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Abstract

This paper introducesa hybrid of antithetic sampling and scram-
bled digital nets. Antithetic sampling typically a ects the constart
in the error rate, not always for the better. A form of local antithetic
sampling, in conjunction with scrambled net sampling reducesthe root
mean squared error rate of scrarmbled net sampling from O(n 32+ )
to O(n 32 178* ) in d dimensions. The method can also be viewed
asa hybrid of scrambled nets with monomial cubature.
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1 Intro duction

Digital nets are a form of quasi-Mornte Carlo sampling. They attain an er-
ror rate of O(n 1* ) which represeits an improvemert over the root mean
squarederror O(n 72) seenin Monte Carlo sampling, and some random-
izations of digital nets further reduce the error to O(n 32 ). Each im-

provemert in the asymptotic RMSE requires an increasein the assumed
smoothnessof the integrand, but all of the smoothnessconditions are mild.

Comparedto other quadrature rules, such asintegration lattices, digital nets
are perhapsmore to be faulted for not exploiting enoughof the smoothness
in the integrand, than for assumingtoo much.

As described below, digital nets provide an intense multiple strati ca-
tion. They correctly integrate functions constart within certain hyperrect-
anglesknown as elemenary intervals. They beat ordinary strati cation be-
causethe number of such elemenary intervals grows faster than the number
n of samplepoints.

The modi cations in this paper produce integration rules that correctly
integrate functions that are linear over somecollections of elemenary inter-
vals. The primary technique is to apply one or more local re ections to the
points of a digital net. We consider various randomizations of digital nets
in conjunction with a number of di erent re ection schemes.

One e ection schemereducesthe varianceto O(n 2 2% ) in d dimen-
sions. This may be comparedto somelocal antithetic sampling methods of
Haber [7]. Haber attains a variance of O(n 1 279) from cubical strati ed
sampling and reducesthe variance by another factor of n Z9to O(n 1 #4°9)
using antithetic sampling within cubical strata. The re ection scheme at-
tains the sameimprovemert factor of n 2°¢ when comparedto scrarbled
nets. Haber's scheme requires a sample of size that is a small multiple of
n = 89 in d dimensions,which becomesawkward at moderately large d. The
new schemerequires29 times asmany points asin the underlying scranbled
net. This also becomesawkward for large d but not as quickly as cubical
strati cation does.

The outline of this paper is as follows. Section 2 summarizes back-
ground information on quasi-Monte Carlo, especially scranbled nets. Sec-
tion 3 intro ducessomenew notions of d dimensionalfolding operations used
to introduce local antithetic properties into digital nets. Section 4 illus-
trates several re ection net sampling schemeson a 2 dimensional integrand
studied by [20]. The root mean squared errors seemto follow a n ? rate.
Section 5 dewelops the variance for scranmbled net quadrature of smaooth
functions. It corrects an error in the proof of the O(n 3%(logn)? 1) vari-



ancerate from [16]. It alsoextendsthe proof there to a wider collection of
digital nets and usesa weaker smoothnesscondition than the earlier paper
had. Section6 provesthat the variance of one of the new sampling schemes
(box folding) is O(n 2 Z9(logn)? 1) in d dimensions. More smoothnessis
required for this result than for the O(n 3(logn)9 1) rate with scrambled
nets. Section 7 comparesthe presern work to other work adapting variance
reduction methods to quasi-Morte Carlo sampling. It also preseris the box
folding schemeas a hybrid of a monomial cubature rule with scranbled net
sampling. Finally it discusseshow one might make use of these ndings in
higher dimensional problems.

2 Background and notation

We use superscripts for componerts, so x; x; 2 [0; 1% have componerts x!

The componerts xi forj 2 u 1:d are collectively written xY. We often
needto combine componerts from two or more points to construct a new
point. Letu 1:dandlet u denoteit's complemer. Then xY :z Y is
the point y 2 [0;1]9 with y/ = xI forj 2 uandyl = Z forj 62u.

2.1 Quasi-Mon te Carlo

The motivation for quasi-Morte CZarIo sampling is to estimate an integral
| = f (x)dx Q)
[0;1)¢
by the average
1 X

-
I
|

f(xi) (2)
i=1
taken over points x; 2 [0;1]. Simple Monte Carlo methods take x; inde-
pendertly from the U[0; 1]¢ distribution. In practice one almost always uses
pseudo-randomnugnbers that simulate randomness. MC attains an RMSE
of O(n ¥2) when f(x)%dx< 1 .

QMC aimsto be better than random by selectingx; to be even closerto
the uniform distribution than random points are. To measurethe distance

X
(0= 2" Lo VOI(O:X) @
i=1



Dp(X1;::5iXn) = sup j (X)) (4)
x2[0;1]d
When d = 1, then D, reducesto the Kolmogorov-Smirnov distance between
the empirical distribution of x; and the U[0; 1] distribution. The Koksma-
Hlawka inequality [9] is

it 1) Dp(xa; i Xn)KF kak (5)

wherekf kyk is the total variation of f in the senseof Hardy and Krause. It
is possibleto construct x; sothat D,, Cy(logn)d =n for n > 1. See[12]
for this and other results on quasi-Morte Carlo. With suc constructions
i’ 1j= O(n ¥ )holdsforall > 0. ThusQMC hasafar better asymptote
than MC. Theselogarithmic powers decay very slowly. Quasi-Monte Carlo
often has much better small sample performancethat Monte Carlo doesat
reasonablevaluesof n.

2.2 Digital nets

This section de nes elemenary intervals and somedigital nets and digital

sequences. Throughout we use b to denote an integer basein which to

represen real numbers, d to represen the dimension, k; to represert some
nonnegative integer powersof bandt; to represert somenonnegative integer
translations.

Denition 1 Letb 2andd 1 beintegers. Let = (ky;:::;kq) and
= (t1;:::;tg) be d-vectors for whichk; Oand0 t; < bS. Then the set

_whtj _tj+1
R SR X
j=1

B,

is an elementary interval in baseh.

