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ABSTRACT

We develop a wavelet transform on the sphere, based on the spherical HEALPix coordinate system (Hierarchical
Equal Area iso-Latitude Pixelization). HEALPix is heavily used for astronomical data processing applications; it
is intrinsically multiscale and locally euclidean, hence appealing for building multiscale system. Furthermore, the
equal-area pixelization enables us to employ average-interpolating refinement, giving wavelets of local support.
HEALPix wavelets have numerous applications in geopotential modeling. A statistical analysis demonstrates
wavelet compressibility of the geopotential field and shows that geopotential wavelet coefficients have many
of the statistical properties that were previously observed with wavelet coefficients of natural images. The
HEALPix wavelet expansion allows to evaluate a gravimetric quantity over a local region far more rapidly than
the classic approach based on spherical harmonics. Our software tools are specifically tailored to demonstrate
these advantages.
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1. INTRODUCTION

Wavelets are widely used in signal and image processing; they can be used for efficiently representing such data
in many scientific and engineering applications. In settings where data domain is a Cartesian grid (eg. on the
real line R or in the plane R?), a rich set of compelling applications was developed over the past 20 years.

While most wavelet systems developed to date are aimed at real-valued regularly-spaced data on flat Euclidean
domains, many recent technical challenges require multiscale systems for other settings. Recent times saw the
appearance of manifold-valued datasets, where samples take values in a smooth manifold. Examples include
orientations (the manifold is a sphere) and diffusion tensors (the manifold of positive definite matrices).! Other
new datasets have real-valued data but the underlying domain is a manifold. Spherical domains are common
in several astronomical applications, computer graphics technology,?? climatology and geospatial data analysis.
We will focus on datasets with spherical domain.

1.1 Problem of interest: Geopotential modeling

In geospatial data analysis, a major problem is to build an accurate geopotential data model and perform various
mathematical and numerical operations on it, computing global gravity fields. For instance, in inertial navigation
systems (INS) there is a need to access the high-frequency gravity data in a real-time fashion. The required
gravity data consist of field magnitude and its direction (deflection of vertical or DOV).*

To a first approximation, the Earth is an ellipsoid with a uniform mass distribution. This approximation,
the Earth Centered Earth Fixed (ECEF) WGS 84 ellipsoid model, allows to define the gravity equipotential
surface;* Gravity is simply assumed to be normal to the ellipsoidal surface.

In fact, Earth’s mass distribution is not uniform and the gravity equipotential surface does not form a perfect
ellipsoid. The Geoid is defined as the equipotential surface of the Earths gravity field associated with mean ocean
surface height. Figure 1 shows the radial derivative of geopotential obtained from a newly developed geopotential
model (EGMO06).
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Figure 1. radial derivative of potential obtained from EGM 06 model

1.2 Spherical harmonics representation for geopotential modeling

To accurately model the geoid, the National Geospatial Intelligence Agencies (NGA) and predecessor agencies
developed a series of geopotential models of the Earth. The first, developed in 1996, was called EGM96. Over the
next ten years many additional measurements were compiled, and an improved model was developed; recently
released, it is called EGMO06. Both models represent data using Spherical Harmonics. These play a role similar to
sinusoids on the unit circle. EGM96 and EGMO6 use spherical harmonic representations of degree 360 (= 1.2x10°
coefficients) and 2160 (= 4.3 x 10° coefficients), respectively. In these models, the geopotential field T at point
(r,0,¢) is expanded in spherical harmonics up to degree N; thus

GM N n
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where r is the geocentric distance to the point, 8 is the geocentric co-latitude, ¢ is the geocentric longitude, G
is the gravitational constant, M is the mass of the earth, a is a semi-major axis of the ellipsoid, C,, ,,, and S, ,
are the normalized geopotential spherical harmonics coefficient and finally P, ,,,(-) is the normalized Legendre
function.

Spherical harmonics constitute today’s dominant approach to geopotential modeling; they are attractive
for representing various differential and integral operators. However, spherical harmonics, like sinusoids, are
completely non-local. Therefore evaluating the model at a single point involves all the spherical harmonics
coefficients. For the degree N model, evaluation costs O(N?) flops, since there are N(N +1)/2 (complex-valued)
coefficients. For a group of N? points on the sphere, the computational cost scales as O(N%). Exploiting
symmetries and FFTs helps reduce the cost to O(N?3). Mohlenkamp® proposed algorithms that in principle
reduce this O(N®/2log N). However all such methods scale worse than linearly in the degree N.

