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Abstract

The problem of numerically integrating spiky functions over high di-
mensional domains arises in computational statistics, particle physics,
computer graphics and computational finance. We propose a Monte
Carlo method based on adaptive importance sampling. Adaptive im-
portance sampling methods alternate between importance sampling
from a density constructed to suit the integrand, and updating the
sampling density with the newly sampled data. We present a method
in which the sampling density is a mixture of products of beta distri-
butions.

1 Introduction

The problem we consider is the comp t tion o the inte r 1

n inte r tion problems c n be t rned into this orm thro hch n eo
ri bles nd other dom ins ¢ n be m pped onto the nit ¢ be so there
is little loss o ener lit onte rlo sim 1 tionsth t se independent
r ndom ri bles per re li tion ¢ n be written s e eni the

rise s ne pect tion nder nother distrib tion
e re most interested in ¢ ses where is moder tetolr e nd is
spi r moti tin e mples come rom p rticle ph sics nd esi n
st tistics pi inte r nds lso riseincomp t tion 1 n nce 1 sserm n



eidelber er h h b ddin wen ho comp ter r phics
e ch ib s nd reli bilit esterber
or nd smooth ¢l ssic 1 methods s ch s those in is
binowit pro idee cellent cc r ¢ withonl hnd lo nc
tione 1 tions orsm 11  tensor prod cts o dimension 1r les wor
er well on smooth nctions orlr e onte rlo nd more recentl
si onte rlo methods iederreiter h ebeene tensi el de el
oped These wor b s mplin the nit c be more niorml th nr ndom
points do  ome si onte rlor lesc nber ndomi ed wen
to pro ide error estim tes ndthisc ne enimpro ether te o con er ence
wen ic ernell t or inte r nds with sh rpl loc li ed
et res it is simpl w ste 1 to s mple the whole dom in niorml s
si  onte rlo methods do
pi inte r Iso er moder te to hi h dimensions re s 1l h ndled s
in import nce s mplin  or the inte r 1 e ecti e densities re ne rl
proportion 1to ee wen ho or sre ndsomee ten
sions o import nce s mplin or the ¢ se where one nows the ppro im te
loc tions nd sh pes o the spi es in
This p per considers the more ch llen in problem o sin import nce
s mplin on  when the n mber nd loc tions o the spi es re n nown
The proposed method ltern tes between constr ctin  densit th tis p
pro im tel proportion 1to the inte r nd nd s mplin rom the most re
cent ppro im tion r ppro im tions re ormed smi t reso prod cts
o bet densities
n o tline o the p peris s ollows ection ies brie o tline o
the rel ted liter t re oc ssin on methods or m ltiple spi es ection
brie re iews import nce s mplin incl din some recent impro ements
in it ection disc sses d pti e import nce s mplin  t shows how to

combine the estim tes rom e ch st e into estim tes o nd o}
The combin tion o0ids introd cin s mplin bi ses in spite o the
ct th t the s mplin distrib tion sed t the st st e depends on

the d t rom the pre io s st es Th t section Iso presents s re
root r le which pro ides mne rl optim I wei htin o thed t rom the
di erent steps o the 1 orithm nder widel di erent ss mptions on the
e ecti eness o the d pt tion ection presentso rmi t reso prod cts
o bet distrib tion model nd describes how we estim te the p r meters
in it  ection i es some n meric 1 e mples nd comp risons to other
methods ection presentso rconcl sions The ppendi pro es Theorem
on the ne r optim lit o thes rerootr le i enin ection



it r tur ur

ere we present brie s r e 0 rel ted wor oninte r tin spi nctions

more comprehensi es r e is i enin ho irst we present those
methods sed in the n meric 1 comp risons in ection  Then we o tline
some ddition |1 methods sed in esi nc lc 1 tions

The methods presented here re sed in the n meric 1 e mples 0o ec
tion The llow theinte r ndtoh e m Itiple spi es nd codeisre dil
il ble

The method ep e iswidel sedinhi hener ph sics
problems t combines import nces mplin rom prod cto piecewise con
st nt densit  nctions with str ti ¢ tion di ¢ It with this 1 orithm

rises when two or more o the ctors in the prod ct densit re m Iti
mod 1 Then n mber o sp rio s modes ¢ n be prod ced in the prod ct
th t do not correspond to ct 1 modes in the inte r nd