The volume of B. isbhl I wherej j= ky+  + kq. The closure of
B. dened by replacing the half open intervals in De nition 1 by closed
intervals, is denotedB. . The certer of B. and of B. is the point c.
with ¢, = (t; + 1=2)=I.

When one or more of the k; is 0, then the corresponding factors of B
reduceto [0;1). Letu 1:dandlet bea vector of length juj indexed by



j 2 u, with componert k; forj 2 u. Similarly let have componerts t; for

j 2 u. Then
Y htj _'[j+l Y

Bu;; k! ; [0! 1)1
j2u b b j 62
will be usedbelon. The certer of B.. is the point c,;;. with
(o
CJu = kai J 2u
v 3 j 62u:

De nition 2 For integers m qg Ob 2 andd 1, a sguene of

[0; 1) of volumeb™ 9 contains precisely b? points of the sequene.

The parameter g de nes the quality of the net, with smaller valuesimply-
ing better equidistribution. The minT system[19] identi es the best known
nets (smallest g) giventhe valuesof m, d, and b. Samplingon a (g; m; d){net
correctly integrates any function of the form

X X
f(x) = . 0lx2B. (6)

jim

and hasgood accuracyfor functions well approximated by the form (6). The
net property is enoughto ensurelow discrepancy:

1 bb=2c d

G D s Goam? L+ O(F(ogn)? 2

for n > 1, wher the implied constant in the error term dependsonly on b
and d.

Pro of: This is from Theorem 4.10 of [12]. The multiple of (logn)? * can
be reducedsomewhatwhend = 2 and bis even, or whend = 3;4and b= 2.

De nition 3 For integersq 0, b 2 andd 1, aninnite seuene of
points x; 2 [0;1)? for i 1 is (qg;d){sequene in basebif every subsguene
Xrpn+1).:0; Xrgn+pn, fOr integersm  qgandr 1, is a (g;m; d){net in
baseh.



It is conveniert to work with the rst n = b™ points of the sequence.
Should they prove inadequate, one can increase or more generally use
B= %" n. The points of the new larger rule include all those of the
previous rule. Thus (g; d){sequencesprovide extensible integration rules.

De nition 4 For integers m q 0, b 2,1 < bandd 1,

every b-ary box in [0; 1) of volumeb™ 9 contains precisely b 9 points of the
sequen@ and no b-ary box in [0;1)¢ of volume b™ 9" 9 contains more than
b 1 points of the sequene.

The motivating casesfor (; g;m; d){nets are the initial sequencesof
(g; d{sequences.A relaxed( ; g;m; s){net in basebis asabove, exceptthat
bis allowed.

2.3 Random digital scrambles

It is possibleto randomize the points of a digital net in such a way that
ead X; U[0; 1]% individually while x1;:::;X, retain their net property
collectively. The rst sud randomization was introduced in [14]. That
randomization allows error estimatesto be basedon independert replication.
It hasthe further benet of reducing the RMSE to O(n 3%%* ) for smooth
enough integrands. Lemieux and L'Ecuyer [10] survey randomized QMC
methods including scranbled nets.

The original randomization is computationally burdensome, requiring
considerable storage. Matousek [11] found an alternative and less costly
scrambling, by derandomization. We describe that and seweral other scram-
blings here. Somemore scranblings are described in [18] from which the
permutation and scranmbling nomenclature usedhere is taken.

In random scranbling, a deterministic sequencesuch as ajz;:::;an 2

same permutation is applied for i = 1;:::;n soit suces to describe the
permutation applied to a single point a 2 [0; 1)%. The permutations applied

the permutation applied toFaZ [0; 1).

Fora2 [0;1) write a = Ll a(k)b k wherea(k) 2f0;1:::;b 1g. Some
valuesof a have two represertations, oneendingin in nitely many zerosand
the other endingin b 1's. In such caseswe usethe r%presemation endingin
zeros. The scrambled version of a is the point x = &:1 X(yb K for digits



Xuy 2 f0;1;:::;b  1g obtained by random permutation schemesapplied to
the Ak)-

A permutation off0;1;:::;b lgisaninvertible function fromf0;1;:::;b
1gto f0;1;:::;b 1g. There are bl such permutations.

De nition 5 A uniform random permutation of f0;1;:::;b 1gis onein
which all bl choices are equally prokable.

The scranbling in [14] is a nesteduniform scrambling in which the uni-

De nition 6 If bis a prime numkter, then a linear random permutation
hasthe form (@) = h a+ g modbwhee h 2 f1;:::;b 1lgandg 2
f0;1;:::;b 1gare independentrandom variablesuniformly distributed over
their respective ranges.

Linear permutations are restricted to prime b becauseotherwisethere are
nonzeroh for which h a+ gis not a permutation. For example,considerb =
4 and h = 2. Scrambling techniques can be built from linear permutations
instead of uniform ones, as described belov. Linear permutations can be
easily generalizedto basesb = p" where p is a prime numberandr > 1
is an integer, using arithmetic in the nite eld GF(p") of b elemers in
conjunction with invertible functions betweenthe digits f0;1;:::;b 1gand
GF (p").

De nition 7 For a prime baseb, an ane matrix scrambletakesthe form

XK
X(k) = Cy + Mk] a(j) mod b
j=1

where Cx and My; arein f0;1;:::;b 1g.

We will considerane matrix scranmblesin which the Cy are indepen-
dent uniformly distributed elemers of f0;1;:::;b 1g, independert of the
elemens My;. Sud scranmbles always have x  U[0; 1] regardlessof a and
M kj -

The various matrix scramnbles we considerdi er in the structure of the
matrix M. In eat caseM is lower triangular and invertible. Invertibilit y is



required sothat distinct points a lead to distinct points x. The structures
that we considerfor M can be represetted as:

0 1 0 10 1
hy hy h
Q1 ho ® hg hy hy
U1 U2 hs B%B & h -Bh1 hz hs
1 Q42 a3 hg B B O h hi hz hs hg
(7

where h's are sampled from f1;2;:::;b 1g and g's are sampled from
fO;1;:::;b 1g. Within ead matrix, entries with the same symbol are
identical and ertries with di erent symbols are sampledindependertly. The
matrices in (7) describe respectively, random linear scranbling of [11], |-
binomial scranmbling of [24], and a ne strip ed matrix (ASM) samplingfrom [18§].

