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Abstract

This paper intro ducesa hybrid of antithetic sampling and scram-
bled digital nets. Antithetic sampling typically a�ects the constant
in the error rate, not always for the better. A form of local antithetic
sampling, in conjunction with scrambled net sampling reducesthe root
mean squarederror rate of scrambled net sampling from O(n � 3=2+ � )
to O(n� 3=2� 1=d+ � ) in d dimensions. The method can also be viewed
as a hybrid of scrambled nets with monomial cubature.
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1 In tro duction

Digital nets are a form of quasi-Monte Carlo sampling. They attain an er-
ror rate of O(n � 1+ � ) which represents an improvement over the root mean
squared error O(n � 1=2) seenin Monte Carlo sampling, and somerandom-
izations of digital nets further reduce the error to O(n � 3=2+ � ). Each im-
provement in the asymptotic RMSE requires an increase in the assumed
smoothnessof the integrand, but all of the smoothnessconditions are mild.
Comparedto other quadrature rules, such asintegration lattices, digital nets
are perhapsmore to be faulted for not exploiting enoughof the smoothness
in the integrand, than for assumingtoo much.

As described below, digital nets provide an intense multiple strati�ca-
tion. They correctly integrate functions constant within certain hyperrect-
anglesknown as elementary intervals. They beat ordinary strati�cation be-
causethe number of such elementary intervals grows faster than the number
n of samplepoints.

The modi�cations in this paper produce integration rules that correctly
integrate functions that are linear over somecollectionsof elementary inter-
vals. The primary technique is to apply one or more local re
ections to the
points of a digital net. We consider various randomizations of digital nets
in conjunction with a number of di�eren t re
ection schemes.

One re
ection schemereducesthe variance to O(n � 3� 2=d+ � ) in d dimen-
sions. This may be comparedto somelocal antithetic sampling methods of
Haber [7]. Haber attains a variance of O(n � 1� 2=d) from cubical strati�ed
sampling and reducesthe varianceby another factor of n � 2=d to O(n� 1� 4=d)
using antithetic sampling within cubical strata. The re
ection scheme at-
tains the sameimprovement factor of n � 2=d when compared to scrambled
nets. Haber's scheme requires a sample of size that is a small multiple of
n = end in d dimensions,which becomesawkward at moderately large d. The
new schemerequires2d times asmany points as in the underlying scrambled
net. This also becomesawkward for large d but not as quickly as cubical
strati�cation does.

The outline of this paper is as follows. Section 2 summarizes back-
ground information on quasi-Monte Carlo, especially scrambled nets. Sec-
tion 3 introducessomenew notions of d dimensional folding operations used
to introduce local antithetic properties into digital nets. Section 4 illus-
trates several re
ection net sampling schemeson a 2 dimensional integrand
studied by [20]. The root mean squared errors seemto follow a n � 2 rate.
Section 5 develops the variance for scrambled net quadrature of smooth
functions. It corrects an error in the proof of the O(n � 3=2(log n)d� 1) vari-
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ancerate from [16]. It also extends the proof there to a wider collection of
digital nets and usesa weaker smoothnesscondition than the earlier paper
had. Section6 provesthat the varianceof one of the new sampling schemes
(box folding) is O(n � 3� 2=d(log n)d� 1) in d dimensions. More smoothnessis
required for this result than for the O(n � 3(log n)d� 1) rate with scrambled
nets. Section 7 comparesthe present work to other work adapting variance
reduction methods to quasi-Monte Carlo sampling. It also presents the box
folding schemeas a hybrid of a monomial cubature rule with scrambled net
sampling. Finally it discusseshow one might make useof these �ndings in
higher dimensional problems.

2 Background and notation

We use superscripts for components, so x; x i 2 [0; 1]d have components x j

and x j
i respectively for j = 1; : : : ; d. The set f 1; : : : ; dg is abbreviated 1 : d.

The components x j for j 2 u � 1 : d are collectively written xu . We often
need to combine components from two or more points to construct a new
point. Let u � 1 : d and let � u denote it's complement. Then xu : z� u is
the point y 2 [0; 1]d with yj = x j for j 2 u and yj = zj for j 62u.

2.1 Quasi-Mon te Carlo

The motivation for quasi-Monte Carlo sampling is to estimate an integral

I =
Z

[0;1]d
f (x)dx (1)

by the average

Î =
1
n

nX

i =1

f (x i ) (2)

taken over points x i 2 [0; 1]d. Simple Monte Carlo methods take x i inde-
pendently from the U[0; 1]d distribution. In practice onealmost always uses
pseudo-randomnumbers that simulate randomness.MC attains an RMSE
of O(n� 1=2) when

R
f (x)2dx < 1 .

QMC aims to be better than random by selectingx i to be even closerto
the uniform distribution than random points are. To measurethe distance
from uniformit y of x1; : : : ; xn consider the local discrepancyfunction

� (x) =
1
n

nX

i =1

1x i 2 [0;x ] � Vol([0; x]) (3)
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for x 2 [0; 1]d. The star discrepancyof x1; : : : ; xn is

D �
n (x1; : : : ; xn ) = sup

x2 [0;1]d
j� (x)j: (4)

When d = 1, then D �
n reducesto the Kolmogorov-Smirnov distancebetween

the empirical distribution of x i and the U[0; 1] distribution. The Koksma-
Hlawka inequality [9] is

jÎ � I j � D �
n (x1; : : : ; xn )kf kHK (5)

wherekf kHK is the total variation of f in the senseof Hardy and Krause. It
is possibleto construct x i so that D �

n � Cd(log n)d� 1=n for n > 1. See[12]
for this and other results on quasi-Monte Carlo. With such constructions
jÎ � I j = O(n � 1+ � ) holds for all � > 0. ThusQMC hasa far better asymptote
than MC. These logarithmic powers decay very slowly. Quasi-Monte Carlo
often has much better small sampleperformancethat Monte Carlo doesat
reasonablevaluesof n.

2.2 Digital nets

This section de�nes elementary intervals and somedigital nets and digital
sequences. Throughout we use b to denote an integer base in which to
represent real numbers, d to represent the dimension, k j to represent some
nonnegative integer powersof band t j to represent somenonnegative integer
translations.

De�nition 1 Let b � 2 and d � 1 be integers. Let � = (k1; : : : ; kd) and
� = (t1; : : : ; td) be d-vectors for which kj � 0 and 0 � t j < bk j . Then the set

B�;� =
dY

j =1

h t j

bk j
;
t j + 1

bk j

�

is an elementary interval in baseb.

The volume of B�;� is b�j � j where j� j = k1 + � � � + kd. The closure of
B�;� de�ned by replacing the half open intervals in De�nition 1 by closed
intervals, is denoted B�;� . The center of B�;� and of B�;� is the point c�;�

with cj
�;� = (t j + 1=2)=bk j .

