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Abstract

We present two improvements on the technique of importance sam-
pling. First we show that importance sampling from a mixture of
densities, using those densities as control variates, results in a useful
upper bound on the asymptotic variance. That bound is a small mul-
tiple of the asymptotic variance of importance sampling from the best
single component density. This allows one to benefit from the great
variance reductions obtainable by importance sampling, while protect-
ing against the equally great variance increases that might take the
practitioner by surprise. The second improvement is to show how im-
portance sampling from two or more densities can be used to approach
a sampling variance of zero even for integrands that take both positive

and negative values.

KEY WORDS: control variates, Monte Carlo, rare events, reliability,

value at risk, variance reduction



1 Introduction

We consider here the problem of computin

here is the domain of and is a probability density function

on We are especially interested in problems here is a spiky function,
by hich e mean that an appreciable fraction of the variance of may be
attributed to a subset of havin relatively small probability under samplin
from  Spiky inte rands of this sort arise in hi h ener y physics, ayesian
statistics, computational nance, computer raphics, and in the computation
of rare event probabilities, as for e ample in reliability problems

t is natural to consider Monte Carlo samplin for these problems, espe
cially hen is not small urthermore, for spiky inte rands it is common
to employ some form of importance samplin , in order to et more data from
the important re ion containin the spikes

his paper considers t o improvements in importance samplin he rst
is importance samplin from a mi ture density, hile employin the mi ture
components as control variates We sho that this method is, asymptotically,
not much orse than importance samplin from the best of the mi ture com
ponents, even if all but one of those components ould have iven an in nite
variance  he practical bene t is that one can employ several densities in the
hopes that one of them is particularly ood, ithout losin too much if one
or more of them is particularly bad  his method is also useful hen several
inte rals, to be estimated from the same sample, have di erent important
re ions

or the second improvement, e introduce a techni ue of positivisation

he inte rand is split into nonne ative and nonpositive parts and impor

tance samplin is applied to each of them  his allo s one to approach ero



variance even for inte rands takin both si ns One can also positivise the
di erence bet een the inte rand and a control variate  he method
combines naturally ith the mi ture samplin described above

or de niteness, our discussion is couched in terms of  havin density
over Our main results e tend to discrete random variables , upon

replacin densities by probability mass functions

n Section e revie importance samplin , and sho ho it can succeed
spectacularly hen is nearly proportional to ut in E ample 1 iven
there, importance samplin fails spectacularly even thou h is nearly pro
portional to  in the important re ion  he cause is lack of proportionality

of the important re ion  he method of defensive importance sam

plin esterber 1 addresses this problem, by samplin from a mi ture
of and ut defensive importance samplin can cause a reat deteriora
tion hen ordinary importance samplin ~ ould have orked See E ample
there

t is possible to et the best of both orlds, bene tin from importance
samplin ~ hen it orks ell, hile protectin a ainst its failin s  his safe
and e ective importance samplin can be obtained by employin  and as
control variates hile samplin from a mi ture of and  Section presents
the method of control variates as it is used in combination ith importance
samplin heorem 1 there ives conditions under hich estimated control
variate coe cients are essentially e uivalent to the optimal ones

Section presents a method of importance samplin from a nite mi ture
of densities here esho that usin the individual mi ture components as
control variates yields an asymptotic variance not much, if any, lar er than

that of importance samplin from sin le best mi ture component heorem



proves this assumin optimal control variate coe cients, and Section 1 ives
mild conditions under hich e can e pect our sample coe cients to behave
like the optimal ones

Section  presents the method of multiple importance samplin due to

each uibas 1 ike defensive importance samplin , multiple im

portance samplin is motivated by the desire to pool importance samplin
methods and et nearly the best performance

Section is a simulation of E amples 1 and he proposed hybrid
methods are nearly best on both e amples

Section introduces a version of multiple importance samplin that can
approach ero variance on inte rands takin both si ns We sho there ho
to e ploit a control variate in con unction ith multiple importance samplin