Random linear scrambling leadsto the samesampling variance as does
nested uniform scranbling, but requires much less storage. | -binomial
scranbling also leadsto the samesampling variance but does so with still
less storage, and hence a smaller space of possible matrices. One of the
motivations for reducing the spaceis that it may becomepossibleto seard
for one particularly good matrix to use.

The ASM scranbling is not variance equivalert to nesteduniform scram-
bling. In the cased = 1, ASM attains a variance of O(n %), when f %¢x) is
bounded, instead of the rate O(n 3) that one seeswith the other scranbles.

The reasonthat ASM scranmbling is superior is that it hasa\lo cal anti-
thetic" sampling property. Within ead interval of the form [bi=n;b(i 1)=n)
fori = 0;:::;n=b 1, ASM placesb points whoseaveragevalue is the certer,
b(i 1=2)=n, of that interval.

Independert locally antithetic sampling within congruert hypercubes
has been known since [7] to produce a sampling variance of O(n 1 479)
in d dimensions. For dimension 1 this is superior to ASM scranbling. ASM
scrambling of (0; m; 1){nets in baseb, producespoints that are antithetic
at local, global and intermediate scales:for r = 0;:::;m 1, the interval
[0;1) is partitioned into b’ congruert intervals ead with b™ ' points of
the scrambled net whoseaverageis the certer of their interval. Independert
locally antithetic sampling brings an error cancellation property that is more
valuable than global and intermediate antithetic properties.

Our strategy for improving randomized netsis to build in directly some
d dimensional versions of locally antithetic sampling. The local antithetic
sampling strategy is implemerted by adjoining to the scranbled net certain
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re ections of samplepoints.

2.4 ANO VA

For a function f 2 L2?[0;1]%, the ANOVA decomposition is available to
quartify the externt to which it depends primarH,y on lower dimensional
projections of the input space. We write f (x) = |, ;.4fu(Xx) wheref (x)
is a function of x that dependson x only through xY.
Speci cally
z X
fu(x) = f(x)dx “ fu(x): (8)

v(u

R
The ANOVA terms arg orthogonal in that fu(x)f\,(ig,)dx = 0 for subsets
ué v. Letting 7= fy(x)?dx, we nd that 2= . o 7. For more

details and the early history of the ANOVA decomposition, see[23].

2.5 Smoothness and mixed partial deriv ativ es

This section introduces our notion of smoothnessfor f and records some
elemertary consequence®f the de nition for later use. The mixed partial
derivative of f taken oncewith respectto xi for each j 2 u is denoted by
@ with the corwvertion that @ f (x) = f (x).

De nition 8 The real valua function f (x) on [0;1]¢ is smath if @f (x)
is continuous on [0; 1]° for all u  1:d.

Remark 1 There arejuj! ordersin whichthe mixed partial derivative @f (x)
can be interpreted. The continuity conditions in De nition 8 are strong
enoughto ensure that all orderings give the samefunction.

Lemma 1 If f is smaoth, then @f,(x) is continuous for allu 1:d.

Pro of: First,
Z X Z
@fux)=@ f(x)dx " fu(x) =@ fx)dx Y )

v(u

becausethe functions f, in (9) do not dependon x! forj 2 v u. We only

needshow that
Z Z

@ f(x)dx “= @f(x)dx Y (10)



holds, becausecortinuity of the right hand side of (10) follows from De ni-
tion 8. We will establish (10) by induction. For u = ?, both sidesof (10)
reduceto the function f, (x) which equalsl for all x and is therefore con-
tinuous. Next, supposethat (10) holds whenewer juj = r < d, pick j 62u
andlet v=u[ fjg. Then with yi() = xI + where may be positive or
negative, but yl must bein [0; 1],
Z 1 Z Z
o f(x)dx"=|i'm0— @f (x"19:yi())dx v @f (x)dx V

im 2 @f (xF19:yi() @f(x) dx V
IOZ
lim @f (xF19:2()dx V

where z () is betweenx! andy! (), by the meanvalue theorem. Let > 0
be given. Because@f (x) is cortinuous on the compact set [0; 1]¢, it is
uniformly cortinuousthere. Thereforefor closeenoughto zeroj@f (xf 19:
Z()) @f(x)j< , establishing(10) for v= u[ fjg. By induction (10)
holdsforallu 1:d.

We also need a version of the fundamenal theorem of calculus. For
d = 1if f has a continuous derivative f ° on the inte[:yal rect[c; x] ngn
f(x)=f(c)+ [C;X]f Qy)dy, with the interpretation that means
when c> x. For generald and smooth f, we have

[eix] [xcl

X
f(x) = @f (c Y :yY)dy": (12)

Here [cUxU] denotes rect[c :xU] where the sign is negative if and only if
d > x!I holds for an odd number of indicesj 2 u. The term for u = ?
equalsf (c) under a natural corvertion.
More generally let w  f1;:::;dg and supposethat @f is cortinuous
foru w. Then
x Z
f(x)= @f (x WV Uyt)dy': (12)

U ow el

Forv u fl:::;dglet @"f denotethe partial derivative of f ! taken
oncewith respectto eat x! for j 2 v. That isf"" isf dierentiated twice
with respectto x! forj 2 u\ v and oncewith respectto x! forj 2 u v.

De nition 9 The real valued function f (x) on [0;1] is doubly smath if
@Vf (x) is continuous on [0;1] forallv u 1:d.
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3 Dblary reections and folds

To induce various local antithetic properties, we will used dimensional re-
ections of a point x about the certer of an elemenary interval containing
X. The cased = 1 is simplest. The point x 2 [0;1) belongsto the inter-
val [tb X:(t + 1)b ¥) wheret = t(x) = bbxc. The certer of this interval is
c= c(x) = (t+1=2)b X. The k-th orderre ection of x isR(x) = 2¢(x) X.
The value k = 0 correspondsto the simple re g,ction 1 x.

