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Abstract
Motivated by genetic expression data, we introduce plaid models.
These are a form of two-sided cluster analysis that allows clusters to
overlap. Using these models we find interpretable structure in some
yeast DNA data, as well as in some nutrition data and some foreign
exchange data.
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1 Int t n

is article introduces t e laid model, a tool for e loratory analysis of
multivariate data e motivating a lication is t e searc for inter reta le
iological structure in gene e ression microarray data  isen, ellman,
ro n otstein is an early and in uential a er advocatingt e use
of cluster met ods to identify grou s of co regulated genes from microarray
data We resent t e model and illustrate it on gene e ression and ot er

data e laid model allo s a gene to e in more t an one cluster, or in
none at all t also allo s a cluster of genes to e de ned it res ect to
only a su set of sam les, not necessarily it res ect to all of t em us

for e am le some yeast genes may elong toget er in a cluster according to
t e ayt eyaree ressed ent e yeastisformings ores ile clustering
it ot er genes under ot er conditions
ection introducest e laid model as a sum of terms called layers, using
microarray data as motivation ection descri es our a roac to tting



t ismodel to data ection is devoted tot e ro lem of deciding o many
layers to include in a model ections , and resent e am les using data
on food com osition, foreign e ¢ ange rates, and yeast DNA res ectively

ur main interest is in t e DNA a lication, ut t e ot er e am les give
us insig tinto o t emodel or s ection com arest e laid model to
ot ersin t e literature ection  resents our conclusions

DNA microarrays allo t e measurement of e ression levels for a large num
er of genes, er a s all genes of an organism, it in a num er of di erent

e erimental sam les e sam les may corres ond to di erent to ins or
time oints n ot er cases, t e sam les may ave come from di erent or
gans, from tumors or ealt y tissue, or from di erent individuals e data
ta e t e form of a large matri , , , ere in
de es genes and inde es sam les e value measures t e strengt
it ic gene 1ise ressed in sam le e num er of data values
can e very large, over it  resent tec nology, and continues to

increase it time im ly visuali ing suc a volume of data is ¢ allenging,
and e tracting iologically relevant no ledge is arder still
A natural starting oint is to form a color image of t e dataonan y
grid, it eac cell colored according to t e value of igure s o sone
suc image descri ed in ection e ordering of t e ro s and sometimes
t e columns in suc an image can e ar itrary ¢t is naturalt en to consider
ays of reordering t e ro s and columns in order to grou toget er similar
ro s and similar columns, t us forming an image it loc s of similar color
ertin uses t e term reordera le matri for data of t is ty e and
gives e am les of reordering at te t contains a otogra of an old
manual device for reordering matrices e larger values are re resented
y dar eads, and t e user can lift and ermute ro s or columns of eads
until a nearly loc diagonal attern emerges ero sin igure ere
ordered after running a ierarc ical clustering on t e genes
An ideal reordering of t e array ould roduce an image it some num
er  of rectangular loc s on t e diagonal ac loc ould e nearly
uniformly colored, and t e art of t e image outside of t ese diagonal loc s
ould e of a neutral ac ground color is ideal corres onds to t e e is
tence of  mutually e clusive and e austive clusters of genes, and a cor



res onding ay artition of t e sam les  very gene in gene loc is
e ressed it in, and only it in, t ose sam les in sam le loc Alge
raically, t is ideal corres onds to t e re resentation

ere is a ac ground color, descri est e colorin loc | is if
gene isint e t gene loc eroot er ise, and is if sam le is
int e t sam le loc ero ot er ise e conditions t at every gene
and every sam le e in e actly one cluster are t en for all , and
for all res ectively
t as long een recogni ed see Need am t at suc an ideal
reordering ill seldom e ist in real data t is more li ely t at t e loc s
ill overla in some laces at is, e may need to allo for
some , or for some imilarly t ere may e some genes or
sam les t at do not t ell into any cluster n clustering t ere is often a
miscellaneous or rag ag cluster for items t at do not elong to any ell

de ned cluster is corres onds to for some , or
for some , assumingt att e rag ag clusterisclosetot e ac ground level
f eremovet e constraints and from e uation

