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1 Introduction.

Stochastic control theory is one active research area which incorporates many of my
interests. The basic formulation involves a stochastic dynamical system, often a diffusion
process, whose state evolution can be influenced by exercising a control. Associated with
the system is a cost (or reward) function which may depend on both the state process and
control. The main goal is to find the optimal value of the cost, the so-called value function
(denoted V'), and a control policy whose cost achieves this value.

Ideas of stochastic control have found application in a variety of areas such as en-
gineering, economics, communication systems, and mathematical finance. A challenging
subclass of problems, singular stochastic control, has recently received significant attention
because of its role in mathematical finance and stochastic processing systems. Roughly
speaking, singular controls are control terms that need not be absolutely continuous (with
respect to the Lebesgue measure), and are only required to have paths of bounded varia-
tion. Singular controls can be used to model behavior, present in many physical systems,
in which applying control can produce large instantaneous changes in system state. (See
Section 3.1 for description of a singular control problem in mathematical finance.)

Another common feature of stochastic control problems is state constraints, the re-
quirement that the state process take values in some specified set. Singular control problems
with state constraints provide a challenging class of problems with many unresolved issues.
In this document I summarize some of my research on these problems and in other areas.
In Section 2, I describe my work obtaining explicit characterizations for singular control
problems associated with controlled stochastic networks. Sections 3 and 4 concern my work
in numerical solution methods for singular control problems. In Section 5, I discuss briefly
my research contributions in stochastic modeling in biology. Finally, I outline in Section
6 some research I expect to pursue in the future. (Links to [4, 5, 6, 7] can be found at:
http://www-stat.stanford.edu/~kjross/research.html.)

2 Controlled stochastic networks.

Stochastic networks have been an area of active research in recent years with applica-
tions in a variety of disciplines, including manufacturing, communications, and computing.
In general, a stochastic network consists of a system in which customers (or jobs, packets,
etc.) arrive at random times and are placed in a series of buffers, where they await service
by one or more servers. Servers may accept customers from multiple buffers and service
completion times may depend on customer characteristics. Upon completion of service, a
customer may exit the system or be directed to another buffer to await service there.

A fundamental yet challenging problem with critical practical implications concerns
control of multiclass stochastic networks. The main objective is to design a control policy
for the network in order to optimize some criteria. Control may include influence over
rates of arrival and/or service, and routing or scheduling of jobs. Optimization criteria



can incorporate holding costs, server idleness times, and other appropriate performance
measures.

Except for simple examples such control problems are quite intractable by classical
queueing techniques, and thus suitable approximation methods are needed. One common
approach for systems that are critically loaded (see [14]) uses heavy traffic approximation to
replace, formally, a control problem for a stochastic network by one for a diffusion process.
This leads to a challenging class of singular control problems with state constraints. The
basic approach is to solve the diffusion control problem and then use insights derived from
the solution to obtain a near optimal network control policy.

In [6], Budhiraja and I consider a singular stochastic control problem with state
constraints in two-dimensions. In particular, the controlled diffusion process is required to
take values in some proper subset S of R%. Such a control problem and its connections with
queuing networks in heavy traffic has been studied by many authors [15, 24, 3, 9, 25, 19].
The main contribution of [6] is to provide an explicit representation for an optimal control
under appropriate conditions on the model parameters.

2.1 Characterization of an optimal singular control.

Explicitly solvable singular control problems are quite rare. In the few examples
where explicit solutions are available one finds that an optimal control takes the following
form. There is an open set O in the state space such that starting from within O no
control is applied until the state trajectory reaches the boundary 00O, at which point a
minimal amount of push is applied along an appropriate control direction to constrain the
state process within ©. Furthermore, if the initial condition is outside O, an instantaneous
jump occurs at time 0 that brings the process to 00, and subsequently, control is applied as
described above. In other words, an optimally controlled process is a reflected diffusion on O
with an appropriate (possibly oblique) reflection field. In terms of the associated Hamilton-
Jacobi-Bellman (HJB) equation, in O the value function V satisfies a linear elliptic partial
differential equation (PDE) and in O° a nonlinear first order PDE is satisfied; the boundary
00 separating these two regions is referred to as the free boundary for the system of PDEs.

