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Job supervisor data

Description
Variable | Description
Y Overall supervisor job rating

X1
X2
X3
Xy
Xs
Xo

How well do they handle complaints
Do they allow special priveleges
Give opportunity to learn new things
Raises based on performance

Too critical of poor performance
Good rate of advancement
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Job supervisor data
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Specifying the model
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University o

Multiple linear regression model

Yi = Bo+ 1 Xin + -+ BpXip + &
e Errors ¢ are assumed independent N(0,02), as in simple
linear regression.

o Coefficients are called (partial) regression coefficients
because they “allow” for the effect of other variables.
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Geometry of Least Squares
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Fitting the model

Least squares

@ Just as in simple linear regression, model is fit by
minimizing

n 4
SSE(Bo -, 0p) = 3 (Vi — (Bo+ D _ BiXy))?
i=1

j=1
=Y =Y

e Minimizers: 3 = (fo, ..., p) are the “least squares
estimates”: are also normally distributed as in simple
linear regression.
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Error component

Estimating o
@ As in simple regression
2
a\_2 _ SSE N 0_2 . anpfl
n—p-—1 n—p-—1
independent of B

o Why X%—p—l? Typically, the degrees of freedom in the
estimate of 02 is
n — #number of parameters in regression function.
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Interpretation of §;'s
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Statistics @ Take 1 for example. This is the amount the average job
Stanford i X " n “ . "
University rating increases for one “unit” of “Handles complaints”,

keeping everything else constant.

@ Units of “Handles complaints” are individual favorable
responses, so on average for every extra person who rated
the supervisor as good at handling complaints (other
things being fixed), the average job rating increases by f3;.




Interpretation of §;'s
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Why are they partial regression coefficients?

Statistics @ The term partial refers to the fact that the coefficient §3;
Jonatban represent the partial effect of X; on Y, i.e. after the effect
Department of of all other variables have been removed.
el @ Specifically,
k
Yi— Y XuB=Po+ BiXj+ e
I=1,1%#j

o Let e (j) be the residuals from regressing Y onto all X.'s
except X, and let X; ;) be the residuals from regressing
Xj onto all X.'s except X}, and let X; ;.

o If we regress ¢; ;) against X; (), the coefficient is exactly
the same as in the original model (see R code).
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Goodness of fit for multiple regression

Sums of squares

n

SSE=> (Y- V)?
i=1
SSR=Y (Y - V)2
i=1
n
SST=> (V- Y)
i=1
»  SSR
- SST

R? is called the multiple correlation coefficient of the model, or

the coefficient of multiple determination.
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Adjusted R?

Compensating for more variables

@ As we add more and more variables to the model — even
random ones, R? will increase to 1.

o Adjusted R? tries to take this into account by replacing
sums of squares by mean squares

R2:1_55E/(n—p—1) . MSE‘
a SST/(n—1) MST
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Goodness of fit test
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Statistics Another F-test
J?:;ﬁf" @ As in simple linear regression, we measure the goodness of
iy wbiieio fit of the regression model by
Stanford
University . ~
MSR _ |[Y-1-YIP/p
MSE |y —¥|?/(n—p—1)
@ Under Hy : f1 =--- =B, =0,
F ~Fpn-p-1

so reject Hp at level o if F > Fp hp_11-0a-
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Geometry of Least Squares
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Reasoning behind the F test
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Measuring lengths

to Applied

Statisti a e s .

) : 'sh'cs @ The F statistic is a ratio of lengths of orthogonal vectors
onathan . .
Taylor (divided by degrees of freedom).

Departllne‘nt of . .

Shatistics @ We can prove that our model implies
anford

University

E(MSR) = o® + |p—7-1]%/p
()
E (MSE) = o2
pi =E(Y:) = B0+ B1Xin + -+ BpXp
so F should be not be too far from 1 if Hy is true, i.e.
(x)=0.
o If F is large, it is evidence that (%) # 0, i.e. Hy is false.
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F-test revisited
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Stanford Yi= o+ biXin+...BpXip+¢i

University

o Full (bigger) model :

o Reduced (smaller) model:
Yi=Po+ei

@ The F-statistic has the form

F

_ (SSE(R) — SSE(F))/(dfr — dff)

SSE(F)/dfr
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Geometry of Least Squares
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FLR
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Matrix formulation

Equivalent formulation

Yox1= Xn><(p+1)ﬂ(p+1)><1 + Enx1

@ X is called the design matrix of the model

o £ ~ N(0,02l,xn) is multivariate normal

SSE in matrix form

SSE(B) = (Y — XB) (Y — XB)
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Matrix formulation
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University @ The design matrix is the n x (p + 1) matrix with entries

Design matrix

1 X11 X12 X17p
X=1: :+ -~
1 Xo1 Xm2 oo Xop
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Least squares solution
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Sttatnf;;rd 8@ ‘ B 4 ’ =J=P
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e Equivalent to

(Y —XB)'X =0
B = (XX)'Xty
@ Properties:

B~ N (8,0%(X'X)"!) indep. of 52

@ R code



http://www-stat.stanford.edu/~jtaylo/courses/stats191/R/multiple/matrixout.html

Inference for multiple regression

Statistics 191:

Introduction Regression function at one point
to A;_)pl_ied . . X
Statistics @ One thing one might want to /learn about the regression
o function in the supervisor example is something about the
Department of regression function at some fixed values of X1,...,Xg, i.e.
Shanford what can be said about
niversity

Bo+65-31+50- B2 +55-F3+64-B4+75- f5+40- B (¥)

roughly the regression function at “typical” values of the
predictors.