The method ress Te ols etterlin I nner es
tim testhe er e 1leo nctionoer rect n 1l rreion tis
rec rsi e method with e ch step splittin the re ion t h nd ortho on 11
to one coordin te intotwoe 1 ornerl e 1 s bre ions ch split is
m de sin the coordin teth t in pilot s mple ppe rsto most concen
tr te the ri tion in the nction on one side o the split The b d etted
s mple si e or the re ion is then lloc ted between the two sides with more
obser tionst en rom thesideth th sthe re ter ri tion tthe nest
le el 0 rec rsion simple onte rlos mplin is sed to estim te the
er e nction 1 e ndits ri nce These estim tes re then prop ted
to the ori in 1 inter 1 ee resset 1 or the det ils especi 1l
those on ri nce estim tion nd prop tion which re b sed on some
empiric 11 deri ed he ristics

The method erntsen  spelid en Iso m es
d pti e splits o the inte r tion re ion The codeis il ble rom the web
p eo In en ¢t shin ton t te mni ersit in Ilm n t pplies
deterministic inte r tion r les m es the splits in the direction with the
I rest orth di ided di erence nd combines the errors b prop tin
deterministic error bo nds tis e redspeci ¢ 1l to problemso estim tin
m ltiple inte r ls o er the s me dom in rom the s me s mple



There is 1 r e liter t re on import nce s mplin or inte r tion o spi
nctions risin in esi nc lc 1 tions r e so thisliter t re ppe r
in ns w rt nd ho
t is common or the posterior distrib tion to be sh rpl concentr ted
ro nd its mode nd this spi e c n e sil be sh rp eno h th t posterior

moments re lIso spi ost o th t liter t re oc sseson thec seo n
inte r nd with sin le spi e t is common to se distrib tions b sed on
the distrib tion ne rl e mple bein loe n i

not ble e ception is h er er who emplo mi t reo

distrib tions The s ppose th t the n mber o spi esis nown s well s

their loc tions nd the essi ns o the inte r nd there The initi Ip r m
eters in their mi t re model re chosen sin these essi ns

ch o the wor on esi n import nce s mplin ses p r metric

milies especi 11 those b sed on the distrib tion The ni ri te split

distrib tionc nh e di erent sc le nd de rees o reedom on e ch side o

its mode There re lsom 1ti ri te nd split distrib tionsin se ee

ns w rt Or Te erences
ec seorwor ses n dptiemit reto ppro im te the inte
r nd it is more li € nonp r metric import nce s mplin techni e n

this it is simil rto h n who ses ernel method hn S
ernels rer di 11 s mmetric nd there is one ernel nction sit ted t
e ch o s mple points est est nd i ens ter

consider cl sterin techni es th t red ce the n mber o mi t re
components

I ort nc in

This section pro ides re iew o import nce s mplin emph si in those
techni es we sel ter The term import nce s mplin deri es rom the
ide th titp stot e mores mple points in the re ion most import nt
to thet r et nction

et be densit on with e er where Theinte r 1in
¢ n be written



Then or dr wn independent]l rom wem estim te b

lement r m nip 1 tions i eth t

n nbi sed estim te o is
et be the optim 1densit t en to be the minimi er o the ri
nce in hn rsh 11 show th t
e er where then sis well nown nd this i es
To ct 1l  se this optim 1 densit when re ires th t we
now Thepr cticl 1 eo the ndin th t isth tit ides sin
ndin  ood import nce s mplin densities ood import nce s mplin

densit will bero hl proportion I to
ess well nownisth ti ismnerl b tnote ctl proportion 1 to

the ri ncec nbedis stro sl 1re wen ho present n
e mple where is is 11 indistin ish ble rom m ltiple o bt
ields n in nite ri nce bec se decre ses more icl to ero th n
does w  rom the spi e The iron is th t il re in the seemin 1

nimport nt p rt o the dom in ¢ n prod ce dis stro s incre se in the
ri nce
wen ho show how to pre ent the dis stro s il re o im
port nce s mplin b emplo in some control ri tes nd mi t re s m
plin  The method e tends the de ensi e import nce s mplin method o
esterber