Characterizations of optimal singular controls in terms of a diffusion reflected at the
free boundary are some of the most useful and elegant results in the field. However, in more
than one dimension the only previous such results are due to Shreve and Soner [29, 30]. As
one may expect, such characterizations are intimately tied to regularity (i.e. smoothness)
properties of the free boundary, which in turn hinge on similar properties of V. In [6], the
state constraint feature and lack of regularity of the model parameters (e.g. the running
cost function ¢ is convex, but not strictly convex nor C') make C? regularity of V an
unrealistic goal. Nevertheless, exploiting the convexity of £ we show that V is C! in S° and
its gradient extends continuously to all of S. Our proof is probabilistic and a key ingredient
is the availability of an optimal singular control as established in [4].

2.2 Connections with optimal stopping and proof of optimality.

We next turn to the study of the free boundary problem and a representation for an
optimally controlled state process. We show that the e;-directional derivative of the value
function is the value function of a closely related optimal stopping problem. Connections
between singular control problems and optimal stopping were first observed by Bather and
Chernoff [2] and subsequently such correspondence results have been studied by several
authors [16, 17, 29, 30, 13| in one-dimensional and certain multi-dimensional models. The



key differences between previous work and our setting are, again, the presence of both the
state constraint feature and the lack of regularity of the model parameters.

The study of the optimal stopping problem suggests an explicit form for the “no action
region” O for an optimal control policy. We establish properties of the corresponding free
boundary V; in particular, we show that W is a Lipschitz continuous function. A natural
conjecture for an optimally controlled process is a diffusion in O, reflected at 0O along an
appropriate reflection field. A major obstacle in showing that the conjectured controlled
process is optimally controlled is the lack of sufficient smoothness of the free boundary (¥
is only Lipschitz) and the value function. Typical proofs of such a result (see [29, 30]) follow
through an application of [to’s formula using the fact that the value function is a classical
solution of the associated HJB equation. In view of unavailability of enough regularity we
proceed with a wviscosity solution approach. The main difficulty in the proof is that due to
the lack of sufficient regularity of the value function on 00, we cannot apply [to’s formula
directly to V. Rather, we consider an approximation V¢ of V that is C? in an open set
containing O, apply [to’s formula to V¢, and finally send ¢ — 0.

3 Markov chain approximations for singular control problems.

Stochastic control problems can rarely be solved explicitly. Thus, in practice numer-
ical approximations are needed. One approach is to develop numerical schemes based on
the associated HJB equation. However, many interesting applications of stochastic control,
including problems with singular controls, occur in settings where existence/uniqueness
theory of the corresponding HJB equations is not well understood. Even when such the-
ory is available, convergence analysis of the numerical PDE approximation can be quite
challenging.

Kushner, Dupuis and co-workers (see [20] and references therein) have developed
a powerful machinery for computational problems in stochastic control theory using a
probabilistic approach. The main idea is to approximate the original controlled diffusion
process by a suitable controlled Markov chain on a finite state space. Next, define an
appropriate Markov decision problem (MDP), a discrete time, discrete state analog of
the continuous time control problem of interest. “Almost optimal” control policies and
value functions for the MDP can be computed using classical iterative procedures such as
value space and/or policy space approximations and their refinements. This in turn yields
approximations of the value function and optimal control policy for the original control
problem. Convergence analysis of the algorithm involves establishing convergence of the
value function of the MDP to the value function of the original diffusion control problem
as various approximation parameters approach suitable limits. This convergence analysis
is completely probabilistic and is based on the theory of weak convergence of probability
measures. One main advantage of this approach is that it does not require smoothness of
the cost or value functions, nor does it rely on associated HJB equations (which are often
difficult to work with due to complex features of the state dynamics).

In [5] Budhiraja and I use the Kushner-Dupuis methodology to develop a convergent
numerical scheme for a singular control problem in financial mathematics. While the basic
method uses approximation via a suitable Markov chain, specific features of the problem
make description of the approximating chain and convergence analysis quite delicate.

