Last Time

* Probablility measure and probability space

* Random variables

* Simple random variables and approximation
* o-field generated by a random variable

Today'’s lecture: Section 1.2.3
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Definition of Expectation

* Goal: fora RV X on (Q, F, IP) define

/X YdIP(w

* Step 1: define for indicator RV’s

(1) = /Q L4(w)dIP(w) = IP(A)

* Step 2: define for nonnegative simple RV’s,
X(w) = >iy cida,(w)

n

E(X) =) clP(A)

1=1
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Definition of Expectation (cont.)

* Step 3: define for nonnegative RV’s, X
Let X,,,n =1,2,... be asequence of nonnegative simple
RV’s such that X,,(w) — X(w) as n — oo for each w € Q.
Then define

E(X) = lim E(X,)

n—oo

* Step 4: define for general RV’s, X
If either IF(X,) < o or IE(X_) < oo then

E(X) = B(X4) — B(X_)

If IE(X,)=IF(X_)=o0then IF(X) is not defined
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Integrability

* JF(X) is always defined for a nonnegative RV X, but
possible that [E(X) = o0

* Arandom variable X is integrable if

E|X|=EBE(X,)+E(X_) < oo
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Expectation of Functions of RV’s

°* If XisaRVandg: IR — IR is Borel-measurable then ¢g(X)
IS a RV, and

E(g(X)) = /Q 9(X () dIP(w)

* The n-th moment of a RV X Is given by

E(X") = /Q X" (w)dP(w)
°* The variance ofa RV X iIs
Var(X) = E(|X — E(X)]?) = E(X?) — (E(X))?

* Note: above is valid only if the expectations are defined
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Properties of Expectation

°* If X =ca.s. forsome ce Rthen [E(X)=c

* Linearity: if Xq,..., X, are integrable RV's on (€2, F, IP) and
ai,...,an € IRthen Y " | a;X; is an integrable RV and

E(Z azXz) = Z OzzE(XZ)

* Monotonicity: let X and Y be RV’s on (2, F, IP)
o If X >Y as.then IE(X) > E(Y)
o IfX>Yas.and EF(X)=I(Y)then X =Y a.s.
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Example (G& S exercise 3.4.1)

* A coinis tossed n times (tosses are independent). The
probability of landing on head is p.

* Arunis a sequence of tosses which result in the same
outcome. For example, the sequence HHHTHTTH contains
S runs.

* What is the expected number of runs in n tosses?
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Expectation of Discrete RV’s

* A RV is discrete If it takes values in a countable set
{:1:1, o, .. .}, l.e.

X(w) € {z1,29,...} forallw € Q

* If X is a discrete RV and IF(X) exists then
E(X)=) xP(X =)
1=1

* If X is a discrete RV, g is Borel-measurable, and IF(g(X))
exists then

E(9(X)) = Zg(:vz-)lP(X = ;)
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Expectation of Absolutely Continuous RV’s

* ARV X has a probability density function  f if
P(X <zx)= / f(u)du, forall z € IR

Such a RV is called absolutely continuous
Note that f must be nonnegative with [~ f(u)du = 1.

* An abs. cont. RV X is integrable if and only if
[ |z|f(z)dz < oo, in which case

* |If X is an abs. cont. RV and g is Borel-measurable then
g(X) is integrable if and only if [~ |g(z)|f(z)dz < oo, in

which case FE(g(X)) = [~ g(x)f(z)dx
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Jensen’s Inequality

* Afunctiong: IR — IR is convex Iifforall z,y, € IR and
A€ |0,1]

g Az + (1= Ny) < Ag(z) + (1 —N)g(y)

* If g is convex and X and g(X) are integrable RV’s then

* Examples:

E|X|
IE(X?)

AVARRAVS
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Markov’s Inequality

°* Let f: IR — IR be a non-decreasing, Borel-measurable
function with f(x) > 0 for all x > 0. Then for any RV X and
e >0
1
P(|X]>€) < WIE(f(\X!))

N———"

* Special cases:
° If X > 0a.s. then IP(X > ¢) < ZX)

i €

o P(|X — B(X)| > ¢) < X

62

°If0>0then IP(X >¢) < ]EffgiX)
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Schwarz Inequality

Suppose Y and Z on RV’s on a probability space and
E(Y?) < 00, IE(Z?) < 0.
Then

E(YZ)| < VIE(Y?)VIE(Z?)
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