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Abstract

This dissertation deals with three closely related topics of the lasso in addition to supplying
a comprehensive overview of the rapidly growing literature in this field.

The firs part aims at improving the lasso to attain smaller predicton error while si-
multaneously keeping the model sparsity. We propose the data-augmented weighted lasso
(DAWL) to make a natural combination of the lasso and other estimators like ridge re-
gression. We investigate the data-augmentation starting from the ridge’s nature in solving
the singularity problem which successfully explains the reasonability of the elastic net, and
from a non-asymptotic study of the lasso’s variable selection which describes the roles of
different parts of the Gram matrix played in lasso estimation and selection. A robust data-
dependent scaling and a ‘ranged lasso’ are proposed to augment both the regression matrix
(nondiagonally) and the response vector. In the discussions of weights, we prove a sharp
oracle inequality for the weighted lasso in the orthogonal case, and propose z-value based
weights with good asymptotics. Simulations show the advantages of DAWL in test error
and sparsity.

The second topic is the study of a generic sparse regression problem with a customizable
sparsity pattern matrix, motivated by, but not limited to, a supervised gene clustering
problem in microarray data analysis. The ‘clustered lasso’ method is proposed with [1-type
penalties on both the coefficients and their pairwise differences. Somewhat surprisingly, it
shows a quite different behavior than the lasso or the fused lasso; the granted power of the
l1-penalty to approximate the ly-penalty seems specious in this situation. This leads us to
a theoretical study of the power and limitations of the [1-penalty in the genera framework
of sparse regression. We then discuss how to combine data-augmentation and weights
to improve the naive [1-penalty. To attack the challenging computation problem in high-
dimensional space, we successfully generalize an iterative algorithm for solving the lasso and

develop a novel accelerated ‘annealing’ algorithm with theoretical justifications. It applies

iv



to any sparse regression like the fused/clustered lasso, and can handle a large design matrix
as well as a large sparsity pattern matrix with apparent ease.

In the third part, we discuss a class of thresholding-based iterative selection procedures
(TISP) for model selection and shrinkage. People have long before noticed the weakness
of the convex lj-constraint (or the soft-thresholding) in wavelets and have designed many
different forms of nonconvex penalties to increase model sparsity and accuracy. But for
a nonorthogonal regression matrix, there is great difficulty in both investigating the per-
formance in theory and solving the problem in computation. TISP provides a simple and
efficient way to tackle this so that we successfully borrow the rich results in the orthogonal
design to solve the (nonconvexly) penalized regression for a general design matrix. Our
starting point is, however, the thresholding rules rather than the penalty functions. Indeed,
there is a universal connection between them. But a drawback of the latter is its non-unique
form, and our way greatly facilitates the computation and the analysis. In fact, we are able
to build the convergence theorem and explore the theoretical properties of the selection and
the estimation via TISP nonasymptotically. More importantly, a novel Hybrid-TISP is pro-
posed based on hard-thresholding and ridge-thresholding. It provides a fusion between the
lp-penalty and the lo-penalty, and adaptively achieves the right balance between shrinkage
and selection in statistical modeling. In practice, Hybrid-TISP shows superior performance

in test-error and is parsimonious.
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Chapter 1

Introduction

1.1 Lasso

Shrinkage methods are attractive in modeling and predictive learning because they offer
continuous shrinkage with small generalization error, and they are usually easy to solve in
practice. Among them, ridge regression and the lasso [50] are the most basic and popular
ones. Both minimize a penalized likelihood function which is convex. Aside from the OLS
fitting term, ridge regression imposes an lo-norm constraint for all the variables, while the
lasso (or basis pursuit [17] in the context of signal processing) uses an [j-constraint.

The lasso draws people’s particular attention because it provides an efficient and smooth
way for variable selection, thereby achieving a sparse solution. Although in the orthonormal
case it is well understood and has elegant theories [20, 5, 14], its shrinking and thresholding
are not direct and clear enough for a general regression matrix, and it suffers some prob-
lems in selection and estimation [62, 15, 60]. In addition, the nonsmooth I1-penalty poses
challenges in both fast computation for high-dimensional data and theoretical analysis of
its performance. There has been a large and rapidly growing body of literature for the lasso
studies in the past three years. We classify these references into three categories and give a

brief overview as follows.

1.1.1 Theoretical explorations

Let y be the response vector, and X the design matrix of size n-by-p. Suppose y = X3 +¢,
and the noise is Gaussian, i.e., € ~ N(0,0%I). We would like to recover 3 under the sparsity

assumption. It is no wonder that this variable selection problem, an [g-norm optimization



CHAPTER 1. INTRODUCTION 2

indeed [19], is NP-hard [1]. The lasso amounts to solving

min ||y — X B3 + Al Bl

where A is the regularization parameter. Although it is intuitive that the /{-norm provides
a convex approximation to the lgp-norm and is itself nonsmooth at zero, it remains an
interesting and meaningful topic in theory to what extent the lasso can help us identify the
relevant variables and estimate their coefficients accurately.

Meinshausen & Buhlmann [37] and Zhao & Yu [60] are among the first to notice that
the lasso selection is not always consistent, in contrast to traditional all-subset methods.
The sufficient and the necessary conditions for sign-consistency are formalized as the irrep-
resentable conditions in [60]. Without going into the mathematical details, if the relevant
predictors are highly correlated with the irrelevant ones, we can never expect the lasso
to be sign consistent. Wainwright [53] obtains sharper bounds for the sparsity recovery
probability under the (strong) irrepresentable condition.

The theoretical study of the lasso estimation was initiated by Knight & Fu [34], with
p fixed and n — oco. Numerous asymptotic results then arise in this simple setting, e.g.,
Zou [61] and Yuan & Lin [57]; a useful notion here is the oracle procedure proposed by Fan
& Li [26]. They are all referred to as fixed p discussions. Although this setup is classical and
greatly simplifies the analysis, the “large p, small n” case draws more and more attention
because the lasso is a popular technique when p > n, say in the microarray data analysis.

Large-p or nonasymptotic lasso theories are very technical. Candes et al. [15], Donoho
et al. [19], in the context of signal processing, notice the importance of stable recovery for
p > n and derive recovery bounds in a non-random setup (for noiseless signals and noisy
ones). Bunea et al. [13] establish sparsity oracle inequalities for the I estimation-loss and
the prediction-loss with large probability in a general nonparametric framework. These
results are strengthened in Bickel et al. [8] where a simultaneous analysis of the lasso and
Dantzig selector [16] is accomplished. Under certain conditions (weaker than the irrepre-
sentable condition), Meinshausen & Yu [38] obtain the lo-consistency of the lasso estimator.
This indicates that although the lasso may not recover the correct sparsity pattern, under
relaxed conditions, it still distinguishes between the truly zeros and the truly nonzeros with
a separation zone, and all important variables (with sufficiently large coefficients) are se-

lected with high probability. This point is supported by Zhang & Huang [58], where a deep
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and systematic study regarding lasso’s sparsity and bias is performed, and the rate consis-
tency is eventually established for lasso. Nevertheless, all of these complicated theories are
attained under some strong assumptions on the Gram matrix X7 X, such as the mutual
coherence [19] and its variants [15], incoherent designs [38], the sparse Riesz condition [58],
and the restrictive eigenvalue assumption [8]; in some sense, the design matrix cannot be
too far from orthogonal to reach meaningful conclusions. These different assumptions make
it difficult to compare the theoretical results with each other, and they also seem to be

restrictive in applications.

1.1.2 Computational algorithms

Although the [{-penalty results in a simple soft-thresholding for an orthogonal X, the lasso
solution has no closed form for a general design matrix. In the original lasso paper [50],
Tibshirani used a quadratic programming method to solve it, after transforming the [;-
constraint into 2P linear constraints. Another popular idea is to treat the lasso as an
iterative ridge regression and thus iterative reweighted least-squares (RWLS) can be used
to get the estimate. Unfortunately, neither is fast enough in practice.

Later, more efficient procedures are proposed, including the homotopy method (Osborne
et al. [42]), the well known LARS (Efron et al. [22]), and a recently re-discovered iterative
algorithm (Friedman et al. [27], Wu & Lange [55]). Both of the first two exploit the piecewise
linearity of the solution path. In particular, the least angle regression requires only p steps
to get the entire set of solutions, the computation of which is of the same order as OLS.
(Note that, however, the least angle solution path may not be identical to the lasso path;
LAR solves a different yet similar problem.) We put more emphasis on the story of the
last method which appears relatively new, but has, in fact, been proposed several times
in different forms in history [28, 49, 18, 27, 55]. The procedure is amazingly simple, but
surprisingly, according to Friedman, Hastie, & Tibshirani [27], it is “ -

with the LARS algorithm, probably the fastest procedure for that (lasso) problem to-date”.

- wvery competitive

Fu, in 1998, proposed the shooting procedure [28] for solving the lasso problem. His
design is by taking the limit (theoretically) of the bridge estimator, which can be solved
via a modified Newton-Raphson method, as its power index drops to 1. (However, the
convergence proof (see Theorem 3 [28]) is incomplete.) The algorithm did not attract much
attention at that time and was rediscovered (in vector form) in the field of mathematics in

2004 [18]; Daubechies et al. proved beautiful theoretical results on its convergence, covering
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the large p case, in a general functional framework. It is worth mentioning that this theo-
retical achievement is considerably stronger than an ‘every accumulation point’ argument
as we often seen in algorithm analysis (e.g., [7]). However, the authors did not pay much
attention to its practical use (probably due to the fact that the convergence speed can be
as slow as the Landweber iteration [24] for a small penalty value). Therefore, although this
theoretical analysis makes a perfect practice of Browder’s and Opial’s classical works [12, 41]
in pure mathematics, the algorithm was ignored, again, in the real world.

It is worth pointing out that, in statistics, we care about computing the entire solution
path for tuning purposes, but not just a single solution for one A-value. Hence a pathwise
algorithm with warm start suits our needs and may facilitate the computation. Lately,
Friedman et al. [27] and Wu & Lange [55] both derive this iteration from the point of
view of coordinate optimization, and explicitly apply the pathwise algorithm to large data
problems. They demonstrate its amazing performance in terms of the computation time

compared to the homotopy method and LARS.

1.1.3 Variants and improvements

Various extensions and modifications to lasso have been proposed in the past three years.
Some important variants in the statistics literature are the fused lasso [51], designed for
problems with features that can be ordered, and the grouped lasso [56] and its CAP gen-
eralization [59], which can be used for naturally grouped predictors, such as the dummy
variables introduced for a multi-level factor.

The Dantzig selector (DS) by Candes and Tao [16] is an important alterative to the
lasso. The authors prove impressive oracle inequalities under the UUP condition. DS is
computationally feasible since it reduces to a linear programming problem. However, its

solution path is often jittery and does not show better performance than the lasso [23].

There have been many different ways suggested to improve the lasso in both variable
selection and prediction accuracy. For example, to combine the strengths of lasso and
ridge, Zou & Hastie propose the elastic net [62], which adopts a linear combination of the
l1-penalty and the lo-penalty, while Owen designs a novel convex ‘Berhu’ penalty [43] with
concomitant scale estimation to replace the naive (7.

As an example of the two-stage methods, the adaptive lasso by Zou [61] uses the OLS

estimate to construct a weighted [1-penalty in fitting the model to bring more sparsity. The
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nonnegative garotte [11] is closely related to it. A recent advance is the one-step SCAD [63]
with the weights constructed from the OLS estimate via nonconvex penalty functions. Al-
though in the fixed p setting the adaptive lasso is an oracle procedure asymptotically, its
weight construction in the large-p situation remains a challenging problem both in theoret-
ical analysis and for practical use.

Noticing that the lasso utilizes the same parameter for model selection and shrinkage,
Meinshausen proposes the relaxed lasso [36] which introduces two tuning parameters to con-
trol the amount of shrinkage and the selection. It takes the plain lasso and the LARS-OLS
hybrid [22] as two extremes. A further improvement is the VISA proposed by Radchenko
& James [44].

1.2 Outline

Chapter 2 discusses data augmentation and weights to improve the lasso by making a natu-
ral fusion of the lasso and any other estimate. One motivation for data-augmentation is from
ridge regression which solves the singularity problem, and this starting point successfully
explains the reasonability of the elastic net and significantly generalizes it. Another motiva-
tion is from our nonasymptotic results about how the lasso can solve the sparsity problem,
which describes the roles of different parts of the Gram matrix played in estimation risks and
sign consistencies. To augment the regression matrix and the response vector, we introduce
a safe data-dependent scaling against poor estimates, and a ‘ranged lasso’ with consistently
small test errors. In the discussions of weights, we prove sharp oracle inequalities for the
weighted lasso in the orthogonal case, develop scale invariant estimation procedures, and
propose a z-value based weight construction with good asymptotics. Simulations show the

advantages of this data-augmented weighted lasso (DAWL) in test error and sparsity.

Chapter 3 studies a generic sparse regression problem with a customizable sparsity
pattern matrix, motivated by, but not limited to, a supervised gene clustering problem in
microarray data analysis. The ‘clustered lasso’ method is proposed with [;-type penalties on
both the coefficients and their pairwise differences. Somewhat surprisingly, it shows a quite
different behavior than the lasso or the fused lasso; the granted power of the [1-penalty to
approximate the [g-penalty seems specious in this situation. This leads us to an asymptotic

study of the power and limitations of the [;-penalty in sparse regression. We then discuss
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how to combine data-augmentation and weights to improve the naive /;1-penalty.

In the second part, we consider a computation problem. Recently, an iterative algorithm,
simple but fast, was rediscovered to solve the lasso. We successfully generalize it both in
practice and in theory and propose an ‘annealing’ algorithm which applies to the generic
sparse regression (taking the lasso and the fused lasso as special cases). Some effective
accelerating techniques are further investigated to boost the convergence. The accelerated
annealing (AA) algorithm, involving only matrix multiplication and thresholding, can han-

dle a large design matrix as well as a large sparsity pattern matrix with apparent ease.

Chapter 4 discusses a class of thresholding-based iterative selection procedures (TISP)
for model selection and shrinkage. People have long before noticed the weakness of the
convex [-constraint (or the soft-thresholding) in wavelets and have designed many different
forms of nonconvex penalties to increase model sparsity and accuracy. But for a nonorthog-
onal regression matrix, there is great difficulty in both investigating the performance in
theory and solving the problem in computation. TISP provides a simple and efficient way
to tackle this so that we successfully borrow the rich results in the orthogonal design to
solve the (nonconvexly) penalized regression for a general design matrix.

Our starting point is, however, the thresholding rules rather than the penalty functions.
Indeed, there is a universal connection between them. But a drawback of the latter is its
non-unique form, and our way greatly facilitates the computation and the analysis. In fact,
we are able to build the convergence theorem and explore the theoretical properties of the
selection and the estimation via TISP nonasymptotically.

More importantly, a novel Hybrid-TISP is proposed based on hard-thresholding and
ridge-thresholding. It provides a fusion between the [g-penalty and the lo-penalty, and
adaptively achieves the right balance between shrinkage and selection in statistical model-

ing. In practice, Hybrid-TISP shows superior performance in test-error and is parsimonious.

Chapter 2, Chapter 3, and Chapter 4 are based on three technical reports [45, 46, 47],

respectively.



Chapter 2

Improving Lasso:

Data-augmentation and Weights

This chapter aims at improving the lasso to attain smaller predictor error while simultane-
ously keeping the model sparsity. We propose the data-augmented weighted lasso (DAWL)
to make a natural combination of the lasso and other estimators like ridge regression. Sec-
tion 2.1 investigates the data-augmentation, starting from the ridge’s nature in solving the
singularity problem, and from a non-asymptotic study of the lasso’s variable selection. We
introduce a data-dependent scaling and a ‘ranged lasso’ to do the augmentation in both
the regression matrix and the response vector. Section 2.2 discusses the weights. We prove
a sharp oracle inequality of the weighted lasso in the orthonormal case, and study dif-
ferent weight choices, where a z-value based weight construction is proposed with good
asymptotics. In Section 2.3, a practical and important issue is addressed — the multiple
regularization parameter search; simulation results are also reported. The technical details

are left to the end.

2.1 Data Augmentation

2.1.1 Two basic problems and ridge regression

Shrinkage methods, such as ridge regression and the lasso [50], are widely used in statistical

estimation. Generally, they help solve two different types of problems in regression: (a) the
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Singularity problem and (b) the Sparsity problem.

The singularity problem occurs when the n-by-d input matrix X does not have full
column rank (numerically), especially when n < d, whereas the sparsity problem is posed
by the additional requirement of the solution to be sparse, which is often meaningful both
in practice and in theory when the dimensionality is high.

The lasso is mainly intended to solve the sparsity problem. Although it can sometimes
alleviate the singularity (when n < d), the lasso can not guarantee to remove all the
singularity, say, caused by highly correlated columns of X = [x1,--- ,x4]. This is exactly
the starting point of the elastic net [62] (or eNet, for short, in this chapter).

Ridge regression, on the other hand, perfectly solves the singularity problem. In fact,
if seen as a way to overcome the singularity problem, the ridge can be thought of as a
data augmentation technique, and it does not have to shrink all coefficients towards 0. We
use X — y to denote the regression problem with X as the input matrix, and y as the
response vector. Then the ridge regression (or the modified ridge regression), instead of

solving X — 1y, considers the problem of

)]

VAT helps to decorrelate the columns of the design matrix, and thus solves the singularity
problem. The ‘X’ part is not necessarily 0, although it is often so. For example, a simple
choice is VAB,qp With 3,4, = [xly/(z] x;)] Jx 1 the univariate estimate. In fact, follow-
ing this idea, we can give the eNet (the corrected version) [62] a simple interpretation, one

that explains why an extra factor should come in compared to the naive eNet.

In [62], noticing the weakness of the lasso in solving the singularity problem, Zou and
Hastie therefore introduced the naive eNet as a combination of the lasso and ridge regression
by imposing both an l; penalty and an lo penalty. Furthermore, to guard against double
shrinkage, they designed an empirical way to improve the naive eNet estimate by multiplying
it by a factor of 1 4+ A\ (see Section 3.2 of [62] for more details). The final eNet estimate,
according to Theorem 2 of [62], is defined to be

~ (eNet) BT xX'x + oI

. T
B = arg min W B —2y" XB+ MBI (2.2)
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for given A\j, A2, assuming &l x; = 1 for i = 1, ,d. We can prove the following result.

Theorem 1 Given A, Ay > 0, define

2

+ M8l (2.3)
2

B, A, = argmin

Yy B X
Ve XTy VoI &

Then ,(Ai)\h)\z) = Bgﬂh
2
See Section 2.5 for the proof.
Moreover, since the eNet used a search strategy of first choosing a grid of values for
A2, then searching over the Ai-space for any fixed A2, our best 'B/\T:AS based on (2.3) gives

exactly the eNet estimate. In short, the eNet solves the lasso regression of

X Y

with 8,4, = [xly/(x]x;)] Jx1» the univariate estimate. Accordingly, the design of the
eNet can be viewed as a special case of applying the data augmentation technique to solve

the singularity problem.

2.1.2 Lasso’s variable selection

In addition to the above study of ridge regression and the singularity problem, there is
another important motivation for data augmentation based on how the lasso can solve the
sparsity problem, which is often neglected. The lasso is known to be a convex approximation
of lg-constrained variable selection problem. But it is legitimate to ask when this is true
and how good the approximation is. To get a taste of its performance, we give a simple
nonasymptotic theorem.

Given the input matrix X = [z, , x4, observe y = X3 + € with X = [X 1, X o],
5= By

2
and B, B4 are of size di x 1,da x 1, respectively, and n, di, d2 > 1. The goal is to estimate

],Bl =0, and € ~ N(0,0%I), where X, X1, X5 are of size n x d,n x di,n x da,
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the sparse 3. Let

s _ xTx — xTx, XTx, | Z Ze
xI'x, xTx, DIFID >

Assume for the moment that X has been column-normalized, that is, ac;fwz =1 for ¢ =
1,---,d, or s diagonal entries are all 1s. Introduce the sign function for any v € R%

sgn(v) = [sgn(v;)] 5 with sgn(v;) =1, —1, or 0 when v; > 0, < 0, or = 0, respectively.
Under these settings, we consider the performance of the lasso estimate B = [ gl ] =
2

argmin%Hy — X813+ \|8|)1 for any A > 0:

Theorem 2 Define 1,7 as the smallest eigenvalues of 31, X9, respectively, and r =
1I<n%}c<l |villa/V/da for X12 = [v1,---va, T, to control the magnitude of the entries in X1a.
<i<dy

Assume 7 > 0, 79 > dok.

1. Sign Consistency. First,

N 1
P(By #0) <1 (1 - 28(~M))" < 24y - (M), (2.5
1 Kkd - . . 1 _&2
where M = ~ (1 — T—;) A, ¢(+) is the standard normal density, i.e., (M) = Vori e
Moreover, assume (a; # 0,¥i = 1,--- ,d2, and L = %(ﬁQ-min][‘}Q\ - )\j% > 18
2
nonnegative, then
P(sgn(B) = sgn(B)) > [1 — 2B(—M)]" [1 — 28(—L)|*, (2.6)

where ® s the standard normal distribution.

2. Risks. Denote the individual risks of B1 and BQ by Ry and Ra, respectively, i.e.,
Ry = E||B; — 0|3, and Ry = E||By — Bsl3. Assume ¥ is nonsingular (and so
n > dy +dg). Then

o d1dy

d
— —— - Ri|. 2.7
AR R B @7
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On the other hand,

O'Zd% 1
R < —~(KaM + Ko~ )p(M), (2.8)
Ti M
14r2d3 /72 5
with K1 =6 - 7“7”2”2)22 , Ko = 6(1 — &Q—dldz) . in which we assume k2 - 492 < 1,
<1—/~;2M) T1T2 T1T2
7172

See Section 2.6 for its proof.

This theorem describes the performance of the lasso by giving explicit bounds for any
finite (n,d1,ds), and states the different roles of 3, 39, and X1 in terms of 71, 72, and k&,
respectively. We can see that both R; and Rs are monotonically increasing functions of
1/71,1/m2,and k. And the size of k is especially important.

There are many theoretical results [34, 15, 19, 53, 60, 38, 61] regarding the lasso’s
performance. Our motivation for developing this theorem in a nonasymptotic sense is to
identify important and intuitive factors in the lasso selection and find ways to improve it. To
assure the lasso is effective, we should have, at the minimum, good control over P(ﬁl # 0)
and Ry. Reducing x to have X1 Xy approximately true is one way. Indeed, a very small
k can help reduce Ry and Ry, and weaken the interference of X (3;) in Ry or X2(32) in
Ry, such that the lasso risks R; and Ry are primarily determined by 7 and 75 separately,
in addition to an extra A-contribution. As an interesting example, consider d; = 4,

1 0.99(1-17) +0.011 0.01(1 - 17)

= : 2.9
0.01(1-17) 0.1(1-17)+0.9I | (29)

and B = [0,0,0,0,3,3,3,3]7. The lasso still works well here since & is pretty small.