If the baseb expansionof x 2 [0;1) is x = ?:1 X¢yb " with eat Xey 2
f0;1;:::;b 1g, using trailing 0's when x has two baseb represenations,
then

Xk R .
Rk(x) = X()b + (b 1 X())b : (13)
=1 =k+1

The re ection R leavesthe rst k digits of x unchangedand it ips the
trailing digits.

By cornvertion we take Ry (1) = limy 1 Rk(X) = 1 1=K. Under this
corvention we nd that limg; Rg(x) = x holds uniformly in x. The re-
ection is nearly idempotent becauseR (Rk(x)) = x unlessx = tb ¥ for an
integert with 0 t < B 1. Note that a re ection of a re ection is not
generally a re ection. For instance, when x is not of the form tb K, then
R7(R3(x)) ips digits 4 through 7 inclusive of x and leavesall other digits
unchanged.

It is useful to considertransformations in which somecomponerts of x
are re ected, while others get an identity transformation. For simplicity
we adopt the special value k = 1, sometimesdisplayed simply as , to
denote the identity transformation, sothat R 1(x) = x for x 2 [0;1]. The
alternative of using R; is not completely adequate, becausethe identity
transformation has derivative 1 while limy,; dRy(x)=dx = 1 for almost
all x.

De nition 10 For the vector = (Kg;:::;kq) with k; 2 f 1;0;1;:::9 the
re ection R of x 2 [0;1]° is de ned by

R (x)=22[0,1]% wheez = Ry (x)): (14)

Figure 1 illustrates somere ections R 1.2y and R ;. ) for x 2 [0; 1)2 with
b= 2, aswell asa box fold described below. Geometrically, a re ection of x
has somecomponerts symmetric about the certer of an elemenary interval
containing x and all other componerts equalto the corresponding onesof x.

11
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Figure 1. This gure illustrates somebaseb = 2 digital re ections as de-
scribed in the text. The left panel shaws a solid point with its R 4., re ec-
tion. The certer panel shows a point with its R 3. y re ection. The right
panel shows a solid point x with the other three points of F 1. y(F( .1)(x)).

Recall that the certer of the elemenary interval B. is the point

_ bL+1=2 g+ 1=2

= BT (15)
For avector = (ki;:::;Kq) with kj 0, the point x 2 [0; 1)¢ belongsto
the elemenary interval B. for = (; x) = bb xc, with the multiplication

and o or operators taken componertwise. For such , the re ection R (x)
may be written

R (X)=2¢, (x) X
Notice that R (x) has somepoints of discortinuity whenewer one or more
of the componerts k; is positive.

they both have the same points, but possibly in a di erent order. In this
sensefolding is commutativ e. If r folds have beenapplied then the sample
sizeis 2'n, perhapsincluding somepoints multiple times. The list of points
is not generally the sameasthat from applying 2" re ections, including the
identity, to the original points. The reasonis that re ections of re ections
neednot be re ections, asnoted above.

For folding to improve on a digital net, it should produce a local anti-
thetic property within elemertary intervals of volume comparableto b9 ™.

12



To seewhy, consider the alternatives, taking g = 0 for simplicity. If re-
ections take place within elemenary intervals of volumeb " b ™, then
someelemertary intervals of volume b " have two nearly identical sampling
points, while most have none. Conversely re ections within elemerary in-
tervals of volume b ' b ™ are not \lo cal enough" to get the best error
rate. In particular if r is constart while m ! 1 then one cannot expect
an improved corvergencerate, though the leading constart might be better
than without folding.

For = (kg;:::;Kg) with k; 2Pf 1,0;1;:::g let * have componerts
ki = maxfkj;0g and put j *j = le ki". Then for x 2 B -+, of volume
bl "I, R (x) isin the closedelemenary interval B - . . For re ections of a
digital net we should prefer with j *j closeto m q.

Here we presert some methods for inducing local antithetic properties
in some(q; m; 2){nets. For d = 2 there are good nets available with g = 0,
sowe work with g= 0.

3.1 Reection nets

net in baseband is a vector of d non-negative integerssummingto g m.
The re ection net is a (relaxed) (2 ; g;m; d){net in baseb.

Ford= 2andq= 0, weuse = (ki;kz2) whereeadh kj = m=2, speci -
cally

j K
Ky = mgl; and kp=m ki (16)

Thesere ections treat ead componert of x nearly equally, and re ect within
elemertary intervals of volume 1=n.

3.2 Box nets

The asymptotic error of scranmbled net quadrature from [16] is governed
by the norm of the mixed partial derivative @9 . The re ection net may
be thought of as averaging the function &x) = (f (x) + f (R (x)))=2 over a
sampleof n valuesof a scranbled net. The function fx) hasa mixed partial
derivative almost everywhere,whenf does.Ifj 2 uthen @ (xi)=@ = 1
at almost all points, and we nd that mixed partial derivatives of f€ of odd
order largely cancel while those of even order are averaged. For d = 2
the dominant term in the error comesfrom @%29f which is of even order.

13



Therefore we consideranother schemethat averages

1
&(x) = 2 f(X)+ F(Ruy; y(X)) + F(R( k) (X)) + F(Riyk) (X))
over n points, with ki and k, asin (16). To construct thesepoints we apply

is made up of 4 points, symmetric about the certer of a box cortaining Xx.
One sud quadruple is shown in Figure 1.