When one or more of the kj is 0, then the corresponding factors of B
reduceto [0; 1). Let u � 1 : d and let � be a vector of length juj indexed by
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j 2 u, with component kj for j 2 u. Similarly let � have components t j for
j 2 u. Then

Bu;�;� �
Y

j 2 u

h t j

bk j
;
t j + 1

bk j

� Y

j 62u

[0; 1);

will be usedbelow. The center of Bu;�;� is the point cu;�;� with

cj
u;�;� =

(
t j +1 =2

bk j
j 2 u

1
2 j 62u:

De�nition 2 For integers m � q � 0, b � 2, and d � 1, a sequence of
points x1; : : : ; xbm 2 [0; 1)d is a (q; m; d){net in base b if every b-ary box in
[0; 1)d of volume bm� q contains precisely bq points of the sequence.

The parameterq de�nes the quality of the net, with smaller valuesimply-
ing better equidistribution. The minT system[19] identi�es the best known
nets (smallest q) given the valuesof m, d, and b. Samplingon a (q; m; d){net
correctly integrates any function of the form

f (x) =
X

j � j� m

X

�

� �;� ;0 1x2 B�;� ; (6)

and hasgood accuracyfor functions well approximated by the form (6). The
net property is enoughto ensurelow discrepancy:

Theorem 1 If x1; : : : ; xn are a (q; m; d){net in baseb then

n � D �
n (x1; : : : ; xn ) �

1
(d � 1)!

� bb=2c
logb

� d� 1
(log n)d� 1 + O(bt (log n)d� 2)

for n > 1, where the implied constant in the error term depends only on b
and d.

Pro of: This is from Theorem 4.10 of [12]. The multiple of (log n)d� 1 can
be reducedsomewhatwhen d = 2 and b is even, or when d = 3; 4 and b = 2.
�

De�nition 3 For integers q � 0, b � 2, and d � 1, an in�nite sequence of
points x i 2 [0; 1)d for i � 1 is (q; d){sequence in baseb if every subsequence
xr bm +1 ; : : : ; x r bm + bm , for integers m � q and r � 1, is a (q; m; d){net in
baseb.

5



It is convenient to work with the �rst n = �b m points of the sequence.
Should they prove inadequate, one can increase � or more generally use
en = e�b em � n. The points of the new larger rule include all those of the
previous rule. Thus (q; d){sequencesprovide extensible integration rules.

De�nition 4 For integers m � q � 0, b � 2, 1 � � < b and d � 1,
a sequence of points x1; : : : ; x �b m 2 [0; 1)d is a (�; q; m; d){net in base b if
every b-ary box in [0; 1)d of volumebm� q contains precisely �b q points of the
sequence and no b-ary box in [0; 1)d of volume bm� q+ q contains more than
�b q+1 points of the sequence.

The motivating casesfor (�; q; m; d){nets are the initial sequencesof
(q; d){sequences.A relaxed (�; q; m; s){net in baseb is asabove, except that
� � b is allowed.

2.3 Random digital scrambles

It is possible to randomize the points of a digital net in such a way that
each x i � U[0; 1]d individually while x1; : : : ; xn retain their net property
collectively. The �rst such randomization was introduced in [14]. That
randomization allows error estimatesto bebasedon independent replication.
It has the further bene�t of reducing the RMSE to O(n � 3=2+ � ) for smooth
enough integrands. Lemieux and L'Ecuyer [10] survey randomized QMC
methods including scrambled nets.

The original randomization is computationally burdensome, requiring
considerablestorage. Matou�sek [11] found an alternative and less costly
scrambling, by derandomization. We describe that and several other scram-
blings here. Somemore scramblings are described in [18] from which the
permutation and scrambling nomenclature usedhere is taken.

In random scrambling, a deterministic sequencesuch as a1; : : : ; an 2
[0; 1)d is converted to random points x1; : : : ; xn 2 [0; 1]d by applying ran-
domly chosenpermutations to the digits of the coe�cien ts of the ai . The
same permutation is applied for i = 1; : : : ; n so it su�ces to describe the
permutation applied to a single point a 2 [0; 1)d. The permutations applied
to aj for j = 1; : : : ; d are statistically independent, so it su�ces to describe
the permutation applied to a 2 [0; 1).

For a 2 [0; 1) write a =
P 1

k=1 a(k)b� k wherea(k) 2 f 0; 1; : : : ; b� 1g. Some
valuesof a have two representations, oneending in in�nitely many zerosand
the other ending in b� 1's. In such caseswe usethe representation ending in
zeros. The scrambled version of a is the point x =

P 1
k=1 x(k)b� k for digits
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x(k) 2 f 0; 1; : : : ; b� 1g obtained by random permutation schemesapplied to
the a(k) .

A permutation � of f 0; 1; : : : ; b� 1g is an invertible function from f 0; 1; : : : ; b�
1g to f 0; 1; : : : ; b � 1g. There are b! such permutations.

De�nition 5 A uniform random permutation of f 0; 1; : : : ; b � 1g is one in
which all b! choices are equally probable.

The scrambling in [14] is a nesteduniform scrambling in which the uni-
form permutation applied to a(k) dependson the valuesof a(1) ; a(2) ; : : : ; a(k� 1) .

De�nition 6 If b is a prime number, then a linear random permutation
has the form � (a) = h � a + g mod b where h 2 f 1; : : : ; b � 1g and g 2
f 0; 1; : : : ; b� 1g are independent random variablesuniformly distributed over
their respective ranges.

Linear permutations are restricted to prime bbecauseotherwisethere are
nonzeroh for which h� a+ g is not a permutation. For example,considerb =
4 and h = 2. Scrambling techniques can be built from linear permutations
instead of uniform ones, as described below. Linear permutations can be
easily generalizedto basesb = pr where p is a prime number and r > 1
is an integer, using arithmetic in the �nite �eld GF (pr ) of b elements in
conjunction with invertible functions betweenthe digits f 0; 1; : : : ; b� 1g and
GF (pr ).

De�nition 7 For a prime baseb, an a�ne matrix scramble takes the form

x(k) = Ck +
kX

j =1

M kj a(j ) mod b

where Ck and M kj are in f 0; 1; : : : ; b � 1g.

We will consider a�ne matrix scrambles in which the Ck are indepen-
dent uniformly distributed elements of f 0; 1; : : : ; b � 1g, independent of the
elements M kj . Such scrambles always have x � U[0; 1] regardlessof a and
M kj .

The various matrix scrambles we consider di�er in the structure of the
matrix M . In each caseM is lower triangular and invertible. Invertibilit y is
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required so that distinct points a lead to distinct points x. The structures
that we consider for M can be represented as:
0

B
B
B
B
B
@

h1

g21 h2

g31 g32 h3

g41 g42 g43 h4
...

...
...

...
. . .

1

C
C
C
C
C
A

;

0

B
B
B
B
B
@

h1

g2 h1

g3 g2 h1

g4 g3 g2 h1
...

. . . . . . . . . . . .

1

C
C
C
C
C
A

;

0

B
B
B
B
B
@

h1

h1 h2

h1 h2 h3

h1 h3 h3 h4
...

...
...

...
. . .

1

C
C
C
C
C
A

(7)

where h's are sampled from f 1; 2; : : : ; b � 1g and g's are sampled from
f 0; 1; : : : ; b � 1g. Within each matrix, entries with the same symbol are
identical and entries with di�eren t symbols are sampledindependently. The
matrices in (7) describe respectively, random linear scrambling of [11], I -
binomial scrambling of [24], and a�ne strip edmatrix (ASM) samplingfrom [18].