eo tain amodel ic re resentst edataasasum of ossi lyoverla ing
constant layers t at dont ave to covert e ole array
n model a layer descri es a res onse t at is s ared y all genes
in it for all sam lesin it t ould also e iologically interesting to identify
a set of genes t at ad an identical, t oug not constant, res onse to a set
of sam les onversely a set of sam les it a common e ression attern
for a set of genes ould e interesting e follo ing models su ort one or
ot eror ot oft ese notions



ere eac , eac ,and if  isused, t en

to avoid over arameteri ation, it a similar condition on e name
laid model descri est ea earance of a color image lot of

ac model to a ro imates t e image y a sum of layers We

use t e notation to re resent eit er , or , Or , Or

, as needed We get a little more generality y mi ing layer

ty es, sot at or mig t a ear in some ut not all e model

may t en e ritten as a sum of layers,

ere descri es t e ac ground layer n some settings it mig t ma e
sense to ave a ac ground layer it and or terms
We conclude t is section y descri ing some inter retations of t e layers
f for all , ut isnot forall ,t en layer descri es a cluster
of sam les A converse descri tion a lies for a cluster of genes ft e layer
for a cluster of genes contains a term  , t en t at cluster of genes is a set
of vectors centered near t e vector ft at layer
also contains a term  , t en t e genes cluster along a line segment t roug
t is center
ac layer may re resent t e resence of a articular set of iological
rocesses or conditions e values of and rovide orderings of t e
e ects of layer u ont e genes and sam les enes it larger values of
are more greatly a ected under t e conditions of layer t an
ot er genes it int e layer ese e ects are also greater for sam les it
larger values of f is ositive for one gene , and nega
tive for anot er, t en t e rst gene is u regulated and t e second gene is
do nregulated it in layer
A layer may contain some ut not all genes, and some ut not all sam les
iscan e inter reted as a grou of genest at e resst emselves similarly
it in t e given set of sam les uc layers com ine gene clustering it
varia le selection on t e sam les o avoid re etition, e ill not descri e
converses to all of t e features of t e laid model
ese inter retations are most straig tfor ard if t ere is only one layer,
or if multi le layers do not overla signi cantly W ere layers overla , t e
inter retations for layer a ly tot e values of | after rst su tracting
t e ot er layers



t t n

u oset at esee a laid model it a small value of

or eac layer ,t ere are ays to select t e artici ating
genes and conditions  ven for modestly large and , it is im ossi le to
investigate all ossi le selections, and so t ere is no assurance of ndingt e

est tting model for a given num er  of layers  ordon notes t at
many clustering ro lems are N ard, and e cannot e ectt e resent

ro lem to e sim ler or an u to date survey of o timi ation issues in
clustering, see ansen aumard ven t oug an o timal ¢t is
li ely to e eyond our a ility, e may still nd t at a numerical searc

rovides an inter reta le layer

o sim lify matters, su oset at e ave layers and are see ing

t e t layer to minimi et e sum of s uared errors et

ere
ist e residual from t e rst layers
We ado t an iterative a roac it eac cycle u dating values,
values and values in turn et denote all of t e values at iteration
imilarly let and re resent alloft e and values at iteration
After selecting starting values and as descri ed elo , e follo
full u date iterations or , at iteration isu dated from
and ,t en is u dated from and and nally is
u dated from and Notice t at genes and conditions are treated
symmetrically in t is iteration e and u dates ould et e same if

t ey eredoneint eo osite order e nal u date only ¢ anges ,
sot att e nal layer values are , , and



t is convenient to consider and
forcing t em to ta es values or
intermediate stages, t e values of

values in a continuous range, only
in t e last one or several iterations At
descri ea fu y analysis of variance

in ic and are not necessarily or n atfollo s edro t e
su scri t  tosim lify t e resentation
ou datet e  values, given and e minimi e
su ect to identifying c_onditions
traig tfor ard agrange multi lier arguments s o t at
e u date for a ove is t e same et er or not t e t layer

includes or , and u dates and for and res ectively, are
t esame et erornott eot erisincludedint elayer f isnear ero,

so o servation ise ectivelya sent,t en ista ento e ero, and similarly
en iscloseto ero, ista ento e ero

iven values for and ,t e valuesfor t at minimi e are



and similarly, given and ,t e minimi ing values for  are

e uantities and ertaining to gene are u dated only it data
from t at gene isma est eu dates articularly fast
We do not allo t e values and to move too uic ly to ards or |,
ast ismig t loc in asu o timal initial condition nstead, at iteration
, and arere laced y if t ey are larger t an and y
ot er ise