The method o control ri tes see iple rtle o chr e
or mmersle ndscomb e ploits nown 1 eso one
or more inte r Is to impro e the estim tion o This section considers

control ri tes in con nction with import nce s mplin



ppose th t we now e ss metht
i n ori et be ector
orel 1 es nderindependent s mplin o rom

is n nbi sed estim te o

The ri nceo is where
et minimi e the inte r 1 in o er or the i en nctions nd
tion s eststht nestimte o cnbe ondb m 1
tiple re ression incl din n intercept term o on predictors
ec se the inte r 1 incl des n intercept coe cient the resid Is
wills mto ero s res lte tion with simpli es to
or niorm s mplin o er Theorem o wen ho

simpli es to



hen import nces mplin  ilsdis stro sl itis s 11 bec se is too
sm 1l in some pl ces despite m tchin well ne r the pe s  esterber
proposed remed c¢ lled de ensi emi t res mplin Thes mplin
densit ist entobe mi t rewhere one component densit isne rl
proportion 1 to ne r the pe o nother mi t re component
s ch sthe distrib tion pre ents the s mplin densit rom ettin

too sm 1l n where

ore ener I itcnbe d nt eo stos mple rom mit re

where nd the re densities ch mi ht be
optimi ed oronep rtic 1 rspi et reo  orperh psse er linte r nds

re bein inte r ted rom the s me s mple in which ¢ se e ch o the
di erent m be desi ned to wor or some o the inte r nds

wen ho present the ollowin estim tor
where resc 1 r coe cients nd re iid rom nder s mplin rom
thee pected 1 eo is nown to be Th s the estim tor in

combines import nce s mplin with the se o control ri tes
These control ri te coe cients ¢ n 1so be estim ted b re ression

o} on wo ld be ppropri te ec se this
re ressionissin 1l r wen ho recommend the seo sin lr
1 e decomposition to comp te the le st s  res coe cients
Theorem o wen ho is

min — E—



Theorem shows th t the combin tion is ne er m ch worse th n
wh t wo 1d be obt ined rom n o the indi id 1import nce s mplin
distrib tions rthermore re ression ¢ n be sed to estim te this combi
n tion The concl sion in Theorem wo 1d not hold witho t the se o the
control ri tes The ri ncer tios between ood nd b d mi t re com

ponents c n be er 1r eore en in nite so the ctors re s 1l
sm 11 b comp rison
The mi t res mple estim tor ine  tion ¢ nbeimpro edb t

in deterministicmi t reinste do r ndom one ppose th t
is positi e inte er n pr ctice we mi ht h e to settle or n inte er close
to The estim te

is b sed on deterministic mi t re s mple with
ths rincenolr erth nthe estim te b sed on the
r ndom mi t res mple esterber

t is possible to obt in ero ri nceon ener linte r nds sin  positi i

s tion de ice rom wen ho rite where
m nd m Then

t in s mpleo sie rom nd

s mple o sie rom it is possible to tt in  ero ri nce
estim te

The pr ctic 1 import nce o is th t one ¢ n inte r te rbitr ril

well b sin  two import nce s mplin densities ne is ne rl propor

tion 1 to the positi e p rt o nd one to the ne ti e p rt There is

no comp t tion 1di ¢ It in ndin the positi e or ne ti e p rts o the
inte r nd

This positi is tion de ice ¢ n be ener li ed wen ho
in esti te inte r tion o b mi t re import nce s mplin
with control ri tes where h s nown inte r 1



d ti 1 ort nc in

r propos 1 is to ltern te between import nce s mplin rom densit

nd re comp tin the import nces mplin densit ebe inb considerin
I orithmsth tt e ed n mber o steps
To be in step we dr w obser tions
sin r le th t speci es the oint distrib tion o the h t we
h e in mind is th t is ed s mplesie ndtht is determin
istic mi t re import nce s mple t in obser tions rom the
densit or ch o wh t we pro e below ¢ n Iso be
e tended with minim 1ch n es to llow or r ndom s mple si es
To concl destep we seobser tions nd possibl 1l the pre io s
obser tions to constr ct ther le orthene ts mple h tweh e

in mind or this step is the recomp t tion o the n mber o bet mi t re
components their p r meters nd the mi in prob bilities
nor nlsiso the 1 orithm wes pposeth t tstep wec ncon
str ct condition 11 nbi sed estim te in which the onl r ndom n
tities re nd possibl itsel e Iso ss me th t we
¢ n ccomp n thisestim teb  condition 11 nbi sed ri nce estim te
r nbi sedness conditions re

r 1 orithm oesthro h o thesesteps ndthen pon termin tion
it ret rns the wei hted estim te nd the ri nce estim te