Random linear scrambling leads to the samesampling variance as does
nested uniform scrambling, but requires much less storage. I -binomial
scrambling also leads to the samesampling variance but does so with still
less storage, and hence a smaller spaceof possible matrices. One of the
motivations for reducing the spaceis that it may becomepossibleto search
for one particularly good matrix to use.

The ASM scrambling is not varianceequivalent to nesteduniform scram-
bling. In the cased = 1, ASM attains a variance of O(n � 4), when f 00(x) is
bounded, instead of the rate O(n � 3) that oneseeswith the other scrambles.

The reasonthat ASM scrambling is superior is that it has a \lo cal anti-
thetic" sampling property. Within each interval of the form [bi=n;b(i � 1)=n)
for i = 0; : : : ; n=b� 1, ASM placesb points whoseaveragevalue is the center,
b(i � 1=2)=n, of that interval.

Independent locally antithetic sampling within congruent hypercubes
has been known since [7] to produce a sampling variance of O(n � 1� 4=d)
in d dimensions. For dimension1 this is superior to ASM scrambling. ASM
scrambling of (0; m; 1){nets in baseb, producespoints that are antithetic
at local, global and intermediate scales: for r = 0; : : : ; m � 1, the interval
[0; 1) is partitioned into br congruent intervals each with bm� r points of
the scrambled net whoseaverageis the center of their interval. Independent
locally antithetic samplingbrings an error cancellationproperty that is more
valuable than global and intermediate antithetic properties.

Our strategy for improving randomized nets is to build in directly some
d dimensional versionsof locally antithetic sampling. The local antithetic
sampling strategy is implemented by adjoining to the scrambled net certain
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re
ections of samplepoints.

2.4 ANO VA

For a function f 2 L 2[0; 1]d, the ANOVA decomposition is available to
quantify the extent to which it depends primarily on lower dimensional
projections of the input space. We write f (x) =

P
u� 1:d f u(x) where f u(x)

is a function of x that dependson x only through xu .
Speci�cally

f u(x) =
Z

f (x)dx� u �
X

v( u

f v(x): (8)

The ANOVA terms are orthogonal in that
R

f u(x)f v(x)dx = 0 for subsets
u 6= v. Letting � 2

u =
R

f u(x)2 dx, we �nd that � 2 =
P

juj> 0 � 2
u . For more

details and the early history of the ANOVA decomposition, see[23].

2.5 Smoothness and mixed partial deriv ativ es

This section introduces our notion of smoothness for f and records some
elementary consequencesof the de�nition for later use. The mixed partial
derivative of f taken once with respect to x j for each j 2 u is denoted by
@u with the convention that @? f (x) = f (x).

De�nition 8 The real valued function f (x) on [0; 1]d is smooth if @u f (x)
is continuous on [0; 1]d for all u � 1 : d.

Remark 1 There are juj! orders in which the mixed partial derivative @u f (x)
can be interpreted. The continuity conditions in De�nition 8 are strong
enoughto ensure that all orderings give the samefunction.

Lemma 1 If f is smooth, then @u f u(x) is continuous for all u � 1 : d.

Pro of: First,

@u f u(x) = @u
� Z

f (x) dx� u �
X

v( u

f v(x)
�

= @u
Z

f (x) dx� u ; (9)

becausethe functions f v in (9) do not depend on x j for j 2 v � u. We only
needshow that

@u
Z

f (x) dx� u =
Z

@u f (x) dx� u (10)
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holds, becausecontinuit y of the right hand side of (10) follows from De�ni-
tion 8. We will establish (10) by induction. For u = ? , both sidesof (10)
reduce to the function f ? (x) which equals I for all x and is therefore con-
tinuous. Next, supposethat (10) holds whenever juj = r < d, pick j 62u
and let v = u [ f j g. Then with y j (� ) = x j + � where � may be positive or
negative, but yj must be in [0; 1],

@v
Z

f (x) dx� v = lim
� ! 0

1
�

� Z
@u f (x �f j g : yj (� )) dx� v �

Z
@u f (x) dx� v

�

= lim
� ! 0

Z
1
�

�
@u f (x �f j g : yj (� )) � @u f (x)

�
dx� v

= lim
� ! 0

Z
@v f (x �f j g : zj (� )) dx� v

where zj (� ) is betweenx j and yj (� ), by the mean value theorem. Let � > 0
be given. Because@v f (x) is continuous on the compact set [0; 1]d, it is
uniformly continuousthere. Thereforefor � closeenoughto zeroj@v f (x �f j g :
zj (� )) � @v f (x)j < � , establishing (10) for v = u [ f j g. By induction (10)
holds for all u � 1 : d. �

We also need a version of the fundamental theorem of calculus. For
d = 1 if f has a continuous derivative f 0 on the interval rect[c;x] then
f (x) = f (c) +

R
[c;x] f 0(y)dy, with the interpretation that

R
[c;x] means�

R
[x;c]

when c > x. For generald and smooth f , we have

f (x) =
X

u�f 1;:::;dg

Z

[cu ;x u ]
@u f (c� u : yu) dyu : (11)

Here
R

[cu ;x u ] denotes �
R

rect [cu ;x u ] where the sign is negative if and only if

cj > x j holds for an odd number of indices j 2 u. The term for u = ?
equalsf (c) under a natural convention.

More generally, let w � f 1; : : : ; dg and supposethat @u f is continuous
for u � w. Then

f (x) =
X

u� w

Z

[cu ;x u ]
@u f (x � w : cw� u : yu) dyu : (12)

For v � u � f 1; : : : ; dg let @u;v f denotethe partial derivative of f u taken
oncewith respect to each x j for j 2 v. That is f u;v is f di�eren tiated twice
with respect to x j for j 2 u \ v and oncewith respect to x j for j 2 u � v.

De�nition 9 The real valued function f (x) on [0; 1]d is doubly smooth if
@u;v f (x) is continuous on [0; 1]d for all v � u � 1 : d.
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3 b{ary re
ections and folds

To induce various local antithetic properties, we will used dimensional re-

ections of a point x about the center of an elementary interval containing
x. The cased = 1 is simplest. The point x 2 [0; 1) belongsto the inter-
val [tb� k ; (t + 1)b� k ) where t = t(x) = bbkxc. The center of this interval is
c = ck (x) = (t+ 1=2)b� k . The k-th order re
ection of x is R k (x) = 2ck (x)� x.
The value k = 0 corresponds to the simple re
ection 1 � x.

If the baseb expansionof x 2 [0; 1) is x =
P 1

`=1 x(` )b� ` with each x (` ) 2
f 0; 1; : : : ; b � 1g, using trailing 0's when x has two baseb representations,
then

R k (x) =
kX

`=1

x(` )b
� ` +

1X

`= k+1

(b� 1 � x (` ) )b
� ` : (13)

The re
ection R k leaves the �rst k digits of x unchanged and it 
ips the
trailing digits.

By convention we take R k (1) = lim x! 1 R k (x) = 1 � 1=bk . Under this
convention we �nd that lim k!1 R k (x) = x holds uniformly in x. The re-

ection is nearly idempotent becauseR k (R k (x)) = x unlessx = tb� k for an
integer t with 0 � t < bk � 1. Note that a re
ection of a re
ection is not
generally a re
ection. For instance, when x is not of the form tb� k , then
R 7(R 3(x)) 
ips digits 4 through 7 inclusive of x and leaves all other digits
unchanged.