We ave considered starting values all e ual to  , and starting values ran
domly generated near e most successful starting values ave een
found as follo s: for all and , and erform several iterations
u dating and values only e and vectorst ena roac multi les
of t e singular vectors of corres onding to t e largest singular value e
starting values are o tained y re lacingt e singular vectors and yt eir
a solute values, scaled so t at t ey sum to and res ectively
e searc for t e largest singular values itself needs starting and

values e searc can fail if it is started it vectors t at are ort ogonal
to We start t e iteration it and e ual to lus very small
random num ers to reduce t e li eli ood of suc a failure

iven a set of  layers, it is sim le to re estimate all of t e , y cycling
t roug in turn ese ac tting cycles tend to e e tremely
fast, es ecially if t e layers are small We do not u datet e and values
in ac tting
Deciding o large s ould eist esu ect of ection elo

A variant on t e algorit m u dates and y ere
min for some nonnegative integer e e ect is
t at of ste st e nal oft em ic and  values in We use
iterations to nd t e starting values, t en iterations increasing to
and nally iterations ere and are lacedint e set e

algorit m does not a ear to e very sensitive to t ese ¢ oices



A layer can e easier to inter ret if every and every as

t e same sign t at of e algorit m as a unisign o tion t at uilds
in a reference of t is ind nder t is o tion, eac time isu dated t e
algorit mc ec s et er and areoft esamesign fnot,t e value

of is reduced
nt e asicalgorit m tendstoa roac instead of ifincludingt at

gene in t e layer reduces t e total sum of s uared errors iscan a en
ecause t e gene ts t e layer ell, or ecause t e gene as a very large
residual a small ro ortionof ic ise lained yt e layer e algorit m

as an o tion to trim a ay suc genes nder t is o tion, any gene  ose
sum of s uared residuals is not reduced y a user s eci ed ro ortion is
released from t e layer set to , ossi ly to e included in some later
layer

t n

A greedy algorit m t at adds one layer at a time re uires a sto ing rule
Wesu oset ataseac layerisremoved fromt e data,t eresidual ecomes
more and more li e unstructured noise We ro ose a sim le rule t at ill
give only a small num er of e tra layers once t e data ave een reduced to
noise

irst e measure t e si e or im ortance of layer  y a sum of s uares

We ould li e to acce t a layer if it is signi cantly larger t an at e

ould nd in noise e distri ution of  on noise is not no n nstead
of using t at distri ution, e e and on a ermutation tec ni ue called
random in isen et al et e t e residual matri in ic

e searc for layer or eac , let e amatri o tained y
randomly ermuting every ro of and t en randomly ermuting every
column of t e result All ermutations are inde endent and all
are uniformly distri uted ismeans t at en ermuting column entries
eac of ossi le ermutations is e ually ro a le, and similarly for t e

ossi lero  ermutations et denote t esi eof t e layer found yt e

algorit m in t e randomi ed data



e sto ing rule is: if ma, and add t e ne
layer to t e model, ot er ise sto ere isa res eci ed limit on
t e num er of layers in t e model

ne ay to c aracteri e noise, is to say t at t e data values are inde

endent of ro and column la els e ¢ ance of acce ting a layer in suc

noise is t is reasona le to su ose t at t e ro a ility of ac
ce ting  or more layers from noise is a ro imately ,and t at
t ee ected num er of layers acce ted after t e residual as ecome noise is
a ro imately ese a ro imations ould et ee act,ifsu tracting
a layer from noise left a residual t at as noise

ne mig t ¢ oose or to give only a res ectively
¢ ance of acce ting a layer in noise We refer to or it on small
data sets and on larger ones om utational costs are ro ortional
to , 80t is re resents a ort iles eedu ,att ee ense ofslig tly
raisingt e e ected num er of noise layers

n ractice e ave seen t at t is sto ing rule sometimes gives a large
num er of layers W ent is a enst ereal layer isal ays some at ig

