Last Time

* Introduction
* Measurable space
* Generated o-fields
* Borel o-field

Today'’s lecture: Sections 1.1-1.2.2
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Probability space

* A probability space is atriple (2, F, IP), where (2, F) is a
measurable space and IP is a probability measure

* A probability measure is a set function P : 7 — [0, 1]
which satisfies:

° P(Q)=1
°c0<PA) <1forallAeF

°© Countable additivity: if A; € F,i=1,2,... are mutually
disjoint (i.e. 4, N A; =(,i # j) then

IP(U A;) = ZP(Ai)

° If IP(A) =1 then we say A occurs almost surely (a.s.)
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Specifying the Probability Measure [P

* Countable (2
° Set F = 2%
o Define p,, for each w € 2, such that 0 < p, <1 and
Zweg pw =1
© Then IP(A) =} .4 Pw defines a probability measure on
(2,2%)
* Uncountable 2
© Consider a set of generators { A, : a € T'} with
F=0{A, :aeTl})
o Define a probability measure IP(A,) forall A,,a €T

° Then (under mild conditions) IP extends uniquely to a
probability measure on (€2, ) (see Rosenthal, Section
2.3)
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Some properties of [P

Let (2, F, IP) be a probability space and A, B, A;, B; € F,
i=1,2,...

* P(A°)=1-IP(A)
* P(AUuB)=1IP(A)+ IP(B)— IP(ANn B)
* Monotonicity: if A C B then IP(A) < IP(B)

* Countable subadditivity: if A C U2, A; then
IP(A) < 3272, IP(A)
* Continuity from below: if A; T A (A1 C A, C --- and
r?ilAi = A) then P(AZ) T P(A)

* Continuity from above: if B; | B(B1 D By D --- and
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Definition of Random Variable

* A random variable is a real-valued F-measurable function
on (2, F)

°* Thatis, X : Q — IR satisfies
X 'B)={w:X(w)eB}ec F, foral Be B
Equivalently,
X (=00,a]) ={w: X(w)<a}eF, forallac R
* Special case: (2, F) = (IR",B™). A real-valued

B*-measurable function on (IR", B") is called
Borel-measurable (or a Borel function)

* Notation: often write {w : X(w) € B} as {X € B}
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Definition of Random Vector

* A random vector is an IR™-valued F-measurable function
on (2, F)

°* Thatis, X = (Xq,...,X,) : Q@ — IR"™ satisfies
X 'B)={w:X(w)eB}ec F, forall BecB"
Equivalently, forall o; € IR, =1,...,n,
{w: Xj(w) <ag,..., Xp(w) <a,}eF

°* Note: X = (Xy,...,X,) is arandom vector if and only if X
IS a random variable foreachi:i=1,....n
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Simple Functions

* |ndicator function (RV) of a set:

1, weA
IA(W):{O o A

e Simple function (RV)

n

Z CiIAi (w)7

1=1

where ¢y, ..., ¢, € IR.
Note: can take {A;} to be mutually disjoint
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Approximation with Simple Functions

* For any RV X there exists a sequence of simple RV’s
Xn,m=1,2,...such that X,,(w) — X(w) forallw € Q

* Step 1: define

n2™—1

fn(il?) — nl{:c>n} -+ Z k2_nl(k2—n7(k_|_1)2—n]($)
k=0

* Step 2: if X > 0, set
Xn(w) = fn(X(w))
* Step 3: ingeneral, write X = X, — X_ and set

Xp = fn(X+) _ fn(X—)
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Approximation with Simple Functions - illustration
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Closure Properties of RV'’s

Let (2, F) be a measurable space and let X, X»,...be a
sequence of RV’'s onit.

° If lim,, . X, (w) exists and is finite for all w € 2 then
lim,, oo X, IS a RV

° If g: IR — IR is Borel-measurable, then g(X1,...,X,,) isa
random variable

* Special cases: the following are random variables
° X
o3 X, a5 € IR
° [Liz Xi
° max(X1y,...,Xy,) and min(Xy,..., X,)
° X4 =max(X,0)and X_ = —min(X,0)
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o-field generated by a RV

* The o-field generated by a RV X, denoted o(X), is the
smallest o-field G (C F) for which X is G-measurable

* Can show that

o(X) = o({X < atecr)
= o({X € B}gen)
* If X4,..., X, are random variables on (Q, F) then
o(X;,i=1,...,n)is the smallest o-field containing o (X;)

forall:=1,...,n
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Example: Exercise 1.2.9

* Consider a sequence of two coin tosses,
Q={HH,HT,TH,TT}, F =29

o X, =4
* X1 =2Xolg, =y + 0.5X0 4, =1
* Xo=2X 1,y + 0.5X1 Lpp,—1
* Find o(Xy),0(X1),0(X2)
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o-flelds as Information

* o(X) contains the events A for which we can say
whether w € A or not, based solely on the value of
X(w)

* ARV X is G-measurable if and only if the information in G is
sufficient to determine the value of X.

* ARVY iso(Xy,...,X,)-measurable if and only if
Y =9(X4,...,X,) for some Borel-measurable function g
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Effects of Functions on Information

° If Xq1,...,X,, are RV’'s and ¢ is Borel-measurable, then
o(g(X1,..., X)) Co(Xy,...,X,)

° If Xy,...,X,,and Y1,...,Y,, are RV's defined on (2, F)
such that

° Yy =gx(Xq,...,X,) foreach k =1,...,m and some
Borel-measurable functions g, and
° X;=hy(Y1,...,Y,) foreachi=1,... nand some
Borel-measurable functions h;,
then
O'(Xl,...,Xn) — O'(Yl,...,Ym)
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