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Empirical likelihood is a technique for forming hypothesis tests and confidence sets
based on nonparametric likelihood ratios. Many properties of parametric likelihood ratio
functions have nonparametric parallels. The main one is that there is a nonparametric
version of Wilks’s famous result wherein an asymptotic chisquare distribution holds for the
log likelihood ratio. The nonparametric version has the advantage of holding under very
weak conditions. In particular, the data do not have to follow a parametric distribution for
the chisquare result to hold for nonparametric likelihood ratios.

Empirical likelihood ratio inferences are of comparable accuracy to those based on the
delta method, the jackknife and the simpler bootstrap methods. Each method has its
advantages. Here we list a few of empirical likelihood’s advantages: When constructing
confidence regions for two or more parameters of interest, empirical likelihood gives a data
determined shape for the confidence region. When constraints are known to hold among
the parameters of interest, they can be imposed numerically. A Bartlett correction applies
to empirical likelihood, providing a simple way to increase the accuracy of inferences. As
in some, but not all of the other methods, all points in an empirical likelihood confidence
region obey the usual range restrictions: variances are nonnegative, probabilities are in
[0,1] and correlations are in [—1,1]. Sometimes empirical likelihood methods require less
computation than the alternatives, sometimes more.

At first nonparametric likelihood ratios may seem paradoxical, but they are defined
below by taking very literally the notion that likelihood is the probability of observing the

actual data values at hand.



1 Nonparametric Maximum Likelihood

The empirical distribution function is well known as a nonparametric maximum likelihood
estimate (NPMLE). If Xy,...,X,, are i.i.d. in R? from some distribution Fj, the empirical

distribution function is
1 n
F, ==Y éx,
n =1

where 6y is a distribution taking the value X with probability one. The probability that
F,, attaches to a set A, denoted F,(A), is 1/n times the number of sample observations
belonging to A. In particular, F,({z}) is 1/n times the number of observations in the
sample that are equal to z, and for d = 1 the usual empirical cumulative distribution
function is equal to F),((—o0,z]), as a function of z.

We write F'{z} as a short form for F({z}). The likelihood that F, maximizes is L(F) =
[Ty F{X;}. It is easy to see that F}, is the NPMLE. Let Y7,...,Y} be the distinct values
observed among the X; with Y; appearing n; > 1 times. Let F be any distribution on R?
and let p; = F{Y;}. Now using log(1 + 2z) < z and >, p; < 1 we find
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and so L(F) < L(F),).

That F,, is the NPMLE was apparently first noticed by Kiefer and Wolfowitz (1956).
The NPMLE concept has since been put to good use in defining analogues of the empir-
ical distribution function for problems where data are indirectly sampled or incompletely

observed. The best known examples are for right censored data (Kaplan and Meier, 1958),



for more general censoring and truncation (Peto 1973, Turnbull 1974, 1976) and for biassed
sampling (Vardi (1982, 1985), Gill, Vardi and Wellner 1988).

Statisticians are usually interested in F through some statistical functional 7'(F"). For
example, T’ might be the mean, or median, or a coefficient in a logistic regression. Then, if
Fis an NPMLE of F, such as F), in the i.i.d. case, it is natural to consider 7' = T(F) to be
the NPMLE of T'(F). Here T(F) is the estimator, T'(F) is the parameter and Ty = T(Fy)
is the true value of the parameter.

As an example, suppose that T3(F") is the sampling variance of T1(F},) based on an i.i.d.

sample from F. Then T5(F),), the bootstrap estimate of variance, can be considered an

NPMLE, as can other simple bootstrap quantities.

2 Empirical Likelihood

In parametric theory, the maximizer of the likelihood function is used to estimate the pa-
rameter of interest, and for nonparametric likelihoods the same method provides NPMLE’s.
Confidence regions and hypothesis tests can be based on contours of parametric likelihood
ratio functions, usually with a calibration from asymptotic theory. Similarly, a nonpara-
metric likelihood ratio function can be defined and used to produce confidence regions and
tests, again with an asymptotically justified calibration.