Section  ives an e ample in hich positivisation and multiple impor
tance samplin are combined n this e ample, e replace the inte rand by

a spiky one and obtain a lar e variance reduction by mi ture samplin

n early use of mi ture samplin is orrie alleau 1 rsham,
uerver er, Mc eish, Kreimer = Rubinstein 1 advocate the use of the
likelihood ratio as a control variate in importance samplin esterber
1 considers the use of this ratio as a control variate in combination
ith defensive mi ture samplin , and obtains an asymptotic bound on the
ratio of the resultin variance to that of samplin from the nominal density
his appears to be the rst published result of this kind, thou h it appeared
earlier in a dissertation  esterber 1
Our contribution is to e tend the theoretical result to more eneral mi
ture samples, to describe conditions under hich estimated coe cients ap

proach the true ones, and to combine it ith positivisation



Multiple importance samplin  as proposed by each uibas 1
for problems in computer raphics Our positivisation techni ue is based

upon it

1 ort nc in

his section revie s importance samplin and introduces our notation n
te rals ithout an e plicit domain are assumed to be over or brevity,
e sometimes omit the ar uments of functions, for e ample in ritin  for

,  hen the ar ument is clear from conte t

n importance samplin , e sample  independently from a density , ith
henever , then estimate by
1
t is easy to see that here are t o practical constraints on

importance samplin : it must be feasible to sample from , and e must be
able to compute or the second constraint, assumin e can compute

, it su ces to be able to compute the ratio , hich can be simpler than
computin  and separately

y elementary manipulations e nd ar , here

is referred to as the asymptotic variance he density that minimi es

this asymptotic variance is kno n to be proportional to Kahn



Marshall 1

n the common special case ith and , € may rite
his density ives , but does not satisfy the

practical constraint, because ,and is unkno n
he practical value of kno in that is optimal, is that it

su ests that a ood importance samplin density should be rou hly propor

tional to et his is the residual from
proportionality, and it satis es We can re rite as
mportance samplin can fail dramatically, even hen matches ell
near the mode s of he cause is the appearance of in the denom
inator of and f decreases to ards ero faster than

as moves a ay from its mode s, e can nd that ar he irony

is that this in nite variance may be due to a re ion of that is unimportant
in ordinary Monte Carlo samplin
o illustrate this point, e present E ample 1 belo  We use the beta

density function

here and are parameters and is the amma function or

vectors in the unit cube, e use superscripts to denote their components
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i ure 1: Sho n are plots of the inte rand solid and the density
dashed alon t o transects throu h the unit cube 1 n the left panel
., hile in the ri ht panel , both for

1 he density is nearly proportional to the inte rand near the
mode, but ives an in nite variance if used in importance samplin

1
t is easy to sho that 1 and for E amplel s 1 urel
sho s, this density is very nearly proportional to , S0 e mi ht have
e pected a ood result n similar plots usin and , the curves are

visually indistin uishable

n E ample 1 importance samplin fails despite havin ~ nearly propor



tional to in the important part of the domain We return to this e ample

in the simulations of Section

he failure of importance samplin can be countered by defensive importance

samplin esterber 1 et be a density that is thou ht to be a
ood appro imation to , at least in the important part of ick
ith 1 and de ne the mi ture density
here 1 ere is the vector

y mi in in some of e prevent from bein much smaller than

any here We nd that

E uation provides a kind of insurance a ainst the orst e ects of im
portance samplin f the nominal density provides a nite variance, then
defensive importance samplin  ill too

esterber 1 recommends usin bet een 1 and Spiky non
ne ative inte rands can have , in  hich case this advice ill,
appro imately, bound the samplin variance by bet een and 1 times hat

it ould be under the nominal density



Defensive importance samplin can reatly increase the variance over hat
it ould have been ith ordinary importance samplin  n other ords, the
premium e pay for the insurance can be very hi h  he root of the
problem is that if is nearly proportional to  then ill not be,
apart from trivial cases ith nearly proportional to

