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Prediction involvesestimating the unknown value of an attribute of a systemunder study giventhe
values of other measuredattributes. In prediction (machine) learning the prediction rule is derived
from data consisting of previously solved cases.Most methods for predictiv e learning were originated
many yearsago at the dawn of the computer age. Recertly two new techniques have emerged that

have revitalized the “eld.

These are support vector machines and boosted decision trees. This

paper provides an intro duction to thesetwo new methods tracing their respective ancestral roots to
standard kernel methods and ordinary decision trees.

. INTR ODUCTION

The predictive or machine learning problem
is easy to state if ditcult to solve in gen-
eral. Given a set of measured values of at-
tributes/c haracteristics/prop erties on a object (obser-
vation) X = (X;X2; ®%x,) (often called\v ariables™)
the goal is to predict (estimate) the unknown value
of another attribute y. The quartity y is called the
\output" or \response"variable, and x = fxq; ®¢x,g
arereferredto asthe \input" or \predictor" variables.
The prediction takesthe form of function

9= F(X1;X2; ¢¢¢X,) = F(X)

that maps a point x in the spaceof all joint valuesof
the predictor variables, to a point ¢ in the spaceof
responsevalues. The goalis to producea\good" pre-
dictive F (x). This requiresade nition for the quality,
or lack of quality, of any particular F(x). The most
commonly used measureof lack of quality is predic-
tion \risk". Onede nesa\loss" criterion that re°ects
the cost of mistakes: L (y;¥) is the lossor cost of pre-
dicting a value ¥ for the responsewhen its true value
isy. The prediction risk is de ned asthe averageloss
over all predictions

R(F) = EyxL(y;F(x)) 1)

where the average (expected value) is over the joint
(population) distribution of all of the variables (y; x)
which is represenied by a probability density function
p(y;x). Thus, the goalis to 'nd a mapping function
F (x) with low predictive risk.

Given a function f of elemens w in someset, the
choice of w that givesthe smallest value of f (w) is
called argminy, f (w). This de nition applies to all
types of sets including numbers, vectors, colors, or
functions. In terms of this notation the optimal pre-
dictor with lowest predictive risk (called the \target
function") is given by

F®= arngin R(F): 2

Given joint valuesfor the input variables x, the opti-
mal prediction for the output variable is § = F °(x).

When the response takes on numeric valuesy 2
R!, the learning problem is called \regression" and
commonly used loss functions include absolute error
L(y;F) = jyi Fj, and even more commonly squared{
error L(y;F) = (yi F)? becausealgorithms for min-
imization of the corresponding risk tend to be much
simpler. In the \classi cation" problem the response
takes on a discrete set of K unorderable categorical
values(namesor classlabels) y;F 2 fc;; ¢¢¢ ¢ g and
the losscriterion Ly, becomesa discreteK £ K ma-
trix.

There are a variety of ways one can go about trying
to 'nd a good predicting function F(x). One might
seekthe opinions of domain experts, formally codi ed
in the \expert systems" approach of arti cial intel-
ligence. In predictive or madiine learning one uses
data. A \training" data base

D = fyi;Xi1; Xi2; 666 xin @) = fyi;xig)  (3)

of N previously solved casesis presumedto exist for
which the valuesof all variables (responseand predic-
tors) have beenjointly measured. A \learning" pro-
cedure is applied to these data in order to extract
(estimate) a good predicting function F(x). There
are a great many commonly usedlearning procedures.
These include linear/logistic regression, neural net-
works, kernel methods, decision trees, multiv ariate
splines(MARS), etc. For descriptionsof alarge num-
ber of such learning proceduresseeHastie, Tibshirani
and Friedman 2001.

Most machine learning procedures have been
around for a long time and most researt in the "eld
has concerirated on producing re nements to these
long standing methods. However, in the past se\eral
yearsthere has beena revolution in the "eld inspired
by the introduction of two new approades: the ex-
tension of kernel methods to support vector machines
(Vapnik 1995), and the extension of decisiontrees by
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boosting (Freund and Schapire 1996, Friedman 2001).
It is the purposeof this paper to provide an introduc-
tion to thesenew dewvelopmerts. First the classicker-
nel and decision tree methods are introduced. Then
the extensionof kernelsto support vector machinesis
described, followed by a description of applying boost-
ing to extend decisiontree methods. Finally, similari-
ties and di®erencedetweenthesetwo approaceswill
be discussed.

Although arguably the most in°uential recert de-
velopmerns, support vector machinesand boosting are
not the only important advancesin machine learning
in the past seweral years. Owing to spacelimitations
these are the onesdiscussedhere. There have been
other important developmerts that have considerably
advancedthe "eld aswell. Theseinclude (but are not
limited to) the baggingand random forest techniques
of Breiman 1996and 2001that are somewhatrelated
to boosting, and the reproducing kernel Hilb ert space
methods of Wahba 1990 that share similarities with
support vector machines. It is hoped that this article
will inspire the reader to investigate these as well as
other machine learning procedures.

Il.  KERNEL METHODS

Kernel methods for predictive learning were intro-
duced by Nadaraya (1964) and Watson (1964). Given
the training data (3), the responseestimate ¥ for a set
of joint valuesx is taken to be a weighted average of
the training responsesfy;g) :

X
$=Fn(X)= ¥ K(XXi)

i=1 i=1

K(;xi): (4

The weight K (x;x;) assignedto ead responsevalue
yi dependson its location x; in the predictor variable
spaceand the location x wherethe prediction is to be
made. The function K (x;x% dening the respective
weights is called the \k ernel function”, and it de nes
the kernel method. Often the form of the kernel func-
tion is taken to be

K (x;x9 = g(d(x;x9=%) (5)

where d(x; x9 is a de ned \distance" betweenx and
x% %is a scale(\smoothing") parameter, and g(z)
is a (usually monotone) decreasingfunction with in-
creasingz; often g(z) = exp(j z?=2). Usingthis kernel
(5), the estimate ¥ (4) is a weighted averageof fy; g},
with more weight given to obsenations i for which
d(x;x;) is small. The value of 3%.de nes\small". The
distance function d(x;x% must be specied for eath
particular application.