Our theorem assumes a:ZT:B, =1fori=1,---,d for notational simplicity, yet it conceals
the role of the sample size n. In fact, if diag(XTX) < 02,2, that is, the lo-norms of columns
of X are no greater than o,,,,, we only need to replace the 3, B, A, and X in Theorem 2
by B omaz, B  Omazy N Omaz, and X /omaq respectively. For example, if X is normalized
to have column l3-norms equal to y/n, which is often convenient in the asymptotic setting

of n — oo, then for B = argmin 1|y — X B3 + A||B]l1, = should be defined as %XTX,



CHAPTER 2. IMPROVING LASSO: DATA-AUGMENTATION AND WEIGHTS 12

71, To, k are defined in the same way as before, but

1 Kkda\ A 1 ) A do

and (2.7), (2.8) become

2

3 [d A2 d dyd &2 1
{202+2+n2122 2ﬁ(K1M+K2—)¢(M). (2.11)
1

R2§7 2

n |1 n 7y 75

. TLR1:| N and R1 S M

In this way, we clearly see the contribution of the sample size n.
A suitable value of A\ should be chosen: it should not be too small from the bound for
Ry, and not too large, either, seen from Rs; the same is true concerning the sign consistency

bound (2.6). In fact, as a corollary, we have

P(sgn(B) # sen(8)) < 241 5-6(M) + 2y 7 o(L). (212

We can develop asymptotic results for A. Assume X is normalized such that its column
lo-norms equal y/n. Consider two special cases. (i) Suppose %XTX — C asn — oo,
but d;, B are fixed. Then under some regularity conditions we get: if A\(n)/y/n — oo and
A(n)/n — 0, then the lasso is sign consistent. This result coincides with other studies
like [34, 60]. Moreover, we know that under this condition, Ry — 0, Ry — 0 by (2.11).
(ii) Let dg, 3, fixed, n(t),di(t) — o0 as t — oo, and 1 — k(t)da/72(t) > some positive
constant for ¢ large enough. Then @ is sign consistent if dyp(M)/M — 0 and A\/n — 0,
which only requires n to grow faster than logd;! It also follows from the risk bound (2.11)
that if 3(¢) is nonsingular and 7y(¢) > ¢ > 0 for ¢ large enough, (and so n > d), then
M = \/2logd§ + (1+e)loglogdg ~ \/210g§ < V2logd; (for any e > 0) is sufficient to

ensure 1 — 0 under the regularity conditions stated in the theorem. From Donoho and

Johnstone’s work [20] in the orthogonal design, this also implies this risk bound can not be

improved significantly in general.

Regarding the sign consistencies, we find that our result is most similar to Wainwright’s
Proposition 1 [53], but more intuitive, and sharper in some sense: for example, in the
second situation (ii), our first condition says that M = y/clogd; for any ¢ > 2 is enough,
while [53] requires M?/logd; — co. The latter is incapable of giving the right rate, say, in

the asymptotic study of the optimal choice of A\ in wavelets [20]. Our non-asymptotic sign
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consistency results bound the p-values. For example, we all know that the lasso sets some
Bi’s to be exactly zero, say, Bl = 0, but we are also curious to learn and should report how
strong the belief is as in hypothesis testing; (2.5) provides an easy-to-compute bound for
the p-value of Hyp : 8, = 0 if we get Bl =0.

The risk results are new, although the classical work in the wavelet or orthonormal
case [20] about the risk oracle inequalities and the minimax optimality (in an asymptotic
sense) of A = v/2logn is well known. Candes et al. [15], Donoho et al. [19] derived recovery
bounds in a non-random setup — for either noiseless signals or noisy ones — where ||€||2
is bounded, mainly by use of a mutual coherence M £ mﬁx\Eij], or some other variants.
Mutual coherence can be related to the minimum eigenvahllejof 3 Apin(X) > 1—(d—1)M;
this needs M < 1/(d — 1) to be meaningful, which is sometimes too restrictive for M. And
the analysis by a global mutual coherence is more or less rough and can not differentiate
between the roles of the different parts in 3. Consider the previous example (2.9) again:
the lasso estimate is good with a suitable A though the mutual coherence is very high (0.99)

and 3 is nearly singular.

In summary, to ensure that the lasso plays a good role in variable selection, we must
reduce k. Again, data augmentation, say in the diagonal manner (2.1) with an additional
VAI below X, is an effective way. (Of course, assuming no prior information of the positions
of zeros in 3, we have to decorrelate the whole matrix X.) And by Theorem 1, the widely
accepted eNet is a special case. The problem is then to figure out what to put in the
augmented X, and more importantly, what to put in the augmented y since the true 3 is

unknown.

2.1.3 Augment X: Non-diagonal augmentation using data-dependent

scaling

First let’s study data augmentation in the eNet: , where Bindv =

X y
— ~
\/XI \/Xﬁindv
[cc,LTy / (w?wz)] Jx1- lgnoring the [y-constraint for the moment, we consider

2

A

B = arg min

R AL
\/Xléindv \/XI

2
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By the SVD of X: X = UDV7, the prediction § £ XB can be shown to be
g=(1+)\) - X(XTX + X)Xy Z dQH (uly)u;, (2.13)

where u = [u1,- -+ ,uq], D = diag{d;}%_,. (In comparison, §,s = >.(u! y)u;.) So when
d; < 1, the projection of y on w; is shrunk; when d; > 1, the projection on wu; is ex-
tended. The threshold value ‘1’ here is not data-dependent; we’d rather replace it by a

scale parameter. One way is to solve the following problem jointly
{gig\ly — XB)3+ B — 5Binavll3 st 18I < ¢,
or equivalently (optimizing over s),

Z Bmdv ZBz

2
IBindv
E indv,i

2

min [y — XB[3 + |8~ s.t. 1B < e

Introduce Z(3) to be a matrix constructed from the nonzero vector 3 in the following way

Z(B) &£ 1-p36"/|83.

Then the above optimization can be rewritten as

HEErmL
0 \/XZ(B'mdv)

In fact, assuming X has been column normalized, we know

2

min s.t. |81 < e (2.14)

2

Binaw = X Ty =(XTX)B+ XTe =28+ X",

which is not even consistent in the nonorthogonal case, so the introduction of s is necessary

and helpful, say, in the following example,
E:0.5(1-1T+diag{1})40X40, andBl=|2 ... 2. 0 - 0 ]

as Test 4 in [50]. To the best of our knowledge, this non-diagonal way of data-augmentation
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(2.14) is novel. And the test results in Section 2.3 show an improvement brought by this
scale parameter.

It is worth pointing out that in decorrelating the columns of the regression matrix,
Z(Bipgy) = I — Bmdv,é;dv/\\,émdvlg is singular: its eigenvalues are 1 with multiplicity

d — 1, and 0 with multiplicity 1; the eigenvector corresponding to 0 is Bingn/ || Bindull2-

[ ]

is rank-deficient if and only if the vector X ﬁindv is exactly 0. So generally speaking, the data

However, the whole input matrix

augmentation of (2.14) still helps to solve the singularity problem. (The same is true for a
general Baug in (2.15) below.) And it is easy to see this data-dependent way is more robust
since we do not blindly use all the information provided by 3,,,4, do the data-augmentation
— in fact, we do not have to because of the tuning from the regularization parameter A,

and this one degree of freedom is saved in the construction of Z.

2.1.4 Augment y: Ranged lasso

In general, we can replace 3 by some more accurate estimate 3,,, (such as 8,,4,.) in

indv

the following way for data augmentation:

(o)Lt |
0 \/XZ(Baug)

Hereinafter, denote the augmented y and the augmented X by 4 (or 4,), X (or X3),

2

min s.t. [|B]h < e (2.15)

2

respectively. With no knowledge of how accurate ,3 is, we still do the scaling because it

aug

is a safe and robust choice against poor estimates.
A typical choice of ,Baug might be the ridge estimate Bm»dge. However, according to

our experience, 3 is not really a good estimate all the time. For example, in the

ridge
experiments carried out in Section 2.3, ridge regression hardly achieves a small test error.

Another disadvantage is B is not sparse at all, and it may seriously hurt the sparsity

ridge
of the final estimate. Correspondingly, an estimate with consistently small test error (and

better some sparsity) is preferred in augmenting the data. In our experiment, a ‘ranged
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lasso’ estimate is used:

Br-tasso = arg (minly — X B3 + AIBJ st max8—minB < c) (2.16)

where max 3 £ 1H§1?§Xdﬁi’ min 3 £ 1lélii£ldﬁi. The range constraint, sort of like ridge regression,
limits the expansion of the estimate.

In the orthogonal case X7 X = I, where we may write ||y — X85 as |8 — B3 in
(2.16) with 3, known, by the KKT conditions, evaluating Br—lasso is a combined process of
the lasso and max B/ min 8 auto-clustering (see Figure 2.1): (i) It does the lasso shrinkage
and thresholding first on B,,, the result denoted by B;,.s0; (ii) Given bounds a < b, set all
Blasso,i less than a to be a, and all Blasso’i greater than b to be b — denote the total amount
of change by Aj(a) and Ay(b), respectively; (iii) Starting from a = —o0,b = 400, move
a,b towards each other until Aj(a) = Az(b) and the range constraint is satisfied. Section
2.7 gives a KKT argument for this. In the non-orthogonal case, the clustering and the
thresholding are still present, but can not be clearly separated, and the range constraint
has a complex shrinking effect. An empirical search strategy of how to choose the two
regularization parameters in the ranged lasso is given in Section 2.3.

Surprisingly, the ranged lasso often shows superior performance in test error even in the
case of true B not having big max/min clusters, compared to the usual estimates (lasso,
ridge, DS [16], and also eNet). Although the solution is sometimes not sparse enough, it at
least offers a competitive alternative to the ridge estimate in some sense.

Replacing Bindv by a more accurate estimate like Br_lasso is a promising way to attain

smaller test error than eNet, but it is also more expensive in general. Finally we point out

that our data augmentation technique (like (2.14) or (2.15)) applies to the situation n < d.

2.2 Weights

The data-augmented lasso offers a natural way to fuse Blasso and ,Baug (such as BTidge)'
But it can hurt the sparsity sometimes (due to the fact that we often use a not-so-sparse
Baug). That the sign consistency results of Theorem 2 have nothing to do with 7 suggests

another way, aside from data augmentation, to reduce k: rescale the columns of X before

D
carrying out the lasso. Imagine we could replace X by X D = [ X1 Xs } . [ ! D ]
2

with Dy = diag{0} = 0, Dy = diag{1} = I. Then X5 would become D X? X,D,, and
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oo
oo

o

e—o0
oo
oo

o—e
o—e

o—e
o—e
o—e
o—e
o

(a) The lasso process (b) Max/min clustering

Figure 2.1: Ranged lasso process in the orthogonal case. The first stage, as shown in (a), is the
lasso process, in which the observed 3, (black circles) is moved to 3;,,,, (red dots). Then, in

(b), max/min clustering is carried out on 3;,,,, (red circles) to get the final ranged lasso estimate
Bi-1asso (blue dots); in this stage, the upper bound b and the lower bound a determine the amount
of changes at two ends, denoted by A; and As, respectively. And we have A; = As and b—a =c¢
in the end.

# would be 0, indicating that we would have good control over P(3; # 0) and Ry (even if
71 would be 0).

Let’s consider a naive example with X = Iavo, B8 = [B1,/]7, B1 > 0, 2 = 0, and
y = X3 + €. See Figure 2.2. In Figure 2.2a, we use a simple [; constraint, corresponding
to some [1-balls that are square. But considering the position of the observation y, we may
want to try parallelograms instead as shown by those transformed polytopes in Figure 2.2b.

It is clear that the transformed polytopes in Figure 2.2b, by borrowing some information
from y, make more sense than the /;-balls in (2a). It helps us get an estimate with both
sparsity and good fit. In this section, we shall consider the weighted lasso as follows, with

weights {w;} constructed from both X and y:

min |y — X835 st. > wilBi] <e. (2.17)

We notice that this is exactly the same idea Zou proposed in [61], where he calls it the
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L1-balls
/ Transformed
polytopes

. < .
Ny \"\ y

N\ N\

true true p

(a) Lasso (b) Weighted lasso

Figure 2.2: The lasso vs. the weighted lasso. This is a naive example in two-dimensional space, with
y (big red dots) being an observation of 3 (blue crosses), contaminated with noise. We give three
examples of the constraint value, corresponding to three L1-balls and three transformed polytopes
in (a) and (b), respectively. So an estimate (small black dot) would be the point closest to y that
lies in the corresponding squared L1-ball or parallelogram. It is clear that the estimates in (b) are
sparser and more accurate than those in (a).

adaptive lasso and uses the OLS estimate construct the weights.
The weights {w;} are not something unfamiliar to us. In fact, the usual way of normal-

izing the columns of X before applying the lasso is equivalent to (2.17) with
w; = wlsz £ ;. (2.18)

(This w; does not depend on y.) The weighted lasso can be attractive because a set of good
weights has the advantages of (i) increasing the sparsity of B, and (ii) reducing the biases
for large Bi’s.

Take the orthogonal case for an illustration. Suppose X7 X = I, and so Bindv =XTy.
Set w; = 1/|Bindv.s|" with 7 > 0. Then the solution to min Hly — XBl3+ A wilBi] is

Bi = Bindvi — —=————sgn(6:), (2.19)

= on
|B7Lndv,i |77
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where sgn is a simple notation — for the solution S, §gvn(ﬁz) takes the value 1, —1, or
Bindv,i/()\lﬁindv,i|_") when Bz > 0, < 0, or = 0, respectively (see Section 2.6 for details).
(2.19) reduces the bias of the lasso estimate, and takes soft- and hard-thresholding as two

extremes (corresponding to n = 0, co, respectively).

SCAD penalty (A=1, a=3.7) Transformed L1 penalty (\=2.477, b=3.7)

-5 0 5 -5 [ 5
3 3

(a) SCAD penalty (b) Transformed L1 penalty

Weighted lasso shrinkage (A\=1, n=1)
T

(c) Weighted lasso solution

Figure 2.3: SCAD penalty, the transformed L1 penalty, and the weighted lasso solution in one-
dimensional space.

The well known SCAD [5] and the transformed L;-penalty [39] also take soft- and hard-
thresholding as two extremes, by use of concave penalties (see Figure 2.3a, 2.3b. The
weighted lasso achieves the same goal (Figure 2.3¢), with no need to resort to local opti-
mization like the ROSE [5]. It is convex, and as simple as the lasso. Note that thresholdings
determined by (2.19) are not uniform in all coordinates, but the critical points :I:)\ﬁ are
the same.

Motivated by the above simple facts, we can get the oracle inequality for the weighted
lasso estimate 3 in (2.19).
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Theorem 3 Let \g = )\ﬁ/a. Then

BIB-BIE<(1+3)-3 mi ( Sy ) (2.20)

1

for any Ao > 1. Consequently, when Ao = v/2logn,

EIB - B2 < (2logn + 1) (

+) " min(g; > (2.21)

Vmlogn
for any n > 2.

As a matter of fact, (2.20) holds for any estimator B bounded by the soft- and hard-
thresholding estimates with threshold value Ago. A proof is provided in Section 2.8, where
we strengthen Donoho and Johnstone’s risk result for hard-thresholding in the nonasymp-
totic situation. A comparison with the oracle bound obtained by Zou [61] is given at the

end of this section.

Next we consider the case when X is not orthogonal. First define the scale invariant
property for a given estimating procedure P, or an estimate ,3 = P(X,y): If X is replaced
by X - 8, where S is any diagonal matrix diag{s;}¢_, with s; # 0 (but can be negative),
then the estimate 3 changes to S~!3. It is easy to verify that 8,4, By (if it takes a
consistent form when it is not unique), and the lasso (2.17) with w; o o; are such examples.
But how can one construct a scale invariant procedure in general? Suppose we have an

estimate ,@ for our problem X — gy that is scale invariant. Then we see that for any

wts

n > 0, the weighted lasso (2.17) with
o | Buts,il o, " (2.22)

is also scale invariant. Moreover, under the assumption, it is easy to show this weighted
lasso can be obtained from the following implementation: (i) Column-normalize X to get
a new design matrix X’ = X S, with its column ls-norms equal to each other; here, the
diagonal entries of S are required to be positive; (ii) construct the weights {w}} for the
regression problem X' — y, the corresponding weighted lasso estimate denoted by B/' (iii)
let 3 = .S',B Clearly, w} o ]B

wts z‘

corresponds to the weights constructed in (2.22). As

a matter of fact, it is not hard to see that this 3-step procedure is always scale invariant as
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long as w; are constructed from the regression problem of X’ — y. We adopt this scaling
procedure for the lasso problem, and thus only need to focus on the second step, which can
be combined with step (i) in implementation.

The choice of B

uation. Our experiences show that the weight technique has limited improvement in test

wis 18 crucial to applying the weighted lasso in the non-orthogonal sit-

error unless 3,,, is exceptionally accurate.

Now combining weights with the data augmentation technique, we obtain the general

form of data-augmented weighted lasso (DAWL). For the weighted version of (2.15), i.e.,

HEE=WL
0 VAZ(Baug)

to be ,é'
(remember that X y has full rank in general). In all of our experiments, the power index 7
in (2.22) is fixed at 1.

Sometimes the penalization according to the size of | Bwts,i] is not enough: if var([;‘wt&i)

2

min

st > wilBi <, (2.23)

2

we may put 3 or the OLS estimate of the augmented problem X, — N

wts aug’

is relatively large, we have good reason to shrink §; to benefit from the bias-variance trade-

Bwts,'i
Se(ﬁwts,i) ’

A . A . s
£ z; to construct w; as an alternative of [yus, if the standard errors se(Syts,q)

off. To incorporate this standard error information, we may use the z-values or

M
\/ﬁse(ﬁwts,i)
are available (for nonzero [yts,i). It makes sense as z; is a statistical measurement of how

confident Bwtm is from 0, taking its randomness into consideration. This way penalizes
based on the significance of ,Bwts, but not its absolute value. It shrinks ,BZ if we meet a

or both.

A

relatively small B or a large var(8

wts,i? wts,i)v

Since the w;’s are now dependent on both X and vy, they are random, and nonasymptotic
bounds like Theorem 2 are more difficult to obtain. Recently, Zou [61] shows (i) good
asymptotic properties of it with d; fixed and n — oo (the classic setup), and (ii) oracle
inequalities in the orthonormal case. Due to an error made in the derivative calculation of

the weighted estimator, his oracle bound in Theorem 3 should be

2
. 2 92 g
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with the first factor being (2logn + 5+ 47) instead of (2logn + 5+ 4/n), which diverges as
1 goes to infinity. This bound is weaker than ours as shown in Theorem 3. This is because
Stein’s lemma does not handle well the oracle bound for an estimator very close to hard
thresholding, since the hard-thresholding function is not weakly differentiable. (See the
comments at the end of Section 2.8 for details.)

In the same asymptotic setup with only n growing to infinity (see Section 2 of [61] for
details), we can show that, although z is not a y/n-consistent estimator to 3, the z-value
based weights w; = |z;|~" enjoy exactly the same oracle properties of Theorem 2 in [61],

because Zou’s Theorem 2 can be easily generalized to any sequence z(n) satisfying:

where a, — oo, 7 is a constant vector with |sgn(vy)| = |sgn(3)|; and w; = 1/f(|z;|) where
f(t) = t"(n > 0), te!, and a%(O < a < 1), are all valid choices. (The proof follows the
same lines as [61] and is omitted. A much more general result regarding weights is given in
Chapter 3, or see She [46].)

This result implies that z(n) does not need to be an estimator of 3. It can be used to
justify the use of z-values in weight construction, from an asymptotic point of view, and

provides a far more general way for weight construction.

2.3 Parameter Tuning and Numerical Examples

We did simulations to test the performance of the data-augmented weighted lasso (DAWL).
But before introducing our results, we must address a very important problem — the mul-
tiple regularization parameter search, which is inescapable to do regularization well in im-
plementation. Theoretically we should do a multi-dimensional grid search for all possible
combinations of regularization parameters, but quite often we can not afford this in the
real world. (Even if we could, there would still be difficulty in choosing the ‘best’ one since
there is a trade-off between test error and sparsity.) In this section, we look for an efficient
and effective empirical search strategy to get us a good solution with both small test error

and some sparsity.

1We treat the test error as a more important criterion than the sparsity in this chapter.
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2.3.1 Regularization parameter search

Either the problem of data-augmented lasso (2.15), or its weighted version (2.23), or the
ranged lasso (2.16) is involved with two regularization parameters. So an effective search
strategy is necessary in implementation. In fact, in the case of multiple regularization
parameters, the parameter search seems to count a lot in determining an algorithm’s
practical performance at least as much as, if not more than, the penalty type. Without
a proper search scheme, we cannot make a sincere judgement on an algorithm’s power. We
discuss the problem in this subsection and give an empirical alternate search after reviewing
existing approaches. In the following discussions, we assume there is always a validation
dataset available besides the training data.

The fused lasso [51] and the eNet also have two regularization parameters, and the same
search problem. In the eNet, the parameter search is done in the following way: (i) pick a
small grid of values for one parameter; (ii) fix this parameter at any of these values, and
search over the entire path indexed by the other parameter; (iii) choose the best combination
of the two parameters which gives the smallest validation error. Similarly, the fused lasso
picked a grid (un-evenly spaced) in the first step based on the approximately computed
degrees of freedom. In (ii), instead of fixing one and searching for the other, it moves along
a line in the parameter space in the direction (1,—2), which is made empirically (see [51]
for more details). Both the fused lasso and the eNet make use of the efficient LARS [22]
algorithm in generating the lasso path.

The difficulty of applying the eNet search is how to choose a small grid for the first
parameter which covers the potentially good values. In [62], the grid was made to be
[0,0.01,0.1,1,10,100]. It works for eNet most of the time because Bz’ndv is often not a
good estimate and the grid happens to focus on smaller values, which is, nevertheless, not

necessarily true for a general Baug in DAWL.

In tuning the regularization parameters for our problems, we do an alternative search for
two properly chosen regularization parameters. For example, for the ranged lasso problem

(2.16), instead of searching in the (A, ¢) space, we write it in the form of
min || 8]l + n(max 8 — minB) s.t. ly — XB[3 <,

and choose (7, d) to be the regularization parameters to do the search. Note in this way, the



error term and the sparsity penalty are separated, with one parameter in each. In the first
step, setting n = 1, we generate and search over the first path with respect to ¢ to find the
best solution (with the smallest validation error) at, say, 6(°). Next, fixing § at 6(°), search
along the n-path to get an optimal value 1(®) with the smallest validation error. Then, 7 is
fixed again, this time at 77(0) , to do the search over the d-path. Finally, we compare the
results from the 3 searches, and take (7, d) to be the one minimizing the validation error.
Similarly, for the weighted version of the data-augmented lasso (2.23), which can be put
as min|| gy, — X\8|13 s.t. w8 < ¢ (see (2.15) for the definitions of Xy, %)), we search
in the (A, c) space, and adopt the same search scheme, but run it twice with two initial
values 1, 50 (empirically chosen) for A. So six paths are generated and searched in total. In

the end we compare the results from them to get one with the minimum validation error.

2.3.2 Simulation results

We did experiments on 5 simulation datasets. Each contains training data, validation data,
and test data. The last three are from examples 1, 2, 4 in [50], or the first 3 examples in [62],
except that the validation datasize is increased to 100 in examples 3, 4 below.? As [62], we
use # =%/ -/ to denote the number of observations in the training data, the validation
data, and the test data. Let 3 be the correlation matrix in generating X, i.e., each row
of X is independently drawn from N(0,X). We use ({a1}™, - ,{ar}"™) to denote the
column vector made by ni ai’s, - - -, ni ax’s consecutively in the following examples.
Example 1. # = 50/100/200, d = 32, B8 = ({0}'Y, {4}°, {1}°,{-2}5,{-0.5}7), 0 = 5,
¥ = pll with p = 0.5.