ere is an e ample here defensive importance samplin fails, in that it

destroys the near proportionality of the ori inal non defensive method

1 1
1 sin 1 1
he inte ral here is 1 and the functions and are visually indis
tin uishable E ample is considered further in Section , here defensive

importance samplin , as e pected, reatly increases the variance
n some settin s e can sho that as di ers from proportionality by
that defensive samplin causes a loss of e ciency of as

he ne t e ample provides a simple illustration of this e ect

n E ample the inte rand and the density both have a spike at 1 Easy
calculations sho that as , so that if one uesses a
very ood value for then a very tiny variance results ut for , €

nd tends to a non ero limit as he result is a variance that is



lar er by than hat e could have achieved ithout defensive

samplin

ontro ri t it 1 ort nc in

he method of control variates uses kno led e of one or more inte rals to

reduce variance in the estimate of he basic method is described in te ts
such as Ripley 1 , ratley, o Schra e 1 , and ammersley
andscomb 1 ere e present control variates in combination ith

importance samplin
Suppose that e kno , 1 We assume that
if any , or if et be a

vector of real values  nder independent samplin of  from ,

1
— 1
is an unbiased estimate of
he variance of is , here
11
et minimi e the inte ral in 11 , over , for the iven functions , |,
and E uation 11 su ests that an estimate  of can be found by
a multiple re ression includin an intercept term of on
predictors

ecause the inte ral includes an intercept coe cient , the residuals ill



sum to ero s a result e uation 1 ith simpli es to

Each  is a smooth function of means, in this case the crossprod

ucts employed in the re ression  he assumed moments ensure that sample

versions of these means conver e at the rate  he uni ueness of
rules out sin ularity of the re ression, so that the rate holds also
for ,and thus 1 holds
o establish e uation 1 , rite
here

heorem 1 sho s that hile approaches at the standard Monte
Carlo rate, the e ect of substitutin for unkno n optimal  is asymptot
ically ne 1i ible or this reason it is customary to analy e control variate
methods as if the unkno n optimal values ere bein used, hile in practice
one uses the estimated coe cients  his practice is usually reasonable in
Monte Carlo samplin  here is lar e  ecause is a sum of

terms, should be lar e compared to , as it typically is

11



1 tur in

Suppose e have a list of density functions 1 n defensive
importance samplin the include the nominal density and another thou ht
to be nearly proportional to n other settin s e may have a list of

densities of hich e hope that one or more is rou hly proportional to
inally, e may have more than one inte rand to consider in our simulation,
and each may be customi ed for a subset of these inte rands hese
densities may have been su ested by sub ect matter kno led e, or they

may have been found by numerical search
We ill sample from the mi ture density here
and 1  ecause 1, and henever
, e can use the as control variates as described in Section

We rite the resultin estimator as

! i
reservin the notation for deterministic mi ture samplin , introduced in
Section

he asymptotic variance of is iven by 11 ith and
1  his is a positive semi de nite uadratic function in he min
imum is not uni ue, as re uired by heorem 1 or any scalar , e have
, and so if is a minimi er of , then so is
Section 1 describes ho to apply heorem 1 to this settin
heorem belo sho s that is unbiased, and that for an optimal

the variance is never lar er than hat one ets from an importance sample

of si e from



min 1

o establish unbiasedness, rite

e t e prove that Consider the vector ith
and for 1 et , SO

Substitutin these values, e nd

usin formula 0 y makin similar ar u

ments for , e uation 1 is established

We no turn to the problem of ndin ood control variate coe cients

to use in heorem 1 provides su cient conditions under hich esti



mated control variate coe cients are essentially as ood as the optimal ones:
uni ueness of the minimi er, bounded e pectations for , and bounded
e pectations for
ecause 1 for all , the re ression described in Sec
tion is sin ular, and special care must be taken et us suppose a ne
independence of the , that is if for all , then all
nder this condition droppin one control variates , from the
re ression is e uivalent to selectin the uni ue minimi er of 11 over
, ith We could also drop the intercept term
ecause for all , the rst moment bound
follo s easily o suppose that for at least one of the , the asymptotic