3.3 Monomial nets

A greedierre ection strategy folds together all of

When thesem + 1 folds are applied to a (0; m; 2){net in baseb, the resulting
points correctly integrate any function of the form

X X X )
f(x)= ;0 X Loog(; ):
jiom i=1

Sud \monomial nets" extend the local antithetic property of Haber's strat-
i cation schemesto all elemenary intervals of volume b ™, not just those
that are hypercubical. The costis that the samplesizeis multiplied by 2m*1 |
going from B™ to 2(2b)™. When b= 2 the cost is 2n? function ewvaluations
instead of n. For b > 2 the cost grows superlinearly in n, but more slowly
than the squareof n:

2(2H)™ = 2(2b)|09b(n) = 2lHlogp(n)y = onl*log ().

4 Example from Sloan and Joe

To illustrate re ection nets we consideran integrand studied by Sloan and
Joe [20],

g(x) = x2exp(x*x?); x = (x};x?) 2 [0;1%:
This function is boundedand hasin nitely many cortinuousderivatives. We
canexpectit to have all the smoothnessthat any of the re ection techniques
discussedabove might be able to exploit. Also, there are no symmetries or
antisymmetries that would make re ection methods exact for this function.
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This function has mean
212,
| = gixt;x?)dxldx>=e 2

0 0

and variance 2= (3 ¢)(7e 11)=8. Using Mathematica onecan nd that

the ANOVA meansquaresfor the main e ects are
1 . .
fig= 3 (10 e e 15+ 2Ei(l) 2Ei(2) + log4) ; and,

fg= 3B (e 1)=2

where Ei is the exponertial integral function:
Z
e tdt

Ei(z) = t

The relative variances(sensitivity indices) of the ANOVA terms are

2 2 2

9= 00729 2= 08561 and 22

= 0:.0710

This function has a meaningfully large bivariate term accourting for about
7:1 percert of the variance, and soit is not a nearly additiv e function.
For this paper, we considera scaledversion of g, namely

2 142
f(x) = ZEPXXT) eXp(sz ). %= (xhx?) 2 [P (17)
. : R : o
With this scaling f (x) dx = 1 and soabsolute and relative errors coincide.

This scaling doesnot changethe sensitivity indices.

All of the integration techniques we consider here are based on the
construction of (0; m; 2){nets given by Faure [5]. The basesused were
b= 2;3;5;7. The points were either unscranbled, ASM scranbled, or given
a random linear scrambling. Nested uniform and I-Binomial scranbling
were not tried becausehey have the samevariance asrandom linear scram-
bling. For ead baseand scranbling method, re ection nets, box nets, and
monomial nets were tried.

The monomial nets did not perform very well, most likely becauseof the
superlinear (in n) sample size that they required. In someinstancesthey
were slightly better than the original (0; m; 2){nets but not nearly as good
as the other methods. For the other methods, over valuesof n up to the
rst power of b larger than 2000,the base2 methods were almost always the
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best. Accordingly we work with b= 2 and then extend the computations
out to n = 217, For methods with re ections, the samplesizesgo out to 218,
while for box folds, the samplesizesgo to 21°.

Figure 2 shows the error for this function with the methods described
above. For deterministic methods, the absolute error is shovn. For random-
ized methods, the root mean squared error from 300 independert replica-
tions is shavn. The upper left panel shaws, from top to bottom, the error for
unscranbled, random linear scranbled, and ASM scranbled Faure points.
The Faure points lie very closeto the O(n 1) referenceline, with no appar-
ent evidenceof a logarithmic factor. The matrix scranmbled points are close
to the O(n 372) referenceline. The ASM scrambled points seemto follow
O(n 332 at rst, then approac the O(n ?) referencebeforeleveling out.

The upper right panel shavs the samethree methods, with a re ection
incorporated. The curve for ASM scrambling keepscrossingthe n 2 refer-
enceline. The curve for random linear scranbling lies just below the n 372
reference. The curve for re ection without scrambling has a prominent at
spot for n  32,768. Then it gets much better at 65,536.

The lower left panel shows the three methods with box symmetry. Here
the curve for random linear scrambling lies betweenthe referencesfor n 332
and n 2. The curve for ASM scrarbling ends up below the n 2 reference
line. The curve for the box symmetrized Faure sequenceollows the one for
random linear scranbling, but has an error that is not monotonein n.

For ead kind of symmetry, the ASM scrambling seemsto give the best
results on this function. The lower right panelshownsall three ASM methods.
From top to bottom at the right of that panelthey arefor the original points,
re ected points, and boxed points.

From this exampleit is clear that re ection strategieshave potential to
bring improvemerts and may even yield a rate better than O(n 372). There
are alsosomeprominent at spots and reversalsin the errors.

5 Variance for scrambled digital nets

We begin by recapping a baseb Haar wavelet multiresolution of functions
on [0; 1)4. This material wasdeveloped in [15] and [16], and is repeated here
for completeness.

First de ne the univariate mother wavelets for x 2 R,

c(X) = b1y b PPlpo; c=0;1::b L

The usual (b = 2) Haar wavelet decomposition only needs one mother
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Figure 2: This gure illustrates absolute errors (for deterministic methods)
and root mean square errors (for randomized methods) for the quadrature
example of Section4.

wavelet becausethen ¢ = 1. The general setting consideredhere re-
quires more than one mother wavelet. Next for non-negative integersk and
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t < b de ne dilated and translated versionsfor x 2 [0; 1),

ke(X) = B2 o(Bx 1);

— k+1) =2 k 1)=2
- b( ) :I-bbk+1 XC=bt+ ¢ b( ) 1bbkxc=t

plk+D) =2Nk;t;c(x) bk 1)=2Wk;t(x):

The functions N and W areindicators of relatively narrow and wide intervals
respectively, where the baseb is understood.

The waveletsfor d 1 are tensor products of functions of the form .
Foru 1:d,let beajuj-vector of integersk; Oforj 2 u. Similarly let
be ajuj-vector of nonnegative integerst; < B forj 2 u. Notice that for
to be well de ned a setu must be understood, dependssimilarly on both
u and , but to avoid cluttered notation we do not write (u) or (u; ).

