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Abstract. In this paper we use quasi-regression to study high dimensional inte-
grands. The variance of an integrand can be expressed as an infinite sum of squared
components of an orthogonal basis. Various sums over subsets of these components
have meaningful interpretations, and we develop numerical estimates for such sums.
We pay particular attention to certain sums related to the ANOVA components of
the integrand, because these are related to the effectiveness of quasi-Monte Carlo
integration methods. We find that randomized quasi-Monte Carlo methods can es-
timate the unknown coefficients more accurately than ordinary Monte Carlo. We
illustrate the method on two problems: valuing an Asian option, and finding the
expected completion time in a stochastic activity network.

1 Introduction

Let f be a function defined over the unit hypercube [0,1)*. When the dimen-
sion s is large, it is well known that it can be extremely difficult to find the
integral of f. Yet very accurate results have been reported for some integra-
tion problems in large dimensions [5,14,19].

When a method succeeds on a high dimensional integrand, one might
suspect that the integrand has some special property that was exploited by
the method. One explanation offered is that the effective dimension [5,19]
of f can be much less than the nominal dimension s. Quasi-Monte Carlo
(QMC) methods often have very good equidistribution properties in their
low dimensional projections. Such methods are well suited to integrands of
low effective dimension. For example Owen [16] shows that in scrambled net
quadrature certain coarse low dimensional features are integrated without
error, while features that are either of higher dimension or more spiky add a
quadrature error similar to that seen in ordinary Monte Carlo.

Caflisch et al. [5] define the effective dimension of f in terms of its ANOVA
decomposition [8,12,17]. An ANOVA decomposition allows one to determine
the relative importance of different subsets of input variables for an integrand.
This knowledge can be used to select or tune a QMC method to a given
problem, or to a class of similar problems.
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In this paper we employ an infinite orthogonal decomposition of square
integrable functions over [0,1)®. Sums of squared components in this de-
composition can be used to describe the importance of various aspects of f,
including the ANOVA components. In practice, lower bounds on these contri-
butions are computed because the ANOVA component magnitude is defined
through an infinite sum of squares that we truncate.

The remainder of this paper is organized as follows. Section 2 defines the
ANOVA decomposition of a function, quantifies the relative importance of
each component, and connects this relative importance to some terms in an
orthonormal basis. Section 3 describes our numerical method for estimat-
ing relative importance from sample values. We present both a Monte Carlo
and a randomized QMC approach. Section 4 contains estimation results for
two examples. For an Asian option the results show what changing the strike
price or switching to a Brownian bridge representation of the underlying price
process can do to the amount of low dimensional structure. For a stochastic
activity network, we see how conditional simulation reduces effective dimen-
sion. Section 5 discusses related methods and ideas for further research.

2 ANOVA decomposition and orthogonal bases

We assume that f[o 1)e f?(u)du < oo. Then f has an ANOVA decomposition

[8,12,17] written as a sum of 2° components, with one component per subset
IC{1,...,s}. For w €[0,1)" write f(u) = }_7cq1,. 5 fr(u), where

ftws= [ fdur - > o) 1)

and ure = (uj);¢r represents the vector of variables u; whose index j is not
in I. One can show that for any nonempty subset I, f[o 1) fr(w)du; =0 for

any j € I, and f[o,1)s fo(u)du = p, where

= du.
p /[) £ (u)du

The ANOVA decomposition is orthogonal, i.e., for two subsets I # J C
{1,...,s} one has

/ f1(w) £ (u)du = 0. @)
[0,1)®

From (2) we can decompose the variance of f via

o= [ Padu-i= Y o,
[0,1)°

IC{L,...,s}

where 0% = f[(),l)s fi(w)du for I # 0, and of = 0.
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For any component fr, the quantity 0%/0? represents the fraction of the
variance of f that is due to f; and we take this as a measure of the relative
importance of fr. We would like to estimate o7 /o? for different components
f1. Since the variance 02 is comparatively easy to estimate using standard
procedures, the main task is to estimate the o%.

As in [1] we introduce basis functions obtained by taking tensor products
of a complete orthonormal univariate basis. We write our univariate basis
{¢j(w) | 7 = 0,1,2,...}, and suppose that ¢o(u) = 1 for all u € [0,1).
Orthonormality implies that fol ¢;(u)dr(u)du = 1j—.