variance from is nite hen

hus, if the densities are a nely independent and at least one of them

ives rise to a nite importance samplin variance, e can e pect estimated

control variate coe cients to behave like the optimal ones in the ay de

scribed by heorem 1

We prefer to use a sin ular value decomposition S D to compute the

re ression coe cients See  olub an oan 1 he  vector

computed by the S D can be e pected to di er by some multiple of from

the one obtained by droppin one or more predictors, but this does not

a ect the estimate he S D e ectively drops a linear combination of
predictors from the re ression

he S D ill still ork if there are additional dependencies amon the

re ressors , that ould have re uired droppin t o or more predictors

Such additional sin ularities mi ht arise by accident or desi n, as for e ample

if one of the is a mi ture of some others



heorem sho sthat, ith an optimalcoe cient vector , e etan asymp

totic variance that is at least as ood as e ould have had ith ob
servations from t is hard to e pect that e could do better in eneral,
because e et on avera e observations from |, and may be the only

one of our component densities that ould have iven a nite asymptotic

variance in importance samplin

or defensive importance samplin , e nd that as insur
ance, removin the in uence of in he premium e pay is bounded
because We can also nd this by reversin the roles of and

in defensive importance samplin  ith a control variate
here is still the orry that one or more bad samplin densities could
distort the sample value enou h to destroy the asymptotic e uivalence of
and he discussion in Section 1 sho s that this ill not happen

as lon as at least one of the component densities has

n a deterministic mi ture sample, one takes observations or an
inte er close to from the density et be independent,
for 1 and 1 ncorporatin control variates the

resultin estimate is,

here are independent and dra n from
he estimate 1 is unbiased We prefer deterministic mi ture samplin
to ordinary mi ture samplin , because, as esterber 1 sho s, it has

smaller variance n our settin , for any , e have ar ar



he unbiasedness of estimates from deterministic mi ture samplin e
tends to the sample moments and cross moments of the control variates
and of t follo s that the re ression procedure for estimatin =, ill,
under deterministic mi ture samplin , estimate a optimal for random mi
ture samplin  t ill even estimate it more e ectively than ould random
mi ture samplin  While deterministic mi ture samplin improves upon ran
dom mi ture samplin , there remains the possibility of further improvement
by devisin an estimate of the possibly di erent vector  that ould be

optimal for deterministic samplin

u ti 1 ort nc in

Multiple importance samplin is introduced in each uibas 1 hey
consider path samplin al orithms for renderin ima esin computer raphics
One of their oals is to combine several importance samplin strate ies in
order to et performance nearly e ual to hichever of the strate ies is best
n their e amples, the optimal method for renderin an ima e can di er from

pi el to pi el in an unpredictable ay

et , 1 be a partition of unity: for every 1,
1 De ne
1
— e 1
here are independent dra s from , and the subscripts on denote the
partition of unity and the sample si es used he estimate is unbiased

under mild conditions on the supports of the function  and
each uibas 1 consider several ays of selectin heir mo

tivation is to make locally proportional to heir balance heuristic



takes el hts

1
he result matches e uation 1 ith and
heir cuto heuristic takes
1 1
for some 1, and their po er heuristic takes
for n both heuristics the ei hts are normali ed to sum to unity
Sendin in the po er heuristic or takin 1 in the cuto heuristic
ives rise to the ma imum heuristic
1 1
nless there are ties amon the ,e uation 1 puts all of the ei ht on

