Last Time

* Continuous time stopping times
* Optional stopping theorem

* Stopped o-field

* Optional sampling theorem

Today’s lecture: Section 5.2
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Regeneration Properties of Brownian Motion

* Recall: if {IW,} is a Brownian motion and 7' is any constant
(0 <T < o0) then

{Wrie —Wp,t >0}

IS a Brownian motion

* If {W,;} is a Brownian motion and 7 is a stopping time with
respect to its canonical filtration {F;} then

(Wit — Wi, t > 0}

IS a Brownian motion, and it is independent of the stopped
o-field F-
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Reflection Principle for Brownian Motion

° Let {W,} be a BM and {,} its canonical filtration
* For fixed a > 0 define

To = inf{t > 0: W, = a}

* Define a process {W,,t > 0} by

Wt: Wt tSTC\m
20— Wyt > 71,

* Then {W,;,t > 0} is a Browian motion
* The reflection principle implies for w < «

P(ry, <t,Wy <w)=IP(W; > 2a —w)
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lllustration: Reflection Principle

Reflection principle for Brownian motion with a= 1
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W, and Wt fora =1
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Properties of T,

* Let {W,} be a Brownian motion and {;} its canonical
filtration

* For fixed a > 0 define 7, =inf{t > 0: W; = o}
* The distribution function of 7, IS

2 > 2
P(Taét):\/—Z?/Q e_u/Qdu,
Vi

with density

~5,t >0

fTa(t) — mt3/26 ll

* |n particular, IP(1, < o0) =1 and [E(7,) = cc
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Running Maximum of Brownian Motion

* Let {W,} be a Brownian motion and for fixed o > 0 define
To = inf{t > 0: W, = a}

* Since

{max Wg > oz} = {71, < t},
0<s<t

we have

> — <
P(Orggéct Wy > a) IP(t, <),

which can be computed using distribution of 7,
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Limiting Properties of Brownian Motion Paths

* Let {W;} be a Brownian motion

* For a > 0 define 7, = inf{t > 0 : W, = «} and recall that
Pty <o0)=1

* |t follows that

limsupW; = +oo a.s.,
t—00
liminf W, = —oo a.s.

t—o00
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Law of the Iterated Logarithm

* Let {W;} be a Brownian motion
* Behavior for large ¢: almost surely

4% 4%
lim sup ! = 1, and liminf ! =—1
t—oo  +/2tlog(logt) t—oo  /2t1og(log t)
* Behavior for ¢ near 0. almost surely
lim sup W =1, and liminf W = —1
t—0 +/2tlog(log(1/t)) t—=0 /2tlog(log(1/t))

* Law of large numbers for Browian motion

Wi
7—>OaS as it — oo
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