It is useful to consider transformations in which somecomponents of x
are re
ected, while others get an identit y transformation. For simplicit y
we adopt the special value k = � 1, sometimesdisplayed simply as � , to
denote the identit y transformation, so that R � 1(x) = x for x 2 [0; 1]. The
alternative of using R 1 is not completely adequate, becausethe identit y
transformation has derivative 1 while lim k!1 dR k (x)=dx = � 1 for almost
all x.

De�nition 10 For the vector � = (k1; : : : ; kd) with kj 2 f� 1; 0; 1; : : : g the
re
ection R � of x 2 [0; 1]d is de�ned by

R � (x) = z 2 [0; 1]d; where zj = R k j (x j ): (14)

Figure 1 illustrates somere
ections R (1;2) and R ({ ; 2) for x 2 [0; 1)2 with
b = 2, as well as a box fold described below. Geometrically, a re
ection of x
has somecomponents symmetric about the center of an elementary interval
containing x and all other components equal to the corresponding onesof x.
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Figure 1: This �gure illustrates somebaseb = 2 digital re
ections as de-
scribed in the text. The left panel shows a solid point with its R (1;2) re
ec-
tion. The center panel shows a point with its R (3;� ) re
ection. The right
panel shows a solid point x with the other three points of F (1;� ) (F (� ;1)(x)).

Recall that the center of the elementary interval B�;� is the point

c�;� =
� t1 + 1=2

bk1
; : : : ;

td + 1=2
bkd

�
: (15)

For a vector � = (k1; : : : ; kd) with kj � 0, the point x 2 [0; 1)d belongsto
the elementary interval B�;� for � = � (�; x) = bb� xc, with the multiplication
and 
o or operators taken componentwise. For such � , the re
ection R � (x)
may be written

R � (x) = 2c�;� (�;x ) � x:

Notice that R � (x) has somepoints of discontinuit y whenever one or more
of the components kj is positive.

De�nition 11 Let x1; : : : ; xn 2 [0; 1)d and let R � be a b{ary re
ection.
The folded sequence F � (x1; : : : ; xn ) is the sequence z1; : : : ; z2n 2 [0; 1)d with
zi = x i for i = 1; : : : ; n and zi = R � (x i � n ) for i = n + 1; : : : ; 2n.

If F � (F � 0(x1; : : : ; xn )) and F � 0(F � (x1; : : : ; xn )) areboth well de�ned then
they both have the samepoints, but possibly in a di�eren t order. In this
sense,folding is commutativ e. If r folds have beenapplied then the sample
sizeis 2r n, perhapsincluding somepoints multiple times. The list of points
is not generally the sameas that from applying 2r re
ections, including the
identit y, to the original points. The reasonis that re
ections of re
ections
neednot be re
ections, as noted above.

For folding to improve on a digital net, it should produce a local anti-
thetic property within elementary intervals of volume comparable to bq� m .
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To seewhy, consider the alternatives, taking q = 0 for simplicit y. If re-

ections take place within elementary intervals of volume b� r � b� m , then
someelementary intervals of volume b� r have two nearly identical sampling
points, while most have none. Conversely, re
ections within elementary in-
tervals of volume b� r � b� m are not \lo cal enough" to get the best error
rate. In particular if r is constant while m ! 1 then one cannot expect
an improved convergencerate, though the leading constant might be better
than without folding.

For � = (k1; : : : ; kd) with kj 2 f� 1; 0; 1; : : : g let � + have components
k+

j = maxf kj ; 0g and put j� + j =
P d

j =1 k+
j . Then for x 2 B� + ;� of volume

b�j � + j , R � (x) is in the closedelementary interval B� + ;� . For re
ections of a
digital net we should prefer � with j� + j closeto m � q.

Here we present somemethods for inducing local antithetic properties
in some(q; m; 2){nets. For d = 2 there are good nets available with q = 0,
so we work with q = 0.

3.1 Re
ection nets

The re
ection net takesthe form F � (x1; : : : ; xn ) wherex1; : : : ; xn is a (�; q; m; d){
net in baseb and � is a vector of d non-negative integerssumming to q� m.
The re
ection net is a (relaxed) (2�; q; m; d){net in baseb.

For d = 2 and q = 0, we use � = (k1; k2) where each kj
:= m=2, speci�-

cally

k1 =
j m + 1

2

k
; and k2 = m � k1: (16)

Thesere
ections treat each component of x nearly equally, and re
ect within
elementary intervals of volume 1=n.

3.2 Box nets

The asymptotic error of scrambled net quadrature from [16] is governed
by the norm of the mixed partial derivative @1:df . The re
ection net may
be thought of as averaging the function ef (x) = (f (x) + f (R � (x))) =2 over a
sampleof n valuesof a scrambled net. The function ef (x) hasa mixed partial
derivativealmost everywhere,whenf does. If j 2 u then @R � (x j )=@x j = � 1
at almost all points, and we �nd that mixed partial derivatives of ef of odd
order largely cancel while those of even order are averaged. For d = 2
the dominant term in the error comesfrom @f 1;2gf which is of even order.

13



Therefore we consideranother schemethat averages

ef (x) =
1
4

�
f (x) + f (R (k1 ;� )(x)) + f (R (� ;k2)(x)) + f (R (k1 ;k2) (x))

�
;

over n points, with k1 and k2 as in (16). To construct thesepoints we apply
two folds as in F (k1 ;� )(F (� ;k2 ) (x1; : : : ; xn )). The image F (k1 ;� ) (F (� ;k2) )(x)
is made up of 4 points, symmetric about the center of a box containing x.
One such quadruple is shown in Figure 1.

3.3 Monomial nets

A greedierre
ection strategy folds together all of

R (0;m) ; R (1;m� 1) ; R (2;m� 2) ; : : : ; R (m;0) :

When thesem + 1 folds are applied to a (0; m; 2){net in baseb, the resulting
points correctly integrate any function of the form

f (x) =
X

j � j� m

X

�

�
� �;� ;0 +

2X

j =1

� �;� ;j x j
�

1x2 B(�;� ) :

Such \monomial nets" extend the local antithetic property of Haber's strat-
i�cation schemesto all elementary intervals of volume b� m , not just those
that arehypercubical. The cost is that the samplesizeis multiplied by 2m+1 ,
going from bm to 2(2b)m . When b = 2 the cost is 2n2 function evaluations
instead of n. For b > 2 the cost grows superlinearly in n, but more slowly
than the squareof n:

2(2b)m = 2(2b) logb(n) = 21+log b(n)n = 2n1+log b(2) :

4 Example from Sloan and Joe

To illustrate re
ection nets we consideran integrand studied by Sloan and
Joe [20],

g(x) = x2 exp(x1x2); x = (x1; x2) 2 [0; 1]2:

This function is boundedand hasin�nitely many continuousderivatives. We
can expect it to have all the smoothnessthat any of the re
ection techniques
discussedabove might be able to exploit. Also, there are no symmetries or
antisymmetries that would make re
ection methods exact for this function.
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This function has mean

I =
Z 1

0

Z 1

0
g(x1; x2) dx1dx2 = e � 2;

and variance � 2 = (3 � e)(7e� 11)=8. Using Mathematica onecan �nd that
the ANOVA mean squaresfor the main e�ects are

� 2
f 1g =

1
3

�
(10 � e) e � 15+ 2Ei(1) � 2Ei(2) + log(4)

�
; and,

� 2
f 2g = (3 � e)(e � 1)=2;

where Ei is the exponential integral function:

Ei(z) = �
Z 1

� z

e� t dt
t

:

The relative variances(sensitivity indices) of the ANOVA terms are

� 2
f 1g

� 2
:= 0:0729;

� 2
f 2g

� 2
:= 0:8561; and

� 2
f 1;2g

� 2
:= 0:0710:

This function has a meaningfully large bivariate term accounting for about
7:1 percent of the variance, and so it is not a nearly additiv e function.