ger t an t e ones tted to ermuted data, ut as increases ot and
usually decrease  ne inter retation is t at suc layers are statistically
signi cant even t oug t ey may not e ractically signi cant e data an

alyst could reasona ly delete t em from t e model or not ot er to inter ret
t em not ere am les, t e sto ing rule gives a small num er of layers
ereisasmallris t att isrule illsto toosoon ecause an unusually

ig ly structured random ermutation mig t as generated is ris can
e reduced y acce ting a layer if at most of randomi ed layers are larger
t an it e ro a ility of acce ting a layer t to noise is and t e
e ected num er of layers found in noise is t en close to We
ave found t e original sto ing rule to e acce ta le
e rst e am le uses nutritional data from di erent foods is data
as found at or eac food,

t e follo ing ere recorded: grams of fat, calories of food energy, grams of
car o ydrate, grams of rotein, milligrams of ¢ olesterol, grams of saturated
fat,and t e eig t oft e fooditem in grams ome foodsa earindi erent
serving si es, as for e am le a iece of ¢ erry ie, or an entire ie o0 mea



sure food com osition, eac of t e rst varia le values as divided yt e

eig t of t e food item, yielding t e value for food and com osition
varia le e calorie values ave a variance t at is over times as large
ast e saturated fat values oe uali et e variance, t e data ere centered
and scaled, leading to

ere and
y ta ing out t e mean of eac column, t e ac ground layer corre
s onds to foods and food measures near t e column averages ome foods
are unusually ric y some measures or e am le, egg yol s are a out
standard deviations a ovet e mean A fe foods li esalt avelo values
in all measures f e ad not su tracted out t e columns means, suc foods
ould ave een att e ac ground level
ur algorit m as as follo s: e searc ed foru to  layers containing
ot and com onents Weused s u esint esto ingrule, o ted
to refer a common sign for and for it in eac layer, and
released any ro  or column from a layer if oining t e layer did not reduce
its sum of s uares y at least All  layers ere larger t an noise We
decided to dro t e last layers ecause t ey ere small e layer si es
during and after searc ares o nin a le
ayer contains foods and t e varia les fat ro ortion, saturated fat
ro ortion and calories er gram, ass o nin a le ecause
t ese foods are a out standard deviations a ove t e mean e values of
range from standard deviations for fat ro ortion to standard
deviations for calories er gram ese are ig calorie fatty foods e
foods it t e ig est arelistedin a le is layer also contains more
oils, margarines, nuts and some dairy roducts
ayer is descri ed in a le is layer contains foods t at are ig
in ¢ olesterol and es ecially ig in rotein or roteint e value of is
standard deviations, and for ¢ olesterol it is standard deviations
is layer also contains some more meats, seafoods, nuts and ¢ eeses
ayer ,s o nin a le containsfoodst atarelo inalloft e varia les
e ce t ossi ly c olesterol ost are also lo in c olesterol, as indeed are
most of t e foods not in t is layer
ayer is resented in a le t contains foods t at are on average
standard deviations a ovet e mean in ro ortion of car o ydrate e



ale : o naret elayersi esfort efoode am le aret esi esfound
during greedy training are t e corres onding si es found on randomi ed
data e nalt o columnss o for and layers res ectively,
after ac tting

a earance of rea fast cereals near to uresugarre ectst at ot ave ig
car o ydrate counts A data sett at ro e car o ydrates into er, starc
and sugar or t at included vitamin content ould e li ely to distinguis
t ese foods

ayer ,s o nin a le as foods t at are on average standard
deviations a ove t e mean in c olesterol e ¢ olesterol distri ution is
e tremely s e ed

n n
era datafort ise am le are mont ly foreign e ¢ ange values or
and currency , denotes t e num er of units of
t at currency t at one dollar wurc ased in t at mont e values t at

e study are t e mont ly logarit mic returns to t e currencies
log ——

e ra data, o tained from loom erg, covers mont s from anuary
to anuary inclusive, and so t ere are returns ere
are currencies, corres onding to t ese countries: elgium, anada,



ale : o naret eto of foods in ayer

Denmar , Net erlands, inland, rance, ermany, ndia, a an, alaysia,
e ico, Nor ay, out Africa, ain, ri an a, eden, it erland, and