@ The expression (*) is equivalent to
6

Zajﬂb a= (1765750755764775’40)
=0
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Statistics ZJ_O S

Stanford

University @ Suppose we want a (1 — «)-100% Cl for Zf:o a; ;.

@ Just as in simple linear regression:

p p

Z ajBJ' + tl—a/2,n—p_1 -SE Z aj//g\j

j=0 Jj=0
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Taylor

P
Department of
Statistics HO : E ajﬁj = h.
Stanford "
University j=0

As in simple linear regression, it is based on
P .73
_ ijo ajf8j —h
=
SE(X.i—02i5)
o If Hp is true, then T ~ t,_,_1, so we reject Hp at level o if

’T‘ > tlfa/2,nfp717 OR
p—value=2x%(1—pt(|T,n—p—1)) <.
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Statistics 191:
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Statistics @ Suppose, instead, we wanted to test the one-sided
Jonathan hypotheSiS
Taylor
Department of
Statistics P P
Stanford
University HO : E a_[/g_] S h7 Vs. Ha : E ajﬁj > h

j=0 j=0
@ If Hyp is true, then T is no longer exactly t,_,_1 but
P(T > ti—an—p-1) <1 -«
so we reject Hy at level « if

T > tl—a,n—p—l, OR
p—value=(1—pt(T,n—p—1)) <a.

24 /38



P oA
Inference for ) i, a0

Statistics 191:
Introduction

to Applied
Statistics
Jonathan St d d fZP //B\
Taylor andard error o . ajoj
Department of j=0 “J~J
Statistics . .
Stanford @ Based on matrix approach to regression
University
p ~
e — =2 T —1,T
SE g aifj | = \/a a(XTX)~tal.
Jj=0

@ Don't worry too much about implementation — R will do
this for you in general, R code
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Stanford @ Prediction interval at X1 pew, .- -, Xp new:

University

@ “Identical” to simple linear regression.

p
60 + Z Xj,newﬁj + tl—a/2,n—p—1
j=1

2

P
X 82 + SE ﬂo + Z )<j,neW/8j
j=1
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Inference for multiple regression
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D f . . .
cpartnent © @ In multiple regression we can ask more complicated
el questions than in simple regression.

@ For instance, we could ask whether

o X5 : Do they allow special priveleges
e X3 : Give opportunity to learn new things

explains little of the variability in the data, and might be
dropped from the regression model.

@ These questions can be answered answered by F-statistics.
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Inference for more than one 3

Statistics 191:
Introduction
to Applied

Dropping one or more variables

Statistics @ Suppose we wanted to test whether how the supervisor
Jonatban handles special priveleges, or allows employees to try new

Department of things explains a significant amount of the variability in
Usrtiavr:ros:ltjy the overall job rating. Formally, this is:

Hy:B2=083=0, vs. Hy :oneof 3,083 #0
@ This test is again an F-test based on two models

R :Y:= Bo+ p1Xi1 + BaXia + B5Xis + B Xie + €i
6
F: \/;:ﬁo+ZBJ-XU+5;
=

@ Note: The reduced model R must be a special case of the
full model F to use the F-test. 28/
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Inference for more than one 3

SSE of a model
@ In the graphic, a "model”, M is a subspace of R” =
column space of X.

@ Least squares fit = projection onto the subspace of M,
yielding predicted values Y

@ Error sum of squares:

SSE(M) =||Y — Yuml.
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Inference for more than one 3

F-statistic for Hy : B, = 33 =0

° SSE(R)—SSE(F)
2

F= SSE(F)

n—1—p
~ Fan_p-1 (if Ho is true)

@ Reject Hp at level v if F > F1_n2 n—1-p-

@ Here is an example R code.
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Inference for more than one 3
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Stanford @ For an arbitrary model, suppose we want to test

University
Ho :By =--=p;=0
H, :one of B,...B; #0

for some subset {i,...,ij} C {0,...,p}.

32/38



Inference for more than one 3
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Statistics
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University P

R:Yi= Y BXite
IZO,Ig{’lavlj}

P
F:Yi=> BiXi+ei
j=0

where Xjo = 1 for all /.
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Inference for more than one 3

F-statistic for Ho : B; = --- =, =0
° SSE(R)—SSE(F)
F=— _J

SSE(F)

n—p—1

~ Fjn—p-1 (if Ho is true)

@ Reject Hp at level o if F > F1_qjn—1-p.
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Inference for more than one 3

Statistics 191:
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Statistics @ Given two models R C F (i.e. R is a subspace of F), we

Jonathan . .
Taylor can consider testing

Department of
Statistics

Stanford Ho : R is adequate (i.e. E(Y) € R)

University
VS.
H, : F is adequate (i.e. E(Y) € F).
@ The test statistic is

(SSE(R) — SSE(F))/(dfr — dff)

F= SSE(F)/dfy

o If Hy is true, F ~ Fyf,_qf: df, SO We reject Hy at level o if
F > Fafe—dfe dfe,1—a
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Constraints

Constraining 31 = (3 (after deciding 52 = 2 = 55 = 6 = 0
o Full model:

Yi = Bo+ 51 Xin + 53 Xiz +€;

@ Reduced model:

Yi = Bo + BiXi + B1Xis + e
= Bo + B1(Xi1 + Xi3) + &i

R code.
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Constraints
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Statistics Constraining 31 + (93 = 1 (after deciding
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Taytior /62:/64:/65:/6620

Department of

Statistics @ Full model:
Stanford

University

Yi = Bo+ b1 Xin + 53 Xiz +€i
@ Reduced model:

Yi = B+ (1Xin + (1 — B1)Xiz +&i
Y — Xiz = fo + B1(Xin — Xi3) + ¢

R code.
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