The first use of nonparametric likelihood ratios appears to be due to Thomas and Grunk-
emeier (1975). The statistic they considered was the survivor function, S(z) = Pr(X > z),
the probability of surviving to at least time z. The Kaplan-Meier estimator provides the
NPMLE $(z). The usual method for setting confidence intervals is based on Greenwood’s
formula for estimating the variance of §(z). A central limit theorem justifies taking as a 95%
confidence interval $(z) plus or minus 1.96 estimated standard deviations of $(z). Such

confidence intervals don’t necessarily lie between 0 and 1, even though S(z) is a probability.



Thomas and Grunkemeier define a likelihood ratio function R(S) = L(S)/L(S) and give
a heuristic proof that —2logmaxg(,)=s,(z) R(S5) has an asymptotic chisquared distribution
on 1 degree of freedom. Then for a 95% confidence interval they take {s | —2log R(s) <
3.84}, because Pr(X(zl) < 3.84) = 0.95. This interval is contained inside the interval [0, 1]
and in their simulation study it performed better than the interval based on Greenwood’s
formula.

In general for Xy,...,X, ii.d. in RP, and F a distribution on R?, define R(F) =
L(F)/L(F,). Now for a statistical functional T'(F"), it is natural to wonder how generally
sets like C' = {T'(F")|R(F") > r} can be used as confidence regions for 1'(Fy), or equivalently
whether hypothesis tests of 7'(Fp) = t can be constructed by rejecting if and only if ¢t # C'.
This likelihood ratio function was termed the empirical likelihood ratio function because
the empirical distribution function F,, appears in the denominator. Note that any point in
C is of the form T'(F') for some distribution /' and hence all points of the confidence set
satisfy range restrictions that 7" must satisfy.

The central result is for the mean, T(F) = [xdF(z), and it extends easily to more
general statistics as described below. It is clear however that some care needs to be taken
in formulating nonparametric likelihood confidence regions or else C' = R? whenever r < 1.
To see this, for 0 < € < 1 and z € R?, define F.. = (1—-¢)F, + €b;, a distribution with
mean (1 — €)X + ex. If r < 1, choosing € small enough makes R(F, ) > ¢ and then letting
 vary through R? the mean (1 — €)X + ex sweeps out all of R?.

If however, the X; are known to belong to a bounded set B then a confidence set
such as { [ ¢dF(z)|R(F) > r, F(B) = 1} does not suffer from the problem described above.
Choosing B can be difficult, even when the X; are known to be bounded. Fortunately, under
mild conditions, one can simply use as bounded sets B,,, the convex hull of X¢,...,X,,. B,
is the smallest polyhedron containing all of the X;, and for d = 1 it is simply the interval
X, Xl



For the mean, if F(B,) = 1, there is no loss in further assuming that F' puts proba-
bility one on the sample: ie. F({Xy,...,X,}) = 1. If F(B,) = 1, then either F' places
probability one on the observed sample X1, ..., X,, or there is another distribution F with
F({Xy,...,X,}) =1, [¢dF = [zdF and L(F) > L(F).

Owen (1990) proves the following:

Empirical Likelihood Theorem (ELT). Let X, Xy, Xy, - be i.i.d. random vectors
in R, with E(X) = po, and var(X) finite and of rank q > 0. For positive r < 1 let

Crn = {/xdF(x) ‘ R(F) >, F({X1,..., X,}) = 1}.
Then C,,, is a convex set and
lim P(uo € Crn) = P(x{, < —2logr).
Moreover if E (|| X||*) < oo then

|P(:u0 € CT,n) - P(X(Qq) S —210g T')| = O(n_l/Q)'

It is not necessary for F’ to be a bounded distribution; the ELT only requires it to have
a finite nonzero variance. This ensures that the sets B, do not grow too rapidly with n.

The empirical likelihood ratio function R(F') for F' satisfying F({Xy,...,X,}) = 1is
simply a multinomial likelihood ratio function on the distinct observed values Y;. When Fy
is a discrete distribution taking values in a finite set, the ELT above follows from Wilks’s
theorem applied to the multinomial distribution.