For this paper, we considera scaledversion of g, namely

f (x) =
x2 exp(x1x2)

e � 2
; x = (x1; x2) 2 [0; 1]2: (17)

With this scaling
R

f (x) dx = 1 and soabsoluteand relative errors coincide.
This scaling doesnot changethe sensitivity indices.

All of the integration techniques we consider here are based on the
construction of (0; m; 2){nets given by Faure [5]. The bases used were
b = 2; 3; 5; 7. The points wereeither unscrambled, ASM scrambled, or given
a random linear scrambling. Nested uniform and I-Binomial scrambling
werenot tried becausethey have the samevarianceasrandom linear scram-
bling. For each baseand scrambling method, re
ection nets, box nets, and
monomial nets were tried.

The monomial nets did not perform very well, most likely becauseof the
superlinear (in n) sample size that they required. In someinstances they
were slightly better than the original (0; m; 2){nets but not nearly as good
as the other methods. For the other methods, over values of n up to the
�rst power of b larger than 2000,the base2 methods werealmost always the
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best. Accordingly we work with b = 2 and then extend the computations
out to n = 217. For methods with re
ections, the samplesizesgo out to 218,
while for box folds, the samplesizesgo to 219.

Figure 2 shows the error for this function with the methods described
above. For deterministic methods, the absoluteerror is shown. For random-
ized methods, the root mean squared error from 300 independent replica-
tions is shown. The upper left panel shows, from top to bottom, the error for
unscrambled, random linear scrambled, and ASM scrambled Faure points.
The Faure points lie very closeto the O(n � 1) referenceline, with no appar-
ent evidenceof a logarithmic factor. The matrix scrambled points are close
to the O(n � 3=2) referenceline. The ASM scrambled points seemto follow
O(n� 3=2) at �rst, then approach the O(n � 2) referencebefore leveling out.

The upper right panel shows the samethree methods, with a re
ection
incorporated. The curve for ASM scrambling keepscrossingthe n � 2 refer-
enceline. The curve for random linear scrambling lies just below the n � 3=2

reference.The curve for re
ection without scrambling has a prominent 
at
spot for n � 32;768. Then it gets much better at 65;536.

The lower left panel shows the three methods with box symmetry. Here
the curve for random linear scrambling lies betweenthe referencesfor n � 3=2

and n� 2. The curve for ASM scrambling ends up below the n � 2 reference
line. The curve for the box symmetrized Faure sequencefollows the one for
random linear scrambling, but has an error that is not monotone in n.

For each kind of symmetry, the ASM scrambling seemsto give the best
resultson this function. The lower right panelshows all three ASM methods.
From top to bottom at the right of that panel they are for the original points,
re
ected points, and boxed points.

From this example it is clear that re
ection strategieshave potential to
bring improvements and may even yield a rate better than O(n � 3=2). There
are also someprominent 
at spots and reversalsin the errors.

5 Variance for scrambled digital nets

We begin by recapping a baseb Haar wavelet multiresolution of functions
on [0; 1)d. This material wasdeveloped in [15] and [16], and is repeatedhere
for completeness.

First de�ne the univariate mother wavelets for x 2 R,

 c(x) = b1=21bbxc= c � b� 1=21bxc=0 ; c = 0; 1; : : : ; b � 1:

The usual (b = 2) Haar wavelet decomposition only needs one mother

16



Figure 2: This �gure illustrates absolute errors (for deterministic methods)
and root mean squareerrors (for randomized methods) for the quadrature
exampleof Section 4.

wavelet becausethen  0 = �  1. The general setting consideredhere re-
quires more than one mother wavelet. Next for non-negative integersk and
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t < bk de�ne dilated and translated versionsfor x 2 [0; 1),

 ktc(x) = bk=2 c(bkx � t);

= b(k+1) =21bbk +1 xc= bt+ c � b(k� 1)=21bbk xc= t

� b(k+1) =2Nk;t;c (x) � b(k� 1)=2Wk;t (x):

The functions N and W are indicators of relatively narrow and wide intervals
respectively, where the baseb is understood.

The wavelets for d � 1 are tensor products of functions of the form  ktc .
For u � 1 : d, let � be a juj-vector of integersk j � 0 for j 2 u. Similarly let
� be a juj-vector of nonnegative integerst j < bk j for j 2 u. Notice that for �
to be well de�ned a set u must be understood, � dependssimilarly on both
u and � , but to avoid cluttered notation we do not write � (u) or � (u; � ).
The d variate Haar wavelets in baseb take the form

 u�� 
 (x) =
Y

j 2 u

 k j t j cj (x j )

with  fg ()()() (x) = 1 by convention.
The multiresolution of f 2 L 2[0; 1)d is

f (x) =
X

u

X

�

X

�

X




h uk tg ; f i  uk tg (x)

h uk tg ; f i =
Z

 uk tg (x)f (x) dx;

where the each summation is over all possiblevalues for its argument, be-
ginning with all subsetsu of f 1; : : : ; dg.

It is convenient to write f (x) =
P

u
P

� � uk (x), where

� uk (x) =
X

�

X




h uk tg ; f i  uk tg (x)

The function � uk (x) is a step function constant within elementary intervals
of the form Bu;k ;t .

If x1; : : : ; xn are obtained by making a nesteduniform (or random linear
or I-binomial) scramble of points a1; : : : ; an 2 [0; 1)d in base b, then the
variance of Î = n� 1 P n

i=1 f (x i ) is

1
n

X

juj> 0

X

�

� u;� � 2
u;� ; (18)
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where

� 2
u;� =

Z
� u;� (x)2 dx;

and the `gain coe�cien ts' are given by

� u;� =
1

n(b� 1)juj

nX

i =1

nX

i 0=1

Y

j 2 u

�
b1bbk j +1 aj

i c= bbk j +1 aj
i 0c � 1bbk j aj

i c= bbk j aj
i 0c

�
:

From the 'multiresolution ANOVA', � 2 =
P

u
P

� � 2
u;� . Therefore the vari-

anceof ordinary Monte Carlo sampling has the form (18) with all � u;� = 1.
The variancereduction from randomizednets arisesfrom � u;� � 1 for some
u and � without allowing � u;� � 1 for any u and � . In particular if a1; : : : ; an

are a (�; q; m; d){net in baseb then � u;� = 0 if m � q � juj + j� j.