t e nited tates

ecause all of t e data are in t e same units, e ¢ ose not toma et e
variances e ual We also did not ad ust for t e mean is ay, e ave
made t e ac ground layer corres ond to t e dollar

etting ro and column release criteria to and refering constant
sign, t e algorit m terminates after nding layers ayer one descri es
mont s ent e dollar strengt ened against ot er currencies ayer
t o descri es mont s ent e e ican eso ea ened against t e
dollar ayert reedescri es mont s ent e  dollar ea ened against
t e same  currencies from layer e si es of t e layers are ,



ale : o naret eto of foods in ayer

and After tting layers, t e residual as sum of
s uares e ual to e fourt layer found in a greedy searc  as mont s
in ic t ecurrency of ri an a ea ened againstt e dollar, ut one
of t ree s u ed layers ad a larger si e
e currencies in layers and ere t ose of elgium, Denmar |,
inland, rance, ermany, a an, Net erlands, Nor ay, ain, eden, and
it erland W en t e dollar as ea ening, too t e value , and
as in a tig t range from ain to it erland e
orst mont for t e dollar as cto er it Went e
dollar as strengt ening, too t e value a an lost t e least
ground in t ose mont s ilet e ot er currencies ranged from
it erland to inland

anada does not a earint ese layers e anadian currency is closely



ale : omnaret eto of foods in ayer

tiedtot e currency, ic re resentst e ac ground
ayer , as , corres onding to a more t an decline in
t e e ican currency in one mont e distri ution of t e values for t is
layer is very s e ed e e treme mont s are Decem er ,
une and e ruary ere are ot er

mont s et een and



ale : o naret eto of foods in ayer

n n t

igure s o s yeast gene e ression data used y isen et al e
data are availa le at tt : rana stanford edu clustering e columns re
resent time oints it in eac of ten e erimental series ese e eriments
are re orted in De isi, yer ro n , ellman, erloc , ang,

yer, Anders, isen, ro n, otstein utc er ,and u, De isi,

isen, ul olland, otstein, ro n ers o it
e columns in t is data are denoted y t e follo ing re es: al a
columns , lu , cde ,S 0 ,8 0 ,8 O
, eat , dtt , cold , diau eriments one to
t ree e amine t e mitotic cell cycle eriments four to si trac di erent
strains of yeast during s orulation eriments seven to nine trac e res
sion follo ing e osure to di erent ty es of s oc s eriment ten studies



ale : o naret eto of  foodsin ayer

t ediau ics ift ac oft e ro sre resents asingle ro eont e mi
croarray designed to detect t ee ression level of a articular gene ero s
are ordered according to t e results of t e ierarc ical clustering algorit m
to illustrate t e relations i s revealed y t at a roac e colorsin t e
image red ig , lue lo corres ond to values of log , ere
is a measurement re resenting t e e ression level of gene o tained
from a scanned image of t e microarray used to assay sam le e original
do nloaded data contained values of alues for missing data of
t e data ereim uted usingt e sum of t ero and column means lesst e
overall mean Annotation of t e genes in t e do nloaded le as slig tly
edited to save s ace
We used ot gene and sam le e ects in t e ac ground and in t e
layers is ¢ oice of ac ground layer ac no ledges t at genes and sam les
ot ave di erent e ression levels, and focuses t e searc for iological



ayers enes | am les servations

otal
ale : o naret enum ers of genes, sam les and o servations a ear
ingin , or more layers

inter retation on t eir interactions We searc ed foru to layers it t e
unisign o tion on, ro and column release criteria set to and s u ing
times for eac layer Aftert e t layer,t e algorit m as una le to nd
a layer t at retained any ro s under t e release criterion
verall, t e layers and t e ac ground contained arameters,
fe ert an of t e num er of o servations igure s o st ecom lete
tted model, ic recovers muc of t e visually a arent structure in t e
original data  ayers tend to decrease ot in si e of e ect and num er of
genes as t e algorit m roceeds o ards t e end, t e algorit m discards
large num ers of genes due to t e release criterion Not sur risingly, t e
ty ical sam le elongsto more layerst andoest ety ical gene enum er
of columns er layer remains more or less constant t roug out t e analysis