The crucial local update task faces even less favorable scaling. Updating the model to accommodate a locally-
measured dataset (even just a single measurement) will perturb every coefficient in such representations and will
requires re-evaluating the complete model. For instance, if the new dataset consist of M local measurements,
directly re-evaluating the model would require O(N*) + O(M + N?) x O(N?) ~ O(N*) flops (if M < N?). Even
exploiting FFTs offers O(N?3) computational complexity.

It would be very desirable to develop a new representation which is localized and offers fast point evaluations
and local updates. At the same time compatibility with the spherical harmonics system is essential to coexist
with existing organizations and standards.

1.3 Our Approach

Figure 1 shows a gravimetric quantity evaluated at a high-resolution grid (about 10 miles sample spacing) from
EGMO06 model. The numerous local features can be best represented by localized functions. Mathematical
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analysis shows that multiscale approaches have significant theoretical advantages over traditional spherical har-
monic approaches in representing geopotential data. This paper develops a practical multiscale framework and
compares its performance against the current standard, spherical harmonics.

Many wavelet transforms exist on the sphere; a few examples include.® Applications range from astro-
nomical data processing to computer graphics. Several continuous transforms were proposed, including mexican
hat wavelets based on one-dimensional version.® Dilation is problematic; sometimes this is performed by first
projecting the wavelet function onto a tangent plane, dilating in the tangent plane and finally projecting back
onto the sphere. In general such decompositions lack an inverse transform and therefore can not be used for
exact reconstruction.’

Wavelet transforms with exact reconstruction has been developed using spherical harmonics. Starck et al®
proposed several multiscale transforms including the isotropic undecimated wavelet transform and the pyramidal
wavelet transform which are extensions of & trous algorithm, an extensively-used algorithm in astronomy. Also,
Narcowich et al'® developed localized tight frames on the sphere, also based on spherical harmonics. These can
be considered “Meyer wavelets for the sphere”

We have developed a class of wavelet transforms based on the geometry of the HEALpix grid and finitely-
supported refinement schemes. Section 2 describes the spherical HEALPix grid. In Section 3, develops average-
interpolating refinement and its associated wavelet transform. Section 4 discuss some geopotential applications.
Section 5 makes concluding remarks.

2. HEALPIX SPHERICAL GRID

Many applications in astronomy and engineering need a spherical grid allowing easy conversion to and from
spherical harmonics domain. To do this rapidly, equispaced sampling on an iso-latitude ring is an essential
feature. To construct the wavelet transform, on the other hand, the grid should be hierarchical and multi-scale.
Statistical considerations suggest dividing the entire sphere into equal area elements at each scale.

HEALPix (Hierarchical Equal Area and iso-Latitude Pixelization) framework!! fortunately offers all above
properties. HEALPix was designed for astronomy applications, where it is widely used. HEALPix base resolution
divides the sphere into 12 equal area ‘panels’. At the next scale, each panel is divided into 4 equal area cells
resulting in 48 total pixels. The number of pixels at scale j is 12 x 4/~!. Figure 2 shows the HEALPix grid at
scales 1 to 4.

The HEALPix grid

e is locally Cartesian,

has iso-latitude rings,

e is intrinsically multiscale,

e is equispaced along latitude,

e quasi-equispaced within panels,

e generates equal-area quadrilateral pixels of varying shapes.

A cylindrical projection of the HEALPix grid at scale 2 is shown in Figure 3.

2.1 Applications and Usage

Nearly all major astronomical organizations are now making use of HEALPix. The HEALPix software (version
2.00) is an open source package including Fortran 90, IDL and C++ sources. The HEALPix webpage is at
http://HEALPix. jpl.nasa.gov. HEALPix indexing, pixel positions and boundaries and its spherical projec-
tions have been comprehensively explained in the original HEALPix paper.!!

In the next section, we use the HEALPix grid to develop a refinement scheme and a wavelet transform.
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Figure 2. HEALPix grid refinement: scales 1 to 4

Figure 3. Cylindrical projection of HEALPix cells at scale 2

3. REFINEMENT-BASED WAVELET TRANSFORM

Our multiscale system is based on average-interpolating wavelets. These are very suitable for use with HEALPix
organization.

As in the case with data in equispaced Caretsian grids, we need a refinement scheme and a coarsening
scheme. Refinement imputes fine-scale data from coarse-scale information. Two natural types of refinement:
Deslauriers-Dubuc(DD)!? and Average-interpolating(AI).!? Given real-valued data f(k) at integers k, first-stage
DD refinement uses these data to impute values at half integers fA(k:/ 2). The next iteration of refinement will
result in interpolated values at quarter-integers and so forth. Successive refinement yields interpolated values at
all the dyadic rationals k/27. To obtain the imputed values at fine scale j+1 i.e. k/2/%, we note that the points
at k = 2[ also belong to set of points in coarse-scale j. Al scheme works in a similar fashion as DD scheme but

is based on averages rather than point values.