The d variate Haar wavelets in baseb take the form

u (X) = Kj tj i (XJ )
j2u

with 5000 (X) = 1 by convertion.
The multiresolution of f 2 L2[0;1)d is

X X X X _
f(x)= h kg fi ukeg(X)
z
h uktg;f i = uktg(x)f (x) dx;
where the eath summation is over all possiblevaluesfor its argumen, be-
ginning with all subsetsu of f1;:::;4lg
It is corveniert to write f (x) = uk (X), where
X -
uk (X) = h kg Fi ukeg (X)

The function k(X) is a step function constart within elemenary intervals
of the form By .

If Xq;:::;X, are obtained by making a nesteduniform (or random linear
or I-binomial) scrarl‘gple of points ap;:::;an 2 [0;1)¢ in baseb, then the
varianceof '=n 1 L f(x;)is

1 X X
= u; 5; ; (18)
n. .

juj>0
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where Z
S; = u; (X)de;

and the “gain coe cien ts' are given by

1 XXy
v = —— o1}

— 1
N DY i o jau

bb¥i ** al c= bt aloC bb¥i &l c= b aloc

From the 'multiresolution ANOVA', 2= P " P 2 . Therefore the vari-
anceof ordinary Monte Carlo sampling hasthe form (18) with all . = 1.
The variancereduction from randomized nets arisesfrom 1 for some
uand without allowing . lforany uand . In particular if a;;:::;an
area (; g m;d)}{net in basebthen . =0ifm q juj+j j.

b min(d 1;m) b b 1

b 1 b 1 ez 2:718

0 . e+1=3718

b d1
0 u; bq ﬁ .
Pro of: The rst part is from [15], the secondis from [16], and the third is

from [17].

Theorem 2 shawvs someupper boundson gain coe cien ts for nets. Sharper,
but more complicated bounds are available from intermediate stagesof the
proofs, particularly the onesin [17]. Still sharper bounds are available in
[13] and in [25].

5.1 Scrambled net variance for smooth functions

There is an error in the way that the O( ) terms are gatheredin Lemma
1 of [16]. This section repairs the proof of the O(n 3log(n)? 1) result for
the variance of scranbled net integrals of smooth functions. In the process,
a more generalresult is obtained, using a weaker de nition of smoothness
than in the original paper, and covering nets with nonzeroquality parameter
and relaxed versionsof (; g; m; d){nets.

The proof follows the lines of [16]. Lemmas2 and 3 replace Lemmas 1
and 2 respectively.
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Lemma 2 Supmsethat f is a smoth function on [0;1]%. Forb 2andu
f1;:::;dg, let and bejuj-tuplesof non-negative integerswith components
kj andt; < b for j 2 u. Then

b LWy a2 sup j@f, i (19)

inf .
J u 1 b .

Pro of: From the de nitions,

H;, o i=Hy yu |Z
= b G2 f(x) , (x)dx
4 Y
=p G2 £ (x)  HI* N o () b Wy (K1) dx:

j2u
(20)

Next, f,(x) dependson x only through x". Applying (12) to f, we may

write
Z

X
fu(x) = ; @fu(c,” :y")dy”: (21)

v ou [e X

If v 8 u then the correspnding term in (21) does not depend on X v
and is therefore orthogonal to Nyt (X)) b "W (X)) for j 2 u v.
Accordingly, we may replacef in (20) by the v = u term from (21). Also
the integrand in (20) vanishesfor x 62B,, . Putting thesetogether, we nd
that bl 1+iW)=2 . j equals

Z Z
Y . .
@fu(cuu :yu)dyu H(j+l NkjtjCj (XJ) b 1ijtj (XJ) dx
o xv) i2u
Zy _ .
sup @fu(c,” :y")dy" B9* Ny (X1) b Wy (x1) dx
“28 I ) i2u
=2 2=hHY sup @f (e Y yY)dyY :
xUY2By [ed  xY]

By Lemma 1, @f is cortinuous, and so by the mean value theorem, there
isapoint z2 B, with
Z

@fu(c," y")dy" = Vol(rect[cy ;x"]) @fu(2)
]

e xv

21 vipl T @fy(2) :
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The factor bl 1 is the volume of a juj-dimensional elemenary interval con-
taining both ¢! and xY. The factor 21 Y arisesbecausec! is at the
certer of this elemenary interval and x" is in somesub-interval de ned by
¢y and oneof the cornersof that elemenary interval. Finally,

it u i @ 1=p¥p @MW sup j@fy(2)]:

ZZBU
Lemma 3 Under the conditions of Lemma 2,
- 3juj .
2 o b—bl b 2 Ik@f k2 : (22)
Pro of: The supports of | and , oo aredisjoint unless = 9 and
SO
, X X X . _
g x)= H;, o ihf; o o (X)) y oX):
0
Now
Z
S 0 (dx
X X X z
= H; o ihf; o u (X)) u o(x)dx
0
X X X Y
= Hou bt o b (Lg=o b 1)
0 j2u
quf ... X X XY
D 1My aiiu” sup @ty fly-e b
b 22By 0 j2u J
2up ... . X K1k1 juj
2 1 Mpaiiu T sup j@fu @) fly-e b
b 228y c=0 c%=0 o
. uj L X
=29 22 M 30T sup jer@)?
z2By
- 3juj .
2iuj b—bl b 2 Jk@fukzi

The sup-norm in (22) arisesfrom a Riemann sum of @f, over boxes
Bu . Accordingly, when @f is Riemann integrable and all of the k; are
large, using the squaredL?® norm of @f, instead, may yield a better esti-

mate, though not a strict bound, for 2. .
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Theorem 3 Letx; throughx, bethe points of a randomizal relaxel (; g; m; d)-
net in baseb. Supmsethat as n tends to in nity through values b™ for
1 <L<1 andm 0, that all of the gain coe cients of the net satisfy

u G < 1, and that the quality parameter satises q Q< 1. Then
for smooth f ,

V()= 0 7('09”3)(1 i

asn! 1.
Pro of: First we supposethat g = Q becausea net of quality g is also of

quality Q q. Ifj j+juj m qthen the digital net property of x1;:::;Xn
yields , = 0. Otherwise we have G, and so

X X
V() %

=N

jui>0j j>(m qj uj)«

G X X b 1 3y .