ac ground alone accounted for of t e genes and of t e sam lesint e
data ee a le An additional of t e genes ere in a single layer
verall, of t e data as e lained y ac ground alone ere as
little overla among t e layers, it fe ert an of t e data falling into

more t an one layer
e laid model consistently uts columns from t e same e erimental
series toget er it in layers a le s o st e column e ectsint e rst

layers  nly in layer is an intermediate time oint column | cdc
e cluded en time oints ot efore and after are included in t e layer
imilar atterns ere seen in su se uent layers e s orulation data enter

into oft e rst layers ecause of t e greater varia ility in t ose e eri
ments

ayers and containt esame sam lesands are no genesin common

n igure ,t ese layers corres ond tot e and running t roug columns

e time oints are ours , , , and durings orulation in one



ale : o n are t e column e ects for t e rst layers of t e yeast
e ression data  olumns t at do not a ear in t ese layers are omitted,
unless t ey fall et een t o time oints included in a single layer

yeast strain and ours and in a second yeast strain ese eret e only
times at  ic t e second strain as assayed n average,t e genes in
layer are u regulated to of t eir ac ground levels, erast e



ale : o naret eto genes of ayers and

genes of layer are do nregulated to of t eir ac ground level

igure s o s o t ee ectsoflayers and mirror eac ot er across
t e selected sam les igure s o st e means of t e data for t e same
genes and sam les e mirroring e ect is not visi le in t e original data,

ut is visi le in t e laid model after su traction of t e ac ground and

ot er layers

ale soste mosta ected genes under layers and ayer
includes many genes involved in t e cell cycle ayer includes many genes
involved in glycolysis

ayer is dominated y genest at roduce ri osomal roteins involved



ale : o narety esofri osomal roteins it in all layers containing
more t an one suc gene

in rotein synt esis in  ic NA is translated e layer contains
sam les, genes and as t includes of t e non
mitoc ondrial ri osomal roteins identi ed in t e data  ost of t e ri oso
mal rotein genes are among t e most a ected genes in layer
ayer includes all ve of t e acidic ri osomal roteins and none of t e
mitoc ondrial ri osomal roteins ayer contains several ot er genes also
involved in translation and in transcri tion e genes in layer are do n
regulated reac ing to of t eir ac ground levels is
do nregulation occurs it in  sam les from early stage of s orulation, in
t e diau ic s ift and follo ing cold and eat s oc ee a le
a le lists all layers containing more t an one ri osomal rotein Nine
oft € non mitoc ondrial ri osomal roteinst at donot a ear in layer
a earin layer nterestingly, seven of t ese form a continuous set num ers
in t e ierarc ical clustering order, se arated in t at analysis
from t e main grou of ri osomal roteins y four ot er genes ayer is
less strongly do nregulated t an layer and contains none of
t es orulation sam les ee a le
ater layers also e 1 it iological atterns ore am le,t e  genes

in layer  include oft e roteasome su units nterestingly, t e most
do nregulated gene in layer is , ic en
codes a cell surface ferro idase involved in trans ort is also t e most
do nregulated non ri osomal rotein in layer ayers

and s areonlyoneot er gene A N , an as aragine synt etase involved in
as aragine iosynt esis Neit er nor A N a earinany ot er layers
An inter retation is t at and A N e ave li e ri osomal roteins

under t e conditions re resented it inlayer andli et e roteasome su
units under t e conditions re resented in layer ese latter conditions



ale : o nislayer oft e yeast e ression data

include t e mitotic cell cycle columns , , , | and later stages of
s orulation columns , ,

ome of t e later layers are uite small ayer  contains  sam les
and only genes, of ic are cytos eleton genes e com lete layer is

sonin ale

n

is section surveys literature and met ods related to t e laid model



e singular value decom osition D of a matri is a sum

min

ere are ort ogonal vectors, are mutually ort og
onal  vectors, and are t e singular values is is similar to a
laid model it and , and
e laid model di ersint at t e vectors from di erent layers are not con
strained to e ort ogonal n laid models, and are constrained to
ta e values in ore com licated laid models it and terms
can not e ritten as di erently constrained  Ds

e semi discrete decom osition DD ta est e form ecett att e

elements of  and elong to t e set Kolda eary
re ort t at t e DD rovides faster and more s ace e cient information
retrieval t ant e DD n a licationst ero  re resents a term suc
asa ord,t ecolumn re resents a document suc as an article or e

age and t e ra data value contains t e num er of times t at term

a ears in document y ically a transformation is a lied to t e
values efore ttingan D oran DD e algorit m for estimating t e