Our numerical examples are all done using orthogonal polynomials, al-
though the methods extend naturally to other bases. The orthogonal polyno-
mials over [0, 1) are simply rescaled versions of the Legendre polynomials [9]
defined on [—1, 1], so that our ¢; () is the j’th Legendre polynomial evaluated
at 2u — 1 [1], and then scaled to have unit norm.

To decompose functions defined over [0, 1)® we use multivariate basis func-
tions defined as tensor products of ¢;. For r = (r1,...,rs), where the r; are
non-negative integers, define

¢r(u) = H ‘bm (“j)-

We can then decompose f using the basis {¢(u) | 7 = (r1,...,75),7j
0,j=1,...,s}, getting

7 =0 rs=0

where the coefficients , in this expansion are obtained via
o= [ s e (4)
[0,1)=

The following result explains the correspondence between the ANOVA
decomposition of f and the one expressed in (3):

et f:[0,1)® e s e inte e nction o ec
s setI C{l,...,s} de net ecomponent fr() sin ett e coe cients
» ede ned sin en o I nonempt one s
2= 3 2, )
re 1)
eeteset (I) cont ins vecto s r = (r1,...,Ts)  o0se ent ies e

non ne tiweinteess tis in r; 04 ndon 4 jeI
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This result shows that o7 can be estimated indirectly by estimating the
coefficients 2. In practice, the infinite sum on the right-hand side of (5) must
be truncated, which means we then estimate 0 e o ndson o7. An obvious
disadvantage to our approach is that the terms in the sum might decay slowly.
If f; is very spiky then the lower bound won’t be close to o%. A mitigating
advantage is that we can sum other subsets of 2 values to learn something
about the relative importance of high and low frequency components of f or

of f].

escription o the estimators

To estimate o7 (or more precisely, a lower bound on ¢%), we truncate the

sum of values 2 on the right-hand side of (5). For nonnegative integers d

and d define
()= (I,d, ):={re€ (I)|Z7'j d,r; for each j € I}. (6)
j=1

The truncated version of o7 is

2 . 2
o7, = E ol
I

LS s )

The parameters d and  are called the de ee and o de respectively in
[1]. When, as here, ¢; is a univariate polynomial of degree j then ¢, is an
s-dimensional polynomial of degree Z‘;Zl rj. The polynomials with indices
in (I,d, ) have degree at most d, and are products of |I| nonconstant
univariate polynomials each having degree at most
To estimate a coefficient 2, we construct an estimator for ., take its
square, and then apply a bias correction described below. Since the estimation
of the coefficients , amounts to an integration problem, either a Monte Carlo
or QMC approach can be used to carry out the approximation.

The quantity
1
(== Y o (7)
I

describes the fraction of variance in f attributable to ANOVA components
of dimension and lower.

If for a threshold € [0,1], is the smallest integer with ( ) € [ , 1], then
the effective dimension of f (in the superposition sense [5,10]) is . aving
a lower bound on () implies that f has an effective dimension of ¢
most . The definition depends on the threshold, which is usually taken at a
high value like 0.99.
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First we construct an unbiased estimator for 2. Assume that uj for =
1,..., arei.i.d. uniform random points in [0,1)*. The quasi-regression esti-

mator [1]
2

2= IS fw)dn(un)

k=1
is biased, because
1
(D=7 ~Var(flur)o (ur)) - (8)
with strict inequality outside of trivial cases. ewriting (8) as
1
(D=7 = (FPlu)dn(ur) = 7 9)
allows us to derive the unbiased estimator
. 1
f, =71 3 -3 Zﬁ(uk)ﬁ(uk) )
k=1

where the subscript bc stands for bias-corrected .

sing 7, estimate of =~ =3,. ;  , ; of without bias as fol-

lows:
I, = Z za
re I, , )
1 .
=—= > iy i, w)fw) . (10)
re I, , ) k=1

where

re I,, )
It is now possible to construct an approximation for the lower bound

1
’():ﬁ ZU%,,
II

on the quantity ( ) defined in (7). To do that, we first introduce the function

> (u) =3 7. (w), which represents the sum of the functions
7 (w) included in the approximation for (). We then define
1
, ( ): ; Z O—%, , )
I
1
=25 -0 YooY iy L w)fw)
11 re I, ) k=1
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where 0? = 3, (f(ug) —p)? /( —1),and p=3,_, f(ur)/ . Note that
() is a biased but consistent estimator of | ( ).