The wei hts re s pplied to the 1 orithm nd

the m st s tis The entire proced re is s mm ri ed in
1 orithm
n pr ctice we m toler te sm Il bi s inste d o imposin nd

when we recon dentth ts chbi sisne 1li ible Thebi sweh ein
mind isth t risin rom control ri te coe cientsestim ted romthed t
one insists on elimin tin e en thissm 11 bi s it ¢ n be done thro h the
method o r ndom ro ps  olter orm o cross lid tion

ec see chstepis sin condition 11 nbi sed estim tes it ollows th t
the ntities nd re mnbi sed estim tes o nd respecti el



ied- -AS:

nd with
se to select nd
omp te nd s nctions o s tis in nd
onstr ct S nction o

et

Thisis eneric 1 orithm or d pti eimport nce s mplin
with  prespeci ed s mple si e t prod ces nbi sed estim tes
nd

s st ted in Theorem

constr ction

nd so

ow

or
(6]

nd soi ollows th t




in 11

nd so
The 1 eso orm m rtin le  illi ms
with respect to the si m  elds de ned b e

m eno orm1]l seo m rtin les b t theide s nderl o r methods

This section presents simple r le or choosin the 1 es e propose
t in ~ in the settin where 11 Thisr leisne rl optim 1
nder some ite di erent ss mptions on
we new then rom e tion we co 1d se

This choice o is optim 1in th t it minimi es

The ollowin model describes ste d b t moder te impro ement s the
d pti e s mplin pro resses ppose th t s incre ses th t

where is const nt nd The lower bo nd

describes  settin in which the iter tions re not impro in The pper
bo nd describes  settin in which si onte rlo ccrc is
bein tt inedb d ptie onte rlo

no re mple the optim 1 re b proportion 1to ppose
howe er th t we ess incorrectl nd se proportion 1to with

et sc llthe ri ncewe et SO



min S p m —F— -

sp m — -

ee ection

Theorem shows th t nder the s re root r le the ri nce is not
more th n times the ri nce o the n nown optim lr le or
n inte er when is proportion 1 to or some
en tho h the chie ble ri nceh sdi erent r tes o con er ence
dependin on thes rerootr le lw s tt ins the optim 1r te nd

ne rl the optim 1 const nt ndeed s lon s t in
chie es the optim 1 r te s Th s i one
thin s th t describes the re son ble 1 es or then the

s reroot r le sho 1d be repl ced b one with
or those ¢ ses in which one s spects th t the method willh e sh rp
initi 1 tr nsient we propose ed se ence o wei hts s ollows or
t e or t e B —

ec se the conse ences o sin incorrect ed wei hts re so minim 1
we pre er sin ed set o wei hts to estim tin set o wei hts rom
thed t ore mple t in m es the wei hts r ndom nd
hence more complic ted to n 1 e en i decre ses on smooth

tr ector the 1 es co Id be er nois
There is Iso the d n er th t s mple which h ppens to miss one
o thespi esin willh e misle din1 sm 1l nd there ore et
p rtic I rl 1 r ewei ht distortin the n lestim te e consider this
indo bistoh em ch re ter potentil ord m e th nth t risin
rom estim ted control ri te coe cients

eh e ss medth tthe 1 eso nd re speci ed be ore
s mplin be ins t wo 1d be desir ble to s mple r ndom n mber o



steps stoppin t the point where s cient cc r ¢ h s been obt ined
s dedb thes mple ri nces mnort ntel itise s to introd ce
er 1 rebisthisw