Kernel methods have seweral advantagesthat make
them potentially attractiv e. They represen a univer-
sal approximator; as the training sample size N be-
comesarbitrarily large, N ! 1, the kernel estimate
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(4) (5) approacesthe optimal predicting target func-
tion (2), Fn (xX) ! F?(x), provided the value chosen
for the scale parameter % as a function of N ap-
proacheszero,¥N) ! 0, at a slower rate than 1=N.
This result holds for almost any distance function
d(x;x9; only very mild restrictions (such as corvex-
ity) are required. Another advantage of kernel meth-
odsis that notraining is requiredto build a model; the
training data setis the model. Also, the procedureis
conceptually quite simple and easily explained.

Kernel methods su®er from some disadvantages
that have kept them from becoming highly used in
practice, especially in data mining applications. Since
there is no model, they provide no easily understood
model summary. Thus, they cannot be easily inter-
preted. There is no way to discern how the function
Fn (X) (4) depends on the respective predictor vari-
ablesx. Kernel methods produce a \black{b ox" pre-
diction madchine. In order to make ead prediction, the
kernel method needsto examinethe ertire data base.
This requires enoughrandom accessmemory to store
the ertire data set, and the computation required to
make ead prediction is proportional to the training
samplesizeN . For large data setsthis is much slower
than that for competing methods.

Perhapsthe most seriouslimitation of kernel meth-
ods is statistical. For any nite N, performance
(prediction accuracy) depends critically on the cho-
sendistancefunction d(x;x9, especially for regression
y 2 Rl. When there are more than a few predictor
variables, even the largest data sets produce a very
sparsesampling in the corresponding n{dimensional
predictor variable space. This is a consequencef the
so called \curse{of{dimensionalit y" (Bellman 1962).
In order for kernel methods to perform well, the dis-
tance function must be carefully matched to the (un-
known) target function (2), and the procedureis not
very robust to mismatches.

As an example, consider the often used Euclidean
distance function

2 31=

X0
dx;x9 =4 (xi x)? (6)
j=1

If the target function F“(x) dominately depends on
only a small subset of the predictor variables, then
performancewill be poor becausethe kernel function
(5) (6) depends on all of the predictors with equal
strength. If one happenedto know which variables
were the important ones,an appropriate kernel could
be constructed. However, this knowledgeis often not
available. Sud \k ernel customizing” is a requiremert
with kernel methods, but it is dizcult to do without
considerablea priori knowledge concerningthe prob-
lem at hand.

The performance of kernel methods tends to be
fairly insensitive to the detailed choice of the function
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g(z) (5), but somewhat more sensitive to the value
chosenfor the smoothing parameter % A good value
dependson the (usually unknown) smoothnessprop-
erties of the target function F°(x), aswell asthe sam-
ple sizeN and the signal/noise ratio.

I1l.  DECISION TREES

Decisiontreeswere developed largely in responseto
the limitations of kernel methods. Detailed descrip-
tions are contained in monographsby Brieman, Fried-
man, Olshen and Stone 1983, and by Quinlan 1992.
The minimal description provided hereis intended as
an introduction suzxcient for understanding what fol-
lows.

A decisiontree partitions the spaceof all joint pre-
dictor variable valuesx into J{disjoint regionsfR; gJ .
A responsevalue §; is assignedto ead corresponding
region R;. For a given set of joint predictor valuesx,
the tree prediction ¥ = T, (x) assignsas the response
estimate, the value assignedto the region containing
X

X2Rj) Ti;(x)=9: Q)

Given a set of regions, the optimal response values
assaiated with ead one are easily obtained, namely
the value that minimizes prediction risk in that region

9 = argmin Ey[L(y:y)x 2 R} ®)

The ditcult problem is to 'nd a good set of regions
fR;g7. There are a huge number of ways to parti-
tion the predictor variable space,the vast majority
of which would provide poor predictive performance.
In the context of decision trees, choice of a particu-
lar partition directly corresponds to choice of a dis-
tance function d(x;x9% and scaleparameter ¥%in ker-
nel methods. Unlike with kernel methods where this
choice is the responsibility of the user, decisiontrees
attempt to usethe data to estimate a good patrtition.
Unfortunately, nding the optimal partition re-
quires computation that grows exponertially with the
number of regionsJ, sothat this is only possiblefor
very small values of J. All tree based methods use
a greedy top{down recursive partitioning strategy to
induce a good set of regions given the training data
set (3). One starts with a single region covering the
ertire spaceof all joint predictor variable values. This
is partitioned into two regionsby choosing an optimal
splitting predictor variable x; and a corresponding op-
timal split point s. Points x for which x; s are
de ned to be in the left daughter region, and those
for which x; > s comprisethe right daughter region.
Each of these two daughter regionsis then itself op-
timally partitioned into two daughters of its own in
the same manner, and so on. This recursive parti-
tioning cortinues until the obsenations within ead
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region all have the sameresponsevalue y. At this
point a recursive reconmbination strategy (\tree prun-
ing") is employed in which sibling regionsare in turn
mergedin a bottom{up manner until the number of
regionsJ” that minimizes an estimate of future pre-
diction risk is reached (see Breiman et al 1983, Ch.
3).

A. Decision tree prop erties

Decisiontreesarethe most popular predictive learn-
ing method usedin data mining. There are a number
of reasonsfor this. As with kernel methods, deci-
sion treesrepresen a universal method. As the train-
ing data set becomesarbitrarily large, N ! 1, tree
basedpredictions (7) (8) approac those of the target
function (2), T;(x) ! F®(x), provided the number
of regions grows arbitrarily large, J(N)! 1 , but at
rate slower than N.

