1,0 * H1,2 —Ho,1 Ho,2 * Ho,3 ~Ho,2 H2,0 * H2,2 —Ho,2 H1,1 + H1,3 ~Ho,2 + Ho,a
FullSimplify[%]
H2,0 Hi,1 —Hi1,0 H2,0 t M3,0 —Hi1,0H1,1 tHz, 1 —Ho,2 H1,0+Ha,2
, , , , , , , , ,
Hi,1 Ho, 2 —Ho,1 H2,0 t H2,1 —Ho,1 H1,1 + H1,2 —Ho,1 Ho,2 + Ho,3
’ ’ ’ ’ ’ ’ ;2 ’ ’ ’ ’ ’ ’ ’
“Hi,0 H2,0 * H3,0 —Ho,1 Hz,0 * H2,1 —Hz,0 t Hg,0 ~Hi,1 Hz,0 t M3,1 —Ho,2 H2,0 T H2,2
’ ’ ’ ’ ’ ’ ’ ’ ’ ;2 ’ ’ ’ ’
~Hi,0 1,1 * HMo,1 —Ho,1 H1,1 T HM1,2 —Hi,1 Hp, 0+ H3,1 —Hy,1 tHp,2 —Ho,2 M1,1 * H1,3
’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ;2 ’
~Ho,2 H1,0 + H1,2 —Ho,1 Ho,2 * Ho,3 —Ho,2 H2,0 * H2,2 —Ho,2 1,1+ H1,3 ~Ho,2 + Ho,a

rulesSigmaRawtoK = Flatten[Table[RawToCumulant[{i, j}], {i, O, 4}, {j, O, 4}11-;

sigK = FullSimplify[sigRaw /. rulesSigmaRawtoK];
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rulesSigmaKtoC = {CumulantToRaw[{1l, 0}], CumulantToRaw[{O0, 1}],
CumulantToCentral[{2, 0}], CumulantToCentral[{1l, 1}],
CumulantToCentral[{0, 2}], CumulantToCentral[{3, 0}],
CumulantToCentral[{0, 3}], CumulantToCentral[{2, 1}],
CumulantToCentral[{1l, 2}], CumulantToCentral[{2, 2}], CumulantToCentral[{3, 1}],
CumulantToCentral[{4, 0}], CumulantToCentral[{0, 4}], CumulantToCentral[{1l, 3}],
CumulantToCentral[{2, 3}], CumulantToCentral[{4, 1}],
CumulantToCentral[{3, 2}], CumulantToCentral[{1l, 4}]}

{Kl,o %/:ll,o, Ko, 1 ﬁL’lo,lr Kz2,0 > M2,0, K1,1 > HM1,1, Ko,2 2 Ho,2, K3,0 > HM3,0s K0,3 > Ho0,3/
Ko,1 > M2,1, K1,2 > U1,2, K2,2 > -2 uf,l - Ho,2 M2,0 *+ M2,2, K3,1 > =3 H1,1 H2,0 + 3,1,
Ka,0 > =313, 0+ Ua, 0, Ko,a > 3 U5, 5 +Ho,4, K1,3 > ~3 Ho,2 H1,1 + H1,3,

K2,3 > -6 1,1 L1,2 = Ho,3 M2,0 =~ 3 Mo, 2 H2,1 + H2,3, Ka,1 = =6 Uz, 0 M2, 1 — 4 1,1 U3,0 + Ha, 1,
K3,2 > =3 H1,2 U2,0 =~ 6 U1,1 M2,1 — Ho,2 M3,0 + 13,2, K1,4 > =4 o, 3 11,1 — 6 Ho,2 U1,2 +U1,4}

sigCentral = FullSimplify[sigK /. rulesSigmaKtoC];

TableForm[sigCentral[[1]]]

H2,0
Hi,1

,
U3z, 0+ 2 U2,0 M1, 0

, ,
H2,1 + H2,0 Hg,1 + H1,1 H1,0

Hi,2 + 2 U1,1 //10,1

TableForm[sigCentral[[2]]]

Mi,1
Ho, 2

,
Ha,1+ 2 H1,1 Hi1,0

, ,
Hi,2 + H1,1 Ho,1 + Ho,2 1,0

o3 + 2 Ho,2 o 1
TableForm[sigCentral[[3]]]