3.1 HEALPix AI Refinement Scheme

Let p(£2,) denote a HEALPix point (i.e. HEALPix cell center) at scale j, where m = 1,---,12 x 4/=1 and
Q. = (k,1,4,7) denote an index with k& and [ being 2-D pixel indices within HEALPix patch . Given data

Proc. of SPIE Vol. 6701 67010A-4



(), we wish to impute values at the pointset
T, ={(2k, 24,5 +1),(2k+1,2l,i,5 + 1), (2k, 2l + 1,4,5 + 1), (2k + 1,21 + 1,4, + 1)}. (2)

In order to interpolate the values at higher scales, we take an approach which finds the tangent space for each
point on the sphere. In this paper, we use cylindrical mapping to project the HEALPix grid and cell boundaries
onto the tangent space*. Let 7, denote this mapping operator at point p(£2,,). Obviously, p(£2,,) is mapped to
(0,0) on the tangent plane. We collect a pointset €, py including D nearest points (in scale j) to point p(£2,,)
including the point itself (We see that €, 1) = €,,). Then we fit a bivariate polynomial P, n of degree N to
minimize
ave {,PmN|TO‘(Q(m7D))} - f(Q(m,D)) (3)
in a least-square sense, where a(€,,) specify the cell curvilinear boundaries for sample Q,,. Imputed values at
the pointset I';,, will be given by .
f(Tm) =ave{Pu.n|Talyw)}. (4)

The refinement scheme starts from HEALPix base resolution (top right plot in figure 2). In the following
experiments, we set D =9, N =2 for j <2 and D = 25, N = 3 otherwise.

3.2 HEALPix Al-based Wavelet Transform

Based on the proposed interpolatory refinement scheme, we can construct a wavelet transform. If the underlying
function is relatively smooth, the actual function values at the fine scale grid points closely follow the imputed
values obtained from coarse-scale values. The deviations between function values and imputed values are the
driving constitutent of the wavelet coefficients. We subtract imputed values from the measured data at I',,,

B(Tn) =2 (F(Tn) = F(Tm)) - (5)

We then apply a linear operator to this vector to obtain wavelet coefficients corresponding to vertical, horizontal
and diagonal orientations (Note that there is a redundancy in information, so we only need 3 coefficients).
Namely,
1 1 -1 -1
BTw)=|1 —1 1 —1 | xp(Tn) (6)
1 -1 -1 1

Here the cardinality of the set I',, is 4. In addition to fine-scale information, we also store information from
scale j (i.e. f(2,)) to reconstruct the function f. Figure 4 demonstrates a two-scale construction of wavelet
transform for a small patch of geopotential data. Note that the mapping onto the tangent plane is implicit in
the "Refine” stage.

4. MULTISCALE GEOPOTENTIAL MODEL: PROPERTIES AND APPLICATIONS

In this section, we first present some preliminary results on statistical properties of geopotential data. These
results are derived from multiscale analysis of EGMO06 data. Here, we are particularly interested in investigating
the distribution and compressibility of wavelet coefficients across scales. As we will show later, wavelet represen-
tation greatly outperforms spherical harmonics-based representation. Furthermore, we briefly discuss numerical
issues for the problem of evaluating geopotential quantities using the new and classical approaches.

4.1 Wavelet-Based Statistical Properties of Geopotential Data

Figure 5 shows the Al-based HEALPix wavelet representation up to scale 8 for EGMO06 data (originally shown in
Figure 1). Roughly speaking, as we go toward higher scales, wavelet coefficients are increasingly sparse. This is
due to the slow variation of geopotential on a large percentage of Earth’s surface, punctuated by localized rapid
changes (such as coastlines visible in Figure 1).

*An alternative is to use Log/Exp mapping.’
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Figure 4. An example of how to implement a refinement-based wavelet in HEALPix system

We fit a generalized Gaussian distribution (GGD) to the set of coefficients at each scale; this has the form:

M

or (1)

where I'(+) is the gamma function. Figure 6 shows the Quantile-Quantile (QQ) plot of the coefficients and fitted
GGD at each scale.

Our results are very similar to earlier work in natural image analysis.'* 16 It is very appealing to see that
similar statistical behavior applies to wavelet coefficients in such unrelated fields, associated with very different
sensor types. This observed similarity means we can now develop geopotential processing tools by leveraging
existing successful tools in natural image statistics.

exp [(—)\m)ﬂ] , (7)

4.2 Compression

To study the benefits of wavelet representation over traditional spherical harmonics representation, in this section,
we consider data compression and ask how well one can reconstruct geopotential data given a limited bit budget.

