Last Time

* L9 space

* Convergence in L4

* Weak convergence

* Uniform integrability

Today'’s lecture: Sections 1.4.2, 1.4.3
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Uniform Integrability and Convergence

* If X,, — X in probability and {| X,,|?} is U.l. then X ¢ L4.
More precisely:
° Let X, X, Xo,... be RV's on the same probability space.

° If X,, — X in probability and {| X, |?} is U.l. then X € L4
and X,, — X in LY.

° If X, & X and {|X,]9} is U.l. then X,, — X in L?. More
precisely:
° Let X, X, Xo,...be RV’'s, possibly defined on different
probability spaces.

o If X,, & X and {|X.|9} isU.l.then X € L7and X,, - X
In L9.
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Convergence of Expectations

° Let X,Y, X1, Xo,... be RV’'s defined on (92, F, IP)
* Monotone Convergence Theorem: If0< X, T X a.s.
then E(X,) T IE(X).

* Fatou’s Lemma: If there exists a RV X € L! such that
X, > X a.s. for all n,

liminf IF(X,) > [F(liminf X))
* Dominated Convergence Theorem: If X,, — X In
probability and there exists a RV Y ¢ L! such that | X,,| <Y
a.s. for all n, then IF(X,,) — IE(X).
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Independence of Events

° Let (2, F, IP) be a probability space. Two events A, B € F
are IP-independent if

IP(ANB)=1IP(A)IP(B)
* Events A, Ay, ... € F are IP-independent if for all n» and

distinct indices 1,49, ..., 7,

IP(A;, NA;,N---NA; )= HP(A'Lk)
k=1
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Independence of o-fields

* Two o-fields A, A, C F are IP-independent if for all
A e Ay and A, € A,

IP(A1 N As) =IP(A1)IP(A>)

* o-flelds A, Ay, ... C F are IP-independent if for all n,
distinct indices 74, i9, . . . %,, and every choice of
Are A, Ay e A;,,..., A, € A; theevents A, As, ..., A,
are IP-independent
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Independence of Random Variables

* Two RV’'s X and Y are IP-independent if their generated
o-fields o(X) and o(Y') are IP-independent
° Independence of two random vectors X = (Xq,..., X,)
and Y = (Y1,...,Y,,) is defined similarly

* Random variables (or vectors) X, Xo,... are
IP-independent if their generated o-fields o(X1), 0(X2), ...
are IP-independent

* Functions of independent RV’s are independent, i.e.

° If (Xq,...,X,) and (Y1,...,Y,,) are independent
random vectors and that h : IR" — IR and g : IR — IR
are Borel-measurable functions

° Then h(Xy,...,X,) and g(Y1,...,Y,) are independent
random variables
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Equivalent Conditions for Independence of RV’s

Two RV's X and Y are independent if and only if
* Joint distribution function factors: for all x,y € IR

Fxy(z,y) = Fx(x)Fy(y)
* Joint law factors: for all Borel sets A, B € B
PX’Y(A X B) = PX(A)]Py(B)

* Joint density factors (provided (X, Y') has a joint density):
forall z,y € IR

fxy(z,y) = fx(z)fy(y)

Similar conditions exist for more than two RV'’s
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Independence and Expectation

* Square integrable RV’'s X and Y are uncorrelated if
FE(XY)=IFX)FE(Y)

* Independent RV’s are uncorrelated: if X and Y are
Independent, integrable RV’s then XY is integrable and

E(XY) = E(X)E(Y)

* But uncorrelated RV’s are not necessarily independent
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Independence and Expectation

* Two random vectors (Xi,...,X,) and (Y1,...,Y,,) are
iIndependent if and only if

E(h(Xl, “ e ,Xn)g(Yl, “ e ,Ym))
= FE(hX1,...,X0))E(GY,...,Yn5))

for all bounded, Borel-measurable functions i : IR™ — IR
and g : R™ — IR
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