Last Time

* Random vectors

* Characteristic function

* Gaussian random vectors

* (Gaussian stochastic process

Today’s lecture: Sections 3.2, 3.3
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Notes on Exercise 3.2.12

* Consider independent RVs X and S where X ~ N(0,1) and
PS=1)=PS=-1)=1/2

°* LetY =5X

* ThenY ~ N(0,1) and E(XY) = IE(X)IE(Y)
* BUT X and Y are NOT independent

°* (X,Y)is NOT a Gaussian random vector

* X +Y is NOT a Gaussian random variable
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Key Properties of Stochastic Processes

* Distributional properties
° Gaussian
o Stationary

* Dependence structures
© Martingale
° Markov
* Sample path properties
© Continuous or RCLL
* Main examples: Brownian motion, Poisson process
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Random Walk

°* Let&,&, ... beaniid. sequence of RV's. Let Sy, = 0 and
Sn = ZZ:l Eke-

* The discrete time process {S,,n =0,1,2,...} is called a
random walk .

° If IE(&) = 0 the random walk is symmetric.
* If & only takes values -1 or 1, the random walk is simple.
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Example: Random Walk Sample Paths

20-step random walk 20-step random walk

5 T T T 3 T T T

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
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Convergence of Scaled Random Walks

° Let&y, &, ... beani.id. sequence of RV’'s with I[E(&,) =0
and E(&7) = 1. Let S =0and S, = >7_; &.

* CLT implies:

% N(0,1)asn — oc
* Fixt > 0. Then

Stn

\[/ﬁt] 5 » N(0,t) as n — oo

* For each n define a SP
(n) - 1
St — % (S[nt] T (nt - [nt])g[nt]%—l)a t >0

As n — oo, S™ “converges” to Brownian Motion
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Convergence of Scaled Random Walks

First 20 steps First 1000 steps

2 2
1 N 1f -
0 ' 0 WMMM
~1t -1
2 0.5 1 2 0.5 1
First 100 steps First 5000 steps
2 - 2 :
1 1
0 0
-1} -1
2 0.5 1 2 0.5 1
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Example: Brownian Motion Sample Paths

0.8
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Stationary Processes

* ASP {X,,t >0} is strongly stationary if for all integers
n < oo, timesty,...,t, > 0,andany h > 0

d
(Xtys- - X)) = (Xtythy e oo Xt tn)
That is, its FDD’s are invariant under time shifts
Ftl,...,tn($1, e ,CL’n) — Ft1+h,...,tn+h($1, e 7$n)

* ASP {X;,t >0} is weakly stationary if:

pt) = E(X:) =p,
pt,s) = E[(X¢—p(t)(Xs —pls))] =r(lt—sl),

where 1 Is a constant and r is a function only of the time
difference |t — s|
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Gaussian Stationary Processes

* A Gaussian SP {X;,t > 0} is strongly stationary if and only
If it is weakly stationary
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Stationary Increment Processes

* ASP {X;,t > 0} has stationary increments if the
distribution of the RV X; — X, depends on ¢ and s only
through their difference |t — s

* Thatis, forall h > 0

d
Xt—l—h — Xs—|—h — Xt — Xs

* |f a process is stationary then it has stationary increments
* But a stationary increment process need not be stationary
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Continuous in Probability

* ASP {X,,t € T} is continuous in probability  if for each
to el

lim IP(| Xy — X3,| >¢) =0forall e >0

t—>t0

* Only FDD'’s are needed to determine if a process is
continuous in probability

* But continuity in probability does not imply that the paths
are continuous
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Continuous and RCLL Sample Paths

* ASP {X;,t > 0} defined on (Q2, F, IP) has continuous
sample paths (w.p. 1) if the set

{w:t— Xi(w) is continuous}

has probability 1.

* ASP {Xy,t >0} defined on (2, 7, IP) has
right-continuous, left limit (RCLL) sample paths (w.p. 1)
If the set of w such that:

(RC) 1}518 Xiaip(w) = Xy(w) forallt >0
LL) Lim X;_ exists
(LL) }}?8 t h(w)

has probability 1.
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Kolmogorov’'s Continuity Criteria

° Let{X;,0<t<T}beaSP
* |f there exist positive constants «, (3, and C such that

E(X:— X, <Clt—s|*P forall0<s,t<T

* Then there exists a modification of { X} that has continuous
sample paths (w.p. 1)

* Also true for {X;,t > 0}
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Remark on H older Continuity

* A function t — f(t) is Holder continuous with exponent ~ if
there exists a positive constant C' such that

f(t) — f(s)| < Clt—s| forall 0 < s,t < T

* Special case (y = 1): A function t — f(t) is Lipschitz
continuous Iif there exists a positive constant C' such that

f(t) — f(s)]| <Clt—s|forall0 <s,t<T

* |f a function is HOlder continuous with exponent v > 0 then it
IS continuous.

* The constants « and 3 in the Kolmogorov continuity criteria
determine the smoothness of the continuous modification
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