Example 2. # = 40/80/80, d = 14, B8 = ({4}}, {2}}, {1}2,{0}°, {—1.5}}, {=3}!, {—4}!, {-6}1, {—12}!
M) 4 (@) @) a @)

i Yig i o0 i = max(i, j), o’ = max(d + 1 —14,j),

ag’) = max(i,d + 1 — j), ozg) =max(d+1—1i,d+1—7), and p=0.75 for i # j.
Example 3. # = 20/100/200, d = 8, B8 = ({3}',{1.5}1,{0}2,{2}},{0}3), ¢ = 3,
Y = pll with p = 0.5.

Example 4. # = 20/100/200, d = 8, B8 = ({3}},{1.5}},{0}2,{2}},{0}®), ¢ = 3,
ij = pl=7l with p = 0.85.

Example 5. # = 100/100/400, d = 40, 8 = ({0}19,{2}19,{0}1°, {2}10), 0 = 15, ;; = 0.5

min(«

o =28, Y, =p , where «

2To guard against misleading judgements of a method’s performance caused by unwisely chosen values
of the regularization parameters.



for ¢ # j.
Before an algorithm is applied, the columns of a regression matrix are all normalized to
have squared lo-norm equal to the number of the observations; no centering is done in these
examples.

Each model is simulated 50 times, and then we measured the performance of each method
by fitness and sparsity. The fitness is characterized by the 40% trimmed-mean? of the scaled
MSE (SMSE) on the test data, where SMSE is 100 - (Zfil(@, —vi)?/(No?) — 1) defined for
the test data. And the sparsity here is the mean number of zeros in the estimates.

Thirteen methods in total were implemented in Matlab and their results are listed
in Table 2.1. Let’s look at the first 5 ones in the table. Owen’s Berhu penalty [43] brings
sparsity and its test error can be as small as ridge’s. Dantzig selector (DS) [16] is comparable
to the lasso, but not significantly better. The ranged lasso consistently shows excellent
performance in test error for all datasets (including Example 2 which does not have max/min
clusters at all) although it may not be very sparse sometimes, e.g. Example 5. It offers a
competitive alternative among the first five estimates.

We also implemented 7 versions of the data-augmented weighted lasso (DAWL) to im-

prove the lasso by fusing the lasso and some other estimate. In the first two, ,@ is used

indv
as Baug, while the ranged lasso estimate Br_lasso is employed in the rest 5. The first, eNet*,

is our eNet implementation using the alternative search. But as mentioned, B may

indv
be a poor estimate in the nonorthonormal case, and DAWL.2 shows the strength of the
non-diagonal augmentation using a data-dependent scaling introduced in Subsection 2.1.3.
DAWL.3 can give even smaller test error by using the more accurate ranged lasso estimate
to do the data augmentation.

DAWL.4-7 test some weights. DAWL.4 and DAWL.5 construct the weights via the
ranged lasso and ridge regression, respectively. DAWL.6 and DAWL.7 make use of the
augmented OLS estimate; observe that the latter way of z-value based weights, which
corresponds to significance penalization, is indeed a feasible choice. Drawing a compari-
son between DAWL.3 and these weighted approaches, we learn that the weight technique,
though showing limited power in test error, improves the sparsity.

In particular, let’s study an interesting dataset — Example 5. If B is neither good nor

aug

sparse, like Bindv in eNet or DAWL.1 for this dataset, the improvement in test error is still

3Medians of errors are used mostly [50, 62] to measure the performance from multiple runs, but are not
so stable for comparisons from our experience. Discarding 20 highest and 20 lowest errors, we compute the
average of the remaining 10.
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possible, but limited. Here, we find that the data-dependent scaling (DAWL.2) can help a
lot. On the other hand, a bad B

(2.23), so the estimate would not be too far away from the lasso estimate and the sparsity

aug Indicates that a smaller value of A is often preferred in
can be maintained to some extent. If Baug is good but not sparse, as usually happens,
(see DAWL.3-7), it is inevitable that we trade some sparsity for test error, since our first
important criterion in this chapter is always test error and our search is designed to serve

this.* Fortunately, adding weights can bring benefits to the sparsity.

To design a method combining the virtues of lasso and ridge is desirable. We see that
DAWL offers a natural way to achieve this for 3,.,, and any given Baug. And it is inter-
esting to notice that this fusion may yield a new estimate with even smaller test error than

any of the two estimates.

2.4 Discussion

Motivated by our study of how ridge regression solves the singularity problem and how the
lasso solves the sparsity problem, the data-augmentation technique was generalized and fur-
ther developed. It is interesting to think of the data augmentation via ,@aug as an empirical
Bayesian method with a simple Gaussian prior. The data-dependent scaling corresponds to
a multivariate Gaussian with nondiagonal and degenerate covariance matrix. The nondi-
agonal data augmentation is more robust than the ordinary diagonal way since we are not

using all the information provided by B in DA, and we do not have to, because of the

aug
tuning from A. And as a future try, we may also include the standard error information of
Baug into the model. We are also eager to learn in theory why the ranged lasso has such a
small test-error. Compared to the success of data augmentation, the weight technique, al-
though intuitive and having good asymptotics, showed somewhat limited power in reducing
the test error. It is necessary to carry out more investigations of the weight construction in
practice. Finally, it remains a problem to develop a scheme that can give explicit control

over the trade-off between test error and sparsity.

4By the way, if test error is not our first concern, that is, we care more about sparsity than the test error,
we can try a different (.. and/or redesign a regularization parameter search (like favoring small values of
A) to achieve a new compromise between the two criteria.
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2.5 Proof of Theorem 1

For any given A1, Ay > 0, we know that

2

v oo X SN
Ve XTy Vol ) e

= BUXTX +xI)B-20+ )y " XB+ MBI+ (¥ y+ Xy’ XXTy).

So

B n, = argminBT(XTX +XI)B -2+ 1)y" X8+ M8
XTX + NI A1 18I
1T+ A 1+ A o

= argminﬁT< ),B—ZyTXﬂ—i—

et)

- ~ (eN
Comparing 3, ,, to the definition of 65\61 ), Yields the conclusion in Theorem 1.

2.6 Proof of Theorem 2

In the appendix, all inequalities and the absolute value ‘||" are understood in the compo-

nentwise sense. First, we quote the following useful facts. Given a nonsingular matrix

[ A Ap

, if Aq1 is invertible, then So = Agy — A21A1_11A12 is invertible, and
Ao A

. [ AT+ AT ALST A AT — AT AL S 2.24)

~S; Ay AL St

Similarly, if Aso is invertible, then

A—l — Sfl _SI1A12A521 (225)
~Ay AnST' Ay + AR AnST ARAY |

where Sl = AH — A12A2_21A21.
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From (2.24) and (2.25), we further know that

(A7 o] [ -AjlA 1 85! 1 [ —AnAy! I ]

Al = 11 + 11 4412 2 ) 21 1}1 (2.26)
0o o] | I Syt ]| —AnAG T
(o o | [T 11 st 111 —ApA ]

Al = R B b e (2.27)
0 Ay | | AR Ay || ST T —ApAy |

Now go back to the lasso estimate ,B in the settings of Theorem 2. It is known, say,
from [42] that B is an optimal solution if and only if there exists a subgradient s € 9||8|/1
such that

EB = XTy — As,

where s = [s;] satisfies s; = 1, —1, or € [-1,1], if ; > 0, < 0, or = 0. We can write it as
26 = X"y - Asgu(B),

or

. X128, + XTe— Asgn(B,)

33 = . 2.28
& 328, + X3 € — Asgn(Bs) (229

where sgn(8) = [5gn(5:)]ax1 is a simple notation (not a function); for the lasso estimate 3,
sgn(f;) defined by (2.28) takes 1, —1, or some value in [—1,1] (unique) when §; > 0, < 0,
or = 0, respectively.

Assume X is nonsingular. It follows from (2.27) that

Lemma 1 The lasso estimate can be represented as

B =37 (XTe—Asgn(B))) — ;' Z12(B; — By) (2.29)
By = B+ 87" [(XT — ZLET'XD)e + ATLET sgn(B)) — Asgn(By)|  (2:30)

or,
518, = [(X? — 23 X e + AZ19 35 L sgn(B,) — )\@71(51)} (2.31)

By =By + I (XTe — Asgn(By)) — 25 '21,8,. (2.32)
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(2.29)—(2.32) are our basic starting point.

Lemma 2 Let z ~ N(0,Dgxq), 2 ~ N(0, Agxq), where D is a diagonal matriz, and the
diagonal entries of A, denoted by diag(A), are the same as those of D, i.e., diag(A) =
diag(D). Then

P(max|z’'| > \) < P(max|z| > \), (2.33)

for any .

This is clear from Sidak’s classical result [52] in 1967.

1. Sign consistency. Let A = {3; = 0}. We estimate P(A). First, by KKT and (2.31),

Bl =0 <:>B1 =0 and ’SgNn(Bl)’ <1
= |(XT - 25" X e + Azlzzglggﬁ(BQ)‘ <A (2.34)
A more careful look shows the assumption of the nonsingularity of X5, but not X, is
enough in the second equivalence. Let Xj5 = [v1,---vg,]7, then ||vill2 < kVda. So

[oF S5 SE(By)| < il 125 o - [SER(B)l2 < o/ And [So25'5g0(B,)| < da/m
Let X'lT = XT - 3,2, XT. A sufficient condition of (2.34) is

max ‘X&TG‘ + A kdy /o < A,
or
max ‘X’lTe‘ < (1 wda /). (2.35)

Define B = {max ‘X/ITG‘ <(1- IQdQ/TQ))\}. Then P(A€) < P(B°).
Let €, = X" e € R . Note that X" X} = 81, s0 €] ~ N(0,0281). Since diag(%;) = 1
and diag(£123;'2%,) = [vI'E; ;] > 0, diag(S1) < 1. Lemma 2 tells us that
Kkds

P(B) <P <maxye’1’y o> M1 - )) ,

T2
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where €] ~ N(0,14, «q,). So

P(BY) < diP <|e 1> - ’“‘:22)0) = 2d,B([M, +00)).

Using the standard bound of the normal tail probability, we get

P(A) < P(B) < 21 o(M). (2.36)

Furthermore, we know that (this also depends on the nonsingularity of 3y only)

By=000; £0Vi:1<i<dy e |XTe+ Azngls’gﬁ(@)‘ < A, and
By = By + 351 (X3 e — Asgn(By)),sgn(fa0) # 0,Vi: 1 < i < dy. (2.37)

Since |8, + B3 <X2e—Asgn<B2>>\ > |8, = A | B3 sen(By) | - =3
dition of (2.37) is

, a sufficient con-

)Xllﬁ + )\212251@(32)) < A, and
‘22_1X2Te‘ + A ‘22_13‘ < |B,y| for any s satisfying |s| < 1.

In the situation of (5 ; # 0 for all ¢, this is still sufficient for B to have sgn(,[:}) = sgn(Q).
Using the spectral decomposition of Zo: X9 = UDUT with U = [uy, -+ ,ug,]”, we

dyxdy? and 22_13 as {Zdil sjul D™ uj} doxt’ which means

that diag(X;') < 7—12, =5 ts| < CT%. And a simpler sufficient condition of (2.37) can be

can represent X5 ' as [uiTD_luj]

obtained
’X’lTe‘ < (1= kda/m)\ and [S5 X Te| < Ly, (2.38)

where Lo = min |3, — Ad2/72. Denote by V' the set of € satisfying the second condition.
Note that ;' XT'e ~ N(0,023;"), and we've shown that diag(2;!) < % By Lemma

2 again,

P(V¢) = P(max |22_1X2Te‘ > Lo) < P(max |€)5] > Lo \fz) < 2dy®([L, 0)),
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32
where €5 ~ N(0,14,xq4,). So
P (sgn(B) #sen(B)) < P(A°UV®) < P(A) + P(V°)
1 1
< 2di—p(M) + 2das—p(L). 2.
d 77 p(M) + 2dy 7 (L) (2.39)
In fact, we can get something slightly stronger than (2.39). Observing that X '1T(—: is
independent of X2Te, we have
P (sen(B) =sen(8)) = P(ANV)=P(4)- P(V)
> [1—20(—M)]" 1 —28(—L)]%. (2.40)
(2.40) implies (2.39).
2. Risks. Next we deal with the risks Ry, Ry. Let 71 = ||3,]|3, r2 = ||By — Bo|3. In the

following part, we list several ways to estimate the risks roughly.
From (2.32),

ra = |85 (X3 e — Asgn(By)) - B3 ' EH6, 3 =
_ = did
ra < eal| S5 (X e~ ASEn(Ba)) [} + 2 757 -, (241)
2

by Cauchy-Schwarz inequality with co = 2 and the fact that |Xj2|l2 = HH|1|aX |Z12a|2 <
kv/didy. From (2.29),

r o= [|ETH(XTe-sgn(By)) — T Z02(By - By) |3 =

B did
el =7 (XT e = Asgn(By) I3+ ern? g .
1

To take advantage of the thresholding effect, we write it as

1

IA

did
r < e BTN X Te—Asgn(By))3 - 1ac + ¢ - K2 ;22 1ol e, (2.42)
1

where ¢; = 2.
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Inserting (2.42) into (2.41) we get

re < B3 (XTe— Asgn(By))|3

dvd
ter w0 e ST (X e — Asgn(By)|3 - Lae
2

dyrds dydo
+co - 52—-01-/-;2 3 - 191 ge,
72 1

and thus

yd3d3
(1—c1cm didy ) < o025 (XTe — A (Ba)I1
T{Ty
odida 9
rercs - 2B (X e - dSgR(B)E  La (2.43)

Similarly, we can get

did3 _ SN
<1 Cae > r < |3 (X e — Asgn(B,)3 - 1ac
1°2

od1d
+eiep K ﬁuz (X3 e — ASgn(By))II3 - Lae. (2.44)

The formulas (2.29)—(2.32), (2.41)—(2.44) can be used to estimate the risks of 3;, 3.
For instance, the results in Theorem 2 are obtained from (2.41), and (2.31). By the way,
the factors c1,co for Ry and Ry rising from applying Cauchy-Schwarz inequalities may be
recomputed more carefully regarding the total number of terms in the end.

Taking expectation on both sides of (2.41) (with 3 terms), we see

_ 0 did
R <3 (B2 X5ell + XEI; SRy + 20 R ).
2

and thus

d dyd
Ry <3 (02 (350 + AzT% + /@2% : R1> . (2.45)

Hence (2.7) holds.
To get (2.8), we need the following result about Apar(S7'), the largest eigenvalue of
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51_1:

1 didy\ 7!
Amax(sfl) < — <1 - 52 : 7_17_22) . (246)

This is true by noting that §; = X7 X’ is semi-positive definite and Amin(S1) > 71 —
/€2d1d2/7'2.
By (2.31), we have

— T 1l —
S 32 (ST [1X0 7 €ll3 + W25 'S80 (By) I + N ISE(B))I] - Lac

IN

d2

32,0, (S71) {nx'ﬂeu% et (vdl g A?dl) - 1Ac] .
D)

Thus

_ d3 1
Bio< 3808 [BOXT A )+ (14022 ) 21 (o)
2

_ d3 1
< (ST [ 16) + (14022 ) 202 10|
2

< 32a(S1) - B | (max]ef % max ] 2 M1 = 22| +
T2

3\2

max

1+ w2d3/72
22 20 di Mp(M).

-1
(Sl ) . (1 — FddQ/TQ)

Since for a random variable z with probability density p(:) and a > 0,
o0 oo
E(z%2>a) = / t2p(t)dt = / 2sP(z > s)ds + a*P(z > a),
a a
it follows from Lemma 2 that
d2

F | (max |€}|)?; max |€}| > A(1 — K;TQ)] < E [max €] |? - 0% max |€]| > M].

(Recall that €] ~ N (0,14 xq,).) The density of max |€/|is given by 2d; ¢ (t)(1—2®(—t))4 1.
It is easy to get

E [max |€]|*; max [e]| > M] < 2d1/ t2p(t)dt < 2dy (M + 1/M)p(M).
M
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Hence,

The proof is now complete.

We may use other formulas of (2.29)—(2.32), (2.41)—(2.44), too, in estimating R;, R2 (no-
tice the fact that X’lTe is independent of X7€). Finally, bounds for E||3,|| and E|| 35— 3, ||

can be similarly obtained.

2.7 The Ranged Lasso Process

Assume X is orthogonal. Let B be the solution of
min |8 — Bopsl3 + MBI s.t. maxB—min 8 < C,
where A > 0. It is equivalent to
min |8 = Bopslla + AlIBI1 st. u—1<C U< B <u,Vi:1<i<d,.
Define the Lagrangian to be

=18 = Bopslls + MBIl +7(u—1—C)+ 3 mi(B; —w) + > 7(l — 5y)
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The KKT conditions can be obtained:

B:ﬁobs_%sgf\/n(lé)_%n+
DNi=DTi =Y
Yu—-1-C)=0

D=

T

or

( -~ .
B = Boys — 35€0(B) — gn + 5T

DM =T ="

v(max B —min 3 — C) =0
ni(B; — max B) = 0,Vi
7i(min B — B;) = 0,Vi

maXB—min,B <C

n,7,A,7>0

36

Assume the range constraint is nontrivial. That is, C' < max 3;,.,, — Min B} 450- S0

v > O,maXB — minB = C. Suppose minB <0< maxB, and define H, K to be the index

sets such that

Bj = max,@éb,VjeH
Bj = minBéa,VjeK.

Let (HUK)= NUOU P, with Bj <0,=0, or >0if j € N,O, or P, respectively. Now

the KKT conditions become

7,7,A>0

B = Bos — 55E0(B) — in+

ZTJZZTU

JEK JjEH
nj=0,vj ¢ H
7, =0,Vj ¢ K
b—a=0C

T

D=
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which are equivalent to

a(=Bobsj+5+357), fjeK

ﬁobs,j + %, lfj eN
3; =<0, if jco
ﬂobs,j - %7 lf.j er

b(:ﬂobs,j_%_%nj)a lfJEH

JjEK JjEH
b—a=C
n,7,A>0

Hence in the orthogonal case, evaluating BT_ZQSSO is a combined process of the lasso

shrinkage and max 3/ min 3 auto-clustering. This is described in Section 2.1.4, with

A1:ZTJ’,A2:ZW

JjEK JjEH

denoting the total movements toward a, b in Figure 2.1b.

In the non-orthogonal case, the clustering and the thresholding are still present, but can
not be separated in such a clear way. We can view the criterion of (2.16) in the following

way as an approximation to solve the corresponding /g problem:

ly — X815+ A8l + a1 Y [6; — min B + az Y _ |8; — max 3|

under a; = ag, which is in fact ||y — X8[|3 + \||8[|1 + a(max 8 — min 3).
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2.8 Proof of Theorem 3

Let BH, BS denote the hard- and soft-thresholding estimates with threshold value Ago. It
N ~ S N o
is easy to see BH, B3, and 3 all have the same sign and 3 is sandwiched by the other two.

Therefore,

E|B - B3 < Y E(max((57 - 6:)% (8" = 8:)%).

We need to study soft- and hard-thresholdings in the univariate case.
Let y = p + € (all are scalars) with e ~ N(0,1), and ps(X, ), pr(A, 1) be the risks of
the soft- and hard-thresholdings with parameter A. It is well known [20, 14] that

ps(h ) < min(ps(A.0) + 2.1+ 32) < min(2P ) 1214 ) (2.47)

for any A > 0. Yet we feel that there is no such explicit nonasymptotic bound, or a complete
proof for the hard-thresholding rule. This short appendix is mainly to give some details

about this.

Our goal is to show the following on the basis of [20]

pr(A\p) < 14X ford>1 (2.48)

A

Dohoho and Johnstone have shown (2.48), and (2.49) for 0 < p < A, but it is technically
difficult to use the second derivative to prove (2.49) for any p > 0.
Let g = 0pm /O — 2.4p, and pg (A, 1) is known to be [20, 30]

1+ (p = 1) (DA — ) = D(=A— ) + A+ oA+ 1) + (A = p)o(A — p),

where @, ® are the standard normal density and distribution functions, respectively. One

may observe that

sup g(0, 1) < sup g(A,0) = 0,
p0 x>0

which is trivial to verify. So it is sufficient to show that for any (A, u) > 0, there exists

,%Tr] such that the directional derivative Dgg at (A, u) is greater than 0, or

305, € [0, 3] s.t. Dgg(A, 1) <0, because g is smooth enough.

some 0 € 7
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Consider a uniform direction §# = 7, and let h = Dyg = (% + g—z) /V/2. We assume

p > X in the following proof,® since Donoho and Johnstone [20] have proven the part p < \.

Then simple calculations yield

hAp) = V2 (@A +p) — ®(p— X)) — pp(p — 2 +
O+ 1) (A + 3N+ 20p® + pu — 20) — 1.2]
V2(0.5 + (A + p)*p(A + ) — 1.2)
(0.5+0.5—1.2) < 0.

IN

A

Therefore,
1
pr (A, 1) < min(pg (X, 0) 4+ 1.2u2%,1 4+ %) < min(20(X\) (A + X) +1.2u%, 14+ M%) (2.50)

for any A > 1. Now, combining (2.47) and (2.50) we can bound the univariate weighted

lasso risk

P < max(ps( i) () < (14 ) min

< (1+ A})min (2(‘;@0) +u2,1) ,
0

20(N0) 1.2
1
Ao + 1+ )\8” ’

for any A\o(= /\ﬁ) > 1. And Theorem 3 follows.

Finally it may be worth mentioning that although applying Stein’s lemma (see, for
example, Gao [30]) is one possible way, it does not handle well the oracle bound for an esti-
mator very close to hard thresholding — like Zou’s oracle bound for the weighted lasso [61],
after our correction mentioned in Section 2.2), because the hard-thresholding function is

not weakly differentiable.

®In fact, with some more calculus we can prove that h(\, ) < h(0,v/5) < —0.008 < 0 for any (), i) > 0.



Chapter 3

Sparse Regression with Exact

Clustering

3.1 Background
In this chapter, we study a regression problem
y=XB+ee~N(0,0), (3.1)

where y is the observed response vector, X is the regression (design) matrix of size n-by-p.
Our task is to recover B8 under some sparsity assumptions.

If 3 is sparse in the (usual) sense that many of its components are zero (referred to as
the zero-sparsity in this chapter), shrinkage methods are very attractive; among them, the

lasso [50] is one of the most popular and basic ones. It is a convex optimization of
1 2
min —{ly — X B3 + AllB]1,
B 2
or stated in a multi-objective way [10]

min(|ly — X B3, 18]1)- (3.2)

Keep in mind, however, that the test error is always our first concern in fitting a regression
model — for example, the regularization parameter tuning is designed to serve this purpose,

such as cross-validation. This is assumed throughout the chapter. One advantage of the

40
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lasso is that it is computationally feasible to obtain an estimate with zero-sparsity.

Lasso has attracted a lot of attention recently because the nonsmooth /i-penalty poses
challenges in both fast computation for high-dimensional data and theoretical analysis of
its performance, in terms of risk and sign consistency. These works aim to recover the
zero-sparsity of 3 only. On the other hand, motivated by the intuition that the l;-penalty
is a convex approximation to the lg-penalty in optimization, people have tried far more
l1-type penalties in fitting a regression model to capture various types of sparsity, especially
in the field of signal processing. Unfortunately, there is not much theoretical analysis on
their performances or a general algorithm efficient enough for solving the problem in high-
dimensional space so far.