3.1 Optimal investment and consumption with proportional transaction costs.

Consider an investor who has two investments available: a risk free asset (bank ac-
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count) and a risky asset (stock). The investor may instantaneously transfer wealth between
the two assets; however, she is charged a transaction fee proportional to the amount of stock
bought or sold. She may also consume wealth at some time dependent rate. The investor
is endowed with a utility function and her goal is to choose a consumption and portfolio
selection strategy which maximizes expected discounted utility over an infinite time hori-
zon. Due to the instantaneous nature of the transactions and their corresponding costs,
the stochastic processes which represent cumulative amounts of stock purchases and sales
are singular controls. Consumption enters into the model as an absolutely continuous con-
trol term. The requirement that the investor must be solvent at all times imposes state
constraints.

3.2 Main results.

The problem is quite well studied for certain utility functions (e.g. 2?/p or logz) in
which an associated free boundary problem can be solved explicitly (see [12], [31]). For
general utility functions, explicit solutions are unavailable and thus numerical approxima-
tions are needed. In [5] we prove convergence of a Markov chain based approximation
scheme. We also implement the approximation using suitable iterative methods for MDPs,
and compute the near optimal consumption control and numerical free boundary of the
“no transaction region”. There are no concavity, smoothness or growth conditions on the
utility function; the key requirement is that the value function is finite and continuous.
In particular, uniqueness of the solution of the associated HJB equation is neither needed
nor available (in the generality with which the problem is posed). We show that the value
functions of a suitable sequence of MDPs converge to the value function of the singular
control problem as the approximation parameters approach their limits.

3.3 Discussion of proofs.

There are several challenging aspects of this convergence proof. First, we approximate
the original unbounded model by one where the consumption control and state space are
bounded. Proving that this approximation yields a consistent scheme is the only place
where value function continuity is used. Another substantial difficulty is the state constraint
feature of the dynamics, which is particularly problematic since the control directions do
not point inward into the state space. Nevertheless, one useful feature of the dynamics is
that once the system state reaches the boundary, the only admissible control corresponds
to moving the state process instantaneously to the origin and keeping it there forever. This
observation allows conversion of the infinite horizon cost to an exit time criterion, which
makes some aspects of the convergence analysis simpler. However, degeneracies in state
dynamics make treatment of convergence properties of exit times quite subtle.

One major obstacle in proving convergence of value functions for singular control
problems is establishing tightness of the sequence of approximating singular control terms
in the Skorohod DJ0, 00) space. A powerful technique for bypassing this issue, based on a
suitable stretching of time scale, was introduced in [21]. A key ingredient of this technique
is to obtain a uniform moment estimate on the approximating sequence of singular controls.
In [21] such an estimate follows easily from the form of the cost function, where a strictly
positive proportional cost is incurred for exercising singular control. However, in the current
problem there is no direct contribution to the cost function, and thus proof of this uniform
estimate becomes quite involved. Roughly speaking, the main idea of the proof is that too
much use of singular control will push the process to the boundary of the state space.
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The final nontrivial part of the analysis is proof of convergence of classical iterative
methods to the value function of the approximating MDP. In problems with only absolutely
continuous controls, such convergence is established by exploiting a contraction property
that is a consequence of the strictly positive discount factor in the cost criterion. However
for singular control problems, such contraction estimates are typically unavailable due to
the instantaneous nature of the control. To obtain such a contraction estimate, we use
once again the special feature of the dynamics, which says that too much use of singular
control will rapidly bring the process to the boundary.

4 Efficient computational schemes for finite horizon singular control problems.

Numerical schemes based on Markov chain approximations typically require the so-
lution of a MDP of considerably high dimension, and thus such schemes can be computa-
tionally expensive. Several alternative approaches have been presented for singular control
problems, most notably [19, 27, 26, 28] in which the free boundary problem is transformed
into a sequence of fixed boundary problems. While such methods often offer a computation
savings over the corresponding Markov chain approximations, their domain of application
is restricted to infinite time horizon problems in which the free boundary does not depend
on time. However, many practical applications involve problems with a finite time hori-
zon. In such problems the computational complexity is substantially increased since the
boundary of the no action region is now a function of the remaining time horizon.