- 2l & k@fuki b 2!
jui>0j j>(m qj uj)«

0 X X

®

- b3 (23)
jui>0j j>(m aj uj+
where b 1 3w
. juj
GO= G2Y —— " maxk@f k3 :
juj>0
Becausewe're interested in the limit asm ! 1 we may suppose that
m > d+ g. For such large m,
X b2jj: R b2r r+jUj 1
. o o ju 1’
ji>(m qj uj)+ r=m qj uj+l

wherethe binomial coe cien t is the number of juj-vectors of non-negative
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integersthat sumto r. Making the substitution s=r m+ g+ juj,

X b2jj:b2m+2q+2juj>q. p2 StmM g 1
. . _ jui 1
ji>(m oqj uj+ s=1
2 par2jui R .
— b 2S(S"‘ m q l)JuJ 1
n? (uj 1!,
. iy 1 .
TR S I WPR
nz (uj 1f_, i=o

iy 1 . .
e om0 PR
n2 o JGui 1)

s=1

2 . R .
—2jujb2(q”“1 Dmiui 1 p 2s Hguj 1
n s=1
= 0(n Zlog(ny ); (24)

becausethe in nite sum corverges,m log,(n), juj d, and L. The
theorem follows upon substituting the bound (24) into (23).

6 Scrambled net variance with d dimensional box
folding

This section investigatesthe e ects of re ection schemeson scrambled net
variance. Re ections are written as R where is a d vector of integers
r 1. As beforewe let  denote a scalefor the multiresolution analysis.

In Sectionb5.1,the coecients if; , i areboundedin terms of mixed
partial derivatives of f taken once with respect to eath componert x! for
j 2 u. Reection is a piece-wisedi erentiable operation. The function
R (x) is discortinuous at x if x) = tb "i holds for somej with ri 0Oand
somepositive integer t < bi. In the interior of the pieces,re ection of xI
reversesthe sign of the derivative with respect to x/. This sign reversal
can be exploited to produce a cancellation e ect that reducesa bound on
H;, o .

To simplify some expressionswe de ne the composite function f , by
f (x) = f(R (x)). At almost all points x 2 [0; 1]¢ the chain rule gives

a@f (x)=( 1)°90O@f (R (x)); (25)
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where sgn( ) = P Jq:1 1, o counts the number of re ections in . The
factor @f (R (x)) in the right hand side of (25) is the partial derivative of
f , evaluated at the point z= R (x), and not the partial derivativeoff R
evaluated at x, which appearson the left hand side.

De nition 12 In d dimensions a box folding schemeis an avermge of 2¢
re ections as descriled below. Start with = (ry;:::;rq) where eachr; 0.
For * = 0;::::29 1, let - be the d vector of integer components ry 2
fri; 1g with ry = r; if and only if the j'th base 2 digit of * is one. Then
the box fold schemeis

F= 5 n f(xi)= n . &(xi);

=0 i=1 i
P od
where €(x) = 2 4° 2 1f (x).

Sometimesit is more corveniert to index the re ections by 29 subsets
v fl;:::;dg. Let v = v(’) denote the subsetwherej 2 v if and only if
the j'th binary digit og is aone. Taking , to mean - wherev = v(’) we
may write f(x) = 2 d v 14f Y(x). From the de nition of v we nd that
sgn(v) = ( V.

To get ANOVA componerts of € we needthe ANOVA componerts of
f . Lemma 4 belown shows that re ection commutes with the operation of
taking ANOVA componerts.

Lemma 4 Letf bean L? function on [0;1]9. Letf (x) = f (R (X)), wher
is a d vector of integers r; lforj = 1;:::;d. Letu f1;:::;dg.
Then

fu(x) = fu(R (x)): (26)

Pro of: Equation (26) holds for u = ?, with both sidesreducing to the
integral of f becauseintegrals over unions of elemerary intervals can be
written as sums of such integrals and then the order of summation can be
ignored. Now supposethat (26) holds for all v f1;:::;dg with cardinality
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jvji rwhere0 r<d Letu f1;:::;dgwith juj=r+ 1. Then

z X
fux)=f (x)dx " f,(x)
v(u
Z X
= f(R X)':R (x) “)dx Y fv(R (x))
v(u
Z X
= f(R (x)¥:x “dx U fy(R (X))
v(u
= fu(R (X)):

The boundsfor Hf; |, i in Section5.1 madeuseof di erentiabilit y of f ,
which doesnot necessarilyhold for f . The derivation asfar asequation (20)
doesfollow for f andsoh ; , i equals

ZA Y
b 0= £ () B Nigyq () b Wi () dx (27)
j2u
The next step in the derivation of bounds for Hf; | i required @f at

points of B, , and @f doesnot necessarilyexist.
The setting is simplestif the scale is ner than the re ection . Suppose

includes caseswith r; = 1 that designateno re ection for componert j.
Then @f is uniformly cortinuous on the interior of B, . Letting ¢, be
the certer of B asbefore,we nd that

Z Z
Ky i= A@f,(c," 1y dy' (x)dx
e x4} 7
= ( 1)%9"C) dfu(c,” R (MY dy" o (x)dx
7 Z[CH xY]
= ( 1)%9"C) [ ]@fum y)dy o (x)dx; (28)

where at the last stepweuseu=1:dand u=?.