The chapter is organized as follows. Motivated by a gene clustering problem, Section
3.2 proposes a clustered lasso method, and more importantly, builds up a framework for
the generic sparse regression with customizable sparsity patterns. A theoretical study is
then performed in Section 3.3 on the power and limitations of the [1-penalty in this frame-
work, and improving techniques of data-augmentation and weights are investigated. Section
3.4 successfully tackles the computation problem of solving the sparse regression in high-
dimensional space by developing an iterative algorithm with theoretical justifications. All

technical details are left to the end of this chapter.

3.2 Clustered Lasso

The main purpose of this chapter is to do variable selection and variable grouping simulta-
neously. One of our motivations is based on a microarray study to discover the aging-related
genes. This microarray dataset consists of large-scale gene expression data of 133 human
kidney samples. The gene expression matrix X is of size 133 x 44,928, and the responses,
y, are the ages of the 133 subjects.

Of course, we can run lasso to discover only a few genes as significant factors contributing
to a regression model (3.1). But there is a serious inherent drawback of the lasso: it can
select at most n predictors. Nontheless, how to obtain more relevant variables in the
model with just a few observations? A reasonable idea is to make the nonzero coefficients
come out equal in clusters. Clearly, this keeps the model sparsity — it helps us achieve a
parsimonious model in contrast to the ridge regression. It is more interpretative as a form

of regularization, in terms of average expression values. It is also less sensitive to noise
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because we can construct group-based predictors which have more accurate measurements.
And later, these groups can be used to impute the missing values if data missing occurs. In
consideration of these benefits, we would like to identify and group the relevant variables
based on their effects, or coefficients.

The proposed problem requires combined regression and clustering analysis. One pos-
sible way is to directly apply some clustering approach to the estimated coefficients, which
often results in an ad-hoc algorithm. The estimate in the first step may not be stable
enough. And in doing the clustering in the second step, we need to specify a similarity
measure and the number of clusters. Typically, the standard error information of the esti-
mate is discarded in this step. More importantly, the clustering criterion is different than
the test error, so the obtained clusters may not help in statistical modeling at all. For
high-dimensional data, this two-step approach is unstable and inaccurate.

A more ambitious and more trustworthy way is to take the clusters into account when
fitting the regression model, that is, we do the coefficient estimation and the coefficient
clustering simultaneously. This can be achieved by integrating a penalty for improper
clustering into the objective function. Indeed, one of the main tasks of this chapter is to
develop a sparse regression with exact clustering. Why “exact”? In statistics, without the
standard error information, one cannot determine how close two estimates, say, /31 and /Bj
are, even if the gap between them is small; however, if we get a gap estimate exactly equal
to 0, its p-value would be 1, which means that we have enough confidence to put gene ¢ and
gene j into the same group.

In the language of multi-objective optimization [10], the problem can be formulated into

. 2
min(|ly — XBI3, 18llo. D Ls.25,). (3.3)
1<j
Two types of sparsity are desirable: the zero-sparsity and the equi-sparsity, achieved by

minimizing ||Bjo and };_; 15,2s,, respectively.

i<j
The problem of (3.3) is] a combinatorial optimization and is NP-hard [1]. Motivated by

the fact that the [1-penalty is a convex approximation of the lg-penalty in optimization, we

may try to minimize

(ly = XBI3, 18Il Y 18: — 55,

i<j
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or equivalently,

Sy — XBI3+ M8l + 2 3 16— ) (3.4)

1<j
after introducing two regularization parameters A\; and Ao. This will be referred to as the
clustered lasso. Tuning A; and A9 has a large influence on the algorithm performance.
Usually, we do an empirical parameter search in the (A1, A2) space to minimize the valida-

tion error.

In what follows, we introduce a general framework for sparse regression. The goal is to

obtain a regression estimate with T-sparsity, i.e.,

min(|ly — X813, [|T8]o), (3.5)

where T is the sparsity pattern matrix specified by the user. A feasible alternative to

overcome the NP-hardness is to solve the sparse regression of the form

min(|ly — X B3, |T8]1)- (3.6)

The T matrix is used to characterize the coding sparsity in representing the true 3, not
only the zero-sparsity in the usual sense. Here are some examples.
Example 1. (Mixed T) If we know the successive differences of (01, 82, 33) are equal, 33

equals 04, and 5 is zero, then T may include rows

1 -2 1
1 -1

to capture this sparsity in fitting the regression model.

Example 2. (Clustered/Fused lasso) In our clustered lasso problem,

I
(1) -

where F' is a matrix including all pairwise differences (see (3.44)). And the fused lasso [51]

replaces the F in (3.7) by a neighboring difference matrix (see (3.42) for an illustration).
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Example 3. (Dense T') T can be given by a wavelet transformation matrix (possibly
overcomplete), which is useful in signal denoising and compression.

Example 4. (Spatial T') In the field of computer vision and image processing, there exist
many meaningful choices for T, which can be constructed from various spatial operators,

such as the following Laplacian of Gaussian used in edge detection

0 1 0
1 -4 1
0 1 O

The two-dimensional fused lasso [27] also makes an example here.
In summary, the customizable T' represents the sparsity requirement posed by the user

in the regression. Our studies in the rest of the chapter are made for an arbitrary T" matrix.

Though similar in form, the clustered lasso (3.4) is different than the fused lasso [51],
in that it does not require the regression features to be ordered and so is much more
challenging. In fact, it is trying to organize the unordered features and yields the ordering
as an outcome, and, thus, can be used as a pre-processing step for the fused lasso. It might
also be worthwhile to make a comparison between the clustered lasso and the grouped lasso
methods [56, 59]. In grouped lasso, the grouping of features (predictors) is assumed to be
known, arising naturally from the underlying background, such as the dummy variables
introduced for a multi-level factor. Specifically, the coefficients from the same group need
not be equal. By contrast, our clustered lasso is, indeed, a supervised clustering approach
which looks for the appropriate grouping by taking both X and y into consideration.

Unfortunately, the (tuned) clustered lasso suffers some serious problems. First, its test
error is often not small although it has two regularization parameters. More importantly, it
barely shows enough proper clustering in our experiments. See Figure 3.1 for an illustration.

Somewhat surprisingly, this problem remains even after we tried a lot of ways to design
the search scheme for choosing the values of the two regularization parameters. Increasing
the sample size does not resolve the issue, either. Indeed, the widely acknowledged power
of the l; penalty to approximate the [y penalty seems specious in this situation (as will be

revealed by Theorem 4 below).
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Figure 3.1: Clustered lasso does not show enough exact-clustering effect. The data is generated
from the model described in Example 3 below. The upper left panel plots the (tuned) clustered lasso

estimate B and the true 3, and the upper right panel compares TB with T3, where the rows of T
are reordered based on the values of T'3. It is obvious that the clustered lasso can hardly capture
all the true sparsity (corresponding to the part T3 = 0, the indices given by 38,---,64) in this
example. The second row shows similar results if we drop the |31 in (3.4), which corresponds to
a sparse regression problem seeking for equi-sparsity only.

3.3 Limitations and Improvements of the Clustered Lasso

3.3.1 The power and limitations of the L;-penalty in sparse regression

It is widely known that the l;-norm penalty is a convex approximation to the lp-norm
penalty in optimization. For instance, the variable selection in regression is a multi-objective

problem with the lp-penalty:

min ([ly — X813, 18]o0) -

Discovering the best subset of predictors is NP-hard [1]. Lasso, by replacing the lp-norm

with the /1-norm in the criterion, offers a computationally feasible way to tackle this problem
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in practice, although it is not always guaranteed to be sign consistent [60, 61]. For a general
T, the nature of this [y approximation is worth more careful study in theory. As a result,
we shall see why the naive [1-norm is not very successful for the clustered lasso although it
is used in the same way as in the fused lasso.

As before [45], we adopt the generalized sign notation. Introduce Sgl(v) ={s:s8 =
lifv; > 0,8, = —1ifv; <0, and s; € [-1,1] if v; = 0}, and sgn(v) is used to denote a
specific element in gg?l(v) The usual sign vector is defined as sgn(v) = {s:s;, = 1if v; >
0,s; = —11if v; <0, and s; = 0 if v; = 0}.

Let B be an optimal solution to the generic sparse regression
1 2
min ofly — X B[z + A TS (3.8)

T may not have full rank. By the KKT optimality conditions [48] (the nonsmooth version),

B is an optimal solution if and only if B satisfies
XT(XB—y)+ AT sgn(TB) =0,

for some sgn(T'B). We work in a classical setting (C) : assume that p,3 are fixed and
n—oo; X & XTX/n — (', a positive definite matrix, with probability 1.

Throughout this chapter, given a matrix A, we use Ay to denote the submatrix of A
composed of the rows indexed by I, such that Aja = (Aa)r, Vo Given two matrices A, B,
B C A means that B is a submatrix of A, composed of some of its rows and all columns
(so Ar C A).

Proposition 1 If A = o(n), then B il B, and so T3 il TS.

Therefore consistency is a weak requirement, placing no restrictions on ¥ or T'. It can
easily be achieved by a properly chosen A. Yet in using the /; penalty, we expect something
more in sparsity recovery.

In this chapter, we also consider another notion of consistency useful in variable selection:

Definition 1 (Sign consistency [60]) Let @ be a sequence of estimators of 0. Then 0 is

defined to be sign-consistent if P(sgn(6) = sgn(0)) — 1.

Note that consistency implies nonzero sign consistency. For example, from Proposition
1, P(sgn(B;) = sgn(B;)) — 1 for I = {i : B, # 0}, and P(sgn((TB)) = sgn((TB))) — 1
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for I' = {i : (T'B); # 0}.

Definition 2 (Zero s-consistency) Let 0 be a sequence of estimators of 8 satisfying A@ =0
for some matriz A. 0 is defined to be zero s-consistent with respect to A ifP(Aé =0)— 1.

Note that here we care about the concentrated probability, but not the zero consistency
in the usual sense. The zero-s consistency is a key notion used to characterize sparsity
recovery. For example, in the clustered lasso, zero-s consistency means successfully dis-

covering all the true groups asymptotically. Returning to our T-sparsity problem, define

z=2z(T,B8)={i: (TB)i =0}, nz=nz(T,B3) = {i: (TB); #0}.

Proposition 2 If A = O(\/n), i.e., limsup,, . A/\/n < 0o, then 3 is not zero s-consistent
with respect to T ,.

In the following studies, a joint zero s-consistency will be our main concern. Namely,
we study the conditions for zero s-consistency (w.r.t. some Ty C T',) under the consis-
tency assumption. (Note that the sign consistency for nonzero components follows from
consistency.) This is because in practice, although blindly increasing A would bring the
thresholding power of the [;-penalty into play, we prefer a value of A with small test error,
like one from cross-validation. The consistency requirement (weak!) corresponds to this
way of tuning A.

T

Theorem 4 Assume the classical setup (C); T = [ ] ,T18=0; \/n — 0, \//n — co.

2

We use A" to denote the Moore-Penrose inverse of A. Then a necessary condition for ,3

to be zero s-consistent w.r.t. T 1s

sgn(T2B) s.t. |(TrC'TT) N (T1C7'T3) - sgn(T2P)|
< (T 'TT)H(THC7'TT)| oo (3.9)

And a sufficient condition is given by
(TC TN (T1C7'TT) - sgn(T26) |0 < 1, Vsgn(T20). (3.10)

As a special case, suppose T', has full row rank; substitute T', for Ty, and T, for T,
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then, (3.9) and (3.10) become
|(T.C7TT) " (T.C'TT,) - sgn(T0-B) oo < 1. (3.11)

and
|(@.C'TT) N (T.07'TL) - sgn(TaB) | < 1. (3.12)

respectively. Therefore, the sufficient condition is pretty strong. Simple algebra shows that
they further reduce to the irrepresentable conditions [60, 61] in the lasso case where T = I.

As another interesting example, suppose (T'1,T2) is ‘separable’ in the sense that T' =

T, Ty O ) . . Ci Cip
= . We write C in a corresponding block form , and
Ty 0 T ci, C;

assume that Cs is nonsingular. Then the LHS of (3.10) becomes
(Tu S~ TH) T118™ C12C5 ' T, - 580(T2B) |0

where § = C1 — C12C5 lClTQ. Therefore, if the entries of C19 are small enough (in absolute
value), the zero s-consistency w.r.t. T naturally follows.! This is verified in the lasso study
with T' = I; see [60, 45] for example. Unfortunately, clustered lasso does not fall into this
category because the rows of the T' there encompass all pairwise differences and thus never
result in a separable (T',,T,.).

This theorem indicates that in contrast to consistency, zero s-consistency imposes further
constraints on X, or the data, aside from the controllable regularization parameter A\. We
will not go into the mathematical details here, but these conditions state that in general, we
should have good control over (T,C T (T,C~'T? ) to ensure I;’s power in discovering
the true sparsity. In fact, if we consider the joint zero s-consistency w.r.t. T'; on the signal
class Q = {3 : T13 = 0}, the sufficiency condition (3.10) becomes

(TG TN (T1C7'TS) [l < 1. (3.13)

As a result, the magnitude of the entries of (T7C~'TT)*T,C~! . TT plays an important
role in capturing the T'i-sparsity on 2. Given B, T'1, and C, this makes a big difference
between the fused lasso and the clustered lasso: the T of the latter contains up to O(p?)

more rows in addition to the T'9 of the first! Recall that the matrix infinity norm is the

Note that (THS_IT%})"r is a continuous function of C3 since the rank of T'11.8~1T7, is preserved.
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maximum of the /1-norms of all rows — the clustered lasso is certainly more likely to blow
up the quantity on the LHS of (3.13)!

As an illustration, we use the previous example as shown in Figure 3.1 to compare
the fused lasso (using the ordering from the true 3) and the clustered lasso. The data is
generated from the model described in Example 3 below. For convenience, we ignore the
zero-sparsity constraint in both. For (3.9) with Ty replaced by T, the LHS equals 0.6
and the RHS 1 in the fused lasso, but these quantities are 3.0 and 1.6, respectively, for the
clustered lasso. In addition, the matrix infinity norm on the LHS of (3.13) is only 1.7 for the
fused lasso, but 31.2 for the clustered lasso. Clearly, the fused lasso and the clustered lasso
(although similar in form) show remarkable difference in the behavior of the [;-penalty, the

latter much more difficult to recover the true sparsity even asymptotically.

This explains the dilemma we encountered in the clustered lasso. No matter how we
devise a plan to tune the regularization parameters, the design criterion is (and should
be) reducing the generalization error approximated via, say, cross-validation. Therefore,
the well-tuned regularization parameters cannot not be very large as seen from Proposition
1 (if we do not want our estimate to be inconsistent). But Proposition 2 and especially
Theorem 4 limit the thresholding power of the [1-penalty on the given data.

If it is fair to say that this requirement on 3 might not be very restrictive for the lasso,
or even for the fused lasso, it becomes so stringent for the clustered lasso that the exact
clustering effect expected from [ is seldom seen strong enough in practice. As a result, we

must think of ways to improve the naive [1-penalty to gain exact clustering.

3.3.2 Improving techniques

In the previous chapter (or see [45]), we studied how to improve lasso using data-augmentation
and weights. We argued that lasso needs a data-augmentation modification, not only to
resolve the ‘grouping’ issue [62] and the singularity problem, but also to help in effective
variable selection. The elastic net [62] (eNet) was shown to be a special case. To fur-
ther improve the sparsity, weights can be added in the /; norm. In fact, it can be shown
that asymptotically, weighted lasso can be sign consistent and enjoys the oracle properties
(see Zou [61], as well as our further generalization [45]); in the nonasymptotic situation, it
achieves a sharp oracle bound as soft- or hard-thresholding for orthogonal designs, one that

significantly improves the (corrected) bound given in [61]. The simulation study showed
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the strength of combining the data-augmentation and weights in lasso.
These techniques apply to the generic sparse regression (3.8). First, according to Theo-
rem 4, although the naive /;-norm penalty cannot attain a sparse enough solution, ideally,

if we could rescale the rows of T in the following way

- T. L7
el

then, the LHSs of (3.9) and (3.10) could be reduced significantly for & small, while the

RHSs remain unchanged. In fact, one of the advantages of the fused lasso is that the two

I T,

DT =
T,.

el

tuned regularization parameters provide two adaptive weights for the absolute values of
the components of T'3. This weight construction, however, depends on the sparsity types;
for a general T, it may be infeasible to supply this extra information. Furthermore, it is
really between the zero components (corresponding to ||T.8||1) and nonzero components
(corresponding to ||T,,.0]|1) that the weights should make a big difference.

It is legitimate to think of adding more weights, or better assigning a weight to each
individual absolute value term to handle the large nonzero components of T'3 in the penal-
ization. In what follows, we give an asymptotic study on how to choose weights.

Given weights w; (positive), consider the weighted sparse regression of the form

o1
min o fly — XBII3 + A D wil (Tl (3.14)
Theorem 5 Assume the classical setup (C). Suppose

wit =0y (A(n)) Vi €z, wi=0,(B(n),j€nz.

7

Then the optimal solution B to (3.14) is both zero s-consistent with respect to T, and \/n-

consistent (for some properly chosen A\(n)), as long as
A(n)B(n) — 0. (3.15)

As an example, w; ' = O,(1/y/n),¥j € z, and w; = O, (1) ,Yj € nz.

(3.15) is a broad condition: we only require the weights for the truly nonzero components
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are at a smaller rate than the weights for the truly zero components, or essentially,
. P
max{wy;}/ min{w,} — 0.

This provides a far more flexible way for weight construction. Although [ is not capable of
recovering the true sparsity directly, the theorem suggests that by use of a zero consistent
weight sequence, it can achieve the zero s-consistency asymptotically. For example, we can
choose 1/w; = |(TByys)il, Vi, and, essentially, any consistent estimator B, is valid. (In
fact, it does not even have to be an estimator of 3, which, in the lasso case, generalizes
Theorem 2 in [61] and validates the one-step SCAD weights in [63], too.) On the other
hand, one should be aware that Theorem 5 is only an asymptotic study with n — oo and p
fixed, and the sufficiency condition given by (3.15) seems to be too loose in applications. In
fact, in the nonaymptotic situation, the weight choices, as observed in most applications,
do have a large impact on the resulting sparsity and test error, which cannot be deduced
from the theorem. And the notion of (large n) consistency loses much of its meaning in
our microarray data analysis, where p > n. In all, the weighted [1-penalty is one way to
increase model sparsity, but careful consideration needs to be given to the practical weight

construction.

On the other hand, adding weights typically does not help improve the test error in
practice; sometimes it can hurt the goodness-of-fit to some extent. This is undesirable in
statistical modeling and explains why we want to combine weights with the data augmen-
tation technique. In fact, even the data-augmentation with a not-so-good estimator may
effectively reduce the test error, as seen in the eNet which uses 3;,,4, = [x]y/ acl-Tmi]pxl [45]
(not even consistent in the nonorthogonal case). In addition, we need data-augmentation
to deal with the high singularity that inevitably arises in fitting a model to the microarray
data with p > n. The [; constraint, though capable of yielding a solution for p > n, thus,
alleviating the singularity problem, still suffers from the nonuniqueness in some cases [62];
in contrast, data-augmentation decorrelates the columns of the design matrix by augment-
ing X (diagonally or nondiagonally — see the last chapter for more details) and, therefore,
perfectly resolves the issue. Recall that the data-augmentation technique (see Chapter 2
or [45]) refers to replacing X7 and y” by | X7 X aTug } and [ y' yl g ], respectively,

say, by use of a known estimate 3,,,. We can do it diagonally, taking X4,, = 7I and



CHAPTER 3. SPARSE REGRESSION WITH EXACT CLUSTERING 52

N o ~T A
= TBqug> as seen in eNet, or nondiagonally, X auy = 7(I — ,Baugﬂaug/ﬂ,ﬁaugH%) and

yaug
Yaug = 0. The latter is proposed in the last chapter, as an outcome of introducing a data-
dependent scale parameter to improve the eNet. It is more robust to a bad B In the

aug*
next subsection, we will give some specific designs of how to make use of these techniques

together to reduce test error and increase model sparsity at the same time.

3.3.3 Algorithm design and a simulation study

In this part, we discuss the practical algorithm design and illustrate the strength of the
data-augmented weighted (DAW) sparse regression by a simulation study.

First, (3.8) can be reparameterized assuming that T has full row rank: introducing H
with HT = I, Z = X H, the generic sparsity regression problem (3.8) is then equivalent
to

1
min o[ly = Zy|3 + Ayl st THy =7. (3.16)

And the optimal 3,, is obtained from the optimal ~,, by B,,; = H~,,. This is a
constrained lasso problem in the Z-domain.
Given

gether with the weights constructed via some Bwts, this amounts to solving the following

augs We perform a nondiagonal data-augmentation [45] in the Z-domain. To-

optimization problem in the X-domain:

) L)

~ ~T ~ ~
where XCWQ = \/FT(I - Baug/gaugTTT/HTﬁaugH%)v yaug = 07 w; = 1/|(T6wt5)i‘7 and A,T

are two regularization parameters to be tuned. The general form of (3.17) will be referred to

2

£ w7l (3.17)

2

1
min —
B

as the DAW version of the sparse regression; particularly, the DAW version of the clustered
lasso with T in the form of (3.7) will be called DAW-CLASSO for convenience. Note that
unlike the clustered lasso or the fused lasso, the DAW version of T' has no need to include
a regularization parameter inside.

The parameter tuning plays an important role in determining an algorithm’s perfor-
mance, especially for those with multiple regularization parameters. In our simulations, we
use the alternative search strategy (see Section 2.3) which has been shown to be fast and

efficacious. Note that this is performed for two equivalent regularization parameters at each
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step, but not always A and 7.

We develop two methods to solve our exact-clustering problem.

Method A

In method A, two initial estimates are used — the ranged lasso estimate B and the

r-lasso’
clustered lasso estimate B, (from (3.4)). The ranged lasso was proposed in the last
chapter and has been shown to be a competitive alternative to ridge regression with consis-
tently smaller test error (and some sparsity, too). It provides a good choice for Baug. In the
setting of the sparse regression (3.16), we first get the (constrained) ranged lasso solution

in the Z-domain and then project it back to get ,@ Method A goes as follows.

N
Yr-lasso r-lasso-

Step 1. Fit a DAW-CLASSO model by substituting Br_lasso for Baug, and Bc_lasso for Bwts
in (3.17).

Step 2. Fit the DAW-CLASSO again, but use the last estimate as both Baug and B,

Method B

Method B, in contrast, does not start from a good initial estimate. It fits a fused lasso

model as long as the ordering is available, given by the clustered lasso or its DAW version.

Step 1. Use the ordering got from B,_;,,s, (cf. (3.4)) to fit a fused lasso model, the estimate
denoted by Bf—laSSO'

Step 2. Fit a DAW-CLASSO by substituting 8,.;,s., for Baug, and Bf_lasso for B, the

estimate denoted by Bdaw—classo'

Step 3. Repeat Step 1 using the new ordering obtained from the last estimate, getting a

new fused lasso estimate.

Step 4. Repeat Step 2 with B y.-ciasso for data-augmentation and the updated fused lasso

estimate for weight construction.

We did experiments on three simulation datasets. Each dataset contains training data,
validation data, and test data. We use # =%/ - /-7 to denote the number of observa-
tions in the training data, validation data, and test data. Let 3 be the correlation ma-

trix in generating X, i.e., each row of X is independently drawn from N(0,X). We use
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({air}™, -+ ,{ar}™) to denote the column vector made by ni a;’s, ---, ng ai’s consecu-
tively in the following examples.