Theorem 2 Let a1; : : : ; an be a (0; m; d){net in baseb � 2. Then

0 � � u;� �
� b

b� 1

� min (d� 1;m)
�

� b
b� 1

� b� 1
� e := 2:718:

Let a1; : : : ; an be a (�; 0; m; d){net in baseb � 2. Then

0 � � u;� � e+ 1 := 3:718:

Let a1; : : : ; an be a (�; q; m; d){net in baseb � 2. Then

0 � � u;� � bq
� b

b� 1

� d� 1
:

Pro of: The �rst part is from [15], the secondis from [16], and the third is
from [17]. �

Theorem2 showssomeupper boundson gain coe�cien ts for nets. Sharper,
but more complicated bounds are available from intermediate stagesof the
proofs, particularly the ones in [17]. Still sharper bounds are available in
[13] and in [25].

5.1 Scram bled net variance for smooth functions

There is an error in the way that the O(� � � ) terms are gathered in Lemma
1 of [16]. This section repairs the proof of the O(n � 3 log(n)d� 1) result for
the variance of scrambled net integrals of smooth functions. In the process,
a more general result is obtained, using a weaker de�nition of smoothness
than in the original paper, and covering nets with nonzeroquality parameter
and relaxed versionsof (�; q; m; d){nets.

The proof follows the lines of [16]. Lemmas 2 and 3 replaceLemmas 1
and 2 respectively.
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Lemma 2 Supposethat f is a smooth function on [0; 1]d. For b � 2 and u �
f 1; : : : ; dg, let � and � be juj-tuples of non-negative integerswith components
kj and t j < bk j for j 2 u. Then

jhf ;  u�� 
 ij �
� b� 1

b

� juj
b� (3j� j+ juj)=2 sup

x2 Bu;�;�

j@u f u(x)j: (19)

Pro of: From the de�nitions,

hf ;  u�� 
 i = hf u ;  u�� 
 i

= b� (j � j+ juj)=2
Z

f u(x) u�� 
 (x) dx

= b� (j � j+ juj)=2
Z

f u(x)
Y

j 2 u

bk j +1
�

Nk j t j cj (x j ) � b� 1Wk j t j (x j )
�

dx:

(20)

Next, f u(x) dependson x only through xu . Applying (12) to f u , we may
write

f u(x) =
X

v� u

Z

[cv
u�� ;x v ]

@v f u(c� v
u�� : yv) dyv : (21)

If v 6= u then the corresponding term in (21) does not depend on x u� v

and is therefore orthogonal to Nk j t j cj (x j ) � b� 1Wk j t j (x j ) for j 2 u � v.
Accordingly, we may replace f u in (20) by the v = u term from (21). Also
the integrand in (20) vanishesfor x 62Bu�� . Putting thesetogether, we �nd
that b(j� j+ juj)=2hf ;  u�� 
 i equals

Z Z

[cu
u�� ;x u ]

@u f u(c� u
u�� : yu) dyu

Y

j 2 u

bk j +1
�

Nk j t j cj (x j ) � b� 1Wk j t j (x j )
�

dx

� sup
xu 2 Bu��

�
�
�
�

Z

[cu
u�� ;x u ]

@u f u(c� u
u�� : yu) dyu

�
�
�
� �

Z Y

j 2 u

bk j +1
�
�
�Nk j t j cj (x j ) � b� 1Wk j t j (x j )

�
�
� dx

= (2 � 2=b) juj sup
xu 2 Bu��

�
�
�
�

Z

[cu
u�� ;x u ]

@u f u(c� u
u�� : yu) dyu

�
�
�
� :

By Lemma 1, @u f u is continuous, and so by the mean value theorem, there
is a point z 2 Bu�� with

�
�
�
�

Z

[cu
u�� ;x u ]

@u f u(c� u
u�� : yu) dyu

�
�
�
� = Vol(rect[cu

u�� ; xu ])
�
�@u f u(z)

�
�

� 2�j ujb�j � j
�
�@u f u(z)

�
� :
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The factor b�j � j is the volume of a juj-dimensional elementary interval con-
taining both cu

u�� and xu . The factor 2�j uj arises becausecu
u�� is at the

center of this elementary interval and xu is in somesub-interval de�ned by
cu

u�� and one of the cornersof that elementary interval. Finally,

jhf ;  u�� 
 ij � (1 � 1=b) jujb� (3j� j+ juj)=2 sup
z2 Bu��

j@u f u(z)j: �

Lemma 3 Under the conditions of Lemma 2,

� 2
u� � 2juj

� b � 1
b

� 3juj
b� 2j� jk@u f uk2

1 : (22)

Pro of: The supports of  u�� 
 and  u�� 0
 0 are disjoint unless� = � 0, and
so

� 2
u� (x) =

X

�

X




X


 0

hf ;  u�� 
 ihf ;  u�� 
 0i  u�� 
 (x) u�� 
 0(x):

Now

� 2
u� =

Z
� 2

u� (x) dx

=
X

�

X




X


 0

hf ;  u�� 
 ihf ;  u�� 
 0i
Z

 u�� 
 (x) u�� 
 0(x) dx

=
X

�

X




X


 0

hf ;  u�� 
 ihf ;  u�� 
 0i
Y

j 2 u

(1cj = c0
j

� b� 1)

�
� b � 1

b

� 2juj
b� 3j� j�j uj

X

�

sup
z2 Bu��

j@u f u(z)j2
X




X


 0

Y

j 2 u

j1cj = c0
j

� b� 1j

�
� b � 1

b

� 2juj
b� 3j� j�j uj

� X

�

sup
z2 Bu��

j@u f u(z)j2
�� b� 1X

c=0

b� 1X

c0=0

j1cj = c0
j

� b� 1j
� juj

= 2juj
� b� 1

b

� 3juj
b� 3j� j

X

�

sup
z2 Bu��

j@u f u(z)j2

� 2juj
� b� 1

b

� 3juj
b� 2j� jk@u f uk2: �

The sup-norm in (22) arises from a Riemann sum of @u f u over boxes
Bu�� . Accordingly, when @u f u is Riemann integrable and all of the kj are
large, using the squaredL 1 norm of @u f u instead, may yield a better esti-
mate, though not a strict bound, for � 2

u;� .

21



Theorem 3 Let x1 throughxn be the points of a randomized relaxed (�; q; m; d)-
net in base b. Suppose that as n tends to in�nity through values �b m for
1 � � < L < 1 and m � 0, that all of the gain coe�cients of the net satisfy
� u� � G < 1 , and that the quality parameter satis�es q � Q < 1 . Then
for smooth f ,

V (Î ) = O
� (log n)d� 1

n3

�

as n ! 1 .