In cortrast to kernel methods, decisiontreesdo pro-
duce a model summary. It takesthe form of a binary
tree graph. The root node of the tree represerts the
erntire predictor variable space, and the (rst) split
into its daughter regions. Edgesconnectthe root to
two descendehnodesbelow it, represening thesetwo
daughter regionsand their respective splits, and soon.
Each internal node of the tree represerts an interme-
diate region and its optimal split, de ned by a one of
the predictor variablesx; and a split point s. The ter-
minal nodesrepresen the nal regionsetfR;gi used
for prediction (7). It is this binary tree graphic that is
most responsible for the popularity of decisiontrees.
No matter how high the dimensionality of the predic-
tor variable space,or how many variables are actually
used for prediction (splits), the ertire model can be
represened by this two{dimensional graphic, which
can be plotted and then examined for interpretation.
For examplesof interpreting binary tree represerta-
tions seeBreiman et al 1983 and Hastie, Tibshirani
and Friedman 2001.

Tree based models have other advantages as well
that accourt for their popularity. Training (tree build-
ing) is relatively fast, scaling as nN logN with the
number of variables n and training obsenations N.
Subsequeh prediction is extremely fast, scaling as
logJ with the number of regionsJ. The predictor
variables need not all be numeric valued. Treescan
seamlesslyaccommadate binary and categorical vari-
ables. They also have a very elegan way of dealing
with missing variable valuesin both the training data
and future obsenations to be predicted (seeBreiman
et al 1983,Ch. 5.3).

One property that sets tree based models apart
from all other techniquesis their invarianceto mono-
tone transformations of the predictor variables. Re-
placing any subsetof the predictor variablesfx; g by
(possibly di®erert) arbitrary strictly monotone func-
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tions of them f x; A m; (x; )9, givesrise to the same
tree model. Thus, there is no issueof having to exper-
iment with di®eren possibletransformations m; (x;)
for ead individual predictor x;, to try to nd the
best ones. This invariance provides immunity to the
presenceof extreme values\outliers" in the predictor
variable space. It also provides invariance to chang-
ing the measuremen scalesof the predictor variables,
something to which kernel methods can be very sen-
sitive.

Another advantage of trees over kernel methods
is fairly high resistanceto irrelevant predictor vari-
ables. As discussedn Sectionll, the presenceof many
such irrelevant variables can highly degradethe per-
formance of kernel methods basedon generic kernels
that involve all of the predictor variables such as (6).
Sincethe recursive tree building algorithm estimates
the optimal variable on which to split at ead step,
predictors unrelated to the responsetend not to be
chosenfor splitting. This is a consequencef attempt-
ing to 'nd a good partition basedon the data. Also,
treeshave few tunable parameterssothey canbe used
as an \o®{the{shelf " procedure.

The principal limitation of tree based methods
is that in situations not especially advantageous to
them, their performancetends not to be competitiv e
with other methods that might be usedin those situa-
tions. One problem limiting accuracyis the piecewise{
constart nature of the predicting model. The predic-
tions ¥ (8) are constart within ead region R; and
sharply discortin uous acrossregion boundaries. This
is purely an artifact of the model, and target functions
F®(x) (2) occurring in practice are not likely to share
this property. Another problem with treesis instabil-
ity. Changing the valuesof just a few obsenations can
dramatically changethe structure of the tree, and sub-
stantially changeits predictions. This leadsto high
variance in potential predictions T;(x) at any partic-
ular prediction point x over di®erert training samples
(3) that might be drawn from the systemunder study.
This is especially the casefor large trees.

Finally, trees fragment the data. As the recursive
splitting proceedseat daughter region corntains fewer
obsenations than its parent. At somepoint regions
will contain too few obsenations and cannot be fur-
ther split. Paths from the root to the terminal nodes
tend to contain on averagea relatively small fraction
of all of the predictor variables that thereby de ne
the region boundaries. Thus, ead prediction involves
only a relatively small number of predictor variables.
If the target function is in°uenced by only a small
number of (potentially di®erert) variablesin di®erert
local regionsof the predictor variable space,then trees
can produce accurate results. But, if the target func-
tion dependson a substartial fraction of the predictors
everywherein the space,treeswill have problems.
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IV.  RECENT AD VANCES

Both kernel methods and decision trees have been
around for a long time. Treeshave seenactive use,
especially in data mining applications. The clas-
sic kernel approach has seensomewhat lessuse. As
discussedabove, both methodologieshave (di®erert)
advantages and disadvantages. Recenly, these two
technologies have been completely revitalized in dif-
ferent ways by addressingdi®erert aspects of their
corresponding weaknesses;support vector machines
(Vapnik 1995) addressthe computational problems of
kernel methods, and boosting (Freund and Schapire
1996, Friedman 2001) improvesthe accuracy of deci-
sion trees.

A. Supp ort vector machines (SVM)

A principal goal of the SVM approad is to X the
computational problem of predicting with kernels(4).
As discussedin Section|l, in order to make a kernel
prediction a passover the ertire training data base
is required. For large data setsthis can be too time
consuming and it requires that the ertire data base
be stored in random accessmemory.

Support vector machines were introduced for the
two{class classi cation problem. Here the response
variable realizesonly two values (class labels) which
can be respectively encaled as

1
+1 label = classl | )
i 1 label = class2 -

The averageor expectedvalue of y given a set of joint

predictor variable valuesx is
Elyjx]=2¢Pr(y=+1jx)j 1 (10)

Prediction error rate is minimized by predicting at

x the classwith the highest probability, so that the
optimal prediction is given by

y*(x) = sign(E [yjx]):

From (4) the kernel estimate of (10) based on the
training data (3) is given by

X
Elyix]=Fv(X) = yiKXx) K (x; i)
i=1 i=1
(11)
and, assuminga strictly non negative kernel K (X; X;),

the prediction estimate is
A !
. . . w
$(x) = sign(E [yjx]) = sign yi K(x;xi)
i=1
| 12)
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Note that ignoring the denominator in (11) to ob-
tain (12) removesinformation concerningthe absolute
value of Pr(y = +1 jx); only the estimated sign of (10)
is retained for classi cation.