HU3,0 + 2 Uz,0 1111,0

U2,1+2U1,1 l:ll,o
, ,2
—p5 o+ Ha,0+ 4 3,0 My, 0+ 4 U0 Uy,
, , , ;2
HU3,1 + 3 Uz,1 H1,0 + Ho,1 (/J3,o +2 2,0 U1,0> - H1,1 (H2,0—2L11,o

—Ho,2 M2,0 + H2,2 + 2 2,1 L,lo,l +2 (/Jl,z +2 U1 l:lo,l) L,ll,o
TableForm[sigCentral[[4]]]
H2,1 + H2,0 l:lo,l +l«l1,1/-,11,o
Hi,2 + H1,1 //10,1 +M0,21,l1,o
’ ’ ’ ;2

H3,1 + 3 2,1 M1, 0 + Ho,1 (/J3,o +2 Uz,0 U1,0> - Hi,1 (le,o - 2#1,0)

’ ;2 ’ ’ ;2
—p, 1+ 2,2 + 2 U2t foy1 + Ma,0 oy + 2 (1,2 + H1,1 fo,1) Ha,o + Ho,2 M1, o

’ ;2 , ’
—Ho,2 M1,1 +H1,3 + 3 U1,2 Ho,1 +2 H1,1 Ho,1 + (Ho,3 +2 U, 2 /Jo,1> H1,0
TableForm[sigCentral[[5]]]

Hi,2 + 2 1,1 /,10,1
Ho,3 + 2 Uo,2 Ho,1

—Ho,2 M2,0 + H2,2 + 2 2,1 L,lo,l +2 (/Jl,z +2 U1, l:lo,l) L,ll,o
’ ,2 , ’
—Ho,2 M1,1 +H1,3 + 3 U1,2 Ho,1 +2 U1,1 Ho,1 + (110,3 +2 U, 2 Uo,l) 1,0

2
5 , ,
—UG,2 + Ho,a +4 Ho,3 Ho,1 + 4 Ho,2 Ho,1

Dimensions[sigCentral]

{5, 5}

(*» Step 3: Now form vetor-matrix product V' =V E&F eq 21.67 *)
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result = delCorrinC.sigCentral.delCorrinC // FullSimplify

o
4ud o ud
(Mo, a M§,1 U%,o + Uo,2 (4 Uo,2 M%,o H2,2 =4 1,1 M2,0 (M1,3 M2,0 + Mo, 2 M3,1) +M§,1 (2 k2,0 M2,2 + Mo, 2 M4,0) ) )

Expand[result]

2 2 2

Ho,4 H1,1  Mi1,1 M1,3 . H1,1 H2,2 . U2, 2 _ Hi,1 H3,1 . H1,1 H4,0
3 2 2 2 2 3

4up, 2 U2,0 U5, 2 H2,0 2UG,2 U5, 0 HMo,2 H2,0  Ho,2 U5, 4 Lo, 2 43,0

(*[thisllis[ln*xresultllin [E& F leq ]21.70;[/tol match/ thel lalgebraic
form need tol jpulllloutl/thel factorllcorr*2/4 =*)

Expand[result+4/ (u2 1/ (Ho,2 H2,0)) ]

Ho, 4 41,3 4z, 2 2 Uz,2 4 us,1 Ha,0
= - +— + - + =
Mg, 2 Ho,2 H1,1 M1 Ho,2 H2,0 H1,1 H2,0 M2, 0

(* the above gives the terms within the brackets in eq 21.70 %)

Textbook pages attached



21.9 The delta method

technique for variance estimation

 The delta method is a special
served aver-

that is applicable to statistics that are functions of ob
~ ages. Suppose that we can write

. (X1, X2, Xn) =1(Q1,Q2:---Qa); (21.59)
- where 7(-,+,...") is a known function and
i s
Qo =~ ; Qa(Xi). (21.60)
- The simplest example is the mean, for which Q. (X:) = X;; for
 the correlation we take
Q4 = Q1Q2 (21.61)

T(Q11Q2)Q_31 Qd}QS) o [Q3 =T Q%]IIQ[QE. o Q%]Uz
L ith X = (Y, 2), Qu(X) = ¥, Q2(X) = Z,Qs(X) = V2,Qu(X) =

Z:Q5(X) = Zz‘

The idea behind th
ve a random variable U with mean p and variance o
ok the variance of a one-to-one function of U, say g(U). By ex-

A_;panding g(t) in a one term Taylor series about ¢t = j1 we have

e delta method is the following. Suppose we
2 and we
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