Pro of: First we supposethat q = Q becausea net of quality q is also of
quality Q � q. If j� j + juj � m � q then the digital net property of x 1; : : : ; xn

yields � u� = 0. Otherwise we have � u� � G, and so

V(Î ) �
G
n

X

juj> 0

X

j � j> (m� q�j uj)+

� 2
u�

�
G
n

X

juj> 0

X

j � j> (m� q�j uj)+

2juj
� b� 1

b

� 3juj
k@u f uk2

1 b� 2j� j

�
G0

n

X

juj> 0

X

j � j> (m� q�j uj)+

b� 2j� j ; (23)

where

G0 = G 2juj
� b� 1

b

� 3juj
max
juj> 0

k@u f uk2
1 :

Becausewe're interested in the limit as m ! 1 we may suppose that
m > d + q. For such large m,

X

j � j> (m� q�j uj)+

b� 2j� j =
1X

r = m� q�j uj+1

b� 2r
�

r + juj � 1
juj � 1

�
;

where the binomial coe�cien t is the number of juj-vectors � of non-negative
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integers that sum to r . Making the substitution s = r � m + q + juj,

X

j � j> (m� q�j uj)+

b� 2j� j = b� 2m+2 q+2 juj
1X

s=1

b� 2s
�

s + m � q � 1
juj � 1

�

�
� 2

n2

b2q+2 juj

(juj � 1)!

1X

s=1

b� 2s(s + m � q � 1)juj� 1

�
� 2

n2

b2q+2 juj

(juj � 1)!

1X

s=1

b� 2s
juj� 1X

j =0

�
juj � 1

j

�
sj (m � q � 1)juj� 1� j

�
� 2

n2 b2(q+ juj� 1)
juj� 1X

j =0

(m � q � 1)juj� 1� j

j !(juj � 1 � j )!

1X

s=1

b� 2(s� 1)sj

�
� 2

n2 jujb2(q+ juj� 1)mjuj� 1
1X

s=1

b� 2(s� 1)sjuj� 1

= O(n� 2 log(n) juj� 1); (24)

becausethe in�nite sum converges,m � logb(n), juj � d, and � � L . The
theorem follows upon substituting the bound (24) into (23). �

6 Scram bled net variance with d dimensional box
folding

This section investigatesthe e�ects of re
ection schemeson scrambled net
variance. Re
ections are written as R � where � is a d vector of integers
r j � � 1. As beforewe let � denote a scalefor the multiresolution analysis.

In Section 5.1, the coe�cien ts hf ;  u�� 
 i are bounded in terms of mixed
partial derivatives of f taken once with respect to each component x j for
j 2 u. Re
ection is a piece-wisedi�eren tiable operation. The function
R � (x) is discontinuous at x if x j = tb� r j holds for somej with r j � 0 and
somepositive integer t < br j . In the interior of the pieces,re
ection of x j

reversesthe sign of the derivative with respect to x j . This sign reversal
can be exploited to produce a cancellation e�ect that reducesa bound on
hf ;  u�� 
 i .

To simplify some expressionswe de�ne the composite function f � , by
f � (x) = f (R � (x)). At almost all points x 2 [0; 1]d the chain rule gives

@u f � (x) = (� 1)sgn(� )@u f (R � (x)) ; (25)
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where sgn(� ) =
P d

j =1 1r j � 0 counts the number of re
ections in � . The
factor @u f (R � (x)) in the right hand side of (25) is the partial derivative of
f , evaluated at the point z = R � (x), and not the partial derivative of f � R �

evaluated at x, which appearson the left hand side.

De�nition 12 In d dimensions a box folding schemeis an average of 2d

re
ections as described below. Start with � = (r 1; : : : ; r d) where each r j � 0.
For ` = 0; : : : ; 2d � 1, let � ` be the d vector of integer components r `j 2
f r j ; � 1g with r `j = r j if and only if the j 'th base 2 digit of ` is one. Then
the box fold schemeis

eI =
1
2d

2d � 1X

`=0

1
n

nX

i =1

f � ` (x i ) =
1
n

nX

i =1

ef (x i );

where ef (x) = 2� d P 2d � 1
`=0 f � ` (x).

Sometimesit is more convenient to index the re
ections by 2d subsets
v � f 1; : : : ; dg. Let v = v(`) denote the subset where j 2 v if and only if
the j 'th binary digit of ` is a one. Taking � v to mean � ` where v = v(`) we
may write ef (x) = 2� d P

v� 1:d f � v (x). From the de�nition of v we �nd that
sgn(� v) = (� 1)jvj .

To get ANOVA components of ef , we need the ANOVA components of
f � . Lemma 4 below shows that re
ection commutes with the operation of
taking ANOVA components.

Lemma 4 Let f be an L 2 function on [0; 1]d. Let f � (x) = f (R � (x)) , where
� is a d vector of integers r j � � 1 for j = 1; : : : ; d. Let u � f 1; : : : ; dg.
Then

f �
u (x) = f u(R � (x)) : (26)

Pro of: Equation (26) holds for u = ? , with both sides reducing to the
integral of f becauseintegrals over unions of elementary intervals can be
written as sums of such integrals and then the order of summation can be
ignored. Now supposethat (26) holds for all v � f 1; : : : ; dg with cardinality
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jvj � r where 0 � r < d. Let u � f 1; : : : ; dg with juj = r + 1. Then

f �
u (x) =

Z
f � (x)dx� u �

X

v( u

f �
v (x)

=
Z

f (R � (x)u : R � (x)� u)dx� u �
X

v( u

f v(R � (x))

=
Z

f (R � (x)u : x � u)dx� u �
X

v( u

f v(R � (x))

= f u(R � (x)) : �

The boundsfor hf ;  u�� 
 i in Section5.1madeuseof di�eren tiabilit y of f ,
which doesnot necessarilyhold for f � . The derivation asfar asequation (20)
doesfollow for f � and so hf � ;  u�� 
 i equals

b� (j � j+ juj)=2
Z

f �
u (x)

Y

j 2 u

bk j +1
�

Nk j t j cj (x j ) � b� 1Wk j t j (x j )
�

dx: (27)

The next step in the derivation of bounds for hf ;  u�� 
 i required @u f at
points of Bu�� , and @u f � doesnot necessarilyexist.

The setting is simplest if the scale� is �ner than the re
ection � . Suppose
that u = f 1; : : : ; dg and that kj � r j for j = 1; : : : ; d. This speci�cally
includes caseswith r j = � 1 that designateno re
ection for component j .
Then @u f � is uniformly continuous on the interior of Bu�� . Letting cu�� be
the center of B as before,we �nd that

hf � ;  u�� 
 i =
Z Z

[cu
u�� ;x u ]

@u f �
u (c� u

u�� : yu) dyu  u�� 
 (x) dx

= (� 1)sgn(� )
Z Z

[cu
u�� ;x u ]

@u f u(c� u
u�� : R � (y)u) dyu  u�� 
 (x) dx

= (� 1)sgn(� )
Z Z

[c�� ;x ]
@u f u(R � (y)) dy  u�� 
 (x) dx; (28)

where at the last step we useu = 1 : d and � u = ? .