When Fy is a continuous distribution, the ELT is surprising because the number of

parameters, p; in the previous section, is equal to the number of data points n. (There are



n — 1 free parameters because ), p; = 1.) Parametric MLE’s are not necessarily consistent
under these conditions (Neyman and Scott, 1948). Also, in the finite discrete case it is
eventually true that B(Fy) > 0, but for the continuous case, R(Fp) = 0 no matter how large
n is.

The degrees of freedom in the chisquare is d, unless the distribution of X is completely
restricted to a hyperplane of dimension ¢ < d.

The error in the probability approximation has the same rate as the one for parametric
likelihood ratios. Under some further conditions to justify Edgeworth expansions, the error
is in fact O(n™!). This is due to a cancellation phenomenon. When d = 1, one sided
confidence intervals have a coverage error O(n~'/?), but when forming central confidence
intervals, the lead terms in the coverage error cancel leaving an error of O(rn~'). This
phenomenon also holds for parametric likelihood ratios. These issues are discussed in the

survey paper of Hall and La Scala (1990).

3 Extensions

3.1 Smooth Functions of Means

Versions of the ELT exist for more general statistics than the mean. One large class of
statistics is obtained by taking a smooth function of means T'(F) = g(f Z(z)dF(z)). For
example the correlation between U and V can be written as a smooth function of the
expected value of (U,V,U% V2 UV) and this vector can be written as Z(X) where X =
(U,V)'. Similarly, the coefficients in a linear regression can be written through smooth
functions of means. For F' close to Fy, the linear Taylor approximation T'(F) = T1(F) =
T(Fo)+J) [(Z(x)—po)dF () holds where J] is the Jacobian matrix of partial derivatives of
components of g with respect to components of F(Z) evaluated at pg. The approximation

is usually close enough that the set {T'(F) | R(#') > r, F({X1,...,X,,}) = 1} approximates



{TL(F)| R(F)>r, F({X1,...,X,}) =1} and the ELT applies to the coverage probability
of the latter set. A proof along these lines is given in Owen (1990), and Owen (1988) has a
proof for one dimensional Frechet differentiable statistical functionals. DiCiccio, Hall and
Romano (1991) show that the coverage error in the ELT for smooth functions of means is
O(n~') under mild conditions.

If T(F) is the variance of X under sampling from F', empirical likelihood confidence
regions have asymptotically correct coverage so long as F satisfies £(X*) < oo and, to avoid
trivialities, T'(F) > 0. By contrast, normal theory likelihood ratio confidence intervals do
not have correct coverage, even as n — oo, unless E((X — E(X))*) = 3E((X — E(X))?%)?
holds. Thus, for normal theory confidence intervals to be asymptotically correct the kurtosis
of the sampling distribution must be zero, whereas empirical likelihood regions require finite

kurtosis.

3.2 Estimating Equations

Another generalization is to parameters 6 defined implicitly through estimating equations
[g(z,0)dF(z) = 0 and usually estimated by statistics 8 solving 0 = [ g(z,8)dF,(z) =
(1/n)>, g(Xi,é). Here X; € R?, 6 € R? and g(z,0) € RP. Usually p = ¢ so that there
are as many estimating equations as there are unknown parameters. These estimators are
also called M-estimators because they generalize the method of maximum likelihood where
for X; i.i.d. with density f(z,0) one takes g(z,8) to be dlog f(z,8)/06.

Owen (1991) gives an ELT for M-estimates under very weak conditions, that don’t even
require § = T(F),) to be a good estimate of § = T(Fp). Qin and Lawless (1994) prove a
sharper ELT under stronger conditions that ensure that 7'(F},) is a good estimator. Zhang
(1996) gives conditions for one dimensional M-estimates to have coverage error O(1/n).

Consider the linear regression model E(Y;|X; = z) = Z(z)3. Here Z(z) is a row vector

such as (1,z,2%) and B is a column vector of parameters. The usual estimating equations



for this model, based on i.i.d. observation pairs (X;,Y;) are E(Z(X ) (Y —Z(X)3)) =0, and
the sample coefficients § solve the normal equations Y%, Z(X;)'(Y; — Z(X;)5) = 0. Then
—2log R(fo) has an asymptotic X%p) distribution under very mild conditions described in
Owen (1991). The main condition is that the random variables Z(X;) (Y; — Z(X;)) have a
finite variance matrix of rank p > 0. There is no need to assume that the variance of Y;

given X; = z is independent of z.