Figure 7 shows RMS and maximum reconstruction error (physical units) for HEALPix wavelet and spherical
harmonic representations at a given bit rate. We have applied the SPIHT coder!'” to convert HEALPix wavelet
coefficients to bitstreams. For Spherical Harmonics, we used an adaptive scalar quantization method (similar to
sub-band coding).

The results show the clear superiority of wavelets. For example, with a 5-bit per sample budget, reconstruction
from wavelet compression performs about 10 times better than from compressed spherical harmonics coefficients.

Now counsider the geopotential EGMO06 data in Figure 8 evaluated over and around the state of Maine. Figure
9 shows the reconstructed data using Fourier-based and wavelet-based approaches. Although the bitrate used
for the former is about twice as high, its quality of reconstruction is poorer. Residual errors for both cases are
shown in Figure 10.

4.3 Fast Evaluation

Next, we investigate how efficiently we can evaluate a geopotential field using Fourier-based and Wavelet-based
representations. The task is to compute a geopotential quantity over a regular grid or over scattered points.
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Figure 5. HEALPix wavelet decomposition for EGMO06 geopotential data (non-decimated)

e Evaluation Using Spherical Harmonics
As discussed in Introduction, a fast algorithm for spherical harmonics evaluation proposed by Mohlenkamp?®
uses O(N‘r’/2 log N) flops to evaluate an expansion of degree N at a grid of N2 regular points. For a grid
of M scattered points, the cost is O(MN?).

e Evaluation Using HEALPix wavelets
When computing the HEALPix wavelet inverse transform, very few wavelets overlap any given spatial
point. Asymptotically, each point can be evaluated in O(number of scales) = O(log(N)) flops. A worst
case analysis shows that for a grid of M points may cost O(M log(N)) flops. In fact if the points to be
evaluated are closer than the resolving distance of the original data, the computational cost will be much
smaller, since many calculations will be shared by adjacent points.

See Table 1 for empirical results. We considered two available geopotential models (EGM96 with degree 360
and EGMO06 with degree 2160). We computed wavelet transforms for both these models. Scales extend to level
6 for EGM96 and level 9 for EGMO6.

Computation time for spherical harmonics for both regular and scattered grids increases approximately by a
factor of 36 as the degree increases from 360 to 2160. The Fortran code for Spherical harmonic evaluation was
provided by NGA; it exploits FFTs. Computation time increase for wavelets are comparably tiny in absolute
terms.
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Figure 6. QQ plot of wavelet coefficients at different scales fitted to generalized Gaussian distribution
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Figure 7. Reconstruction Error: Wavelet and Spherical Harmonics

5. DISCUSSION

5.1 WaveSphere Software

This project was conducted within the Reproducible Research paradigm. The tools developed here are contained
in the package WaveSphere which is being published for general release at http://www-stat.stanford.edu/WaveSphere.
The toolbox contains scripts which will reproduce all the calculations presented in this paper. It includes about
200 Matlab files, datasets, and demonstration scripts. The current version contains scripts for HEALPix grid
operations, spherical refinement schemes, HEALPix wavelet transforms, statistical analysis tools, compression
algorithms, fast evaluation and local update tasks.
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Figure 8. Original Data: vicinity of the state of Maine
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Figure 9. Reconstructed data, spherical harmonics and HEALPix wavelet transform: vicinity of the state of Maine

5.2 Local Update Task

The evaluation task discussed earlier was one of the main problems with geopotential data modeling. Another
important problem is the update task, where we wish to improve the existing model by incorporating newly
collected measurements. Update task using spherical harmonics representation is computationally very costly.
However, updating the geopotential model using wavelet-based representation (with iterative variational opti-
mization methods) is significantly faster. Analysis and algorithm development for local update task requires a
more comprehensive treatment, so we have elected to defer its presentation to the near future.

Table 1. Speed of Geopotential Evaluation using spherical harmonics and wavelets. Spherical harmonics evaluation: Unix
server at the University of South Carolina. Wavelets evaluation: personal MAC desktop.

Model Spherical Harmonics HEALPix Wavelet

Scattered Grid
(3100 points)

Regular Grid
512 x 512 x 12

Scattered Grid
(3100 points)

Regular Grid
512 x 512 x 12

EGMO96 (N =360)
EGMO06 (N =2160)

~1 min
35 min

~1 min
37 min

3 sec
4 sec

3 sec
10 sec
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