Since the quantities 0 and o? do not depend on pu = f[o 1y f(u)du,

one could replace f by f = f — for some constant and apply the above
estimation procedure to f instead of f. As mentioned in [18], this can improve
the quality of estimators whose performance depends on = p a detailed
analysis of the variance of 07~ can show that this is indeed the case here. A
natural candidate for is to take = u [18], which in practice means that we
take = p. In Section 4, we refer to this alternative approximation method
as the cente ed ve sion of the estimators o7~ ,and | ().

Lastly, to estimate the accuracy of the estimators a%, o ,and | () a
simple solution is to generate 1i.i.d. copies of each of them using random
point sets {ug,, =1,..., },r=1,..., ,and then to use the sample vari-
ance within this set of 1i.i.d. estimators to provide approximate confidence
intervals on the true values these estimators try to approximate.

ere we replace the Monte Carlo points #1 to u by randomized QMC points
(see [6,17] for examples) f = (ug, ), =1,..., , where uy,...,u
[0,1)% are equidistributed points [15], and is a randomization function
that uses a random vector  to transform each uj into a uniformly dis-
tributed vector j in [0,1)°. For example, a ndom s ited ttice e
[6,14,21] is used in Section 4. In this case, u;,...u are found by intersecting
an inte tion ttice (i.e., a discrete subset of * containing * and closed
under addition and subtraction) with [0, 1), the vector  is randomly and

uniformly generated over [0,1)%, and (ug, ) = (ug ) mod 1. One way
to construct an integration lattice is to choose an integer relatively prime to
and set up, = ( —1)(1, ,..., * 1)/ mod1,for =1,..., this special
caseis calleda o0 ov e[13].
To construct unbiased estimators for a% _and | (), weuse inde-
pendent randomized QMC rules with points , = (ug, ), =1,..., ,
for =1,..., , where the random vectors are independent. Based on

these randomized rules we construct unbiased estimators
1
o == (k) )
k=1

for .. These estimators are combined into the following estimator of 2:
e (L e D D S RN ()
: 1 (-1 &

where , = > _; o / - Tt can be shown that 2  is an unbiased

estimator of 2.



Quasi-regression and ANOVA components

sing 2, we now define an unbiased estimator o7  for o2
b 0 LA

2 2 1 2
on, =71 >o( )—ﬁ DD DN

re I, , ) re I, , ) =1

In addition, we can define an estimator . () for thelower bound | ()
on () defined in (7):

O=5 Y a4

where

GZILZZfZ(k,)_ﬁ >ooowooom

=1k=1 1

and =Y f( k) s =1,..., .It can be easily shown that o2
is an unbiased estimator of o2.

Centered versions of the above estimators can be defined similarly as in
the Monte Carlo case, i.e., by replacing f by f = f—pu , where p =
> _1# /] . Also, to estimate the accuracy of ., (), we construct
i.i.d. copies and use the sample variance within the set of i.i.d. estimators
of | () thus obtained to construct approximate confidence intervals on
the true value | (). We use  replicates in order to get an especially
simple and direct variance estimate. We do not explore alternatives such as
the jackknife based on subsets of the original random vectors.

Note that using the Monte Carlo method to estimate the , as in the
previous subsection avoids i sin problems. That is, in general the estima-
tion of the regression coefficients included in a model (in our case, the
for r € (I,d, )) can be affected by the effects that are not included in
the model (in our case, the ¢, for r ¢ (I,d, )). owever, this aliasing
problem typically takes place when a deterministic point set is used for the
estimation. When a random point set is used (as in Monte Carlo), it can be
shown that the aliasing becomes negligible as the number of points goes to
infinity [11]. For a randomized QMC point set, the adverse effects of aliasing
(which could affect the accuracy of the unbiased estimator) can be reduced
by making sure that the point set ~ has a small disc ep nc , and by taking
sufficiently large. See [11] for more details on the connection between aliasing
and low-discrepancy point sets.
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amples

In this section, we provide numerical results where the estimators for oi ,
and | () described in the preceding section are computed in different prob-
lems. We look at two examples considered in [14], where randomized lattice
rules were used with success to estimate the integral y = f[0,1)s fu)du.

