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SUMMARY

We consider the problem of estimating sparse graphs by a lasso penalty applied to the inverse covariance
matrix. Using a coordinate descent procedure for the lasso, we develop a simple algorithm—the graphical
lasso—that is remarkably fast: It solves a 1000-node problem (∼500 000 parameters) in at most a minute
and is 30–4000 times faster than competing methods. It also provides a conceptual link between the
exact problem and the approximation suggested by Meinshausen and Bühlmann (2006). We illustrate the
method on some cell-signaling data from proteomics.
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1. INTRODUCTION

In recent years a number of authors have proposed the estimation of sparse undirected graphical models
through the use of L1 (lasso) regularization. The basic model for continuous data assumes that the ob-
servations have a multivariate Gaussian distribution with mean µ and covariance matrix �. If the i j th
component of �−1 is zero, then variables i and j are conditionally independent, given the other variables.
Thus, it makes sense to impose an L1 penalty for the estimation of �−1 to increase its sparsity.

Meinshausen and Bühlmann (2006) take a simple approach to this problem; they estimate a sparse
graphical model by fitting a lasso model to each variable, using the others as predictors. The component
�̂−1

i j is then estimated to be nonzero if either the estimated coefficient of variable i on j or the estimated
coefficient of variable j on i is nonzero (alternatively, they use an AND rule). They show that asymptoti-
cally, this consistently estimates the set of nonzero elements of �−1.
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2 J. FRIEDMAN AND OTHERS

Other authors have proposed algorithms for the exact maximization of the L1-penalized log-likelihood;
Yuan and Lin (2007), Banerjee and others (2007), and Dahl and others (2007) adapt interior-point
optimization methods for the solution to this problem. Both papers also establish that the simpler ap-
proach of Meinshausen and Bühlmann (2006) can be viewed as an approximation to the exact problem.

We use the blockwise coordinate descent approach in Banerjee and others (2007) as a launching
point and propose a new algorithm for the exact problem. This new procedure is extremely simple and is
substantially faster competing approaches in our tests. It also bridges the “conceptual gap” between the
(Meinshausen and Bühlmann, 2006) proposal and the exact problem.

2. THE PROPOSED METHOD

Suppose, we have N multivariate normal observations of dimension p, with mean µ and covariance �.
Following Banerjee and others (2007), let � = �−1, and let S be the empirical covariance matrix, the
problem is to maximize the penalized log-likelihood

log det � − tr(S�) − ρ||�||1 (2.1)

over nonnegative definite matrices �.† Here, tr denotes the trace and ||�||1 is the L1 norm—the sum
of the absolute values of the elements of �−1. Expression (2.1) is the Gaussian log-likelihood of the
data, partially maximized with respect to the mean parameter µ. Yuan and Lin (2007) solve this problem
using the interior-point method for the “maxdet” problem, proposed by Vandenberghe and others (1998).
Banerjee and others (2007) develop a different framework for the optimization, which was the impetus
for our work.

Banerjee and others (2007) show that the problem (2.1) is convex and consider estimation of � (rather
than �−1) as follows. Let W be the estimate of �. They show that one can solve the problem by optimizing
over each row and corresponding column of W in a block coordinate descent fashion. Partitioning W and S

W =
(

W11 w12

wT
12 w22

)
, S =

(
S11 s12

sT
12 s22

)
, (2.2)

they show that the solution for w12 satisfies

w12 = argminy{yT W −1
11 y : ||y − s12||∞ � ρ}. (2.3)

This is a box-constrained quadratic program (QP), which they solve using an interior-point procedure.
Permuting the rows and columns so the target column is always the last, they solve a problem like (2.3)
for each column, updating their estimate of W after each stage. This is repeated until convergence. If this
procedure is initialized with a positive definite matrix, they show that the iterates from this procedure
remains positive definite and invertible, even if p > N .

Using convex duality, Banerjee and others (2007) go on to show that solving (2.3) is equivalent to
solving the dual problem

minβ

{ 1
2 ||W 1/2

11 β − b||2 + ρ||β||1
}
, (2.4)

where b = W −1/2
11 s12

‡; if β solves (2.4), then w12 = W11β solves (2.3). Expression (2.4) resembles a
lasso regression and is the basis for our approach.

†We note that while most authors use this formulation, Yuan and Lin (2007) omit the diagonal elements from the penalty.
‡The corresponding expression in Banerjee and others (2007) does not have the leading 1

2 and has a factor of 1
2 in b. We have

written it in this equivalent form to avoid factors of 1
2 later.


















