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Multiple linear regression

Outline

Specifying the model.

Fitting the model: least squares.

Interpretation of the coefficients.

More on F -statistics.
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Job supervisor data

Description

Variable Description

Y Overall supervisor job rating
X1 How well do they handle complaints
X2 Do they allow special priveleges
X3 Give opportunity to learn new things
X4 Raises based on performance
X5 Too critical of poor performance
X6 Good rate of advancement
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Job supervisor data

R code

http://www-stat.stanford.edu/~jtaylo/courses/stats191/R/multiple/multiple.R.html
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Specifying the model

Multiple linear regression model

Rather than one predictor, we have p = 6 predictors.

Yi = β0 + β1Xi1 + · · ·+ βpXip + εi

Errors ε are assumed independent N(0, σ2), as in simple
linear regression.

Coefficients are called (partial) regression coefficients
because they “allow” for the effect of other variables.
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Geometry of Least Squares
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Fitting the model

Least squares

Just as in simple linear regression, model is fit by
minimizing

SSE (β0, . . . , βp) =
n∑

i=1

(Yi − (β0 +

p∑
j=1

βjXij))
2

= ‖Y − Ŷ (β)‖2

Minimizers: β̂ = (β̂0, . . . , β̂p) are the “least squares
estimates”: are also normally distributed as in simple
linear regression.
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Error component

Estimating σ2

As in simple regression

σ̂2 =
SSE

n − p − 1
∼ σ2 ·

χ2
n−p−1

n − p − 1

independent of β̂.

Why χ2
n−p−1? Typically, the degrees of freedom in the

estimate of σ2 is
n −#number of parameters in regression function.
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Interpretation of βj ’s

Supervisor example

Take β1 for example. This is the amount the average job
rating increases for one “unit” of “Handles complaints”,
keeping everything else constant.

Units of “Handles complaints” are individual favorable
responses, so on average for every extra person who rated
the supervisor as good at handling complaints the, other
things being fixed, the average job rating increases by β1.
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Interpretation of βj ’s

Why are they partial regression coefficients?

The term partial refers to the fact that the coefficient βj

represent the partial effect of XXX j on YYY , i.e. after the effect
of all other variables have been removed.

Specifically,

Yi −
k∑

l=1,l 6=j

Xilβl = β0 + βjXij + εi .

Let ei ,(j) be the residuals from regressing YYY onto all XXX ·’s
except XXX j , and let Xi ,(j) be the residuals from regressing
XXX j onto all XXX ·’s except XXX j , and let Xi ,(j).

If we regress ei ,(j) against Xi ,(j), the coefficient is exactly
the same as in the original model (see R code).

http://www-stat.stanford.edu/~jtaylo/courses/stats191/R/multiple/multiple.R.html
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Goodness of fit for multiple regression

Sums of squares

SSE =
n∑

i=1

(Yi − Ŷi )
2

SSR =
n∑

i=1

(Y − Ŷi )
2

SST =
n∑

i=1

(Yi − Y )2

R2 =
SSR

SST

R2 is called the multiple correlation coefficient of the model, or
the coefficient of multiple determination.
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Adjusted R2

Compensating for more variables

As we add more and more variables to the model – even
random ones, R2 will increase to 1.

Adjusted R2 tries to take this into account by replacing
sums of squares by mean squares

R2
a = 1− SSE/(n − p − 1)

SST/(n − 1)
= 1− MSE

MST
.
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Goodness of fit test

Another F -test

As in simple linear regression, we measure the goodness of
fit of the regression model by

F =
MSR

MSE
=

‖Y · 111− ŶYY ‖2/p

‖Y − ŶYY ‖2/(n − p − 1)
.

Under H0 : β1 = · · · = βp = 0,

F ∼ Fp,n−p−1

so reject H0 at level α if F > Fp,n−p,1−α.
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Intuituion behind the F test

Measuring lengths

The F statistic is a ratio of lengths of orthogonal vectors
(divided by degrees of freedom).

We can prove that our model implies

E (MSR) = σ2 + ‖µµµ− µ · 111‖2/p︸ ︷︷ ︸
(∗)

E (MSE ) = σ2

µi = E(Yi ) = β0 + β1Xi1 + · · ·+ βpXip

so F should be not be too far from 1 if H0 is true, i.e.
(∗) = 0.

If F is large, it is evidence that (∗) 6= 0, i.e. H0 is false.
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F -test revisited

Example in more detail

Full (bigger) model :

Yi = β0 + β1Xi1 + . . . βpXip + εi

Reduced (smaller) model:

Yi = β0 + εi

The F -statistic has the form

F =
(SSE (R)− SSE (F ))/(dfR − dfF )

SSE (F )/dfF
.