3.3 Other Extensions

Empirical likelihood inferences are also available for regression on deterministic predictors
z;, fixed for example by design, under mild conditions described in Owen (1991). There
the random variables Z(z;)'(Y; — Z(x;)) are not i.i.d., but a modified ELT applies to them.
Kolaczyk (1994) considers generalized linear models and Owen (1992) considers estimating
equations derived from certain projection pursuit models.

Chen and Hall (1993) consider empirical likelihood for quantiles, and discuss Bartlett
correctability and smoothing for this problem.

Hall and Owen (1993) provide an ELT for kernel density estimates. This can be used to
form pointwise confidence intervals and simultaneous confidence bands for the density func-
tion. Owen (1995) constructs empirical likelihood based confidence bands for the univariate
empirical cumulative distribution function.

Mykland (1995) defines a dual likelihood for data from a martingale. The dual likelihood
ratio function reduces to the empirical likelihood ratio function for independent observa-
tions. Martingale methods allow one to consider problems arising in time series and in point
process models.

Qin and Lawless (1994) study the case where the number of estimating equations exceeds
the number of parameters. This can be thought of as knowing a number of prior constraints

that the parameters must satisfy. An example is univariate regression constrained to pass



through the origin with one estimating equation to stipulate mean zero residuals, and
another for residuals uncorrelated with the predictor. The define a maximum empirical
likelihood estimate (MELE) and show that the MELE combines the estimating equations
in an asymptotically efficient way. They prove an ELT for this case and find a diagnostic
for whether the postulated constraints truly hold.

Qin (1994) considers problems in which parametric likelihoods on one sample may be
combined with empirical likelihoods on another. Qin (1995) considers problems in which
parametric likelihoods apply over part of the data range and nonparametric likelihoods are

used on the rest of the range.

4 Computation

A convenient approach for computation is through the profile empirical likelihood ratio

function

R(8) = sup { R(F) ‘ T(F) =8, F({X1,...,X.}) =1}.

Confidence regions are of the form {# | R(6) > r} and hypothesis tests of Hy : § = 6y reject
if and only if —2logR(6p) is smaller than a critical value from the appropriate chisquare

distribution. In the case of the mean,

R(p) = max{ﬁ ("?Z)m [0 <p, Zz:k;pi - 1}.

=1 T

It is a nuisance to have to keep track of ties among the observations, and Owen (1988)
shows that an observation based likelihood is equivalent, not just for the mean, but in
general. Let observation i carry “weight” w; > 0, and to the distinct value Yj, attach the
probability p; = E“Xi:}/] w; for j=1,...,k.

In terms of weights the likelihood ratio is []j—; nw; and the computation becomes to



maximize [[;—, w;, or equivalently Y " ; log w; subject to w; > 0,3, w; =1 and ), w; X; =

w. If w € B, then an argument based on Lagrange multipliers shows that

1 1
W=7 N(Xi — )

w; = w

where A € R?, the Lagrange multiplier, satisfies

This value of A may be found by minimizing ) - log w;(A) over A. That maximizing the
likelihood ratio over w; is equivalent to minimizing it over A is an example of convex duality.
The global solution over A € R% may be found by many different algorithms, some of which
are listed in Owen (1990). If 4 ¢ B, then it is impossible to reweight the observations
to have mean g, and hence R(p) = 0. Owen (1990) describes how to modify convex
optimization methods so that they find R(x) when p € B, and otherwise indicate that
i ¢ B,. A function in the S language (Becker, Chambers and Wilks, 1988) for calculating
R(p) is available on the internet at http://playfair.stanford.edu/reports/owen/el.S.

Forcing F'({X1,...,X,}) = 1 reduces the problem from infinite dimensions to n. Convex
duality further reduces the dimension to d. Simpler computations for the case d = 1 are
described in Owen (1988).