Example 1. # = 20/100/100, d = 13, B = ({0}2,{—1.5}2,{—2}2,{0}2, {1}2,{4}?3), 0 = 5,
¥ = pl"I! with p = 0.5.

Example 2. # = 20/100/100, d = 13, B8 = ({0}2, {—1.5}2,{—2}2,{0}2, {1}2,{4}®), 0 = 5,
;= pl=9l with p = 0.9.

Example 3. # = 30/100/100, d = 16, B8 = ({0}3,{4}>,{-4}°,{2}%,{-8}!), ¢ = 5,
Y = (=1)=9). 0.8 for i # j.

Example 1 and Example 2, the second much more correlated than the first, demonstrate a
situation of many small clusters in 3, where overlap is likely to occur. In the third example,
big clusters coexist with a few small clusters and the signal to noise variance ratio is low.
Before an algorithm is applied, the columns of a regression matrix are all normalized to
have a squared lo-norm equal to the number of the observations; no centering is performed
in these examples.

Each model is simulated 50 times; then, we measure the performance of each algorithm
by the test error and the proper sparsity. The test error is characterized by the 40%
trimmed-mean? of the scaled MSE (SMSE) on the test data, where SMSE is 100- (32X, (9 —
yi)?/(No?) — 1) defined for the test data. The proper sparsity here is defined by the
40% trimmed-mean of the following 50 percentages: 100% - |{i : (T'.3); = 0}|/|z|, which
represents the number of proper zeros for each estimate.

Seen from the table, the clustered lasso does not exhibit enough exact-clustering in
these examples, and its test errors are not satisfactory. By contrast, the ranged lasso
provides a more accurate estimate although it may not be very sparse. Owing to the
DAW, both Method A and Method B significantly improve the performance of the clustered
lasso: the test error is reduced effectively, as a result of (nondiagonal) data-augmentation;
simultaneously, the proper sparsity is enhanced by use of the weights, by about 50% at the
minimum. The results are very encouraging. DAW-improved /1 helps us get a good model;

at the same time, it accomplishes the variable selection and the variable grouping.

2Medians of errors are mostly used [50, 62] to measure the algorithm performance from multiple runs,
but are not so stable for comparisons based on our experience. Discarding 20 highest and 20 lowest errors,
we compute the average of the remaining 10.
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Example 1 Example 2 Example 3

Test-err | p-Spar || Test-err | p-Spar || Test-err | p-Spar
c-lasso 45.0 | 15.8% 22.1 | 22.1% 69.3 5.3%
r-lasso 39.3 8.6% 18.3 | 12.2% 64.6 1.5%
A-step 1 34.8 | 22.5% 14.3 | 31.6% 61.0 | 12.8%
A-step 2 35.8 | 23.9% 16.7 | 36.7% 62.2 | 15.1%
B-step 1 45.3 | 26.0% 20.9 | 38.2% 69.5 | 16.4%
B-step 2 40.2 | 30.9% 16.3 | 39.2% 63.2 | 10.5%
B-step 3 37.3 | 30.7% 18.9 | 38.0% 68.4 | 18.2%
B-step 4 35.3 | 30.8% 15.0 | 37.5% 60.5 | 12.5%

Table 3.1: Performance comparisons on the simulation data, in terms of test error — 40% trimmed-
mean SMSE, and proper sparsity — 40% trimmed-mean of percentages of proper zeros in the esti-
mates. There, c-lasso refers to the clustered lasso estimate, and r-lasso the ranged lasso estimate;
Method A uses r-lasso to run DAW-CLASSO, while Method B fits a fused lasso model in step 1 and
step 3, with the ordering extracted from the clustered lasso or its DAW version.

3.4 A Fast Algorithm for Solving the Generic Sparsity Prob-

lem

In applying the (improved) clustered lasso to the microarray data, we encounter insur-
mountable difficulty with all the optimization procedures (to date), largely due to the fact
that T has O(d?) rows: our experience shows that it is extremely difficult or infeasible to
carry out the supervised clustering for d > 100. In this section, we propose a simple but

fast algorithm to solve the generic sparsity problem in applications with large data.

3.4.1 Motivation

Let’s first review the canonical lasso problem: given (X, y, \),

!
mlnilly—Xﬁlngr)\llﬂlll- (3.18)

~

By the KKT optimality conditions [48] (the nonsmooth version), 3 is an optimal solution
if and only if B satisfies the equation

X"(XB—y)+Xsgn(B) =0, or Asgn(8) = X'y — 23, (3.19)

where the same generalized sign notation (not a function) — sgn [45], is used, to denote a

subgradient of ||3||1. It is easy to see the following important fact about sgn:
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Fact) Given an arbitrary sgn(B) € %(,@), let € = B+ Asgn(B), then
B =0s(&A),

where Og(+;\) (or O(+; \), for simplicity) is the soft-thresholding operator using A as the
threshold value.
Rewrite (3.19) as
B+ xsgn(8) = XTy + (I- D)8, (3.20)

This motivates an iterative design to solve (3.18)
Ut = XTy 4 (I —x)BY), gUuHY = g(¢lth; \). (3.21)

If |2|]2 < 1, this nonlinear process can be shown to converge® to an optimal point even if
3 is singular (in which case (I — ) is not a contraction, but only nonezpansive) [18]. The
corresponding algorithm is simple and does not involve matrix inverse computation.

The iteration of (3.21) has been proposed in different forms and is advocated by many
researchers [18, 27, 55| in large-data problems (even competitive with LARS). In contrast
to our starting point of the generalized sign (sgn), Daubechies et al. [18] constructed it
from surrogate functions, Friedman et al. [27], Wu and Lange [55] are based on coordinate
optimization. In particular, Daubechies et al. [18] prove nice theoretical results on its con-
vergence in a general functional framework; Friedman et al. [27] demonstrate the amazing
performance of this iterative algorithm in terms of the computation time compared to the

homotopy method and LARS.
Now consider the generic sparsity problem
1 2
min glly — XB(3 + AITB (3.22)

where T is a sparsity pattern matrix to be specified by users in different situations. Through-

out this section, we assume T has full column rank,* which means that it is a square or

3Note that this theoretical achievement is considerably stronger than an ‘every accumulation point’
argument often seen (e.g., in [7]).
“Otherwise, it is no more difficult than the nonsingular (square) case.
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‘thin’ matrix. The optimal B satisfies the equation
X"(XB ~y) + \T"sgn(TB) = 0,

or
TT.0(TB;\) = X1y + (T'T - ).

The difficulty is, however, TT has no left inverse in the case of a ‘thin’ T'. For example,

in the fused lasso,

I
T = with F =
Ao F

1 -1

T does not have a right inverse. Consequently, we are incapable of developing a proper
iterative equation to get the exact solution.

The above argument explains why Friedman, Hastie, and Tibshirani [27] encountered
difficulty in generalizing the coordinate optimization from the lasso to the fused lasso. Intro-
ducing a ‘descent cycle’, a ‘fusion cycle’, and a ‘smoothing cycle’, Friedman et al. designed
an ad-hoc algorithm for solving the diagonal fused lasso. There is seemingly no theoretical

guarantee for its convergence or converging to an optimal solution.

We reparameterize (3.22). First, introduce H with HT = I: assuming that the SVD
decomposition of T is given by T = UDV?T, we take H = VD 'U" throughout this
section. The generic sparsity regression problem (3.22) is equivalent to the following con-

strained lasso problem:

, 1
min f() = Slly - X H - Y3+ Ayl st THy =+. (3.23)

The optimal 3,,, is obtained from the optimal 7, by B,,; = H7,,. It suggests an iterative

algorithm as follows

~0) =0HTXTy + (I - HTSH)YU-D; )) (324
~GHD) — T HA0) '
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and
BY) = H~). (3.25)

The good news is that this iteration, though only nonexpansive for 3 singular, does con-
verge® (under some mild conditions); the bad news is that it does not converge to the right

point. Nevertheless, (3.24) is the basic iteration of our practical algorithms below.

3.4.2 The ‘annealing’ algorithm

Observe that the original optimization problem (3.22) is also equivalent to
1 9 A
min o[y — X Bz + L I(T - k)8l
for any k positive. We may use a variant of (3.24) and (3.25)

50 =6 (%HTXTy + (I - HHTSH){0-Y, %)

(3.26)
FU+D) = THAW,
8Y) — HAU) /. (3.27)
Let v) = ’y(j)/k‘. Since
() 4 A2 — k) 4 Mg () ) — ) 1 D)
Y+ psen(YY) = kv 4 osgn(vY - k) = kv 4 sen(y ),
we get
YO =0 (FH'XTy+ (I - 5H'SH)yU-Y; %) (3.28)
~G+D) — TEHAG), '
BU) — H~U), (3.29)

®Yet Daubechies et al’s convergence theorem [18] cannot be directly applied, because |HTXH |- is
exactly one, but not less than one.



CHAPTER 3. SPARSE REGRESSION WITH EXACT CLUSTERING 59
For clarity, we write (3.28) as even and odd updates
() _ 1 gTxT _ 1T U-1. X
W =0 (LH'X Ty + (I~ LH'SHRS ™ A). 50

v =TH~+Y.

Theorem 6 The following results hold for the iteration (3.30):

1. Convergence. There exists a ko > 0 such that for any k > ko, ‘ygj),‘ygj),,@(j) converge

given any initial value in (3.30). That is, as j — oo, we have

YD (k) = 7. (k),vF (k) — ~,(k), BY (k) — B(k).

2. Optimality. As k — oo, every limit point of B(k) (or v.(k), v,(k)) is an optimal

solution to (3.22) (or (3.23)).

3. Rate. Let A(k) =~.(k) —v,(k), fopt be the optimal value in (3.23). Then,’

C
1A < 25 (3.31)
and c
0 < fopt — f(e(k)) < 52 (3.32)
4. ko. Finally,
o < — Imax(X) (3.33)

ﬁ Omin(T)

where omax(omin) denotes the largest (smallest) singular value of the corresponding

matrix.

See Section 3.7 for the details of the proof, where we successfully generalize Daubechies

et al.’s convergence theorem [18]. In the following, we abbreviate the subscripts of ~¢

()

()

and v, (k) for simplicity. We summarize more findings in the case that ¥ is nonsingular:

5Tn this chapter, we use C to denote a positive constant; yet these C’s may not take the same value, even

in a single equation.
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Proposition 3 Suppose 3 is nonsingular. Then
Vopt = arg <m71nf (v) s.t. THy = 7)

is unique. On the convergence of Y9 (k) (k > ko), we have

I90) = k1 < (1= 5 1)~ 091, (3:34)

where pg = A\ (HTEH), the smallest positive eigenvalue of H' X H ; and

C
17 (k) = Yopell < 13- (3.35)

Moreover, sign consistency is achieved for finite k, — in particular,

for any finite k large enough, with the index set z satisfying (’yopt) 0.

From (3.34), with 6§ 2 |7 (k) —~(k)||, we have ||[v9) (k) —~y(k)|| < € if (1- %)j 0 < e
% ~ k2. p% log(é/€p), which indicates that the number of iterations required
at k is O(k?); on the other hand, from (3.31), or (3.35), the error o ,?12

general: for a small k, BuU )(k) converges faster, but to an inaccurate solution; for a large k,

orj <

This is true in

Bu )(k:) converges more slowly, but to a more accurate point.

Therefore we design an ‘annealing’ algorithm (not simulated annealing) with k acting
as the inverse temperature parameter. Run (3.30) for small k first, then feed the estimate
as the initial value into a new iteration associated with a larger k. The outline for our
annealing algorithm is given as follows. The details of the design are given in the next

subsection.
1. Initialization. Set the starting values for 720) , k. etc.
2. Iteration.

e Update ,\/gj), 7(()]‘)7 and BY) in the way of (3.30) and (3.29).
o If |3Y) — BU-D|| is ‘small’, then

— If ||‘7,(5j) - ‘y((,j)H is ‘small enough’; exit.
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— Otherwise, increase k to some ‘larger’ value.
e Let j «— j+ 1; go to the next iteration.
Both the inner j-convergence and the outer k-convergence can be slow: typically, they
may fail to be linear (or geometric) — see (3.35) for an example; this is caused by the non-

expansive operators. We need to think of some effective ways to boost both convergences

to solve the problems in the real world.

3.4.3 Accelerated annealing

It is natural to think of updating k at each iteration j. Like simulated annealing (SA), in
this inhomogeneous way, the ‘cooling schedule’, i.e., the growing manner of k(j), is crucial

to guarantee an optimal convergent point which solves (3.23).

Theorem 7 Assume X is nonsingular. If k(j) satisfies

o0
1
— =00, and k(j) — oo as j — o0, 3.36

then the inhomogeneous chain must converge to the unique optimal solution.

For example, we can take k(j) = /4. A detailed proof of Theorem 7 is provided in
Section 3.7, based on a useful decomposition for inhomogeneous chains, due to Wrinkler [54].
In general, a valid cooling schedule, in theory, should be no faster than the k(j) satisfying
(3.36).

Theorem 7 implies that it essentially takes polynomial time to yield a good solution,
in contrast to the exponential in SA [40]. But \/j might still be too slow in practice. In
most applications, we are only interested in obtaining a good enough solution, which allows
for an even faster cooling schedule. Based on our experience, we would recommend the
homogenous updating — run a sequence of homogenous chains, each at a fixed k; the trick
here is to run the chains for small k’s first, to complete the major improvements over the
initial point, but not for too long a time, while the finer tunings are left to larger k’s to aim
better at v,,;, rather than the inaccurate «(k) for small £’s. An illustration for this cooling

schedule is given in Figure 3.2. In implementation, k is doubled if a stopping criterion is
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met. We find the following type of relative error

189+Y — Y|
NOT

makes a good criterion, where AU (k) £ 'yéj)(k) - 'ygj)(k). Due to (3.31), we may also use

K218 = B, (3:37)

R S

J

Figure 3.2: Homogenous updating in AA.

Accelerating the inner j-convergence is trickier because the iteration here is nonlinear
and nonsmooth. Introduce K such that

1

Ty —
K'K =

H'SH+ U, UT,

where U | is obtained via expanding U to an orthonormal U = [ U U, } Let a =
H7XTy/k?. To separate the nonlinear thresholding out, the updating kernel (3.30) is

represented as (see Section 3.7)

. . 4 4 by
€0 = (I - K"Ky + a, UM = 0V, ). (3.38)

For this nonlinear process, we consider two forms of relaxation, parameterized by w:

(D) g9 = (1 -w)g? +w((I - K"K}y + ), 4V = 0(6V7Y; %» (3.39)
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. . . . . A
(11) €U = (1 =y + (I = KTK)YY) + o), 40T = 0V w- ) (3:40)

Both relaxations seem to converge and yield an optimal solution when 0 < w < 2. When
w = 1, they degenerate to the same nonrelaxation case (3.38) discussed earlier. Before
proceeding, it is convenient to introduce some operators — Ty, O, fk,Tk: for any vector v,
Tiov = Jvo+a, Vo, withJ = IT—-wK'K, Opov = O(v; M/K?); Tk = 00Ty, T, = T00y.

Proposition 4 For relazation (II), given any v, v9) (k) converges to a fized point of Ty
as j — oo, provided 0 < w < 2. And all conclusions in Theorem 6 hold under this condition

except that the last statement becomes

W Omax(X)
ko < \/;amm(T) (3.41)

The cooling schedule Theorem (Theorem 7) also applies for such w’s.

The proof is based on our generalization of Daubechies et al. [18].
Convergence analysis is more difficult for relaxation (I). However, our extensive experi-
ences show that 7(j) converges, too, for properly chosen w’s. Currently, we have obtained

the following result:

Proposition 5 For relaxation (I), given any v, v9) (k) converges to a fizxed point of T

as j — 0o, provided 0 < w < 1. If 2T}, — I is nonexpansive, the same is true for 1 < w < 2.

The proof presented in Section 3.7 is motivated by Browder and Petryshyn’s reasonable
wanderer [12].

A very interesting special case in relaxation (I) is w = 2. In this situation, é(j) does
not converge,” but v converges! And the limit depends on U LUIE(O). Consequently, if
U, UT¢® = 0, the limit is an optimal point (a fixed point of Tj,). This case catches our
attention because setting w = 2 is attractive: for a bad initial point, the relaxation can
reduce the number of iterations by about 40% in comparison to w = 1 (the non-relaxation
case)!

We now state the exact procedure for the accelerated annealing (AA) algorithm of the
above form. Suppose X, y, A\, T(= UDV?'), and H are known. In the initialization stage,

cur)

set the starting value of 5( and construct 4(¢). Let the initial k£ be the bound given

"It has two accumulation points.



CHAPTER 3. SPARSE REGRESSION WITH EXACT CLUSTERING 64

in (3.41). We will use €outers €inner.a; Einner,p @S the error bounds to control the iteration
(starting with j = 0), which is specified below.
ITERATION (AA)

o £  (I- LHTSH)UU ) + LH'XTy.
o If ] > 0, g(new) - (1 o w)E(cur) +w€(new) )

° 7(6) - @(g(new); A).

o

Bnew) . F(e) y(0)  pgnew)

If H/B(CUT) - B(new) Hoo < max (Einner,a/k27 5inner,b)

— If ||7(O) - 7(8)”00 < Eouter s exit.

— Otherwise let k «— 2k, j < 0.

° Ig(cur) - ﬁ(new), Ev(cu'r) - E(new) )

e j«—j+1; go to the next iteration.

(Note that in the second step ULUEE(CW) = 0 after updating k each time.) This AA
algorithm solves the sparse regression for any T'. And it does not involve complicated
operations like matrix inversion. In implementation, a pathwise algorithm with warm start
is preferred, where the previous estimate associated with the old value of A is used as the
initial point of the procedure for the current value of A.

In scientific computing, asynchronous iterations are often used to overcome insufficient
computer capacity and computational speed. In fact, in the case of lasso with T' = I, the
asynchronous updating of (3.21) (which is in vector form) leads exactly to the component-
by-component iteration given by Friedman et al. [27]. In AA, the first three steps in the
iteration (given E(C“T)) can be carried out in a similar asynchronous manner, which helps
in reducing the total number of iterations further (but not necessarily for the total compu-
tational time when we encounter a complex T that is too large to pre-compute the matrix

products in AA).

The computational cost of our algorithms is primarily due to matrix multiplication and
thresholding. Although an SVD for T is used, it only needs a one-time calculation. Fur-
thermore, for some regularly patterned sparsity matrix, like the fused lasso or the clustered

lasso, we are able to provide explicit analytical solutions.
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Let - .
1 -1
I . 1 -1
T, = with F'; = (3.42)
AFy e
1 -1
be the sparsity matrix for the fused lasso, and let
I
Ty = (3.43)
AFy

denote the sparsity matrix for the clustered lasso, where F'5 is a pairwise difference matrix.
It can be defined by

1, ifj=o
Fo(i,j) =4 -1, ifj=4 (3.44)
0, otherise
fori=1,---,d(d—1)/2, with {(a;, 5;)} enumerating all possible pairwise combinations of

{1,2,---,d}. Without loss of generality, assume agq—1)/2-2 = d — 2, Byg—1)/2—2 = d — 1,
Qad-1)/2-1 = d—2, Ba-1)/2-1 = d, ®ga—1y72 = d — 1, Bya—1)/2—2 = d; that is, the bottom
1 -1
right 3-by-3 submatrix of Fois | 1 -1
1 -1

Proposition 6 The following formulas provide the SVDs for the fused lasso and the clus-
tered lasso, with F1 = Uy D\VT, Ty = U, D1V, Fy = UsDoVY, and Ty = Uy DoV -

1. U, = \/g [sin (%)} (deD)x(de1)’ D, = diag{2sin (%)}(d_l)x(d_l),
Vi= \/% [COS (W)]dx(d—l)'

r _1
L V(I +\2D?)~> ] b —

~ 1
2. U, = Vd dx1 L=

| Og—1)x1 Ur- ADL(I + \2D2)

Vi= ﬁldﬂ Vl}-

)

lix1
(I +\2D?)2

3. Us = | u LdF2V1 }, Dy = diag{0,Vd,--- ,\d}, Vo=V, Vd >3,

T
whereum:%{() e 0 1 —1 1] )
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N 13 — Vv _
JoUy= | Y& VIR D) diag{1,VI+ A2, - /T + N},

A
~ 0 Vs
Vo= Vy= V.

To apply Proposition 6 to the DAW-CLASSO (3.17), we need to generalize our algo-

rithms and results in this section to the weighted version of (3.22), say, given by
1 2
min o |ly — X |3 + [[ATB1,

where A = diag{\;} with A; > 0. This is trivial because we only need to replace the
previous universal thresholding value A by the componentwise thresholding values \;, then

all conclusions and proofs carry over.

3.4.4 Results on biological data

We consider the kidney microarray data described in Section 3.2. The task of supervised
clustering is quite challenging for the high-dimensional data because the size of the sparsity
matrix T or its left inverse H can be huge (O(d?)) even for a medium value of d. Although
we can reduce the problem size by filtering or testing — for example, FDR < 0.05 gives us
about 800 genes — we can only manage to run the clustered lasso with conventional convex
optimization packages for d less than 110.

By contrast, in the iteration of AA, we do not really have to compute or store H due
to Proposition 6. In fact, U1 and V' are the only dense matrices we need in calculating all
the matrix-vector multiplications, and they are of order d x d.

A very effective trick for speeding the computation of a solution path is to add predic-
tions into the warm start: we construct the initial 3 in the AA iteration from the linear
extrapolation of the last two estimates.

Figure 3.3 demonstrates the gene clusters after applying DAW-CLASSO (Method B),
implemented via AA, to the 800 most correlated genes. Five-fold cross-validation was
used to tune the parameters. All of our efforts have paid off: the nonzero coefficients are
successfully clustered. And the variable groups are directly obtained from the estimated
coefficients. It seems that some of the groups might be tricky to be found by a two-step
approach (modeling — clustering, cf. Section 3.2), the clustering of which is based on
the distance measure, i.e., the differences between the coefficients only. Note that in our

supervised clustering approach, the clusters are optimized by the model fitting and the
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fitting process automatically selects the number of clusters and the cluster size for each

cluster.

8

coeff (ordered)
o
1

-4 -

0 100 200 300 400 500 600 700 80(
genes

Figure 3.3: Clustered coefficients (reordered) from DAW-CLASSO on the microarray data.

3.5 Discussion

We studied a generic sparse regression problem with a customizable sparsity pattern matrix
T, motivated by, but not limited to, a supervised clustering problem in data analysis.
We proposed the clustered lasso and introduced a general framework for sparse regression.
Interestingly, we have found, both in practice and in theory, that the granted power of the
l1-penalty to approximate the [p-penalty can be rather poor, say, if T, is large and (T,
T,..) is not ‘separable’. This causes serious trouble for the clustered lasso to recover all true
clusterings.

In fixing the naive [; penalty, we noticed that Theorem 5, though general in theory, did
not provide much guidance in practice for choosing the weights. We are in great need of a
nonasymptotic study to tell whether a given Bwts is accurate enough to bring benefits to
the model sparsity or test error or even both.

The data augmentation technique, which can be viewed as an empirical Bayesian method,
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uses Gaussian priors in our design to reduce the test error. The nondiagonal manner cor-
responds to a multivariate Gaussian distribution with a degenerate nonidentity covariance
matrix, where one degree of freedom is saved for the tuning of A. It is more robust to a
not-so-good ,[:}(wg than the diagonal way.