one of the s

his Section presents simulation results for E amples 1 and described in
Section oth e amples have an importance samplin density that hen
scaled properly is visually indistin uishable from the inte rand Despite this,
E ample 1 hasin nite variance under importance samplin , hile E ample
has very small variance under importance samplin  Defensive importance
samplin cures the problem of E ample 1 hile losin the accuracy in E

ample



We compare 11 methods or each, e compute an estimate of usin

1 observations hen usin independent replicates e compute

here is the true inte ral value and  is the estimate in the th repli
cate or methods ith ne li ible bias and nite variance, estimates the
asymptotic variance Di erent methods ere based on independent samples

ere are the methods e compared:
are iid from 1 ,and
are iid from , and
are iid from , and

se of 1 , ith , ,

se of 1 ith , ) ,and from 1

ike ,e cept isfrom 1 , ith 1, and

ike , e cept is from , ith , and

ike ,e cept isfrom 1 ,and
Of the methods above, D S, MC and are investi ated at 1
and at , brin in the total to 11 methods  hese methods are closely
related: MC  ithout control variates is , and ith random mi in
isD S

he results for these e amples are plotted in i ure reference rect

an le there, based on an appro imate distribution for  ratios, can be

used to ua e statistical si ni cance
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i ure : Sho n are normali ed mean s uared errors from E uation ,
for E amples 1 and for the 11 samplin methods described in the te t
he hori ontal a is is for E ample 1, and the vertical a is is for E ample
Statistical si ni cance may be assessed by the plotted rectan le oints that
di er vertically by more than it s hei ht di er si ni cantly at about the 1
level for E ample t s idth has a similar interpretation for E ample 1

s e pected, D samplin does badly on both of these spiky inte rands
Iso, as e pected, importance samplin does very badly on E ample 1, de
spite havin matched the mode ell, but does very ell on E ample
D S ith either value of  does very ell on E ample 1, providin the
protection it as desi ned to ut D S does badly on E ample compared
to nondefensive S
s predicted by heorem , MC does nearly as ell as the better of
S and D S on both e amples  he choice of is of secondary importance
compared to the choice of method We believe that as lon as no  is too

small, that there is little to ain from optimi in over , that cannot be



ained by estimatin
he various heuristics from each uibas 1 are rou hly e uivalent

on these e amples

o iti 1 tion

ere esho that multiple importance samplin can achieve ero variance
for inte rands of mi ed si n  hen e combine this positivisation method

ith mi ture samplin and control variates

or havin mi edsi n, rite here ma, and
ma hen y takin
a sample of si e  from and a sample of si e  from it

is possible to attain a ero variance estimate:

here is a practical di culty in ndin to attain or approach the
optima, but there is no di culty in evaluatin at a iven value of
he decomposition above splits the inte rand at We could as easily
rite for some ell chosen constant n
a personal communication, ennett o described a strate y usin a value
inf so that One applies importance samplin to
and adds to the result

More enerally, suppose that is a function for hich



iskno n et be independent from 1 , and

1 1
ere and else here, an e pression like replaces
in order to shorten formulas he estimate is unbiased
if hen respectively  he ideal densities are no

proportional to
he function is like a control variate, thou h it has a kno n nominal
e pectation, not a kno n inte ral, and it is used in a nonstandard ay
ood candidate for ould be a function that as close to over most of
and for hich one can uess here the reatest di erences are likely to be,

in order to tar et those re ions ith densities

nother ay to split the inte rand, usin ith kno ninte ral
,1s to rite
1 1
or a uniform nominal distribution, ith 1, e nd , but in
eneral they are di erent E ective use of can be made usin a function
ith kno n inte ral, for hich is small in most places, assumin

that one can uess here the reatest di erences are likely to be

We prefer to because e think it 1ill be easier to select to
appro imate than to appro imate or this reason, enerali ations of
positivisation belo are enerali ations of , not



mportance samplin can be applied ith uasi Monte Carlo iederreiter
1 samplin , or other methods that bene t from smooth inte rands ut
the functions are not necessarily smooth even if and are
both smooth t is thus of interest to positivise ithout losin smooth