The ollowin er simple e mple ill str tes the problem et e
or some The rst s mple consists solel
o} we stop t nd report
we contin e to s mple independentl o
nd report tise s toseeth t
b tth t

or spi nonne tie inte r nd stoppin with n ns 1l smll
s mple ri ncec nbem chthes me sstoppin with n ns 1 sm Il

s mple me n The e mple bo e co 1d be re orm 1 ted with nd
the decision to stop b sed on witho t essenti 1ch n e

n ection we mentioned th t orm m T

tin le This mi ht le d s to belie eth t we ¢ nstop t steps with n

nbi sed estim tor t the n t r 1 estim tor does

not necess ril orm m rtin le
t is possible to se limited orm o s mple dependent stoppin n

this settin one be ins with possibl r ndom n mber o steps t the
end o these steps one determines le s well s

s mmin to s mples or more steps nd combines the estim tes s
in 1 orithm sin or This proced re is simil r to the

pr cticein r o hin onte rlomethodso sin b rn in period

i1 tur o roduct o t

r pl nis to ltern te between s mplin rom densit th t ppro i
m tes the inte r nd nd sin thes mpleto nd new ppro im tion
This pl nre ires mil o densities th t ¢ n be s mpled rom th t pro

ide e ible set 0 ppro im tions nd in which optimi tion is not too
di ¢t

e s ppose th t This is no loss o  ener lit hen t es
both si ns we tre t seprtel s te tion or S wen ho
show we ¢ n wor with where s nction with  nown
inte r 1
e be in with some not tion The point is written s
where The nction

on is n nnorm li ed bet densit with p r meters nd



The norm li in const nt is

e choose to ppro im te the inte r nd b

with Thisis mi t reo prod ctso bet densities mplin rom
mi t resisstr i ht orw rd siss mplin rom prod cts
eh emied nnorm li ed densities The th mi t re prob bilit

¢ n bereco ered s nnorm li ed densities ree s
ier to di erenti te with respect to their p r meters th n re the norm li ed
ones ndweh e o nd this helps when optimi in the choice o nd

s reerence point t in prod ces the dis
trib tion or de ensi e import nce s mplin we lw s incl de
mi t re component b t in or

orlre nd the bet distrib tion is ppro im tel with

nd Ths tlest orlre

mi t reso prod ctso bet sc nbe s e ible smi t reso prod cts
ssi n densities

The model in t esthes me orm sthe modelo reim n
reim n sess mso prod ctso smooth nctions s n ppro im tion or
nonp r metric re ression r pplic tionh sthe ddition 1constr intth t

the ppro im tion m st be densit rom which wec ndr w s mple

ere we describe o r 1 orithm or pic in the p r meters in the mi t re
o prod cts o bet densities model ore det ils re il blein ho
n 1 orithm o this comple it necess ril in ol es n mber o
pr m tic choices th t m not be theoretic 11 optim 1
esee pr meter 1 es nd or nd
to sein e orm 1 te the problem s one o minimi in

This is n meric 11 more con enient th n ttemptin to minimi e direct
me s re 0 the s mplin  ri nce The de ensi e mi t re component with
nd is incorpor ted sep r tel



e ppro im te this inte r 1 b s mo er the e istin d t il ble

rom steps thro h es pposeth tstep w s deterministicmi t re
s mple o obser tions The
s mplin densit is denoted b e s It ell s described
in ection

Thes mo s red errors we wor with is

iidin b compens tes or the s mplin bi s when point w S
ener ted

r 1 orithm is b sed on the e enber r rdt nonline r le st
s res method pplied to Th t 1 orithm is ppropri te or nd
in nd ien em e modi c tions in order to nd
nd to protect  inst n meric 1 nds mplin di ¢ It s described below

e se the constr int Thisr leso t ne ti e densities

e dd the constr int th t ore ch p ir either or

This eeps the terms in the prod ¢t nimod 1 This constr int mi ht be
dis d nt e insome settin s b t we seitto oid introd cin  prod ct

0 bimod 1 densities ch prod ¢t mi ht ield smn s modes
which we consider ndesir ble

eimpose n pperbo ndon in order to pre ent the densities
rom becomin too concentr ted to e rl prem t re concentr tion o
the densities co Id ¢ se spi e in the inte r nd to be missed ec se
the ri nceo et r ndom ri bleis where

n pper bo ndon controls the concentr tion
e se n pper limit o incre sin line rl rom to

e impose lower bo nds nd or
n meric 1re sons  ith we et toom n obser tions th t
sho ld be between nd bt re ener tede lto ere denotes
the m chine epsilon The bet densit e 1 tes to t s ch points
The constr int on is less se ere bec se the o tin point n mbers re
sp ced more closel to ether ne r th nthe rener