Combining weights and data-augmentation is an effective way to increase the model
sparsity and reduce the test error simultaneously. In the next chapter (or see [47]), we

present a totally different idea to achieve this.

Regarding the computation problem, our AA algorithm is able to handle a large T
and/or a large X in practice, but also raises a few interesting open problems, like the
accuracy of the stopping criterion (3.37) in homogenous updating, and the convergence
analysis for relaxation (I) and the asynchronous updating. These studies are absolutely
nontrivial due to the nonexpansive nature of the underlying operators, and the nonlinearity
caused by the thresholding. Particularly, we would like to obtain some further convergence

rate results of the inner/outer iteration for a singular 3.

3.6 Proofs of Proposition 1, Proposition 2, Theorem 4, and

Theorem 5
For the optimization problem

1
min |y — X B3 + AT,

by the KKT optimality conditions (the nonsmooth version [48]), B is an optimal solution
if and only if there exists a sgn(T3) such that

XT(XB —y)+ \TTsgn(TB) = 0. (3.45)

Equivalently,
N 1. o o
B =3 (X"y - MT"sgn(TP)),

or

B=p8+ %E_IXTG - %E_ITngNn(T,B)). (3.46)

e Proof of Proposition 1
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The proof is obvious by noticing that

R N(0 0—22—1) = 0,
n "n P

Si-

and
A

_ SN A
;E 'TTsgn(TB)) = EOp(l) =o0p(1). §
e Proof of Proposition 2

Assume for the moment

A/Vn — Ao > 0. (3.47)

We first develop a y/n-consistent result similar to Knight and Fu [34] but in a general

situation:

Lemma 3 Under the assumptions in the Proposition 2 and (3.47), \/ﬁ(B—B) = d,, where
4, is defined by

arg min %5Tca — 718 + Xo (sg(T:8)" T26 + | T:61)

with z = {i : (TB); =0}, nz = {i : (TB); # 0}, and r ~ N(0,0%C).
In fact, from the KKT equation (3.46), & £ \/n(B — 3) satisfies

1

1 A __
— 3 IxTe - —E_ITngn(\/ﬁ

= v

Té +TB).

So & solves %HﬁXJ — €|} + )\HﬁTé + T, or
L1 o L, o 1 N
2”\/5)“ —ell3 = 5lel3 + A||ﬁ:r5 +TBlh = ATB[ = £(9).

Noticing that f(8) = ¢(8), /(B8 — B) = &, follows by Geyer [32].

We need to show limsup,, .. P(T.3 = 0) < 1. Observing {8 : T.8 = 0} is a closed
set, limsup,, .. P(T.3 = 0) < P(T.6, =0) £ py. 8, satisfies

Co,—r+ AOTZégﬁ(Tzéo) + )‘OTZzSgn(T"Z’B) =0.
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Clearly, pp < 1 if A\g = 0. Suppose Ag > 0. T,d, = 0 means

1
—T.C'r —T.C7'TT sgn(T,.0),

TZC_lTZngNn(TZJO) = n
Ao

which implies

1
T.Cc 1! . 5 = TTZC*lr —T.C T . sgn(T,..B)
0

is solvable in the solution space {s: [|s|oc < 1}. (3.48)

Lemma 4 Let A be a positive semi-definite matrixz with the spectral decomposition given
by, say, A = UDUT = S diujul’. Define 2/ = {i : di = 0}, nz' = {i : d; # 0}, and
the generalized inverse AT = UDTUT = UnZ/D;Zl,UZZ,. Then As = a if and only if (i)
s=ATa+ U, m for somen and (ii)) ULa = 0.

The proof is omitted.

Apply Lemma 4 to the problem (3.48), with A = T.C™'T? a = /\LOTZC_IT‘ —

zZ

T.C'TT sgn(T,.03). (Note that condition (ii) is naturally satisfied, because

UlA=0=>U0%AU., =0=UlT.C"V?=>ULT. =0,

and so UL« = 0.) Then (3.48) implies 3n s.t. |[ATa +U.m|s < 1, or

<1.

(R P

Observing that [ U, U, } is an orthonormal matrix, say, of size m-by-m, we know

[e.e]

|D, UL alle < vm.
Consequently, given r ~ N(0,02I),

1
—T.C'r —T.C'TT sgn(T1..08))||00 < vVm) < 1.

po < PDIUT (S :

For the general case A = O(n), if B were zero s-consistent w.r.t. T, for some sequence

A(n), there must exist a subsequence A(ny) with A(ng)/ni — Ao for some Ag > 0, such that
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B(ny) is zero s-consistent w.r.t T',. This contradicts the above argument. [ |
e Proof of Theorem 4

First, it is easy to derive an asymptotic result similar to Lemma 3:
(B—B) = do, (3.49)
where &, is nonrandom, defined by
arg m&in %5TC’5 + (sgn(T2B8)) T.0 + || T.61.
So the KKT equation for 4, is
C3, -+ T7sgn(T=0,) + T,.58n(Ty:8) = 0. (3.50)

Recall that B is an optimal solution if and only if (3.46) holds. Therefore,

. 1 .
T8 = T1(72’1XT6)—5T12’1Tngn(T,6)
n n
1 . .
= T(-X71X7e) - 5T12—1T1ngn(T15) - 3T12—1T2ngn(T25).
n n n
Thus
TS T ) = TS T mp) + Y - tTg (5

with & = T/ ' XTe/\/n ~ N0, T:Z7'TT). Apply Lemma 4 with

A=T3'TT o = -T2 ' T sgn(T28) + \i\ﬁa’ - %Tlﬁ.

Again, condition (ii) is naturally satisfied because U, T; = 0. So (3.51) is equivalent to
sgn(T18) = (T2 "TT) o+ U for some n. It is important to point out that even the
original KKT equation (3.46) does not resolve the ambiguity of 1 (since TT U ,m = 0-n = 0).

So a sufficient condition for T13 = 0 is
TETTH al|s < 1. (3.52)

And a necessary condition for T8 = 0 is |(T1Z 'TT) T + U.mllos < 1 for some . It
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follows that

||(T12_1Trip)+a”oo = ||Unz’ng’(Unz’D;LzlfU£z/a +U2m) |l
= |UnUpo(TiE'T]) T a+ Um0
< NUnUplloo = (TETTH)HTETTT oo

z

That is,
(=T el < [(TETTT)H(THETTT |- (3.53)

Now study the asymptotics.
Necessity. If ,3 is zero s-consistent w.r.t. T, then from (3.49), T1d, = 0, and so
%Tlﬁ 20. In addition, @5’ = 0p(1). Hence

T = T TS T3560(TP) |0 < |(T1C T HTC T )|l + €

with probability tending to 1, for any ¢ > 0. Note sgn(T23) is bounded. There exists a
subsequence indexed by nj such that sgNn(TQBnk) — s with probability 1. By Proposition
1, we immediately know s € @(TLB). Thus

(T1C™ T T1C 7 Ty sloo < [(T1CT'TT) N (T1C 7T )|l + €

with probability 1, for any € > 0. Then necessary condition follows.
Sufficiency. Our goal is to show P(||(T1Z7'TT)*alle < 1) — 1 given (3.10). Sup-
pose liminf, .o P(|(T1Z'TT)*alle > 1) > 0. First, since Ty C T, if we write T,
T ——
as ' | with T, C T, obviously, sgn(T'2,0,) € Sgn(T2,3). Then, repeating the ar-

T2z
gument for (3.52), we know (3.10) is sufficient to get T'1d, = 0 from the KKT equation

(3.50).
Likewise, we can find a subsequence indexed by nj; such that sgNn(Tgfink) — 5 €
éé;l(Tg,B), 28 — 0, 27,8 — 0, and 3, — C with probability 1. So we get

P([(T:C™'TT) T1C ™' T sl 2 1) > 0,

ie.,

(T C™'TT) T C 7' T sl > 1,



CHAPTER 3. SPARSE REGRESSION WITH EXACT CLUSTERING 73

which contradicts the assumption. |
e Proof of Theorem 5

Define W = diag{w;}, W, = diag{w;}je., Wp. = diag{w;}jen.. Then the weighted
sparse regression (3.14) just replaces the T' in (3.8) by WT. Define § = a(n, \)(8 — 3) for

some sequence a(n, \). Similar to the derivation Lemma 3, § solves

o1 a 1 T Aa Aa

min §6T26 — % <\/ﬁmT€> 5 + ?HWZTzéHl + Fsgn(TmB)TWanZ(s
Following the lines of [61], one can prove that if (i) limﬁ exist (say equal to agp), (ii)
£ A — 0, and (iii) 22B — 0, then

. A 1

0 =a(n,\)(B—PB) = arg (méin §5TC(5 —aor’s, st. T,6 = 0) , (3.54)
with 7 ~ N(0,02C). To make sure such a(n, \) exists, it is enough to have: % < yp and
% < y/n (with P < @ meaning lim P/@Q — 0). That is, if

@A(n) — 0,A(n)B(n) — 0, (3.55)

then 3 is a(n, \)-consistent, for any a satisfying (i), (i), & (iii).
On the other hand, substituting W, T, for Ty and W ,,, T, for T in (3.52), we obtain
a sufficient condition for T,3 = 0:
VT, X 1xTe

W NS T (-T2 T W,,.560(T . 8) + Y
W s LW T8+ YT

n,/\)TZB) H <1

S L —
Aa(n, A) ¢
Clearly, by (3.54), (3.55), and (ii), this holds with probability tending to 1.

For the special case a = /n, it suffices to show A satisfying /nA/\ — 0, AB/\/n — 0
exists. And A = y/nA/B is one possible choice. |}
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3.7 Proofs of Theorem 6, Proposition 3, Theorem 7, Propo-

sition 4, Proposition 5, and Proposition 6

e Some Basic Facts

Before our formal proofs, let’s state some basic facts. Recall that T = UDVT,
H=VD'UT,and I-TH = U, U, with U via expanding U to get U — [ U Ut ]
orthonormal; C' is widely used to denote a positive constant, but not necessarily the same

even in a single formula. The subscripts of 7? ) (k) and ~.(k) are omitted for short.

From (3.30), v.(k), or v(k), satisfies

A(k) + 25B(4(K) = UU (k) + 5 (BT Xy ~ HYSHA(R),

k
ie.,
(k) = 7 arg min %H"/Hl + §Hy —(XH/k) ~l[3+ QHULUnHz
. 1 k2
= (k) = argmin Al + 5y - XH - y[5 + - [ULUTH|3 (3.56)
Let
1 2
flv) = §Ily—XH-'7||2+AH'YII1, (3.57)
k2 T 2
Fr(v) = f(v)+ 3HUlUnH2, (3.58)
1
Pr(v) = ﬁFk('Y)- (3.59)

Fact 1) For any k, v (k) (j = 0,1,---) defined by (3.30) is the sequence of iterates solving
the lasso problem min®g(7y), in the way of (3.21).

This gives anot][;/er important explanation of our approach from the penalty functions.
And we immediately know (see, e.g., [6])
Fact 2) F(4(0) 1, F(4()) < fopt

From Fact 2), A||[v(k)[1 < fopt- So
Fact 3) ||v(k)|| is uniformly bounded.



CHAPTER 3. SPARSE REGRESSION WITH EXACT CLUSTERING 75

The KKT equation yields

1

(H' X"y — H'SH~(k) — Asga(v(k)))-

It follows from Fact 3) that
Fact 4) |AK)|| = |U LU~ (k)| = O(3z) and [A(K)]|2 | 0.
The latter result is due to the penalty function again.
e (Generalization of Daubechies et al.’s Convergence Theorem
Although we have Fact 1), Daubechies et al.’s convergence theorem [18], which makes
use of Opial’s conditions [41] in studying the nonexpansive operators, can not be directly

applied, because the 2-norm of the operator K satisfying

* o 1 T T k%A UT
K'K= H'SH+UU -|U UL}[ o (3.60)
with

AL D 'vizvD!, (3.61)

is exactly 1, whereas Theorem 3.1 [18] requires || K||2 < 1. Therefore, we need a generaliza-
tion of Daubechies et al.’s (weak) convergence result.
In fact, we can generalize Theorem 3.1 (or Proposition 3.11, to be more exact) in [18]
to K satisfying
1K, < V3, (3.6

which may also validate the over-relaxation technique used to speed the convergence. In
this part, we will use some notations compatible with [18], with mild changes. (Note that
our thresholding operator O(+; \) uses a threshold value A instead of \/2.)

Let

2(f) = SIKF — g3+ N 2SUR(Fra) = 9(F) + L (F ~ @) (F —a),  (363)

and J £ T — K*K. The iterative process can be represented as
frHl=0(Jf"+ K*g;\) (3.64)

Since | K|z < v2, —1 < eig(J) < 1, where eig(J) denotes any eigenvalue of J. Note
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that ®OUR i still strictly convex in f and Proposition 2.1 [18] holds; in particular, for
Fopt = arg m}n‘pSUR(f; a) given a,

oSUR(f .+ hia) > oSUR(f -a)+ |n|3, VA (3.65)

Let f"*! = arg m}n@SUR(f; ™). Then it is easy to get

cI)(fnJrl) + %(fnJrl _ fn)TJ(fnJrl _ fn) — (I)SUR(fnJrl; fn)
< BSURGEn 1) = IR = o) - I - R

= B 4 (T PTG ) < 2.

Hence ®(f™) | and the series 00 (" — fM)T(I +J)(f**! — £7) is convergent. On the
other hand, since eig(J) > —1, ||f*"™ — 2 < A- (T + J)Y2(f — £™)||2, where A is
some strictly positive constant.

With these facts, it is not difficult to write out the full proof for the (weak) convergence
of f* for any K satisfying (3.62), by making corresponding changes in Lemma 3.5 and
Lemma 3.7 [18]. The details are left to the readers. |
e Proofs of Theorem 6 and Proposition 4

Now, with Fact 1) and the above generalization, '7(j),'y((;j ) as defined by (3.30) must
converge given any initial value, because |[K|ls = 1 < v/2. (Recall that K is defined by
(3.60).)

By Fact 3), {~v(k)} has at least one accumulation point. Consider a subsequence ~y(k;) —
v, as | — 0o. Then f(vy,) = llirgof(v(kl)) < fopt due to Fact 2). So any accumulation point
of (k) is an optimal solution.

The convergence rate of ||A(k)|| is covered by Fact 4).
From Fact 2), f(v(k)) T, fopr — f(v(k)) = 0. So f(v(k)) converges. Note that

1 1
F) = Slly = XHA[3 + Myl = Slly = XHA[5+ AUy = AJULU LA
It follows from Fact 4) that

FR) = Sy~ XHy ()3 + MU 5(R) 1~ 5
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Let gopt be the optimal value of
. 1

min g(v) £ olly = XHUU y[§ + A[UU A s.t. [ULUL| < ULUTy(K)]. (3.66)

Then
C
FO(®)) = gopt = 13- (3.67)
Observe that for any 4 minimizing (3.66), UU Ty 40U J_UE'Y is an optimal solution, too,
for V6 : 0 < 6 < 1. So it is enough to consider
min g(v) s.t. [U UL| =0,
which is equivalent to
min f(v) s.t. U, UTy =0

Thus 7,,; is always one optimal solution to (3.66) given any k. By (3.67),

PO 2 90op) ~ 13 = F i) ~ 3.

For the relaxation in the form of (II), it is of the same form as (3.64) if we let
J(or Jp) =T -wKTK, for 0 <w < 2, (3.68)

with w = 1 corresponding to the non-relaxed version (3.30) (or (3.38)). Since y/w - || K||2 <
V2, ) defined by (3.40) converges. Clearly, the above conclusions and proofs go through.

For the choice of kg, our generalization guarantees the convergence if (3.62) is satisfied,

and we know
1
WAl 5 <24k > %HD_lVTZ]VD_lHQ.

Since 2 (x)
X

D 'WVTSVD ||, < Tmac )

| l2 < —3 T’

min
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it is sufficient to let

W Omax(X)
b= \/; ' Umin(T) ’
Un)in(T) :

The cooling schedule part of Proposition 4 is left to the proof of Theorem 7. |

Hence ko < /% - Tmax(X)

e Proof of Proposition 3

Represent the iteration of () by nonexpansive operators T, ks Ok, Ty
D) = T, o ~9) =040 (T}, ,Y(J'))’ (3.69)

where O o v = O(v; A\/k?), T ov = Jpv + o with o = HT XTy/k2. @k,Tk,fk are

nonexpansive in that
1Ok 0v —Opod!|| < o=, |[[Thov—Trov| <|[Thov—T,ov| < |lv—72].

(See Lemma 2.2 and Lemma 3.4 of [18].) For later use, we also define T, = T} o O.

If 3 is nonsingular, eig(K) > 0, and thus T}, becomes a contraction. It is not difficult

to show (3.34) since Amin(A) = A\ <I~J

A o]
. ] UT> — A" (HTSH). And f(v) is

strictly convex, so v,,, is of course unique.

Next, we prove the finite-k sign consistency result.® Introduce an important fact:
Fact 5) Let v, be the unique optimal solution of the convex optimization min fo(v) =
h(v) + [|B(v)||1 with h, B smooth. Define the index sets z = {i : (B(v,)); = 0}, and
nz = {i: (B(v,))i # 0}. Let vy, be the optimal solution of

mink(v) + sgn (B(vo)n:)" B(v)p. s.t. (B(v)). = 0. (3.70)

Then v, = vy,.

In fact, by the generalized KKT (see, e.g., [48]), v, solves min fo(v) if and only if
Vh(v,) + DB(v,)"sgn (B(v,)) = 0.

Let b = 5gn (B(v,)). Then min fo(v) <= min fi(v) £ h(v) + b B(v). And we know b; =

8This proof is partly motivated by Boot’s sensitivity analysis in QP [9].
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+1,Vi € nz, by € [~1,1],Vi € 2. Now consider min fo(v) £ h(v)+bl,-(B(v))n. s.t. (B(v)). =
0 with an optimal solution v,,. We have fi(v,) = f2(vo) > f2(voo) = f1(voo). Hence

Vo = Voo
In our problem, observe that n, £ UL ~/(k), Nopt = UT'yopt respectively solve
! -
mino | X VD™ n —y[; + A|Un+ U ULy (k)|

and
1 _
min & || XV D Len—yl3+ MUn|L.

Define index sets 2 = {i : (y,)i = 0}, nz = {i : (Vo) # 0}. In the remainder of this
proof, given any index set I, we use Uy to denote the submatrix of U composed of its
corresponding rows such that (Ua); = U7 - o, Veu.

Fact 5) tells us that n,, solves
1 —1 2 T
min §”XVD n—- y”? + )‘Sgn ((’YOpt)nz) : (U77>nz s.t. (Un)z = 07 (3~71>

because Un,,; = Yope- Clearly, sgn (Unyg)n.) = sgn ((Yopt)nz) for k large enough since
Uny, — Yopt- We claim that (Uny,). = (Yopt)- = 0 is also true for any k large enough.
Otherwise, noticing -, is finite dimensional, there must exist some index sets nzz C z,
and zz = z\nzz such that each component of (Unk].)mz is nonzero, and (U'T]k]-)zz =0, for
some subsequence 7, with k; — 0o as j — oo, which implies U | U f’y(k:j) — 0. It follows

that a further subsequence of u (j =0,1,---) asymptotically solves

1 _ T
HllIliHXVD 1-n—yH§+)\Sgn ((’Yopt)nz) (Un)NZ+)‘bZzz<Unzzn) s.t. Uzzn = 0 (372)

for some sign vector by, (with each component +1). Obviously, none of the rows of U,
lies in the (row) space spanned by the row vectors of U ... Excluding the case of degeneracy,
the optimization problem does not have the same optimal solution 7, as (3.71). Hence

the finite-k sign consistency holds; and we also obtain for k large, n,, solves
1 _ T
min §HXVD ! “n— '.‘JH% + Asgn (('Yopt>m) (Un)p= st. (Un). = (UJ_UF]F_’Y(k))Z . (3.73)

Note that (3.73) is a simple quadratic programming (QP) problem.
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Let 7z C z be one index set such that U, has full row rank and rank(U,,) = rank(U ).

Since 7, always exists, the optimization problem (3.73) can be simplified into

1 _ T
min §||XVD Lipg— y||% + Asgn ((’yopt)nz) (Unpzm) s.t. Uy = (ULUf)TZ'y(k‘),

or
1
min §nTAn —alngst. U,.n =6y, (3.74)

where a = D7'VT X Ty — )\Ungn((’yopt)m), 0, = (ULUE)Tz'y(k).
Solving this QP, we obtain

n={A'a- ATULWU,.A'UL) U, A o} +AT UL (U,.A7'UL) ™ -6;. (3.75)

Note that since U, has full row rank, (UTZA_IUZZ)*1 exists. Now it follows immediately

that

Lemma 5 [UU” - (v(k) — v(K))[| < C- [ULUT - (v(k) = v(K)]l,  Vk. .

Letting k — oo, we get the convergence rate of y(k): ||v(k) — v,ll = O(1/k*). 1
e Proof of Theorem 7

We prove the theorem for the general relaxed case in the form of (II), where 0 < w < 2,
with w = 1 corresponding to the non-relaxed version; see (3.68). The operators introduced
in (3.69) will be used for simplicity except that Oy is redefined to include w: O o v =
O(v;wA/k?),Vv.

First, from

Titmy © -+ © Ty 0 ¥ — o
= (Tk(n) o0 Ty © (Thv—1) 0+ © Ty © YY) = iy © -+ 0 Ty © ’Yopt>

+(j:k(n) 0--:0 j:If(N) ©Yopt — 7opt)a
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we get
||Tk(n) ©--+0 Tk(l) © 7(0) - 70pt||
< Ty © -+ 0 Tewy © (Trv—1) @+ © Tty ©Y?) = Ty © -+ © () © Yo
+||Tk(n) ©---0 Tk(N) © Yopt — ’YoptH
< (Tl -+~ 1Ty D) - 1 Tkv—1) © -+ © Ty © ¥ = Yo
+Hj:lk(n) ©---0 flc(N) © Yopt — 70ptH 21-1 + III
That is,

| Tkny © -+ 0 Trqry © ¥ — Aol < T- I+ 11I (3.76)

in short. What’s more,

Tk(N—i—M) 0---0 fk(N) ©Yopt — Yopt

= (Tk(NJrM) 0--+0 fk(N) O Yopt — fk(N+M) 0---0 Tk(N) o ’Y(k(N))>
+ (Thovsan @+ 0 Ty 0 YR(N)) = Vo)

= (fk(NJrM) 0--0 Tk(N) O Yopt — Tk(N+M) ©---0 fk(N) o ’Y(k(N))>

M
+Z {Tk(N+M) o 0Ty oYk(N +37—1)) = Trvinry © 0 Tivgjy 0 Y(K(N +j))}
=1

+ (’Y(k(N + M)) - ’Yopt) .

Hence

L < 25up [|y(k(7)) = Yopell + > v (k) = ¥(EG + D). (3.77)
7= =N

This decomposition is used by Wrinkler in studying simulated annealing [54].

Since X is nonsingular,

- _ Y =ex ; 0 _ L exp | — Y L Cw
Isjgv(l k?(j))_ p(%lg(l k2(j)>>§ p( %k%) p0>. (3.78)

If we can show

Y (k) = ¥ (k(G + 1))|| converges , (3.79)
1



CHAPTER 3. SPARSE REGRESSION WITH EXACT CLUSTERING 82

then since k(j) — oo, AN such that supH’y( ~ Yoptll, Z Iy (k (k(7+ 1)), and
j>
N+M 1
thus III, are small enough. For this N, M such that Z 20) is large enough to make
J

N
sure I - IT is small enough. So any cooling schedule satisfying

=1
— = 00, and k(j) — oo,

guarantees the convergence to the optimal point v,,.
In the remainder, we will prove (3.79). It is enough to show

Lemma 6 [[y(k) — v(F)l2 < (75 — 1) - C for ¥k, k' : k < K.