For each problem, the randomized QMC estimators are based on a  o-
robov rule defined by = 1021 and = 76. Weuse = 15 random shifts and
then construct = 10 copies of each estimator , () in order to com-
pute confidence intervals. For the Monte Carlo estimators, we use  points
and = 150, so that the total number of points used is the same for both
types of estimators. esults are presented in tables in which each column
corresponds to a particular type of estimator of | ( ). ach entry in these
tables is accompanied by a value in parentheses that represents the half-
length of a 95 confidence interval for | ( ) based on this estimator. The
centered versions of the estimators are denoted by cent. We vary the value
of d in order to study the relative importance of the low and high order sub-
components of fy for |I| . The estimates | ( ) with the largest value of d
are used as lower bounds for ( ). All our estimators are based on (modified)
Legendre polynomials [1].

The problem here is to evaluate an Asi n option under the Black-Scholes
model [7]. An Asian option is a financial contract that has an expiration date

,a st iepice ,and it depends on the price of an underlying asset whose
value at time is denoted by (), for 0 . Assuming the Black-Scholes
model implies that ( )/ (0) has a lognormal distribution with parameters
(u ,0 ), where u is the mean return on the asset and o is its volatility. The
Asian option depends on the average value taken by the underlying asset
over a predetermined period of time in our experiments, we assume that the

average is taken at s equally spaced times 4,..., 5, where ; = /s and
s = . In this case, the final value of the option at the expiration date is
given by

8

()=max 0,25 (,)-

i=1

The quantity of interestisu = ( " ( )), where the expectation is taken
under the risk-neutral measure, and r represents the risk-free rate in the
economy. For this problem, the function that is integrated in order to get
is s-dimensional and is given explicitly in [14].

In all our experiments, we use the parameters = 1 year, (0) = 50,
s =32, r = 0.05, and o = 0.3. In Table 1, we give four different estimators
for (),for =1,2,andd= =2,4,8.

)
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ab . stimation of for the Asian-option problem, with 45
Monte Carlo and. Shif. L
cent. cent.
2 1 0.2 1.2e-2 0. 2 .4e-3 0. 2 1.9e-3 0.2 1. e3
2 094 2.1e-2 0.94 1.3e-2 0.93 5. e-3 0.93 5.4e-3
4 1 0.5 13e-2 0.5 .0e3 0.5 2.e3 0.5 2.5e3
2 09 31e2 0.9 1.9e-2 0.9 .e3 09 le-3
1 0. 1.4e-2 0. .be-3 0. 2.9e-3 0. 2. e-3
2 1.01 .1e-2 1.01 3.3e-2 0.9 4e-3 0.9 9.3e-3
As we can see from the results in Table 1 for the case = = 45 and when
d= =8, about 97 of the variance of the underlying function is explained

by one and two-dimensional components. This explains the success of lattice
rules having good low-dimensional components as an integration method on
this problem [14]. In addition, we estimated ;1(1) (which is denoted by
02 /o? in [18])) to be about 0.82 for this function, which means its linear part
explains about 82 of the variance for linear functions, it is known that
estimators based on randomly shifted lattice rules of rank 1 (e.g., such as

orobov rules), have a variance equal to 0?/ 2. Consequently, components of
f that explain a large part of the variance can be integrated very accurately
by such rules, which explains the overall good results of randomly shifted
lattice rules on this particular problem.

The results for the case d = = 2 indicate that the low order terms of
the approximation already capture about 93 of the variance of the function.
We also see that increasing d from 4 to 8 does not significantly change the
estimates | (2).

In Table 2, we give results similar to those in Table 1 except that now the
strike price is = 55, which means the option is out-of-the-money . This
implies that the function f has a value of zero for a large part of the domain
[0,1)°®, with a spike when the variables u; approach 1.