ness his discussion does not apply to discrete here di erentiability of

is not advanta eous

De ne a partition of the identity by a set of functions 1
satisfyin
f also, for each e either have for all | or for all |

e call these functions a semi de nite partition of the identity function

smooth semi de nite partition of identity can be achieved by

here

Our estimate no becomes

here are independently sampled from the density he ideal are

proportional to

Mi ture samplin can be combined ith positivisation by applyin mi ture

samplin  ith control variates to each of the terms in n principle a



di erent mi ture samplin method, ith control variates could be applied to
each of the terms

reat simpli cation occurs if e use the same mi ture density and
control variates for all terms, and use a common set of data points
for all inte rals he recombine to form the identity and instead of
control variate coe cients, e only need  of them

With independent , the resultin estimator is

1

and usin deterministic mi tures it is

1
here are independent, for 1 , and 1 he
coe cients are estimated by re ression of on predictors ,
replacin by in the discussions of Sections and 1

We su est the follo in strate y in applications, here sub ect matter
kno led e allo sit irst nd a suitable pro y function that is close to
and has kno n inte ral hen nd densities and  that are lar e here

and are, respectively  hen take a third density  as the
nominal or some other defensive density
his procedure is illustrated by E ample in Section = Where
has a small number of modes ith kno n locations, a mi ture density can
be constructed for each mode f a more eneral partition of identity havin
terms is used, as in e uation , one or more component densities can be
desi ned for each such term
n e uations and , and appear ith a coe cient of 1 We

could also estimate a coe cient for them, or indeed, replace by a linear



combination of several control variates hile replacin by the same linear

combination of their inte rals

o iti 1 tion

his e ample is modeled after some inte rands in computational nance,

here represents the value of a nancial instrument Suppose
that and that 1ise ual to subect toa oor of and
a ceilin of he value mi ht be kno n in closed form or be

obtainable by some fast al orithm
E ample illustrates the essence of this settin , ith functions much

simpler than those arisin in nance

1 1 1 1
ma min
1
1 1
1
1
rivially 1 , and usin a result on the volume of a simple e nd
1 1 1

We e pect that in practice, sub ect matter kno led e ill often allo one

to kno rou hly here the spikes in are, perhaps because is kno n
to be monotone in its ar uments ut e also e pect that it ill be hard to
nd a densities that precisely match the spikes Our densities and  are
meant to mimic this ualitatively correct, but imperfect, kno led e Our
choices of  and ive rise to some s fallin outside the spike re ions

and into the re ion, hile at the same time failin to cover the



able 1:

tion of E ample

certain corners of the spike re ions

of

or the positivisation methods, let and

1 1 1 1 1
1 1 1 1 1
he normali ed mean s uared errors are iven for the simula

his should cause naive positivisation

, ithout defensive samplin , to fail

methods e use

use of the defensive density

are iid from

Classical control variates 1

or the mi ture

, and 1  his makes relatively li ht

We considered these methods:

1 ,and

, usin and

he positivisation method ith
he positivisation method replacin by defensive mi tures
1 and usin control variates

Mi ture samplin

MC R

ith density control variates

ith an estimated coe cient for and

MC R usin deterministic mi ture samplin as at

MC Rh

or each method,

1

and compute

ith deterministic mi ture samplin

e conduct

from

independent runs, each ith sample si e

he results are reported in able 1



sin as a control variate reduces the variance by rou hly a factor

of , compared to plain D samplin he MC methods reduced the

variance still further by amounts ran in from nearly MC Dh to nearly

MC D  or statististical si ni cance at the 1 level, a variance ratio
needs to be lar er than

he naive M method failed as e pected herou h ualitative accuracy

of and ,that asso elle ploited by the MC methods, is not su cient

ithout some defensive mi in he MDM method as much better than

the M method, and as competitive ith the MC methods
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