A support vector machine is a weighted kernel clas-
sier

A " !
$(x) = sign ag+ @Yy K(X;Xi)

i=1

(13)

Each training obsenation (y;;X;) has an assai-
ated coexcient ® additionally used with the kernel
K (X;Xj) to evaluate the weighted sum (13) compris-
ing the kernel estimate ¥(x). The goal is to choose
a set of coexcient valuesf®g) sothat many ® = 0
while still maintaining prediction accuracy The ob-
senations ass@iated with non zerovalued coexcients
fxij®& 6 0g are called \support vectors". Clearly
from (13) only the support vectors are required to do
prediction. If the number of support vectorsis a small
fraction of the total number of obsenations computa-
tion required for prediction is thereby much reduced.

1. Kernel trick

In order to seehow to accomplishthis goal consider
a di®eren formulation. Supposethat instead of using
the original measuredvariables x = (x1;¢¢¢x,) as
the basis for prediction, one constructs a very large
number of (nonlinear) functions of them

fze = he(x)gY! (14)
for use in prediction. Here ead hg(x) is a di®er-
ent function (transformation) of x. For any given x,
z = fzd) represents a point in a M {dimensional
spacewhereM >> dim(x) = n. Thus, the number of
\v ariables" used for classi cation is dramatically ex-
panded. The procedureconstructs simple linear clas-
si er in z{space

A [
X
¥(z) = sign o+ k Zk
~ k=1
A !
X
=sign o+ k hi (x)
k=1

This is a highly non{linear classi er in x{space ow-
ing to the nonlinearity of the derived transformations
fhc(x)aY' .

An important ingredient for calculating such a lin-
ear classi er is the inner product betweenthe points
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represening two obsenations i and j
T bd
Z; Z; = Zik Zj k
k=1

X

(15)

h (Xi) hi (Xj)
k=1
= H(xi;x;):

This (highly nonlinear) function of the x{variables,
H (xi;X;j); de nes the simple bilinear inner product
z[ z; in z{space.

Suppose for example, the derived variables (14)
were taken to be all d{degree polynomials in the
original predictor variables fxjg}. That is zx =
Xi1 (k) Xiz (k) ¢¢¢Xid(k)v with k Iabeling eat of the
M = (n+ 1)9 possiblesetsof d integers,0 - ij(k) - n,
and with the added corvertion that xg = 1 even
though Xo is not really a component of the vector
X. In this casethe number of derived variables is
M = (n+ 1), which is the order of computation for
obtaining z] z; directly from the z variables. However,
using

zlzj = H(xi;x) = (x] x; + 1) (16)
reducesthe computation to order n, the much smaller
number of originally measuredvariables. Thus, if for
any particular set of derived variables (14), the func-
tion H(x;;x;) that de nes the corresponding inner
products z{ z; in terms of the original x{variablescan
be found, computation can be considerably reduced.

As an example of a very simple linear classi er in
z{space, consider one basedon nearest{means.

W2) =sign(jizi & ji*i jizi z.ji*): (A7)
Here g are the respective meansof the y = +1 and
y = i 1 obsenations

2§:

1 X
—_— Zj.
§

yi=81
For simplicity, let N. = N; = N=2. Choosing the

midpoint betweenz, and¥; asthe coordinate system
origin, the decisionrule (17) can be expressedas

W(z) = Sig“(&T (Z+1i %))
X X
2"z z
pYiT 1

(18)

sign
~Yi=1
A
X
sign

T
Yiz' z;
1

b

sign yiH (X;xi)

i=1
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Comparing this (18) with (12) (13), one seesthat
ordinary kernel rule (f® = 1g)') in x{space is the
nearest{meansclassi er in the z{spaceof derived vari-
ables (14) whoseinner product is given by the kernel
function z7z; = K(xi;xj). Therefore to construct
an (implicit) nearest meansclassi er in z{space, all
computations can be done in x{space becausethey
only depend on evaluating inner products. The ex-
plicit transformations (14) need never be de ned or
even known.

2. Optimal semrating hyperplane

Nearest{meansis an especially simple linear classi-
“er in z{space and it leadsto no compression:f® =
1g) in (13). A support vector machine usesa more
\realistic" linear classi er in z{space,that canalsobe
computed using only inner products, for which often
many of the coexcients have the value zero (® = 0).
This classi er is the \optimal" separating hyperplane
(OSH).

We consider rst the casein which the obsenations
represening the respective two classesare linearly
separablein z{space. This is often the casesincethe
dimension M (14) of that (implicitly de ned) space
is very large. In this casethe OSH is the unique hy-
perplanethat separatestwo classeswhile maximizing
the distance to the closestpoints in ead class. Only
this set of closestpoints equidistant to the OSH are
required to de ne it. These closestpoints are called
the support points (vectors). Their number canrange
from a minimum of two to a maximum of the training
samplesizeN . The \margin" is de ned to be the dis-
tance of support points from OSH. The z{spacelinear
classi er is given by 5

|
A_ oo
$(z) = sign g+ K Zk
k=1
where ("g; ~" = f gg¥ ) de'ne the OSH. Their val-
uescan be determined using standard quadratic pro-
gramming techniques.