Compared to the case where = 45, the lower bound on (2) is now
smaller more precisely, it went from 0.97 to 0.90, which means that the
one and two-dimensional components of f now explain about 9 10 of the
variance 02 = Var(f). Table 3 contains results for the same problem as
Table 2, except that a o ni n  id e tec ni e[4,5] is used to generate the
Brownian motion that drives the price process (). This technique has the
goal of reducing the effective dimension of f. ence we expect | () to be
larger in Table 3 than in Table 2, which is indeed what we get since | (1)
increases from 0.55 to 0.80, and | (2) from 0.90 to 0.99.
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ab . stimation of for the Asian-option problem, with 55

Monte Carlo and. Shif. L

cent. cent.

2 1 052 .e3 052 .le3 0.52 2. e3 0.52 2. e3
2 0.5 21e2 0.5 1. e2 0.5 3e3 0.5 .9e-3

4 1 055 .e3 055 .e3 0.54 2. e3 054 2. e3
2 090 2.9e-2 0.90 2.4e-2 0.9 11le2 0.9 1l.le-2

1 05 9.e3 055 .e3 0.55 2. e3 0.55 2. e3
2 092 52e2 0.93 4.2e-2 0.9 1.2e-2 090 1.1e-2

Increasing d has roughly the same effect in the setting of Table 2 as what
was observed when = 45. owever, we can see in Table 3 that when the
Brownian bridge technique is applied, the low order terms become relatively
less important for example, 22(2) is only 0.81 (which is even slightly smaller
than 4t o tusing the Brownian bridge), whereas |, (2) is about 0.94, and

. (2) is almost 1.

In each of the three tables presented in this subsection, the estimators
. () appear to be more accurate than the Monte Carlo equivalent

ab . stimation of for the Asian-option problem, with 55 and
using the Brownian bridge technique

Monte Carlo and. Shif. L

cent. cent.

2 1 0. 1.0e-2 0. .3e-3 0. 1.4e-3 0. 1.5e-3
1. e-2 0.1 1.3e-2 0.1 4. e3 0.1 4.4e-3

N
<
—

4 1 0. 1.5e-2 0. 1.1e-2 0. l.e3 O 1. e3
3.1e-2 095 2. e-2 094 1. e2 094 1.5e-2

X
I
©
St

1 0.0 1.e2 0.0 1.3e-2 0.0 293 0.0 2. e3
1.00 . e2 1.00 5.4e-2 0.99 3.e2 099 3. e2

N
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This problem is taken from [3]. A stoc stic ctivit net o (SAN) is rep-
resented by a directed acyclic graph ( , ), where is a set of nodes that
contains one source and one sink, and  is a set of edges corresponding to
the activities. ach activity in has a random length ;. We assume each
activity has a nonzero probability of being larger than 0. The comp etion time
of the network is denoted by  and is equal to the length of the longest path
from the source to the sink.

The quantity of interest here is u = ( 0), for some threshold ¢, and
the dimension of this problem is s =| [, the number of activities. In [3], the
authors use ondition onte o (CMC) as a variance (and dimension)

reduction technique for this problem. The ideais to definea ni o m di ected
¢ tset C , which has the property that each path from the source to the
sink contains exactly one edge in . The integrand is then the conditional
probability [ ol{j:J¢ } instead of being the indicator function
1 . In our experiments, we used the same parameters as in Network 1 of
[3] that contains | | = 13 edges, and we took o = 90.

ab . stimation of for the stochastic activity network

Monte Carlo and. Shif. L

cent. cent.

4 1 04 20e2 04 9. e3 0.4 50e3 04 4. e3
2 052 4. e2 0.52 1l.4e-2 0.52 4.1e-3 0.52 4.2¢-3
3 0.51 .0e-2 0.52 1.9e-2 0.51 2.1e-2 0.52 .0e-3

1 05 222 0.59 1.2e-2 0.59 4. e3 0.59 4.3e-3
2 0.4 4e2 0. 1. e-2 0. 5.5e-3 0. .9e-3
3 0.2 014 0. 3.5e-2 0.5 922 0. 2.2e-2