r proced re or incre sin to nd ndin the

nd be ins b writin



e then see to minimi e

To etst rtin 1 es or this minimi tion we nd thel r est ppose
itis t nd Then we pic nd correspondin  to
the bet distrib tion with me n nd the sm llest ri nce llow ble
nder o r constr ints The st rtin l e or is the minimi er o
i en the st rtin l es or nd
the st rtin l e or isne tie wet ethis s n indic tion
th t the model h seno h mi t re components orthe mo nto dt ¢
h nd nd we do not incre se therwise wer n e enber r rdt
on nd then do ro nd o b ¢ ttin in which 1l p r meters re
reestim ted nd consider incre sin in To red ce theris o o er
ttin  we did not llow to incre se b moreth n t n iter tion o
d pti e import nce s mplin
ome other det ils o the 1 orithm ppe rin ho These de
scribe how the constr ints were incorpor ted into the e enber r rdt
1 orithm how the necess r deri ti es were ormed nd wh t techni es
sed to red ce theris o n meric 1o er ow nd nder ow

or ore mples we comp re the mi t re o prod cts o bet method
with ordin r onte rlo nd some d pti e methods The d ptie

methods chosen were ep e ress et 1
nd erntsen et 1 These three methods described in
ection ¢ n llh ndlem ltiple spi es nd code w s re dil il ble

The ollowin inte r nd

- — ep — ep

with ist en rom ep e The inte r 1 is



IT

IT
T ble es 1lts rom the do ble ssi n inte r nd The rst row 1 es
the error o e ch method The second row 1 es the error estim te
or 11b t thisis n estim ted st nd rdde i tion Thetr e 1 eo

is lmost e ctl

e chose nd this i es This ¢ se is h rd or
e s bec se the optim 1 densit in the cl ss it ses is prod ct o
bimod 1densitiesh in modes ec setheinte r nd h s onl

modes there is re son ble ch nce th t one o the en ine modes will et
er ew s mple points nd then be missed when ormin the ne t prod ct
o import nce s mplin densities nce mode is lost the estim te will

concentr te on the other mode nd con er e to lener
The methods sed 11 h d st es nd d t points t
echst e ch method ener ted n intern I error estim te cept or
thisw s st nd rd error ses deterministic set

o points nd the error estim te is deterministic estim te o its bsol te
error
T ble presents the res lts e s w s serio sl in cc r te on this
problem t missed one o the spi es nd the intern 1 error estim te did
not ¢ pt rethis rdinr onte rlowsnot er ccrtebthd
re listic error estim te
nd I ere listic error estim tes these
wsb rthemost ccrte ec se ssi n densit ¢ n be well
ppro im ted b bet densit it is perh ps not s rprisin th t did
well on this problem

This inte r nd is o er t describes ntit rom e nm nn
di r m This inte r nd cont ins 1n mber o spi es some positi e nd
somene ti e Theinte r ndis nbo ndedo er nd the sin 1 rities
domin tethe 1 eo theinte r 1 The orm 1 orthisinte r nd ppe rsin
Idins rods ner inoshit eth n ro essor Toich ro
inoshit o ornell ni ersit or pro idin the code or this nction
ro essor inoshit lso told s th t thetr e 1 e o theinterl ws



IT

T IT
T ble es Its rom p rticle ph sics inte r nd The rel ti e erroris i en
in the 1rst row The second row is the tr e error di ided b the error
estim te or the error estim te is deterministic or the other

methods it is st nd rd error

determined s o to be ppro im tel
The s me e methods were emplo ed on this inte r nd or mi t re
o prod cts o bet s mplin the import nce s mplin densities were ob

t ined b ppro im tin inste d o ppro im tin nd

sep r tel Il methods were r n with points  or the s mplin
methods th tis 1l e cept these were done s  independent
r ns with points in e ch The error estim te in these ¢ ses w s obt ined

sin replic tes

nd e s ilto i e re listic estim tes o the error The
other methods 11 i ere listic error estim tes with the mi t reo prod cts
o bet s bein most cc r te nd re son bl close second

i cu ion

e h e presented n d pti e method or n meric 11 inte r tin spi
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