Lemma 5 Supmsethat f is a doublysma&;h function on [0;1]9. Let =

(ri;:::;rg) with integersr; 0. Takej j = J-dzl rj, andfor ° = 0;:::;2d
1 let € be de ned by the box folding schemeof De nition 12. For b 2 and
u=fl:::;dg, let , , and be d-tuples of non-negative integers with
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components K; rj, tj < B9, and ¢ < b resgctively, for j = 1;:::;d.
Then

_ B o 1 d ,

i, ij bl & b @ U=k @itk (29)
Pro of: Because is on a ner scalethan all of the re ections -, equa-
tion (28) holds for eath of them. Therefore

ZZ
1

X .
u 1= ( YY@fuR () dy v (X)dx:
e Xy 1.4

He,
Fory 2 [0; 1], let k = k(y) 2 [0;1]° be the certer point through which the
reection R with = (ry;:::;rq) operatesony. That iski = b i (bdiylc+
1=2). Because is ner than , the samecerter k appliesfor all y 2 [c ;X].
Then the j'th componert of R  (y)is2kl yl ifj 2 vandisyl otherwise.
Therefore,

X .
( YI@fu(2k y)':y Y)= Vol rectly;2k y] @Vfu(2)

vV u

where z = z(y) 2 rectly;2k y]. The volume of rectly; 2k y] is at most
b! ! and sofollowing the argumert from Lemma 2,

He, w i (1 1=h 9 b G IHW=Zk@uf K, :

The factor bl 1 in (29) underlies the improvemert that a box re ec-
tion can bring. For a scrambled (; g;m; d){net in baseb, if we choose
sothat j j = m q, then the coecients h® | i with ner than
are O(b 3 1721 i) instead of O(b 3 172). Coarseterms with j j + juj
m g don't contribute to the error, so the dominant terms have j j +
ju = m g Choosingjj = m q the largest cortributing coe cien ts
are O(b 3 172] 1) = O(b 832 M) = O(n 5%2) instead of O(b ¥ I72) =
O(b 3™=2) = O(n %%2). Following the derivation in Section 5.1, the terms

2 arethen of order O(b 3M) = O(n 3) instead of O(b ?™) = O(n 2) and
so eat of them cortributes O(n #) to the variance instead of O(n 3). The
variance under box folding doesnot generally end up asO(n #* ) though,
becausehere are alsocontributions from terms where isnot ner than

Theorem 4 Letx; throughx, bethe points of a randomizel relaxel (; g; m; d)-
net in baseb. Supmsethat the quality parameter g remains xed as n tends
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to in nity throughvalues b™ for 1 <L<1 andm 0, andthat none
of the gain coe cients of the net is larger than G < 1 . Then for doubly
smaoth f, under box folding by = (rq;:::;rq) where

r._(b(m @=dc+ 1 j (m g dbm g@=d
T bm g)=cc; else

we nd that
_ ~ (logn)d ?
V(g) - O n3+2=d

asn! 1.

Pro of: First we considercoe cien ts €, , i for the highestorder subset
Hzfl """ dg Let w = w( ) = f] 2 ujKk; rig. If w= 7 then

i2u Ki j2ufi 1=m q d Thenj j+juj=m ¢, sothat , =0
by the balance property of the digital net. Therefore we restrict attention
to w with jwj > 0. Lemma 5 treated the casewith w = u and with  ner
than

The function f€ is dierentiable with respect to x} for j 2 w but is
not necessarilydi eren tiable with respectto x! for j 62w. We may apply
equation (12) to eath f v, keeponly the @ term becausethe others are

orthogonalto . The result shows that 29 | i is
Z x
for(x) v (x)dx
1.d
x Z

= : ]@“qu(x WooyWydy" o (x)dx
v 1d av XY
Z x Z X
= A2 (x WoyWydy o (x)dx;  (30)

Wy W
vi o ow & XMy, w

after decomposingv into its intersectionsv; and v, with w and w respec-
tively.
The summation inside of (30) may be written as

( DY@ TuR 0,0 YR L, W)

Vo2 W
= Vol(rectly”; 2ky,  y"N@ " fu(R ,,(,,(x) " :2"%)
P
=b @R L, 00 12,
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whereforj 2 w, ki, = b " (bdiyl c+ 1=2) and z% 2 rectly"; 2kj!  y"]. Box
re ection thysresultsin a coe cien t he o i with an upperbound on the
orderof b i2w'i smaller than the,bound for Hf; 1.

This coe cien t reductionisb  izw'i = O(b Mwi=d) = O(ni Wi=d). Be-
causewe only needto considerjwj 1, the reduction is O(n 9. The e ect
is to reducethe bound for 2 by O(n 279 and then the samecourting ar-
gumert asin Theorem 3 shows that the cortribution of f, to the variance
is O((log n)d 1=n3+2=d),

Now considervariancg,cortribution of fy forv f1;:::;dg with 1
jvj < d. The sum (1=n) i”=1 & (x;) is a box fold of a scranbled relaxed
(b9 Vi:q:m;jvj){net in baseb for estimating the mean of the fully jvj-
dimensional function g(x") = fy(x¥ : 0 V) obtained by ignoring the v
componerts of x. Accordingly it makes a variance cortribution that is
O((log n)Vi 1=n3*23vi). The variance of the sum cannot be of higher or-
der than O((log n)¥ 1=n3+2=9),

7 Discussion

In this paper we have seenthat scranmbled net quadrature can be pro tably
combined with antithetic sampling to reducevariance. This result then ts
in with the work of [8] who combined quasi-Monte Carlo with control variates
and [21] and [2] who both looked at quasi-Monte Carlo in conmbination with
importance sampling.

The foldings of scranmbled nets studied here may also be viewed as a
hybrid of digital nets and a monomial cubature rule. The 29{fold symmetry
usedby box folding takesead samplepoint in the net and usesit to generate
the points of a cubature. It is one of many cubature rules that might be
madeto work with digital nets. For badkground and cataloguesof cubature
rules, see[22], [4], and [3].

Ordinary antithetic sampling generally changesthe constart, and not the
rate, of the variance. Here we get an improvemert of n 2% in the variance
rate, using local antithetic sampling, similar to Haber's method. For larged
the rate improvemert is a small oneand it is only available at large sample
sizes.In practical work onemight usedomain knowledgeto identify the most
important & < d of the input variables and apply re ections only to those.
In somecaseswe can even re-engineerthe integrand to make a small number
of variables much more important. For an example of such a technique with
an integrand with respectto a high dimensionalgeometric Brownian motion
see[1]. Many more examplesare preseried in [6].
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