An OSH can also be de ned for the casewhen the
two classesare not separablein z{space by allowing
some points to be on wrong side of their class mar-
gin. The amount by which they are allowed to do so
is a regularization (smoothing) parameter of the pro-
cedure. In both the separableand non separablecases
the solution parametervalues(  5; °) (19) arede ned
only by points closeto boundary betweenthe classes.
The solution for ~° can be expressedas

X
= @y zi

i=1

(19)

with ® & 0 only for points on, or on the wrong side
of, their classmargin. Theseare the support vectors.
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The SVM classi er is thereby

A !
X
$(2)=sign o+ Eyiz'z
0 =t 1
X
= sign@7¢ + @&y K (x;xi)A
®° 60

This is a weighted kernel classi er involving only
support vectors. Also (not showvn here), the quadratic
program usedto solve for the OSH involvesthe data
only through the inner products z] z; = K(Xi;Xj).
Thus, oneonly needsto specify the kernel function to
implicitly de ne z{variables (kernel trick).

Besidesthe polynomial kernel (16), other popular
kernelsusedwith support vector machinesarethe \ra-
dial basisfunction" kernel

K (x;x% = exp( jjxi x%j*=2%); (20)
and the \neural network" kernel
K (x;x% = tanh(ax"x%+ b): (21)

Note that both of thesekernels(20) (21) involve addi-
tional tuning parameters,and producein nite dimen-
sional derived variable (14) spaces(M = 1 ).

3. Penalized learning formulation

The support vector machine was motivated above
by the optimal separating hyperplane in the high di-
mensional spaceof the derived variables (14). There
is another equivalent formulation in that spacethat
showsthat the SVM procedureis related to other well
known statistically basedmethods. The parametersof
the OSH (19) are the solution to

—n.—n . X — —-T L— 2
o ) =argmin  [1j yi( o+ "zZi)l+ +, ¢ "
0

i=1

(22)
Herethe expression[ ]+ represerts the \p ositive part"
of its argumert; that is, [']+ = max(0;"). The \regu-
larization" parameter, isrelatedto the SVM smooth-
ing parameter mertioned above. This expression(22)
represens a penalized learning problem where the
goal is to minimize the empirical risk on the training
data using as a losscriterion

L(y;F(2) = [1i yF(2)]+; (23)
where
F(2)= o+ 'z

subject to an increasing penalty for larger values of

(24)
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This penalty (24) is well known and often usedto reg-
ularize statistical procedures,for examplelinear least
squaresregressionleading to ridge{regression (Hoerl
and Kannard 1970)

X

6 ) =argmin [y (ot Tz, ¢ %
"=t

(25)

The \hinge" loss criterion (23) is not familiar in
statistics. Howewer, it is closelyrelated to onethat is
well known in that "eld, namely conditional negative
log{lik elihood assaiated with logistic regression

L(y;F(2) = i log[l+ el YF@): (26)
In fact, one can view the SVM hinge loss as a
piecewise{linear approximation to (26). Unregular-
ized logistic regressionis one of the most popular
methods in statistics for treating binary responseout-
comes (9). Thus, a support vector machine can
be viewed as an approximation to regularized logis-
tic regression(in z{space) using the ridge{regression
penalty (24).

This penalizedlearning formulation forms the basis
for extending SVMs to the regressionsetting where
the response variable y assumesnumeric valuesy 2
R1, rather than binary values(9). Onesimply replaces
the losscriterion (23) in (22) with

L(y;F(2) = (yi F(@iji ")+:

This is called the \"{insensitive" loss and can be
viewed asa piecewise{linearapproximation to the Hu-
ber 1964loss

Y

L(y;F(2)) =

(27)

iyi F@i*=2 yi F(2)j-
"yi F@ii "=2) jyi F(2)i>"
(28)
often usedfor robust regressionin statistics. This loss
(28) is a compromisebetweensquared{error loss (25)
and absolute{deviation lossL(y;F(2)) = jyi F(2)j.
The value of the \transition" point " di®erertiates the
errors that are treated as \outliers" being subject to
absolute{deviation loss, from the other (smaller) er-
rors that are subject to squared{error loss.

4. SVM properties

Support vector machinesinherit most of the advan-
tagesof ordinary kernel methods discussedin Section
[I. In addition, they can overcomethe computation
problems assaiated with prediction, since only the
support vectors(® 6 0in (13)) are required for mak-
ing predictions. If the number of support vectors is
much smaller that than the total samplesizeN, com-
putation is correspondingly reduced. This will tend to
be the casewhen there is small overlap between the
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respective distributions of the two classesn the space
of the original predictor variablesx (small Bayeserror
rate).

The computational savingsin prediction are bought
by dramatic increase in computation required for
training. Ordinary kernel methods (4) require no
training; the data setis the model. The quadratic pro-
gram for obtaining the optimal separatinghyperplane
(solving (22)) requires computation proportional to
the squae of the sample size (N 2), multiplied by the
number of resulting support vectors. There has been
much researt on fast algorithms for training SVMs,
extending computational feasibility to data setsof size
N . 30;,0000r so. Howewer, they are still not feasible
for really large data setsN & 100 000.

SVMs share someof the disadvantages of ordinary
kernel methods. They are a black{b ox procedurewith
little interpretiv e value. Also, aswith all kernel meth-
ods, performancecan be very sensitive to kernel (dis-
tance function) choice (5). For good performancethe
kernel needsto be matched to the properties of the
target function F“(x) (2), which are often unknown.
However, whenthere is a known \natural” distancefor
the problem, SVMs represen very powerful learning
madines.

B. Boosted trees

Boosting decision trees was rst proposedby Fre-
und and Schapire 1996. The basicidea s rather than
using just a single tree for prediction, a linear combi-
nation of (many) trees

F(x) =

m=1

am T (X) (29)

is usedinstead. Here eath Ty, (X) is a decisiontree of
the type discussedin Sectionlll and a, is its coez-
ciert in the linear combination. This approac main-
tains the (statistical) advantagesof trees, while often
dramatically increasingaccuracy over that of a single
tree.

1. Training

The recursive partitioning technique for construct-
ing a singletree on the training data was discussedn
SectionlIl. Algorithm 1 describesaforward stagewise
method for constructing a prediction machine based
on a linear combination of M trees.