Lemma 5 Suppose that f is a doubly smooth function on [0; 1]d. Let � =
(r1; : : : ; r d) with integersr j � 0. Takej� j =

P d
j =1 r j , and for ` = 0; : : : ; 2d �

1 let ef be de�ned by the box folding schemeof De�nition 12. For b � 2 and
u = f 1; : : : ; dg, let � , � , and 
 be d-tuples of non-negative integers with
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components kj � r j , t j < bk j , and cj < b respectively, for j = 1; : : : ; d.
Then

jhef ;  u�� 
 ij � b�j � j
� b� 1

b

� � d
b� (3j� j+ juj)=2k@u;u f uk1 : (29)

Pro of: Because� is on a �ner scale than all of the re
ections � ` , equa-
tion (28) holds for each of them. Therefore

hef ;  u�� 
 i =
1
2d

Z Z

[c�� ;x ]

X

u� 1:d

(� 1)jvj@u f u(R � v (y)) dy  u�� 
 (x) dx:

For y 2 [0; 1]d, let k = k(y) 2 [0; 1]d be the center point through which the
re
ection R � with � = (r 1; : : : ; r d) operateson y. That is kj = b� r j (bbr j yj c+
1=2). Because� is �ner than � , the samecenter k applies for all y 2 [c�� ; x].
Then the j 'th component of R � v (y) is 2kj � yj if j 2 v and is yj otherwise.
Therefore,

X

v� u

(� 1)jvj@u f u((2k � y)v : y� v) = Vol
�

rect[y; 2k � y]
�

@u;u f u(z)

where z = z(y) 2 rect[y; 2k � y]. The volume of rect[y; 2k � y] is at most
b�j � j and so following the argument from Lemma 2,

hef ;  u�� 
 i � (1 � 1=b) � db�j � jb� (3j� j+ juj)=2k@u;u f uk1 : �

The factor b�j � j in (29) underlies the improvement that a box re
ec-
tion can bring. For a scrambled (�; q; m; d){net in base b, if we choose �
so that j� j = m � q, then the coe�cien ts hef ;  u�� 
 i with � �ner than �
are O(b� 3j� j=2�j � j) instead of O(b� 3j� j=2). Coarse terms with j� j + juj �
m � q don't contribute to the error, so the dominant terms have j� j +
juj = m � q. Choosing j� j = m � q the largest contributing coe�cien ts
are O(b� 3j� j=2�j � j) = O(b� 3m=2� m ) = O(n� 5=2) instead of O(b� 3j� j=2) =
O(b� 3m=2) = O(n� 3=2). Following the derivation in Section 5.1, the terms
� 2

u� are then of order O(b� 3m ) = O(n� 3) instead of O(b� 2m ) = O(n� 2) and
so each of them contributes O(n � 4) to the variance instead of O(n � 3). The
variance under box folding doesnot generally end up as O(n � 4+ � ) though,
becausethere arealsocontributions from terms � where� is not �ner than � .

Theorem 4 Let x1 throughxn be the points of a randomized relaxed (�; q; m; d)-
net in baseb. Supposethat the quality parameter q remains �xed as n tends

26



to in�nity throughvalues�b m for 1 � � < L < 1 and m � 0, and that none
of the gain coe�cients of the net is larger than G < 1 . Then for doubly
smooth f , under box folding by � = (r 1; : : : ; r d) where

r j =

(
b(m � q)=dc + 1; j � (m � q) � db(m � q)=dc

b(m � q)=dc; else

we �nd that

V ( eI ) = O
� (log n)d� 1

n3+2 =d

�

as n ! 1 .

Pro of: First we considercoe�cien ts hef ;  u�� 
 i for the highest order subset
u = f 1; : : : ; dg. Let w = w(� ) = f j 2 u j kj � r j g. If w = ? thenP

j 2 u kj �
P

j 2 u r j � 1 = m � q� d. Then j� j + juj = m � q, so that � u� = 0
by the balance property of the digital net. Therefore we restrict attention
to w with jwj > 0. Lemma 5 treated the casewith w = u and with � �ner
than � .

The function ef is di�eren tiable with respect to x j for j 2 w but is
not necessarilydi�eren tiable with respect to x j for j 62w. We may apply
equation (12) to each f � v , keep only the @w term becausethe others are
orthogonal to  u�� 
 . The result shows that 2dhef ;  u�� 
 i is

Z X

v� 1:d

f � v
u (x) u�� 
 (x) dx

=
Z X

v� 1:d

Z

[cw
w �� ;x w ]

@w f � v
u (x � w : yw) dyw  u�� 
 (x) dx

=
Z X

v1 �� w

Z

[cw
w �� ;x w ]

X

v2 � w

@w f
� v1 [ v2
u (x � w : yw) dyw  u�� 
 (x) dx; (30)

after decomposing v into its intersectionsv1 and v2 with w and � w respec-
tiv ely.

The summation inside of (30) may be written as

X

v2 � w

(� 1)jv2 j@w f u(R � v1 [ v2
(x)� w : R � v1 [ v2

(y)w )

= Vol(rect[yw ; 2kw
v1

� yw ])@w;w f u(R � v1 [ v2
(x)� w : zw)

= b�
P

j 2 w r j @w;w f u(R � v1 [ v2
(x)� w : zw);
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where for j 2 w, kj
v1 = b� r j (bbr j yj c+ 1=2) and zw 2 rect[yw ; 2kw

v1
� yw ]. Box

re
ection thus results in a coe�cien t hef ;  u�� 
 i with an upper bound on the
order of b�

P
j 2 w r j smaller than the bound for hf ;  u�� 
 i .

This coe�cien t reduction is b�
P

j 2 w r j = O(b� mjwj=d) = O(n�j wj=d). Be-
causeweonly needto considerjwj � 1, the reduction is O(n � 1=d). The e�ect
is to reducethe bound for � 2

u� by O(n� 2=d) and then the samecounting ar-
gument as in Theorem 3 shows that the contribution of f u to the variance
is O((log n)d� 1=n3+2 =d).

Now consider variance contribution of f v for v � f 1; : : : ; dg with 1 �
jvj < d. The sum (1=n)

P n
i=1

ef v(x i ) is a box fold of a scrambled relaxed
(�b d�j vj ; q; m; jvj){net in base b for estimating the mean of the fully jvj-
dimensional function g(xv) = f v(xv : 0� v) obtained by ignoring the � v
components of x. Accordingly it makes a variance contribution that is
O((log n) jvj� 1=n3+2 =jvj ). The variance of the sum cannot be of higher or-
der than O((log n)d� 1=n3+2 =d). �

7 Discussion

In this paper we have seenthat scrambled net quadrature can be pro�tably
combined with antithetic sampling to reducevariance. This result then �ts
in with the work of [8] who combined quasi-Monte Carlo with control variates
and [21] and [2] who both looked at quasi-Monte Carlo in combination with
importance sampling.

The foldings of scrambled nets studied here may also be viewed as a
hybrid of digital nets and a monomial cubature rule. The 2d{fold symmetry
usedby box folding takeseach samplepoint in the net and usesit to generate
the points of a cubature. It is one of many cubature rules that might be
made to work with digital nets. For background and cataloguesof cubature
rules, see[22], [4], and [3].

Ordinary antithetic samplinggenerallychangesthe constant, and not the
rate, of the variance. Here we get an improvement of n � 2=d in the variance
rate, using local antithetic sampling, similar to Haber's method. For large d
the rate improvement is a small one and it is only available at large sample
sizes.In practical work onemight usedomain knowledgeto identify the most
important ed < d of the input variables and apply re
ections only to those.
In somecaseswe can even re-engineerthe integrand to make a small number
of variablesmuch more important. For an exampleof such a technique with
an integrand with respect to a high dimensionalgeometricBrownian motion
see[1]. Many more examplesare presented in [6].
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