We still consider the general relaxation form (II), with 0 < w < 2.

Iv(K) =Bl < [lv(K) = Te o y(K') + T o (k') — (k)2
<y (K) = Te o y(K)l2 + 1T 0 Y (k') = Tie 0 v (k) |2
< T oy (k) = O 0 T 0y (K) + O 0 Ty 0 ¥ (k') = Ty oy ()|
+[|T5 0y (k) — Ty 0 v (K) |2
< O o (T oy (K)) — O o (Ti oy (K))]l2
+[Ok o (T 0o y(K)) — O o (T, 0 (k') ll2 + | T 0 Y (k') — Th, 0 v (k)|
< O o (T 0 Y(K')) = O o (T o y(K")l2 + | T 0 Y(E') = Th 0 v (K')]|2

+H| Tk o (k') — Tj, 0 y(k)||2 & T* + IT* + TIT*

That is,
|y (E") — (k)]s < TF + II* + IIT* (3.80)
It is easy to verify
1 1
|Opv — Opv| < Aw <k2 — k’2> ,

where ‘<’ means the component-wise ‘<’. So

) 11
I*<C- (k?_k’?) (3.81)
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Using Fact 3), we have

e RCE SR
And for IIT*,
s = 7 ()~ k>u§=Hqumew(k>HZ
- e g o) |
_ (»y(k’)—fy(k:)) U = AU - (v(K) = (k)

+(1 = w)? (Y(K) = (k)" - ULUT - (y(K) = (k)

Hence,

1/2
II* < ((1 —w— ) lUU™ (v(K) —7(lc))H§ +(1-w? | UUTL (v(K) - 7(1@))@ / :
(3.83)
for some € > 0, because X and thus A are nonsingular.
Summarizing (3.81), (3.82), (3.83), we obtain

- oS- apg <o (B )

where 7 = [|[UUT (y(K') = 4(k))|,, 72 = [ULUL (v(k') = ~v(k))
Using Lemma 5 and the fact that 0 < w < 2, we get

2 2 2 2 2
T+ T — —(1- T
T4 TS - \/1 + (1 —w)?ri = ! 2 ( k2) ; ( ) 2
712+722+\/( — %) 24 (1 —w)? 72
)

l>-

& > E// - To
2273
for some €,€¢” > 0. Hence
1 1
007 () - v0) <€ (5 - )

By Lemma 5 again, Lemma 6 is true. Now the proof of Theorem 7 is complete. |
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e Proof of Proposition 5

First (3.39) can be rewritten using the introduced operators:
EUHD — (1 — W) + wTy) 0 V). (3.84)

Obviously, T is nonexpansive. We claim that the set of fixed points of T, say F, is
nonempty. In fact, let 4 be a minimizer of the convex function @, defined by (3.59). The
KKT optimality condition [48] (the nonsmooth version) gives

v =00 (Jry+ap) =Tion.

Let £ = Jpy+ ay. Then € = J(Or0&) +ap = Tro&. So T} has at least one fixed point.
In the rest of this proof, all subscripts k£ are abbreviated for simplicity.

For 0 < w < 1, (3.84) is the Mann iterates [35] introduced for nonexpansive mapping 7.
And it is known to converge to a fixed point of T if F' is nonempty; see Opial [41], Browder
and Petryshyn [12], or Dotson [21].

Now consider 1 <w < 2. Let w =1+ w'". Sow’ € (0,1) and

¢Ut) = W' (2T —1)o ¢l 4 (1—w)To ¢l

If 2T — I is nonexpansive, (1 — w)I + wT is nonexpansive for any w € (1,2).
Let £ € F. Clearly, To & =& = (2T — I) o €. On the one hand,

W ((QT —I)ogl) - 5) +(1-w) (T o gl — .5) H2

i — g3 = | ]

(€9 — €5+ (1 - ')?(1eD) — g3
+20' (1= W) (2T — 1) 0 €9 — ¢, T o £V) — ¢).

IN

On the other hand,

|69 —To D)5 = a?|(2T —1)o €Y —TogW)|3
- (T neer o)~ (ree )|
< a?)|gV) — ¢|3 + a®(|eD — ¢|)3
—2a%((2T — 1) 0 €Y) — ¢, T o £V — ¢).

2

2
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Letting a? = w'(1 — w'), we obtain
16970 — €13 + @' (1 = W)IEY — T o V|3 < 16 — g3,

and so

w2

€0%) — DI = ~To gD < s (e — €l — eV~ €l).

It follows that 3 [|¢U+Y) —£0)||2 converges. Note that we only used quasi-nonexpansiveness [21]
in the above proof.

Hence (1 —w)I +wT is asymptotically regular — in fact, it is a reasonable wanderer [12].
And €9, or 49, converges by Opial’s classical work [41]. |
e Proof of Proposition 6

The SVD for F'; is well known (see, for example, [2] for a detailed derivation).

Consider a d-by-d matrix E of all ones: E =1 -17. It is easy to diagonalize E. First,
E-[1 Fl|=[1 F] | diag{d.0,,0}.

So FT 1 1,i.e., F11 = 0. It follows that V11 = Dl_lUlTFll =0, and V; is orthonormal.
Hence E = Vldiag{d, 0,---,0}V7T.

For T = [ ] , we have
1
T 2 2T _ 71y 2 2v T _ ) 1 val
T\T,=1+XV DiV]; =V, Vi4+ XV DV] =V, 72D V.
+ 1
On the other hand,
_1 _
v, | ! I [ L1 v } !
Y roep? By var Tt (I +\2D?)"
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For Fa, FYFy = dI —1-17 = V1diag{0,d, --- ,d}V, . So Dy = diag{0,v/d, - - ,/d},

and if we take Vo = Vl, Uy, = [ Uy -+ Ugg ] satisfies Fng = UyDs. It implies
[ Uy -+ Ugg } = %Fng. uo1 is a normalized eigenvector of F2F2T corresponding to

eigenvalue 0. It is easy to verify that
T
[0 e 001 -1 1} /V3

is one choice.
Finally, for Ty, T2 Ty = I+ N2 FIFy = I+ )\*V,D3VI = Vo(I4+X2D2)VI. Moreover,

I Va
AFy

T,Vo(I+\2D32): (I+X\2D3%)" 2 =U,. |

)\UQDQ

Vo(I+X2D3)"3 = [



Chapter 4

Thresholding-based Iterative
Selection Procedures for Model

Selection and Shrinkage

4.1 Motivation

4.1.1 From orthogonal designs to non-orthogonal designs

We consider the penalized regression problem
.1
min 5 | X8 - yls + P(B; (= 1(6)), (4.1)

where X is the regression matrix, y is the response vector, and P(3;\) represents the
penalty with A as the regularization parameter. Here p may be greater than n. In this
chapter, we assume 3 is sparse, and use (4.1) to solve the variable selection problem.

If P(B;\) = A||B||1, then (4.1) is the lasso [50], a basic and popular method in variable
selection. However, although the /;-norm provides the best convex approximation to the
lo-norm, the lasso results in inconsistent selection (cf. the irrepresentable conditions [60])
and introduces extra bias in estimation [38].

On the other hand, if we concentrate on orthogonal designs only, i.e., X7 X = I, like in
wavelets, there are rich theories and algorithms for various types of penalties, such as the
SCAD [5], the transformed L; [31], and the Lo-penalty [25]. In particular, (a) the fitting

87
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part of the penalized regression (4.1) is separable in this case, which means we only need
to deal with the univariate case, if P is also separable (which is true in general); (b) even
if P is nonconvex, it still often results in a unique solution.

One of our main goals in this chapter is to borrow these rich results in the orthogonal
design to help us solve the general problem (4.1). We use the following mechanism to

achieve this. Define

9(8,7) = 3 IXy ~ylE+ Py ) + 5 < (T~ )8, 8~ 27 > (1.2

Here < a,b>=a’b, ¥ = XTX.

Given B, minimizing g over -y is equivalent to

min = [Jy — [(I = £)8 + XTy] |2 + P(v; V). (4.3)
v 2

In contrast to (4.1), this problem has an orthogonal design — as mentioned earlier this
is easier to handle both in computation and in theory. For example, we may adopt some
nonconvex penalties, and they still result in a unique solution of ~.

Given ~, minimizing g over 3 is equivalent to

mins < (I-%)3,8-2v> . (4.4)
v 2

Taking its derivative with respect to 3 gives (I —X)(8 —~) = 0, from which it follows that
B =~ if ||X]]2 < 1. Note that (4.4) is a convex optimization. Therefore, the optimal value
of g is always achieved at v = 3.

The connection to the original problem is now clear: it is easy to verify ming ¢(3, 3) is
equivalent to ming f(8). The advantage of optimizing g instead of f is that given 3, the
problem is orthogonal and separable in «, and we can adopt far more flexible penalties in

the algorithm design, including the nonconvex ones.

4.2 Thresholding-based Iterative Selection Procedures (TISP)

4.2.1 Thresholding rules and penalties

As the title suggests, our starting point in this chapter is thresholding rules rather than

different forms of the penalty function. One direct reason is that different P’s may result in
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the same estimator and the same thresholding, say, in the situation of hard-thresholding [3,
25].  Moreover, starting with thresholding functions facilitates the computation (as will
be shown in the next subsection). Besides, there is also a universal connection between
thresholding rules and penalty functions that we will investigate in this subsection. For
convenience, we consider the univariate case only.

A thresholding function, denoted by ©(-; \), with A as a parameter, is required to satisfy:

1. ©(-;A) is an odd function. (O, (-; ) is used to denote the O(+; A) restricted to Ry =
[0,00).)

2. © is a shrinkage rule: 0 < O (t;\) <t,Vt € R4.
3. O, is nondecreasing on R4, and O, (t; A\) — 0o as t — o0.

In addition, it is natural to have ©4(t; A\) = 0,0 < ¢t < 7 for some 7 > 0.
Given a thresholding rule ©(-; \), define

O Hu; \) = sup{t: O(t;\) < u} and O (—u; \) = -0 L (u; \),

for any v € R1. And
s(u; ) 2 07 (u; ) — u, Vu. (4.5)

Let P be a continuous and positive penalty defined by

4
P(:)) = / s(u; \du. (4.6)
0
Antoniadis [4] showed the following result for this constructed P.

Proposition 7 The minimization problem ming(t — 0)%/2 4+ P(0; \) has a unique optimal
solution 6 = O(t; \) for every t at which ©(+; \) is continuous.

By the way, if we define

P(t) =t —O(t), (4.7)

then it is Huber’s ¢-function in M-estimates; see [29, 4].
Note that (4.6) is not the only way to construct a penalty that leads to © in solving

the optimization. For example, in the situation of hard-thresholding, in addition to the
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continuous P = A?/2 — (|6] — X)*1jg/</2 constructed via (4.6),

6], if 16 < A 22
PO;\) = , and P(0;\) = — - 1oz (4.8)
A2/2, if 0] > A 2

are also valid choices [3, 25].

4.2.2 TISP and its convergence

Now we go back to the mechanism introduced in Section 4.1 for the penalized regression
problem (4.1), with P constructed from a given thresholding function ©. Solving (4.3)
yields v = O((I — X)B + X y; \). Seen from (4.4), our iterates simplify to

BUTY = (I — )8Y) + XTy; \). (4.9)

This iterative procedure is referred to as the Thresholding-based Iterative Selection
Procedure (TISP). As discussed earlier, it provides a feasible way to tackle the original
optimization (4.1).

There are rich examples for the procedure defined by (4.9). Using a soft-thresholding
in (4.9), we immediately obtain the iterative algorithm [18] (in vector form) for solving the
lasso with P(3;A) = A||B]|1. The corresponding pathwise algorithm has been considered
to be the fastest in solving the lasso problem to date, especially when p > n [27]. If we
substitute hard-thresholding for ©, seen from (4.8), it is an alterative optimization for the

penalized regression with

P=c-) 1g20=c|Blo.
7

i.e., the lg-penalized regression problem. We can also replace the hard-thresholding by the
more smoothed SCAD to reduce instability. Finally, it is worth mentioning that TISP may
also include the ridge penalty P(3;\) = A||B]|3/2, if we set

t

thanks to the generic definition of a thresholding function.

Obviously, if ¥ is nonsingular, and so n > p, the TISP mapping is a contraction and
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thus the sequence BV converges to a stationary point of (4.1). In contrast, a great difficulty
encountered when X is singular is that TISP may not be a nonexpansive operator! for most
thresholdings (except soft-thresholding), let alone a contraction. The following studies cover
the large p case (p > n). We use u(A) to represent an arbitrary singular value of matrix

A, and pmax(A) (Umin(A)) the max (min) of u(A), respectively.

Definition 3 (Bounded curvature condition) The penalty function defined by (4.6)
fulfills the bounded curvature condition (BCC) if for some positive semi-definite matriz
H,

1
P(B+ A0 > P(B; N+ < A s> —iATHA. (4.11)
where s = s(B; \) is given by (4.5).

Theorem 8 Given the TISP (4.9), suppose the penalty function defined by (4.6) satis-
fies the bounded curvature condition (BCC) for some positive semi-definite H. Then if

Mmax(z) S v (2 - ,Umax(H))7
F(BD) > F(BUHY). (4.12)

Moreover, if pimax(2) < 1V (2 — pmax(H)), there exists a constant C > 0, dependent on X,
H only, such that

F(BY)) — ;(BU)) > ¢ |8V — gU+D|3. (4.13)

Therefore, for an arbitrary X, we can use TISP of the following form in practice

; 1 , 1
Buth =@ <<I - 22) Y + - XTy; 2) , (4.14)
kg kg kg
where ko = pimax(X) = [|X||2. The BCC is not a restrictive condition. For example, for

soft-thresholding, H = 0 since ||3||; is convex; for hard-thresholding, H = I; for SCAD-
thresholding, we can take H = I/(a — 1) — note that the parameter a is assumed to be
greater than 2, and so H is positive definite. See Section 4.6 for details. Correspondingly,

we obtain the following corollaries.

! An operator T is called nonexpansive if | T(x) — T'(y)|| < ||z — y|| for any z,v.
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Corollary 1 Suppose © is soft-thresholding. If pmax(X) < v/2, then (4.13) holds.

Corollary 2 Suppose © is hard-thresholding. If pimax(X) < 1, then (4.12) holds; further,
if tmax(X) < 1, then (4.13) is true.

Corollary 3 Suppose © is SCAD-thresholding. If pumax(X) < /2 — 5, then (4.13) holds.

Corollary 1 generalizes the lasso result by Daubechies et al. [18], and coincides with our
previous study (see Chapter 3 or [46]). Corollary 3 covers the orthogonal case, since SCAD
assumes a > 2 and thus 4/2 — a—il > 1. Finally, it is worth pointing out that TISP may not
always be an MM algorithm [33] like the LLA method by Zou and Li [63]. Yet Theorem
8 states that if X is scaled down properly (which does not affect the variable selection),
f (,B(j )) is nondecreasing all the time during the procedure.

We can easily show a result similar to Zou and Li [63]:

Proposition 8 Suppose fimax(X) < 1V (2 — pmax(H)). Give an initial point 3(0), if B*
is a limit point of the TISP sequence BY), then B* is a stationary point of f(B) (4.1), or
equivalently, a fized point of (4.9).

Denote by F' the set of the fixed points of TISP. That is, given any B* € F, it satisfies

the equation
B=0(I-%)8+ X y;\). (4.15)

Clearly, local minima of f are fixed points. In the next section, we will perform an
nonasymptotic study of the good properties of the points in F'. Here, we give the following

optimality result.

Proposition 9 Let 3 € F and suppose pimax(H) < 1. If pimax(H) < p(X) < 2—pmax(H),

then 3% is a global minimizer of f.

Although the fact that nonconvex penalties often result in a unique optimal solution in
the orthogonal design is well known, this proposition states novelly that the same conclusion
holds as long as X is not too far from orthogonal (characterized in terms of H'). For instance,
for SCAD thresholding and penalty, TISP must lead to the global minimum of f, provided

\/(% < u(X) < 4/2— L5, or 0.61 < p(X) < 1.27 when a = 3.7 (the default choice in
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SCAD), given any initial point B In summary, TISP is a successful algorithm for solving

the penalized regressions for a general design matrix.

4.3 Selection and Estimation via TISP

TISP provides a very simple way to do variable selection via penalized regressions. In
this section, we will perform a detailed theoretical study of the variable selection and
the coefficient estimation of TISPs based on different thresholdings. All our studies are
nonasymptotic.

Given ©(-; ), denote its thresholding value by 7(A), i.e., ©(t;A\) = 0Vt : [¢| < 7 and
O(t; A) # 0 for |t| > 7. Assume 7 > 0. To facilitate our study of TISP based on the KKT

equation (4.15), we define another version of (4.5), called the generalized sign. Introduce
Sgn(u;\) ={s € R: O(u+7s;A) =u} if u € ran(0©),

and Sgn(u; \) = {0} otherwise; sgn(u; A) is used to denote a specific element in Sgn(u; ).
The vector versions of §§£ and sgn can be defined correspondingly.

As a demonstration, if O(-;\) is soft-thresholding, 7 = A and géﬁ(,@) ={s:s =
1if B > 0,8, = —1ifB; < 0, and s; € [~1,1]if 3; = 0}. Thus now Sgn(B) is the
subdifferential of |||/, and sgn(B) is a subgradient [48]. And for hard-thresholding,
Sgn(B) = {s:s; =0if B; #0,s; € [-1,1] if 3 = 0}. In general we have

Proposition 10 Suppose O(-; ) is sandwiched by soft- and hard-thresholdings, ©g(-;T)

and O (1), i.e.,
(Os)+(t;7) <O4L(HA) < (On)+(t;7),Vt € Ry (4.16)

Then 0 < sgn(u) <1 ifu >0, —1 < sgn(u) <0 if u <0, and sgn(0) € [—1,1].

This proposition is easy to prove from the non-decreasing property of ©. Throughout
the rest of the section, we assume © always satisfies the sandwiching condition (4.16). By

the definition of the generalized signs, (4.15) is equivalent to

8= X"y —7sgn(B; \),
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for some sgn(3; \) € §gvn(,6; A). In the following, we study the TISP estimate based on the
scaled form (4.14). Let B be a fixed point of (4.14) and suppose 7(\) = k27 (\/k?) for any
k € R. Then the KKT equation for this TISP estimate is

%3 = X"y — 7sgn(B3; M/ kp). (4.17)

Recall that y = X3 + €, € ~ N(0,0%I), and B3 is sparse. Let z = {i : 3; = 0},
nz ={i: B; # 0}, d, = |2|, dn> = |nz|. To study the sign-consistency of a TISP estimate,
we denote by ps the probability of successful sign recovery, that is, the probability that
there exists a 3 € F such that sgn([i’) = sgn(3).

To facilitate asymptotic discussions, we assume X has been scaled to have all column
lo-norms equal to /n. Define =) = 3 /n. To get a better form of the bounds for ps,
we define two quantities p = umin(ngz),m) and k = rlzrleaLZxHEZ(fzzHg/\/@ The following

nonasymptotic result is always true regarding the selection via TISP.

Theorem 9 Assume pu > kdyz, po > 0 and min|3,,,| > d;;—ff, then

ps > [1 - 208(—M)|%[1 - 28(~ L)), (4.18)

where M = (1 - %) —, L = @ (min 18,2 — T;l;;z), and ® is the standard normal

distribution.

Corollary 4 Under the conditions of Theorem 9, we have
1 —ps <2d-p(M)/M + 2dyn-0(L)/ L, (4.19)

where @ is the standard normal density.

We can also use this theorem to explore the asymptotics. Assume 3, d., and d,,
are fixed, n — oo, then under some regularity conditions we get: if A\(n)/y/n — oo and
A(n)/n — 0, then the TISP estimate is sign consistent. This result, in the Soft-TISP
(lasso) case, coincides with other studies like [34, 60]. (Moreover, we know that under this
condition, R, — 0, R,, — 0 by Theorem 11.)

Unfortunately, the regularity condition p > xd,, cannot be removed in general. In the

lasso case, it is a version of the irrepresentable conditions [60]. (We took this more restrictive
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form because it leads to more nice-looking bounds in (4.18) and (4.19).) However, for hard-
thresholding-like ©’s, this is unnecessary and we can obtain stronger results.

We say that © belongs to the hard-thresholding family if and only if
O(t;\) =t,Vt:|t| >c-, (4.20)

for some constant ¢ > 1. Hard-thresholding and SCAD-thresholding are two examples with

c =1, a respectively.

Theorem 10 Suppose © belongs to the hard-thresholding family and min|B,,,| > cr/kZ.
Then

P > [1— 20(~ M) %1 - 20(— L), (4.21)

where M' = \/C%U, L =Y (min\ﬁm| - z—%)

This result is strictly better than the bound in (4.18) if ¢ < d,,.k3/(un), which is true
in general for both hard- and scad-thresholding.

Corollary 5 Under the conditions of Theorem 10, we have
1—ps < 2d.0(M')/M" + 2dy-(L) /L. (4.22)

So the TISP induced by a © in the hard-thresholding family can achieve better perfor-

mance in variable selection.? This will be verified empirically in the next section.

We obtain the following bounds for the estimation risks of a general TISP.

Theorem 11 Let v = Mmin(zﬁfl) and B € F. Define R,. = E(||B,,. — B,./12), and R, =
E(||B.]12). Suppose = is nonsingular. Then
5 [,

angf 2 + K
no|p W n p

2 dzdnz
5

nR.|. (4.23)

2Note that, however, the regularization parameters are generally tuned to reduce the test error.
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And

(K1M+K2 )(M), (4.24)

M

1+k d%z/p‘

LT dng/u -2
where M is defined as in Theorem 9, K1 = 6 - m, Ky = 6( I€2M> m

1—k2%4nz
which we assume k2 < T

zUnz

and @ > Kdy,,.

In the orthogonal case, we can show the oracle inequalities [20] hold.

Theorem 12 Suppose © satisfies the sandwiching condition (4.16) and XTX =1. Then
EIB-BIE < (1+73) Zm (2202 1 2.0°) (4.25)
for any 7 > 1. Consequently, when 7 = +/2logn,

2
E|B - B|2 < (2logn + 1) (\/;?gn +3 " min( 3,02)> (4.26)
for any n > 2.

This nonasymptotic result covers the soft-, the hard-, and the SCAD-thresholdings. It
coincides with the classical soft-thresholding studies [20] and is sharper than [5, 61].

4.4 TISP Designs and Numerical Examples

4.4.1 An empirical study of TISPs

In this section, we demonstrate the empirical performance of TISPs by some simulation
data. Although there are rich choices about © in (4.9), we focus on three basic TISPs
only in this subsection. In addition to the Soft-TISP, i.e., the lasso, we implemented Hard-
TISP and SCAD-TISP, the thresholdings of which belong to the hard-thresholding family.
The parameter a in SCAD-thresholding takes the default value, 3.7, based on a Bayesian
argument [26]. As seen from the theoretical studies in Section 4.3, the last two should
perform better than the lasso in variable selection. In generating the solution path for
a grid of \-values, we always set the initial point, B(O), to be zero in Hard- or SCAD-

TISP. (Note that a pathwise algorithm with warm start, which takes the previous estimate
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associated with the old value of A as the initial point of the procedure for the current value
of A\, may be inappropriate for TISPs because it leads to bad solutions when nonconvex
penalties are used.)