Algorithm 1
Forward stagewiseboosting
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Fo(x) = 0
Form=1to M do:
(am;gm (x)) = arg mina;T(x)
Ly L(YisFmy 1(xi)+ aT(x))
Fm(x) = Fmj 1(Xi)+ am Tm (X)
EndFor =
F(x)=Fm(x) =

~NOoO o WN

m:l am Tm (X)

The rst line initializes the predicting function to
everywhere have the value zero. Lines 2 and 6 con-
trol the M iterations of the operations assaiated with
lines 3{5. At ead iteration m there is a current pre-
dicting function Fn; 1(x). At the Trst iteration this
is the initial function Fo(x) = 0, whereasfor m > 1 it
is the linear combination of the m j 1 treesinduced
at the previous iterations. Lines 3 and 4 construct
that tree Ty (x), and nd the correspnding coez-
cient ay, that minimize the estimated prediction risk
(1) on the training data when ap, Ty (X) is added to
the current linear combination Fp,, 1(x). This is then
added to the current approximation Fp; 1(x) on line
5, producing a current predicting function Fp, (x) for
the next (m + 1)st iteration.

At the rst step, a; T1(x) is just the standard tree
build on the data as described in Section |11, since
the current function is Fo(x) = 0. At the next
step, the estimated optimal tree T,(x) is found to
add to it with coezxcient a,, producing the function
Fo(x) =a;T1(X) + axT2(x). This processis cortinued
for M steps, producing a predicting function consist-
ing of a linear combination of M trees (line 7).

The potentially ditcult part of the algorithm is
constructing the optimal tree to add at ead step.
This will depend on the chosenlossfunction L(y;F).
For squared{error loss

L(y;F) = (yi F)?
the procedureis especially straight forward, since

L(y;Fm; 1+ @T)=(yi Fm;1i aT)?
= (rmi an*

Herery, = yi Fm; 1 isjust the error (\residual”) from
the current model Fr,, 1 at the mth iteration. Thus
ead successie tree is built in the standard way to
best predict the errors produced by the linear com-
bination of the previous trees. This basic idea can
be extendedto produce boosting algorithms for any
di®erentiable losscriterion L(y;F) (Friedman 2001).

As originally proposedthe standard tree construc-
tion algorithm wastreated asa primitiv e in the boost-
ing algorithm, inserted in lines 3 and 4 to produced
a tree that best predicts the current errors fri, =
Vi i Fm; 1(xi)d} . In particular, an optimal tree size
was estimated at ead step in the standard tree build-
ing manner. This basically assumesthat ead tree
will be the last onein the sequence. Since boosting
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often involves hundreds of trees, this assumption is
far from true and as a result accuracy su®ers.A bet-
ter strategy turns out to be (Friedman 2001)to usea
constart tree size(J regions) at ead iteration, where
the value of J is takento be small, but not too small.
Typically 4 - J - 10 works well in the context of
boosting, with performancebeing fairly insensitive to
particular choices.

2. Regularization

Even if one restricts the size of the trees ertering
into a boosted tree model it is still possibleto t the
training data arbitrarily well, reducing training error
to zero, with a linear combination of enough trees.
However, asis well known in statistics, this is seldom
the best thing to do. Fitting the training data too
well canincreaseprediction risk on future predictions.
This is a phenomenon called \over{tting".  Since
ead tree tries to best 't the errors assaiated with
the linear combination of previous trees, the train-
ing error monotonically decreasesas more trees are
included. This is, howewver, not the casefor future
prediction error on data not usedfor training.

Typically at the beginning, future prediction error
decreasewwith increasing number of treesM until at
somepoint M ® a minimum is reached. For M > M ?,
future error tends to (more or less) monotonically in-
creaseas more trees are added. Thus there is an opti-
mal number M * of treesto include in the linear combi-
nation. This number will depend on the problem (tar-
get function (2), training samplesizeN, and signal to
noise ratio). Thus, in any given situation, the value
of M* is unknown and must be estimated from the
training data itself. This is most easily accomplished
by the \early stopping" strategy usedin neural net-
work training. The training data is randomly parti-
tioned into learning and test samples. The boosting is
performed using only the data in the learning sample.
As iterations proceedand trees are added, prediction
risk as estimated on the test sampleis monitored. At
that point where a de nite upward trend is detected
iterations stop and M ” is estimated as the value of
M producing the smallest prediction risk on the test
sample.

Inhibiting the ability of a learning machine to 't
the training data soasto increasefuture performance
is called a \metho d{of{regularization". It can be mo-
tivated from a frequertist perspective in terms of the
\bias{v ariance trade{o®" (Geman, Bienenstock and
Doursat 1992) or by the Bayesian introduction of a
prior distribution over the spaceof solution functions.
In either case,cortrolling the number of trees is not
the only way to regularize. Another method com-
monly usedin statistics is \shrink age". In the context
of boosting, shrinkagecan be accomplishedby replac-
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ing line 5 in Algorithm 1 by

Fm(X) = Fmj 2(x) + (° ¢am) Tm (x) 1 (30)

Here the cortribution to the linear combination of the
estimated best tree to add at ead step is reduced
by a factor 0 < ° - 1. This \shrink age" factor or
\learning rate" parameter cortrols the rate at which
adding trees reducesprediction risk on the learning
sample; smaller values produce a slower rate so that
more trees are required to 't the learning data to the
samedegree.

Shrinkage (30) was introduced in Friedman 2001
and showvn empirically to dramatically improve the
performanceof all boosting methods. Smallerlearning
rates were seento produce more improvemen, with a
diminishing return for © . 0:1, provided that the esti-
mated optimal number of trees M “(°) for that value
of © is used. This number increaseswith decreasing
learning rate, sothat the price paid for better perfor-
manceis increasedcomputation.