1 0.3 24e-2 0.4 1.3e-2 0.4 44e3 0.4 3. e3
2 0.1 91e2 0.3 23e-2 0.3 1.2¢e-2 0.3 . e3
3 0.9 022 5.4e-2 0.51 0.20 0. 3 4.4e-2

o

In Table 4, we give four different estimatorsfor | ( ),for =1,2,3, and
d= = 4,6,8. These results show that even if the dimension is relatively
small here, the components fr with |[I| 3 explain approximately only 73
of the variance of f. owever, when the problem is modified through the
use of CMC with a uniformly directed cutset containing five edges, the
dimension s reduces from thirteen to eight since we only need to generate the
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random durations of the activities that are notin  we refer the reader to [3]
for more details on how to use CMC for this problem. As we see in Table 5,
one-dimensional components now explain about 90 of the variance instead
of 64 without CMC. These results are consistent with those reported in
[14], where randomly shifted lattice rules were used to estimate p it was
noted there that with the use of CMC, estimators based on lattice rules had
an empirical variance apparently in ( 2), and were more successful in
this case than without CMC (although they were still improving upon MC
without CMC).

For this problem the high order terms bring a significant improvement to
the approximation, whether we use CMC or not for a fixed value of , the
estimates | ( ) roughly increase by at least 0.17 when d goes from 4 to 8.

Finally it seems that with or without CMC, the lattice rule estimators
are more accurate than the Monte Carlo ones. For example, when = 2 and
d = 8 the confidence interval based on the lattice rule is about seven times
smaller than in the MC case for the standard estimators, and about three
times smaller for the centered versions. Also, the centered estimators are
clearly more accurate than the standard ones for this problem. For example,
when = 3 and d = 8 the standard estimators are practically useless because
of their large variance, whereas the centered ones remain reasonably accurate.

ab . stimation of for the stochastic activity network, when condi-
tional Monte Carlo is used

Monte Carlo and. Shif. L

cent. cent.

4 1 0.4 59-2 0.0 1.4e-2 0.1 3.e3 0.2 3.2e3
2 0.0 012 0. 2 1.9e-2 0.4 53e-3 0.4 .93
3 0.1 015 0. 2 2.2e-2 0.4 4. e2 0.4 .23

1 0. 9e-2 0. 4 2.1e-2 0. 3.9e-3 0. 2.9e-3
2 090 01 0. 2. e-2 0.90 1.1e-2 090 .3e-3
3 0.9 02 0. 3. e-2 0. 0.1 0.90 1.5e-2

1 091 .0e2 0. 2.4e-2 0.90 3.9e-3 091 2. e-3
2 09 021 0.90 3. e-2 09 2.e2 094 1.2e2
3 09 039 0.91  .2e-2 0. 5 0.43 0.94 2.4e-2
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onclusion and discussion

We have resolved the variance of an integrand f into a sum of squared com-
ponents corresponding to various basis functions in an infinite expansion.
These squared coefficients can be estimated and then summed over various
subsets of indices. We have been mostly interested in sums corresponding to
the lower frequency or smoother parts of the ANOVA components of f, as
these are known to be related to the accuracy of integration rules applied to
f- We have seen that the estimators based on randomized lattice rules were
often more accurate than those constructed with Monte Carlo.

Our method differs from the one used by Sobol’ and his collaborators
[2,22]. They directly estimate the variance of each ANOVA component fr of
f- They avoid truncation and its associated bias, but their method does not
separate high and low order subcomponents of f;.

nbiased variance estimates formed by subtraction are widely used but
they almost inevitably have some probability of producing negative variance
estimates. Sometimes we find that increasing corresponds to a decrease
in  even though it cannot decrease . Similarly we find some ’s slightly
larger than 1. These correspond to some negative variance estimates, with
the interpretation that the true variance is small compared to its sampling
uncertainty. For a thorough discussion of variance estimation see [20].

Some aspects that could be investigated further would be to try other
bases in addition to Legendre polynomials, to apply our method to other
practical problems, and to compare it empirically with Sobol’s method. For
example, truncation of a aar like basis may provide more realistic descrip-
tions of scrambled net accuracy than would the infinite untruncated sums.
Also, we could perform the truncation by using other or additional parame-
ters than the degree d and the order
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