For comparison, the one-step LLA method, proposed by Zou and Li [63] for penal-
ized likelihood models, is also included in our tests. They showed good asymptotics about
one-step SCAD when n — oo and p is fixed, and demonstrated its performance in vari-
ous numerical examples. The one-step LLA is actually a weighted lasso [45] with weights
constructed from the OLS estimate using different penalty functions. According to our
general result of weights in sparse regression(see Chapter 3 or [46]), it can achieve better
sign consistency than the lasso as n grows to infinity. We are greatly interested in draw-
ing a comparison between TISP and LLA since TISP also successfully solves the penalized
regression problems.

We did experiments on two simulation datasets. Each dataset contains training data,
validation data, and test data. We use # =%/ - /" to denote the number of observa-
tions in the training data, validation data, and test data. Let 3 be the correlation ma-
trix in generating X, i.e., each row of X is independently drawn from N(0,X). We use
({ai1}™, -+ ,{ar}"™) to denote the column vector made by ni a;’s, ---, ng a’s consecu-
tively in the following examples.

Example 1. # = 20/100/200, d = 8, 8 = ({3}1, {1.5}},{0}2,{2}*,{0}?), &;; = pl" 7! with
p=0.5 0=2,3,58; the corresponding signal-to-noise variance ratio (3% £8/0?) is 5.31,
2.36, 0.85, and 0.33, respectively.

Example 2. # = 20/100/200, d = 8, 8 = ({3}1, {1.5}},{0}2,{2}",{0}?), &;; = pl" 7! with
p = 0.85, 0 = 2,3,5,8; the corresponding signal-to-noise variance ratio is 8.21, 3.65, 1.31,
and 0.51, respectively.

Before an algorithm is applied, the columns of a regression matrix are all normalized to
have a squared ls-norm equal to the number of the observations; no centering is performed
in these examples.

Each model is simulated 50 times, then, we measure the performance of each algo-
rithm mainly by test error and sparsity error. The test error is characterized by the 40%
trimmed-mean? of the scaled MSE (SMSE) on the test data, where SMSE is 100- (Zfil(g), =
yi)?/(No?) — 1) defined for the test data. The sparsity error here is defined by the 40%

3Medians of errors are mostly used [50, 62] to measure the performance from multiple runs, but are not
so stable for comparisons based on our experience. Discarding 20 highest and 20 lowest errors, we compute
the average of the remaining 10.
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trimmed-mean of the following 50 percentages: 100 - |{i : sgn(3;) # sgn(6;)}|/d, which rep-
resents the number of inconsistent signs for each estimate compared to the true 3. We also
summarized the proper zero percentages, 100% - |{i : 8; = 0, 3; = 0}|/|{i : 8; = 0}/, and the
proper nonzero percentages, 100%- |{i : 8; # 0, 3; # 0}|/|{i : B; # 0}| in the table as follows.

First, although Zou and Li’s one-step SCAD brings more sparsity than the lasso estimate
(seen from the proper-sparsity and proper-nonsparsity), it is the worst in terms of test
error. This is because the one-step SCAD is indeed a weighted lasso method and the
OLS estimate used for weight construction may not be trustworthy, if, say, there is large
noise, or high correlation between some variables. This phenomenon is serious in Example
2 where the OLS estimate can be unstable and misleading. Our Hard-TISP and SCAD-
TISP clearly showed the remarkable parsimoniousness brought by nonconvex penalties.
Instead of solving a l1-constrained convex approximation as in the LLA method, our TISPs
directly tackled the original (nonconvexly) penalized regressions and demonstrated better
performance in both test-error and sparsity-error. (In fact, we doubt if the l;-based one-
step SCAD is truly able to solve the SCAD penalized regression, seen from the convex
approximation in its derivation, and after comparing its estimate to the SCAD-TISP.)
Hard-TISP and SCAD-TISP do not differ much here, which verifies the previous theoretical
results regarding the hard-thresholding family in Section 4.3.

Hard-TISP and SCAD-TISP achieve smaller test error than the lasso which may intro-
duce extra bias when the signal-to-noise ratio is medium or high. But when the noise level
is very high, the lasso (Soft-TISP) yields a more accurate estimate than the two. This is
in fact not so surprising. When the noise is relatively large compared to the signal, it is
also necessary to shrink the nonzero coefficients even if the true ones are far from zero. In
either hard- or SCAD-thresholding, there is basically no shrinkage offered for large nonzero
coefficients, while the lasso does this by soft-thresholding (although the shrinkage amount is
the same as the thresholding value). Fortunately, TISP still gives us good selection results
and achieves parsimonious models. We can apply, for example, a second-time shrinkage to
the coefficients of the selected variables. Of course, a better strategy is to take into account
these two concerns — selection and shrinkage — simultaneously in building a model as probed

in the next subsection.
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Lasso One-step | Hard- SCAD- eNet Hybrid-
SCAD TISP TISP TISP
Test-err 28.6 25.3 21.7 18.2 25.4 16.9
EX] o =2 Spar-err 31.8 12.5 0 12.5 31.0 0
’ Prop-Z 50.8% 91.2% 100% 89.5% 51.2% 100%
Prop-NZ || 100% 100% 100% 100% 100% 100%
Test-err 27.8 27.3 25.9 25.8 23.4 18.4
EX] o —3 Spar-err 30.7 16.7 5.5 12.5 31.5 4.8
’ Prop-Z 50.8% 80.0% 93.2% 92.0% 47.3% 93.2%
Prop-NZ || 100% 87.2% 100% 100% 100.0% 100.0%
Test-err 23.0 27.0 22.3 25.7 18.4 18.2
EX]l. o =5 Spar-err 32.0 25.0 12.5 25.0 31.5 17.4
’ Prop-Z 50.4% 80.0% 91.6% 80.0% 48.6% 91.9%
Prop-NZ || 86.2% 66.7% 85.1% 66.7% 100.0% | 88.1%
Test-err 15.4 20.4 20.3 17.1 14.1 11.7
EX] o — 8 Spar-err || 31.3 30.5 25.0 32.8 37.5 30.1
’ Prop-Z 72.3% 80.0% 94.9% 80.0% 70.4% 94.0%
Prop-NZ || 66.7% 33.3% 49.5% 33.3% 66.7% 66.7%
Test-err 24.1 28.5 19.9 20.8 19.4 15.7
EX2. o — 2 Spar-err 31.0 32.0 12.5 12.5 30.8 12.5
’ Prop-Z 60.0% 74.5% 80.0% 90.5% 52.3% 80.0%
Prop-NZ || 100% 84.1% 100% 100% 100.0% 100.0%
Test-err 19.9 29.1 19.8 20.2 14.3 14.0
EX2 o — 3 Spar-err 30.7 29.8 16.1 16.3 28.6 16.5
’ Prop-Z 60.0% 80.0% 91.1% 91.9% 55.8% 80.0%
Prop-NZ || 85.7% 66.7% 83.7% 66.7 % 100.0% 100.0 %
Test-err 13.9 24.5 16.6 17.4 9.7 9.5
EX2 o — 5 Spar-err || 31.0 31.3 25.0 25.0 30.0 25.0
’ Prop-Z 68.8% 80.0% 80.0% 80.0% 52.9% 73.3%
Prop-NZ || 66.7% 48.2% 66.7% 66.7% 100.0% | 87.2%
Test-err 10.4 18.2 13.8 15.6 7.2 6.8
EX2 o — 8 Spar-err || 32.0 36.4 31.0 29.0 37.5 31.3
’ Prop-Z 71.0% 80.0% 92.1% 91.0% 49.3% 73.1%
Prop-NZ || 66.7% 33.3% 47.4% 33.3% 83.0% 66.7%

Table 4.1: Performance comparisons on the simulation data, in terms of test error, sparsity error,
proper sparsity, and proper nonsparsity — all the numbers are 40% trimmed-mean of the 50 simu-
lations. Six methods are listed here: lasso (Soft-TISP), one-step SCAD, Hard-TISP, SCAD-TISP,
elastic net (eNet), and Hybrid-TISP.
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4.4.2 Hybrid-TISP for model selection and shrinkage

To deal with the low SNR problem, a promising approach is to modify the thresholding
in Hard-TISP to include shrinkage for nonzero coefficients. Motivated by the thresholding
function of ridge regression given by (4.10), we propose the following hybrid-thresholding:

0, ifft] <A
O(t; \,n) = . (4.27)

T A=A

The penalty constructed via the mechanism introduced in Subsection 4.2.1 is made up of

two quadratic parts:

~10%2 + )\\9] if 0] < %n

P(0;\,n) = (4.28)

2
77‘9 + 21+nv if |0] > 1+n

We have seen the first quadratic part in the smooth hard-penalty (which leads to the same
solution as the discrete lp-penalty); the second part resembles a ridge penalty. See Figure
4.1 below. Simple calculations show that this P satisfies the BCC (cf. (4.11)) with H = I,
and thus Theorem 8 holds. We can apply (4.14) given an arbitrary design matrix. The
corresponding TISP (referred to as Hybrid-TISP) converges.

Moreover, we have the following nonasymptotic result in parallel to Theorem 10. Recall
that ko = || X|l2, 2 = B/n = XTX /n, 1 = ponin (S nz) and # 2 maXHZZ %) o/ v/
Define ¢ £ min |(X + nI)~ '3, the minimum absolute value in the partial ridge estimate
without noise. Let p. be the probability of Hybrid-TISP estimates having inconsistent zeros,
that is, for any ,@, there exists some 4 or j such that BZZ #0 or ,3 - =0.

nz,j

A nutn
Hﬁnz‘b\’dnz nn

Theorem 13 Assume p > 0, and A,n are chosen such that k < and

A
> .
L > R Then

Pe < 2dp(M")/M" + 2dn. (L") /L”, (4.29)

where MY = <k (A= 218, vz ), D' = 22 (1= 2.

Hybrid-TISP successfully offers both selection and shrinkage in estimating 3. Before
going into the numerical results, we summarize the traits of the design of Hybrid-TISP as

follows. (a) Its penalty provides us a trade-off between the lp-penalty and the ly-penalty
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Figure 4.1: The penalty defined by hybrid-thresholding. As A and 7 vary, it takes the smooth
hard-penalty and the ridge penalty as extremes.

(ridge-penalty), and takes the two as extremes, from which we secure selection and shrink-
age simultaneously. In particular, the selection is achieved by a penalty more like [y than
l1, seen from the penalty function, or the iterative thresholding. (b) Hybrid-TISP avoids
double shrinkage. Double shrinkage is a serious problem in the design of naive elastic
net [62] which simply adopts a linear combination of the [j-penalty and the ly-penalty.
However, the [1-penalty also plays a role in shrinking the nonzero coefficients in addition to
the lo-penalty. By contrast, Hybrid-TISP deals with the zeros and the nonzeros separately,
by hard-thresholding and ridge-thresholding, respectively; there is no overlapping between
them. (c¢) We have two parameters, A and 7, responsible for selection and shrinkage re-
spectively. One drawback of the lasso is that it uses the same parameter to control both
selection and shrinkage [36]. Therefore, it may result in insufficient zeros even if the SNR
is pretty high, as shown clearly in Table 4.1. Hybrid-TISP has A, n designed for the two
different purposes. (d) The TISP selecting and shrinking interplay with each other during

the iteration till in the end we successfully achieve selection/shrinkage balance in the final
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estimate. This is in contrast to the relaxed lasso [36] which treats selection and shrinkage
as separate steps in building a model. (e) Finally, Hybrid-TISP is a very simple procedure
to implement.

In the implementation of Hybrid-TISP, an empirical parameter search is usually needed
to determine the values for (\,n). We adopted the alternative search strategy [45] which has
been shown to be fast and efficacious: First, letting n = \/4, generate the solution path for
different values of A and search over the path to get a solution with the smallest validation
error at, say, ()\(0),77(0)). Next, fixing n at n(%), search along the A-path to get an optimal
value for A, denoted by A9 the corresponding solution having the smallest validation
error. Then, with A fixed at A(°?, we do the last search over the n-path. Finally, compare
the results from the 3 searches, and take (\,7) to be the one minimizing the validation
error. The results are reported in Table 4.1. We also included the elastic net (eNet) in
the experiments, which has two regularization parameters as well. Note that we have to
generate and search along 6 solution paths in the eNet to tune the parameters [62].

Seen from the table, Hybrid-TISP has amazing performance in both accuracy and spar-
sity. In fact, it beats all the other methods in all situations, a phenomenon rarely seen in
empirical studies. We briefly summarize the story as follows. When the noise level is low
or medium, the value of A in the lasso is limited by the amount of shrinkage and thus gives
insufficient sparsity. Large noise alleviates the problem but there is still much room for
the improvement of test-error and sparsity-error because the amount of shrinkage may not
equal to the thresholding value in the selection. The weighted lasso like the one-step SCAD
has very limited power because the OLS estimate may be inaccurate and misleading for
weight construction. Benefiting from the ls-penalty, the eNet shows much better accuracy
in the case of large noise and/or high correlation between the variables; nevertheless, the
sparsity of the estimate can be seriously hurt when the ridge penalty must take control.
And it seems possible to improve its test-error further by incorporating this sparsity in
estimation. All of these problems can be resolved by Hybrid-TISP, which achieves the right
balance between shrinkage and selection. Its test error is consistently lower than the eNet,

and more importantly, Hybrid-TISP provides a parsimonious model as Hard-TISP.
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4.5 Discussion

We have proposed the thresholding-based iterative selection procedures for solving noncon-
vexly penalized regressions. In fact, people have long before noticed the weakness of the
convex l1-constraint (or the soft-thresholding) in wavelets and have designed many different
forms of nonconvex penalties to increase model sparsity and accuracy. But for a nonorthog-
onal regression matrix, there is great difficulty in both investigating the performance in
theory and solving the problem in computation. TISP provides a simple and efficient way
to tackle this.

Somewhat different than other studies, we started from thresholding rules rather than
penalty functions. Indeed, there is a universal connection between them. But a drawback
of the latter is its non-unique form: different penalties may result in the same estimate
and the same thresholding. Moreover, starting from © greatly facilitates the computation
and the analysis. In fact, some penalty designs may even have a better explanation from
©, or equivalently, Huber’s ¢-function (4.7) — for example, the SCAD-penalty (recall that
it is defined by its derivative) seems to originate from Hampel’s three-part redescending
P [29, 4].

Using a thresholding rule in the hard-thresholding family, TISP gives good selection
results. Our novel Hybrid-TISP, accomplishing a fusion between lg-penalty and la-penalty
based on the hard-thresholding and the ridge thresholding, shows superior performance and
beats the commonly used methods in both test-error and sparsity. It is worth mentioning
that in contrast to [30, 5, 4], where more than one tuning parameter is considered a draw-
back and unnecessity, we believe a good procedure should have two explicit regularization
parameters to control and balance selection and shrinkage.

We assume the penalty function P is dependent on 3 and A only. Therefore the iterative
weighting, substituting the nonnegative garrote [30] for © in TISP, is not covered by the
studies in this chapter. In fact, with 8 involved in P, it might be difficult to optimize in
the second step of the mechanism introduced in Section 4.1.

The solution path associated with a nonconvex penalty is generally not continuous in A.
For example, even for the transformed L; penalty [31] which is differentiable to any order on
(0, 400), the solution path still has no A-continuity practically. Hence a pathwise algorithm
is not appropriate here. Empirically, using a zero estimate as the start in nonconvex TISPs

works pretty well.
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The generalization of TISP to GLM seems straightforward; we will investigate this topic
in the next paper. Other future studies include developing some acceleration techniques
for TISP and deriving some risk oracles in theory. Finally, TISP fits perfectly into the
Accelerated Annealing (see Chapter 3 or [46]) and it is very promising to use this technique

to solve the generic sparse regression, such as the supervised clustering problem [46].

4.6 Proofs of Theorem 8, Proposition 8, and Proposition 9

Let’s consider the orthogonal case first. Define Q(v) = ||y — «||3/2 + P(v;\), where « is
a known vector. Let v, = argmin Q(). By the construction of P and Proposition 7, =,

satisfies v, — o + s(v,; A) = 0.

1 1
QYo +h)=Qv,) = Slvoth- all3 — LA all3 + Py, + b A) — P(v,;\)
1
= §||h||%+<h’7’yo_a>+P(70+h7A)_P(707A)

1
= §”h’H% + (P(’Yo + h7)‘) - P<707)‘)_ < h78 >)

AV

%th% — %hTHh = %hT(I — H)h.
This inequality is due to the BCC (4.11). On the other hand, we know
QMo +h) - Qv,) 2 0.
In summary, we get
Qv+ 1) = Q,) = 3hT AR, (130

for both A =TI — H and A = 0; formally, we write A = (I — H) V 0. Note that (4.30) is a
global result for any h.
Now look at the TISP. For convenience, redefine the g in (4.2) as

9(8.79) = 11Xy~ yl3 + Py X) + L (v~ B (T~ D)y - B).
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Then given 3, we can write g as

9(8,7) = Iy — (T~ ) + X"y) 3 + C(X, 9.6),

and apply (4.30) with a = (I — )3+ X Ty,
9(8.7o(8) + k) ~ (8. 7,(8) > AT (I~ H) v O)h, Vh (431)

Correspondingly, for the TISP iterates ,B(j ), we have

f(g(frl)) + %(5(j+1) _ I@(J))T(I _ 2)(5(j+1) _ 5(]’)) - g(ﬁ(j)’g(ﬁl))
< (Y, 80)) — %(gml) _ B9V ((I — H) v 0)(3U+D) — g

= F(B9) — S(8) — BT (I ~ H) v 0)(85+) - 5)

That is,

(BUHY) — UNT(I — H)vO+1I—-3x)(BU+) — g0 (4.32)

N | =

F(BY) = f(BUTY) >

Now (4.12) and (4.13) can be obtained after simple calculations.

As for Proposition 8, let 8U%) — B* as k — oo. Under the condition fimax(E) <
1V (2 — pimax(H)), Theorem 8 states that

|8UFF) — gUK) |12 < (£(BUK)) — F(BUTDY) /O < (F(BYR) — f(BUR)))/C — 0.

That is, O((I — E)ﬂ(j’“) + XTy: \) - BUK) — 0. Therefore, 3" is a fixed point of TISP.

Finally, we prove Proposition 9. Noticing that ~,(8%) = B%, we get the following
inequality from (4.31)

9(8°,8° +h) — 98" 3°) > SWT (L~ H)VO)h, Vh
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Since g(8",8%) = f(B7),
f(B*+h)+ %hT(I —X)h > f(B) + éhT((I — H)VO0)h, Vh

S J(8 +h) f(87) > SR (I~ H)VO+ 2~ Dh, Vh

Therefore, if ©(X) > pmax(H), B is a global minimizer of f. [ |

4.7 Proof Outlines of Theorem 9, Theorem 10, Theorem 11,
and Theorem 12

These theorems have all been essentially proved in Chapter 2 (or see a previous report [45]),
using the generalized sign form of the KKT equation (4.17). First, the proof of Theorem
2 applies to a general TISP due to Proposition 10 and so Theorem 9 and Theorem 11
are true. For Theorem 10, noticing that (a) sgn(u) = 0,V|u| > ¢ by definition and (b)
ps > P (BS) =0, and ]BSZ)] > CT(S)) with 8% = By/n, 7 = 7/y/n, we can prove it
following the same lines as the proof of the sign consistency part in Theorem 2.

Finally, we outline the proof of Theorem 12. Let ,BH, ,@S denote the hard- and soft-
thresholding estimates with threshold value 7. It is easy to see ,[:}H, BS, and ,3 all have the
same sign and 3 is sandwiched by the other two. Therefore, E||3 — 8|2 < 30 E(max((65 —
Bi)?, (@H — 3:)?)). In the proof of Theorem 3, we showed for y = i + ¢ (all are scalars) with
e ~ N(0,1), for both soft-thresholding and hard-thresholding, the risk function p(7, u) is
bounded: p(7,p) < 14 72 for 7 > 1, and p(7, ) < p(7,0) + 1.2u2. These bounds directly

lead to the oracle inequalities given by Theorem 12.

4.8 Proof of Theorem 13

In this section, all inequalities and the absolute value ‘||” are understood in the componen-
twise sense.

First we calculate the generalized sign for the hybrid-thresholding (4.27)

c€[-1,1], ifu=0
0

sgn(u; A, n) = {0, if [ul € (0, 235) (4.33)
Tou, i Jul > 535
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And note that 7(A\) = X. The KKT equation for the Hybrid-TISP estimate 3 from (4.14)
is

. (s A
>3 = XTy — \sgn <,8 5
kg

) (4.34)

Zs

where ko = || X||2.

The proof still follows the lines of the proof for Theorem 2 (or see [45]). Assume, for
the moment, X has been column-normalized such that the diagonal entries of ¥ = X7 X
are all 1. Clearly, ,BZ =0, | Bml > kﬁ%n is a sufficient condition for the zero consistency of

B. From Lemma 1, the KKT equation is equivalent to

SZBZ = ( Ez nz2 1XT )6 + )\Ez nzz Sgn(lg ) )\ggﬁ(léz)
an ﬂnz + znz (XT € — )‘Sgn(ﬁnz)) - 2;7; 2Zm,zﬁz

Our calculations based on the definition of sgn show that

Asgn {XT 22,71227;21 [I - 77(2712’ + nI)_l]ng} €+ ngz,nz(znz + nI)_lﬂnz
Br. = (Enz + 072,08, + (Zn. +nI) ' XT €

Define

= {HX; - Ez,nzzfzzl I —n(Zn. + nI)_l]ng} €+ UEZ,M(EM + nI)_lﬂm\ < )\}

_ A
= {|(2m+n1) 'S8, + (B + D) ' X €] > k2+n}

Then p. < P(A°U V) < P(A) + P(V°).
To bound the first probability, noticing that

\nEz nz(Bnz +nl) 1an‘ < kVd nz H/an”

we have

P(A%) < P (max|e1| >A—r IIﬁnzH2>
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where €] = { X1 — 2, .5 I — n(Zn. +nI) X, } e. Since
var(€y) = 02 {8 — Tz [T — 1% (B + D)8 15L L,
diag(var(€})) < o*diag(X.) < 021. It follows from Lemma 2 that
P(A°) <P (max]eﬂa >AN—k HBMHQ)
where €] ~ N(0,1,,.xd,.)- Define M" =1 ( M_n\/zHEnZH ) We obtain
P(A°) <2d,9([M",+00)) < 2d,p(M")/M".

Next let’s consider P(V°). Let €, = (3. +nI)"' XL e. Then

A
PV <P b >0 — .
o) < P (maxle > 1= ')

Since var(eh) = (B, + nI) 18, (Zn. + nI)to?, diag(var(eh)) < (u’f;)Q. By Lemma 2

c p+n A
P(V°) §P<max|e’2’| > Vi <L— k§+n>>’

where € ~ N(0,14,.+4,.). Define L/ = £ ( k2 ) It follows that

again, we know

Vo

P(VO) < 2d,,®([L", +00)) < 2dns(L")/L".

We assumed a:;[:cl =1¢=1,---,d in the above derivation. If the ly-norm of each
column of X is no greater than oy, it is not difficult to know that we only need to replace
the 3, B, A\, 1, by B Tmaxs 3 Tumaxs A/ Omaxs 1/, respectively. The proof of Theorem
13 is now complete if opax = /1. |
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