3. Penalized learning formulation

The introduction of shrinkage (30) in boosting was
originally justied purely on empirical evidenceand
the reasonfor its successwas a mystery. Recerly,
this mystery has beensolved (Hastie, Tibshirani and
Friedman 2001and Efron, Hastie, Johnstoneand Tib-
shirani 2002). Consider a learning machine consisting
of alinear combination of all possible(J {region) trees:

X
F(x) =

8m Tm (X) (31)

where

PN 4
f&,g= arg min L vy,
famg,_y
(32)
This is a penalized (regularized) linear regression,
based on a chosen loss criterion L, of the response
values fy;g) on the predictors (trees) f Tm (Xi)gl; -
The rst term in (32) is the prediction risk on the
training data and the secondis a penalty on the val-
uesof the coezxcients fang. This penalty is required
to regularize the solution becausethe number of all
possible J{region trees is in nite. The value of the
\regularization" parameter, cortrols the strength of
the penalty. Its value is chosento minimize an esti-
mate of future prediction risk, for example basedon
a left out test sample.
A commonly used penalty for regularization in
statistics is the \ridge" penalty
X
P(famg)= & (33)
usedin ridge{regression(25) and support vector ma-
chines(22). This encouragesmall coetcient absolute
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amTm(xi) +, ®P(fanQ):

valuesby penalizingthe I,{norm of the coetcient vec-
tor. Another penalty becomingincreasingly popular
is the \lasso" (Tibshirani 1996)
X
P(fang) = jam]: (34)

This also encouragessmall coe+cient absolute values,
but by penalizingthe I;{norm. Both (33) and (34) in-
creasingly penalizelarger averageabsolute coetcient
values. They di®erin how they react to dispersion or
variation of the absolute coetcient values. The ridge
penalty discouragesdispersionby penalizing variation
in absolute values. It thus tends to produce solutions
in which coezxcients tend to have equal absolute val-
uesand nonewith the value zero. The lasso(34) is in-
di®eren to dispersionand tends to produce solutions
with a much larger variation in the absolute values of
the coezxcients, with many of them setto zero. The
best penalty will dependon the (unknown population)
optimal coezcient values. If these have more or less
equal absolute valuesthe ridge penalty (33) will pro-
duce better performance. On the other hand, if their
absolute values are highly diverse, especially with a
few large valuesand many small values, the lassowill
provide higher accuracy

As discussedin Hastie, Tibshirani and Friedman
2001and rigorously derived in Efron et al 2002,there
is a connection betweenboosting (Algorithm 1) with
shrinkage (30) and penalized linear regressionon all
possibletrees (31) (32) using the lasso penalty (34).
They produce very similar solutions as the shrink-
age parameter becomesarbitrarily small® ! 0. The
number of trees M is inverselyrelated to the penalty
strength parameter , ; more boostedtreescorresponds
to smallervaluesof , (lessregularization). Usingearly
stopping to estimate the optimal number M  is equiv-
alent to estimating the optimal value of the penalty
strength parameter , . Therefore, onecan view the in-
troduction of shrinkage(30) with a small learning rate
° . 0:1asapproximating alearning machine basedon
all possible (J{region) trees with a lassopenalty for
regularization. The lassois especially appropriate in
this context becauseamong all possibletrees only a
small number will likely represen very good predic-
tors with population optimal absolute coetcient val-
uessubstartially di®erert from zero. As noted above,
this is an especially bad situation for the ridge penalty
(33), but ideal for the lasso(34).

4. Boostdl tree properties

Boostedtrees maintain almost all of the advantages
of singletree modeling describedin Sectionlll A while
often dramatically increasing their accuracy One of
the properties of single tree models leading to inac-
curacy is the coarsepiecewiseconstart nature of the
resulting approximation. Sinceboostedtree machines
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are linear combinations of individual trees, they pro-
duce a superposition of piecewiseconstart approxi-
mations. Theseare of coursealso piecewiseconstan,
but with many more pieces. The corresponding dis-
continuous jumps are very much smaller and they are
able to more accurately approximate smooth target
functions.

Boosting also dramatically reducesthe instability
assaiated with single tree models. First only small
trees (Section IV B 1) are used which are inherently
more stable than the generally larger trees assaiated
with single tree approximations. Howevwer, the big in-
creasein stability results from the averaging process
assaiated with usingthe linear combination of a large
number of trees. Averaging reducesvariance; that is
why it plays such a fundamertal role in statistical es-
timation.

Finally, boosting mitigates the fragmertation prob-
lem plaguing single tree models. Again only small
trees are used which fragmen the data to a much
lesserextent than large trees. Each boosting iteration
usesthe ertire data set to build a small tree. Each
respective tree can (if dictated by the data) involve
di®erert sets of predictor variables. Thus, eat pre-
diction canbein°uenced by a large number of predic-
tor variables assaiated with all of the trees involved
in the prediction if that is estimated to produce more
accurate results.

The computation assaiated with boosting trees
roughly scalesas nN logN with the number of pre-
dictor variables n and training samplesizeN. Thus,
it can be applied to fairly large problems. For exam-
ple, problemswith nv 10°{10% and N v 10°{10° are
routinely feasible.

The oneadvantage of singledecisiontreesnot inher-
ited by boosting is interpretabilit y. It is not possible
to inspect the very large number of individual tree
componerts in order to discern the relationships be-
tweenthe responsey and the predictors x. Thus, like
support vector madines, boosted tree machines pro-
duce black{b ox models. Tedniques for interpreting
boosted trees as well as other black{b ox models are
described in Friedman 2001.

C. Connections

The precedingsection has reviewed two of the most
important advancesin macdiine learning in the re-
cert past: support vector machines and boosted de-
cision trees. Although motivated from very di®erer
perspectives, these two approadces share fundamen-
tal properties that may accourt for their respective
success.These similarities are most readily apparernt
from their respective penalizedlearning formulations
(Section IV A 3 and SectionIV B 3). Both build linear
models in a very high dimensional space of derived
variables, eat of which is a highly nonlinear function
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of the original predictor variablesx. For support vec-
tor machines these derived variables (14) are implic-
ity de ned through the chosenkernel K (x;x9% den-
ing their inner product (15). With boostedtreesthese
derived variables are all possible (J{region) decision
trees (31) (32).

