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SATISFYING A SIMPLEX STRUCTURE IS SIMPLER
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ABSTRACT. Markedly different types of growth (learning) curves may generate indis-
tinguishable covariance structures. We illustrate with an example of a § x 5 covariance
matrix representing longitudinal measurements at five occasions. This example ap-
pears to conform closely to a simplex correlation pattern, and a simplex covariance
structure provides an excellent fit (using LISREL V) to this covariance matrix. How-
ever, the (known) structure of this example differs greatly from the simplex model. In
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addition to indicating that an excellent flt ofa snmplex structure can be misleading, this
exampie provides an opportunity to question common uses of covariance structure
models for the study of growth.

Since the introduction of the simplex model by Guttman (1954), simplex
structures have been posiied for many types of ordered variables (such as
hierarchical tests or longitudinal measurements). In many analyses of longi-
tudinal data, a simplex covariance or correlation structure serves as a basic
model for statistical analysis (e.g., Humphreys, 1960; Jéreskog, 1970a, 1978;
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Joreskog & Sorbom, 1977; Werts & Hiiton, 1977; Werts, Linn, & Joreskog,
1977, 1978\ As Werts Linn, and Jdresko assert, “The simplex model annears
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to be particularly appropriate for studies of academlc growth (Humphreys,
1960, 1968; Lunneborg & Lunneborg, 1970)” (p. 745).

Simplex Growth Model

Following J6reskog (1970a), a discrete-time autoregressive model of lag 1,
which gives rise to the simplex structure, has the form:

Nittp = Bi'ﬂip + 3, 1ps (1)

where m,, indicates the value of m for the p™ individual at time 7,, and where
the 3., are independent disturbances (increments to growth) with ex-
pectation zero and w,, =3,,. (See also the stochastic models considered in
Anderson, 1960, Section 3.) An important property of Equation 1 is that the
partial correlation is zero between ) at two time points with 7 at an intervening
time partialled out. This condition, which was used by Guttman (1954, Equa-
tion 15) to characterize the simplex structure, can be written

Prmen =0 (6 <5, <4). )
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““Unsimplex’’ Growth Models

An alternative simple model for growth specifies that each individual has a
constant rate of change. This constant rate of change model yields a straight
line growth curve for each individual:

Ny =My + 6,(t; — ). 3

A striking consequence of the constant rate of change model is that it repre-
sents the most extreme violation of Guttman’s condition for the simplex. That
is, for straight-line growth,

Prnewy = -1 (1 <4 <tx). 4

A related property of straight-line growth is that Bau., = (6 = &)/(; - )
(e.g., with equally spaced time points By, ., = —1). In contrast, the auto-
regressive model in Equation 1 specifies that B,,,,.,,= 0 (for £; <t; <#,). Also,
for straight-line growth, B,,..,, = (&—%)/(4 — ) (e.g., with equally spaced
time points PBm,.m, = 2).

A second type of growth (learning) curve for which Equation 4 holds is the
function that specifies that individuals approach an asymptote XA, ex-
ponentially with rate parameter y (where v is identical for all individuals).
This exponential growth curve can be written as

Mp= )‘p_(kp-"nlp)e “Whh), (5)

Among the applications of the growth curve in Equation 5 to the study of
learning are Hicklin (1976), Keats (1983), and Sorensen and Hallinan (1977).

The Numerical Example

A numerical example consisting of a covariance matrix of observed scores
over five occasions of measurement is given in Table I. The relation between
the observed score Y, and the true score m, is specified by the measurement
model:

Yo =mp+ &p, (6)

where Y, and m;, indicate the values of observed and true scores for the p th
individual (p =1, ..., 500, as a sample size of 500 is used in this example) at
the time ¢; (for discrete times 4, &, . . . , t5) and where ¢, denotes the error of
measurement in Y, at time ;.

The corresponding correlation matrix for the Y; in Table II displays the
typical properties of a simplex correlation structure with the correlations
decreasing for elements farther away from the main diagonal (and with nearly
equal elements along the subdiagonals). Furthermore, Table II is similar to
correlation matrices obtained in large-scale longitudinal studies of student
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TABLE 1
Observed Score Covariance Matrix
Yl Yz Y3 Y‘ YS
Y, .619
Y .453 .595
Y, .438 .438 .587
Y, 422 .430 .438 .595
Ys .406 422 .438 453 .619
TABLE II
Observed Score Correlation Matrix
Y1 YZ Y3 Y4 Y5
Y, 1.000
Y, 746 1.000
Y, 727 741 1.000
Y, .695 .723 741 1.000
Ys 656 .695 727 746 1.000

achievement (cf., the ETS Growth Study data in Werts & Hilton, 1977,
Table 1), both in structure and in the magnitude of the correlations.

The covariance matrix in Table I was not generated using Equations 1 and
6. Instead, the example was generated by the constant rate of change model
in Equation 3. (Appendix A provides the details of the construction of Table
I using the constant rate of change model.) Also, covariance matrices having
structure identical to the example in Table I are easily constructed for col-
lections of exponential growth curves having the form of Equation 5. Thus, the
key features of our example are not limited to the particular case of the
constant rate of change model in Equation 3.

Examining the Example with LISREL

The correlation matrix in Table 11 appears to the eye to conform excep-
tionally well to a simplex structure. A more powerful scrutiny of the example
may be obtained by using covariance structure analysis to fit a simplex model
to the example. A quasi-simplex structure for the observed-score covariance
matrix posits that the true-score covariance matrix has a simplex structure.
Equations 1 and 6 constitute a specification of the quasi-simplex model, which
can also be represented by the “‘path analysis” diagram in Figure 1 of Joreskog
(1970a) or in Figure 3.5 of Joreskog and Sérbom (1981). The exact specifica-
tion of the covariance structure that is fit to the observed score covariance
matrix in Table I is given in Appendix B.
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