In [22] Lai, Lim, and T exploit connections between singular control and optimal stop-
ping problems to develop a computationally efficient method for solving singular stochastic
control problems with finite time horizons. In settings where such a relationship has been
established (e.g. [2, 16, 17, 29, 30, 18, 13, 4]), it is observed that the no action region of the
original singular stochastic control problem corresponds to the continuation region of an
“equivalent” optimal stopping problem, whose value function is the derivative of the value
function of the singular control problem with respect to the controlled state. The practical
implication of these results is that the computational complexity of singular stochastic con-
trol problems, whose solutions require the determination of both when to apply control and
how much control to apply, can be substantially reduced by working with their equivalent
optimal stopping problems, whose solutions consist of determining only when to stop.

We begin with a class of singular control problems that can be transformed into op-
timal stopping problems associated with two-player Dynkin games. We introduce a back-
wards induction algorithm to compute the continuation boundary and the value function
for the Dynkin game. We then show how to modify the backwards induction algorithm
for more general singular control problems, even in situations in which the singular control
problem is not reducible to an equivalent optimal stopping problem because of the pres-
ence of additional functions and their derivatives. Convergence of the algorithm is based
on corrected random walk approximations to free boundary problems in optimal stopping
(e.g. [10, 11, 23]). We illustrate performance of the algorithm in applications in reversible
investment, optimal investment and consumption, and controlled stochastic networks.

5 Stochastic modeling in biology.

My work with M.R. Leadbetter, in collaboration with Prof. Karen Burg of the De-
partment of Bioengineering at Clemson University, has introduced me to important issues
of stochastic modeling in cell biology (see [7, 8]). The ultimate goal of this research is to
utilize techniques of tissue engineering to provide better alternatives toward breast tissue



reconstruction for patients who have undergone mastectomy. My contribution toward this
goal involved statistical analysis of experimental data and development of realistic models
for cell growth, specifically in terms of cell metabolism and lipid production.

6 Future work.

I will continue to research singular stochastic control problems with state constraints.
This is a significant class of problems, arising from exciting application areas, that is still
in the very early stages of development. I will use insights obtained from two-dimensional
singular control problems, and corresponding problems of optimal stopping, in developing
techniques for a broader class of networks. The goal here is to characterize the optimally
controlled process as a reflected diffusion on a suitable domain associated with a free
boundary problem. A key step in this direction is to obtain sufficient regularity of the
value function.

Techniques of stochastic modeling and analysis, and stochastic control theory in par-
ticular, have already found a strong foothold in many fields such as mathematical finance,
computer science, and industrial engineering. Yet, the basic principles are applicable to an
even broader array of fields. One of my research goals is to bridge gaps between disciplines
to find new areas of application. In many cases, existing theory may be adapted readily to
new areas with little more than a change in terminology or interpretation. On the other
hand, identifying interesting applications can drive development of innovative probability
theory.

Biology is one discipline which holds many opportunities for new applications. One
research direction I plan to investigate involves applying queueing theory and diffusion
approximation methods to genetic regulatory networks which model interactions of genes,
proteins, and RNA and DNA molecules. The first step in this line of research is to identify
a suitable queueing network formulation for the biological system of interest. For exam-
ple, each service facility may represent a specific type of molecule or gene; queue length
may represent the number of molecules present or gene expression level; arrivals from out-
side may represent increases in the number of molecules or expression level due to some
external shock; etc. While some work has been done (see [1] and references therein), re-
search is in the very early stages of development. Defining appropriate queueing models
for such biological systems will be a significant contribution in itself. Good queueing net-
work models will provide insights, through simulation studies, into the dynamics of genetic
regulatory networks. Furthermore, comparing simulation results to microarray data will
enhance methods of model selection and validation. Once models are available, techniques
of stochastic analysis and queueing theory (diffusion approximations, heavy traffic analysis,
etc.) may be employed to model and study behavior of the genetic network. All of the
above has potential for exciting and important biological insights.
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