DD alternates et een u dating values and and values at
algorit m ee s at all stages

ee eung descri e a non negative matri factori ation t can e
ritten as in e uation it all ,and it all elementsof and
constrained to e non negative ey illustrate t e decom osition on images
and on information retrieval ro lems nce again, an alternating iterative
algorit m is used eir referred algorit mis ased on a oissonli eli ood,

t oug t ey also descri e one ased on sums of s uares



As ee  eung oint out, means style clustering of dataro s or of
columns can e castint e form oclustert ero sof tae
and constrain eac to ave one element e ual to and allt e ot ers

en aret e cluster centers

Additive clustering e ard Ara ie is a met od for descri ing
similarities among a grou of o servations ere ,t ero sand columns
of descri et esameset ofo ects,andt evalue isanum erdescri ing
t esimilarity et eeno ects and Additive clustering tst e model

it t e constraints
Additive clustering and laid models ot allo clusters to overla Ara

ie u ert survey t e literature on overla ing clusters a ter
of artigan resents an early e amle of t o sided, non overla ing
clustering met od
isen et al cluster t e genes in t eir data using ierarc ical clus
tering  astie, i s irani, isen, ro n, oss, c erf, Weinstein, Ali ade ,
taudt otstein introduce gene s aving n s aving a cluster is

formed around t e largest rinci al com onent of t e data tructure corre
s onding to suc a cluster is t en removed, and a ne cluster forms around
t e rinci al com onent of t e remainder n gene s aving t e model ta es

t e form it , and t e rinci al com onent
vector elements unconstrained

ofmann, u ic a ordan ro ose at o sided clustering model
for dyadic co occurence data is data ta es t e form , for
e am le a re resenting t at a erson  as seen movie ey descri e
clusters t roug uno served latent class varia les, and em loy an algo

rit m to estimate t eir model

n

e laid model is a form of overla ingt o sided clustering, it an em
edded anova in eac layer
nt is article e ave resented an algorit m for nding laid models,
and a ay of rotecting against t e introduction of noisy terms in a greedy
model searc is may turn out to e of use in ot er greedy searc algo
rit ms



We e ect t at t e algorit m could e im roved  ur u dating algo
rit ms ad ust eac and  individually instead of ointly is is driven y
considerations of s eed ratios are muc faster to com ute t an is an

dimensional o timi ation n some cases t is simultaneous ad ustment

gives rise to null layers it all
laid models are e loratory tools, li e cluster analysis ust as in cluster
analysis and many ot er multivariate met ods, t e results are sensitive to
scaling of t e data ft e columns of t e yeast e ression data are scaled
to ave a common variance, t en t e ri osomal rotein layer is found rst
imilarly  en t e food varia les are not scaled t e rst layer only involves
t e calories er gram of food column, ecauset at one as yfart e largest
variance ft e foods are not normali ed y eig t,t ent e rst layer is
dominated yt elarge foods, suc asentire ca es, ies, loafs and alf gallons
of ice cream ese ot er clusterings are asreal ast e ones ere ort W en
a c oice is to e made among t em, it must e ased on a decision of at

as ect of t e data is of interest

We ave also found t at t e results can ¢ ange in res onse to ¢ anges

in t e algorit m e features e resent are ones t at ave een found
more t an once in re eated analyses of t e data is is consistent it
advice given y artigan for clustering or t e food data, t e rst

layer is invaria ly driven y lard, utter and oils, ut t e num er of foods
in t is layer can de end on o tions of t e algorit m or t e yeast data,
t e mirror imaged s orulation layers can et e rst and second ones after
t e ac ground, ort ey can et e rst and fourt , ut t ey are a strong
feature t at is invaria ly resent

nour e am les, e ave found inter reta le structure in genetics data,
foreign e ¢ ange data, and nutrition data ese structures are clearly not
noise artifacts
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