If @ € R™ is defined through estimating equations E(g(X,0)) = 0, then a test of the
simple hypothesis Hg : 8 = 6y can be carried out by computing the random variables
Z; = ¢g(X;,6p) and then testing whether their common mean may be zero. Composite
hypotheses which specify only some components of # or only that some function ¢(8) = 0
require maximization over the other components of the minimum over A described above.

Algorithms for complicated cases than the mean are discussed in Hall and La Scala
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(1990), Owen (1990, 1992) and Wood, Do and Broom (1994).

5 Bartlett Correction

The limiting distribution of log R(6p) for a smooth function of means is typically X?p)
where p is the number of components in #. More careful analysis shows that typically
E(logR(60)) = p(1+a/n)+ O(n~?) for some value a, which may depend on 6. A Bartlett
corrected 100(1 — a)% confidence region has the form C,,, = {T(F) | R(F) > r/(1 +
a/n), F({X1,...,X,}) = 1} where PI’(X(Qp) < —2log(r)) = 1 — a. It is natural to expect
some improvement from Bartlett correction, but in fact a surprisingly large improvement
obtains and Pr(6y € C,,q) =1 —a + O(n7?).

This order of improvement is surprising because Bartlett correction is based only on
discrepancies in the mean of —2log R(fy) and takes no explicit account of the variance,
skewness or other higher moments. Yet it results in a very small order of magnitude for the
coverage errors.

In practice, learning the right value a(6) may be harder than learning 6y itself, but it
turns out that one can substitute a sample estimate @ = a(f) and get Pr(fy € Crna) =
1—a+0(n™?) as well.

These results were found by DiCiccio, Hall and Romano (1991) and are surveyed in
Hall and La Scala (1990). Zhang (1996) gives conditions under which empirical likelihood
is Bartlett correctable for one dimensional M-estimates. Bartlett correction was originally
established for parametric likelihood ratios. As yet no Bartlett corrections are known for
the bootstrap or for nonparametric likelihoods other than empirical likelihood. Lazar and
Mykland (1995) show that Bartlett correction of empirical likelihood does not work when

forming a confidence region for only a subset of the parameters of interest.
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6 Bootstraps and Least Favorable Families

Empirical likelihood developed from the work of Thomas and Grunkemeier (1975) mentioned
above. Owen (1990) surveys other related work in the survival analysis literature and in
the bootstrap literature.

Two of the bootstrap papers deserve special mention. A variant of Efron’s (1981) non-
parametric tilting bootstrap uses the same family of multinomial distributions as empirical
likelihood. Efron prefers another family based on Kullback-Liebler distance because one
can then apply exponential tilting to the bootstrap samples.

The empirical likelihood ratio function is nearly the same as the posterior distribution
for Rubin’s (1981) Bayesian Bootstrap with a non-informative prior distribution. Rubin
resamples by generating random observation weights w; from a Dirichlet distribution.

The best explanation for why empirical likelihood works is due to DiCiccio and Romano
(1990) using Stein’s concept of least favorable families. By maximizing over w; for each
fixed value of T'(F'), one reduces the problem to a parametric subfamily, defined through
w; = w;(A) in the case of the mean. This family has the same dimension as the statistic
T(F). Thus using empirical likelihood is like working with a data determined parametric
subfamily of the simplex w; > 0 with ", w; = 1.

The true distribution Fy can be embedded into a parametric family of distributions
in many ways. The problem of estimating 7'(Fp) can be much easier in some parametric
families than in others. Moreover, data from Fy can never be used to distinguish between
two different families containing Fp. If one were to pick a family through Fy for convenience,
without having specific prior knowledge, then it would be best if that family did not make
the problem artificially easy. A least favorable family is one in which estimating 7'(Fp) is
just as hard as it is nonparametrically. The parametric family used by empirical likelihood

is asymptotically least favorable.
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DiCiccio and Romano (1990) describe several data based approximations of the least
favorable family, and show that inference in any of these families based on either likelihood

ratios or resampling is asymptotically justified.
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