Last Time

* Discrete time stopping times
* Optional stopping theorem
* Gambler’s ruin problem

Today’s lecture: Section 4.3.2
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Continuous Time Stopping Time

* A random variable 7 taking values in [0, c00) U {4+o0} is a
stopping time  with respect to filtration {F;,t > 0} if

{r<t}={w:7(w) <ty eF forallt>0

* If {F;} is right-continuous then 7 is a continuous time
stopping time for filtration {F;} if and only if

{r<tteF forallt>0

* If 8, r, 7, m™,...are all stopping times for the same filtration
then the following are also stopping times:

min(@,7), max(@,7), 0 + 7, sup 7, inf 7,
n>1 n>1
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Hitting Times

* Let {X;} be an RCLL process adapted to a right-continuous
filtration {F;}

* [For a Borel set B let
g =inf{t > 0: X; € B}

with 75 = o0 if X; ¢ Bforallt > 0
* If B is open then 73 is an {F;}-stopping time

* If Bis closed and {X;} has continuous paths then 75 is an
{F;}-stopping time
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Stopped Process

* Suppose {X;} is a SP and 7 is a stopping time for filtration
{F}

* The stopped (attime 7) process {Xinr,t > 0} is defined

by
Xt t<T
Xipns = —
A {XT t>T

° If {(X, F:)}is a RCLL sub-martingale and 7 is an
{F;}-stopping time then {(X;x,, F)} is a sub-martingale. In
particular, IE(X;ar) > IE(Xo).

* If {(X¢, F:)} is a RCLL martingale and 7 is an {F; }-stopping
time then {(X;A-, F;)} IS @ martingale. In particular,
E(Xipnr) = IE(Xp).
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Doob’s Optional Stopping Theorem

* Suppose {(X;, F;)} is an RCLL sub-martingale and 7 is an
{F;}-stopping time. If
° 17 < o0 a.s., and
° { Xinr,t > 0} is uniformly integrable
°* Then IE(X;) > IE(Xj).

* If instead {(Xy, F;)} is a martingale then IF(X,) = IF(X)).
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Example: Exercise 4.3.18

* Let {W,} be a Brownian motion with {F;} its canonical
filtration.

®* Fixa > 0andb > 0 and define
Tap = nf{t > 0: W; ¢ (—a,b)}
* Can use optional sampling applied to W; to show
P(W;=—a)=0b/(b+a)

* Can use optimal sampling applied to the martingale
Y; = W72 — t to show E(7,,) = ab

* Can use optimal sampling applied to the exponential
martingale exp(cW; — o?t/2) (for o > 0) to find IE(e=07»)
ford > 0
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Stopped o-field

* Let 7 be a {F;}-stopping time. The stopped o-field F is
the collection of all events A € F such that

An{r <t} e Fforallt>0

* F_is aoc-field
* The RV 7 Is F--measurable

* If r and S are {F;}-stopping times with S < 7 a.s. then
~¢.S C fT

° If {X;} is adapted to {F;} then X is F--measurable

* Example 4.3.23: OnQ ={HH,HT,TH,TT}lett =11f
the first coin is H and 7 = 2 otherwise. Then
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Optional Sampling Theorem

* Suppose {(X;, F;)} is a RCLL sub-martingale and 7, S are
{F;}-stopping times with S < 7 a.s.,

* |f either 7 < C for some constant C' < oo, or {X;} is
uniformly integrable

* Then
IFE(X:|Fs) > Xg

° In particular, IF(X;) > IF(Xgs) > IE(X))
* In the case where {(X;, F;)} is a martingale then

E(XT‘fs) = Xg,

and E(X,) = B(Xs) = E(Xo)
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