The coezxcients de ning the respective linear mod-
els in the derived spacefor both methods are solu-
tions to a penalized learning problem (22) (32) in-
volving a loss criterion L(y;F) and a penalty on the
coexcients P(fang). Support vector machines use
L(y;F) = (1 yF). for classicationy 2 fj 1;1g,
and (27) for regressiony 2 R!. Boosting can be
used with any (di®ereriable) loss criterion L(y;F)
(Friedman 2001). The respective penalties P (f ay, g)
are (24) for SVMs and (34) with boosting. Addition-
ally, both methods have a computational trick that
allows all (implicit) calculations required to solve the
learning problem in the very high (usually in"nite) di-
mensional spaceof the derived variables z to be per-
formed in the spaceof the original variables x. For
support vector machines this is the kernel trick (Sec-
tion IV A 1), whereaswith boostingit isforward stage-
wise tree building (Algorithm 1) with shrinkage (30).

The two approacesdo have somebasic di®erences.
These involve the particular derived variables de n-
ing the linear model in the high dimensional space,
and the penalty P(fang) on the corresponding coef-
“cients. The performanceof any linear learning ma-
chine basedon derived variables (14) will depend on
the detailed nature of those variables. That is, dif-
ferent transformations f hy (x)g will produce di®eren
learners as functions of the original variables x, and
for any given problem somewill be better than others.
The prediction accuracy achieved by a particular set
of transformations will depend on the (unknown) tar-
getfunction F*(x) (2). With support vector machines
the transformations are implicitly de ned through the
chosenkernel function. Thus the problem of choosing
transformations becomes,aswith any kernel method,
one of choosing a particular kernel function K (x;x9
(\k ernel customizing").

Although motivated herefor usewith decisiontrees,
boosting can in fact be implemented using any spec-
i ed \base learner" h(x;p). This is a function of the
predictor variablesx characterizedby a set of param-
etersp = fpi.p; ¢¢Cg A particular set of joint pa-
rameter valuesp indexesa particular function (trans-
formation) of x, and the set of all functions induced
over all possiblejoint parameter valuesde ne the de-
rived variables of the linear prediction machine in the
transformed space. If all of the parameters assume
valueson a nite discrete set this derived spacewill
be nite dimensional, otherwise it will have in nite
dimension. When the baselearner is a decision tree
the parametersrepresen the identities of the predic-
tor variables used for splitting, the split points, and
the response values assignedto the induced regions.
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The forward stagewiseapproadc can be usedwith any
base learner by simply substituting it for the deci-
sion tree T(x) ! h(x;p) in lines 3{5 of Algorithm 1.
Thus boosting provides explicit cortrol on the choice
of transformations to the high dimensional space. So
far boosting has seengreatest successwith decision
tree baselearners, especially in data mining applica-
tions, owing to their advantages outlined in Section
11 A. Howewer, boosting other baselearnerscan pro-
vide potentially attractiv e alternativesin somesitua-
tions.

Another di®erencebetween SVMs and boosting is
the nature of the regularizing penalty P (f a, g) that
they implicitly employ. Support vector machines use
the \ridge" penalty (24). The e®ectof this penalty is
to shrink the absolute values of the coetcients f 1, g
from that of the unpenalized solution , = 0 (22),
while discouraging dispersion among those absolute
values. That is, it prefers solutions in which the de-
rived variables (14) all have similar in°uence on the
resulting linear model. Boosting implicitly usesthe
\lasso" penalty (34). This also shrinks the coezcient
absolute values, but it is indi®erernt to their disper-
sion. It tendsto produce solutions with relatively few
large absolute valued coexcients and many with zero
value.

If a very large number of the derived variables in
the high dimensional spaceare all highly relevant for
prediction then the ridge penalty used by SVMs will
provide good results. This will be the caseif the cho-
senkernel K (x;x9 is well matched to the unknown
target function F°(x) (2). Kernels not well matched
to the target function will (implicitly) produce trans-
formations (14) many of which have little or no rele-
vanceto prediction. The homogenizing e®ectof the
ridge penalty is to in°ate estimatesof their relevance
while de°ating that of the truly relevant ones,thereby
reducing prediction accuracy Thus, the sharp sensi-
tivit y of SVMs on choice of a particular kernel can be
traced to the implicit useof the ridge penalty (24).

By implicity employing the lasso penalty (34),
boosting anticipates that only a small number of its
derived variables are likely to be highly relevant to

prediction. The regularization e®ectof this penalty
tends to produce large coexcient absolute values for
thosederived variablesthat appearto be relevant and
small (mostly zero) values for the others. This can
sacri ce accuracy if the chosenbaselearner happens
to provide an especially appropriate spaceof derived
variablesin which alarge number turn out to be highly
relevant. Howewer, this approad provides consider-
able robustnessagainst lessthan optimal choicesfor
the baselearner and thus the spaceof derived vari-
ables.
V. CONCLUSION

A choice between support vector machines and
boosting depends on one's a priori knowledge con-
cerning the problem at hand. If that knowledge is
suxcient to lead to the construction of an especially
e®ective kernel function K (x;x% then an SVM (or
perhaps other kernel method) would be most appro-
priate. If that knowledgecan suggestan especially ef-
fective baselearner h(x; p) then boosting would likely
produce superior results. As noted above, boosting
tends to be more robust to misspeci cation. These
two techniques represen additional tools to be con-
sidered along with other machine learning methods.
The best tool for any particular application depends
on the detailed nature of that problem. As with any
endeasor one must match the tool to the problem. If
little is known about which technique might be best
in any given application, seweral can be tried and ef-
fectivenessjudged on independent data not used to
construct the respective learning machinesunder con-
sideration.
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