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Abstract

Local learning methods approximate a global relationship between an output (response)
variable and a set of input (predictor) variables by establishing a set of “local” regions
that collectively cover the input space, and modeling a different (usually simple) input-
output relationship in each one. Predictions are made by using the model associated with
the particular region in which the prediction point is most centered. Two widely applied
local learning procedures are K - nearest neighbor methods, and decision tree induction
algorithms (CART, C4.5). The former induce a large number of highly overlapping regions
based only on the distribution of training input values. By contrast, the latter partition the
input space into a (relatively) small number of highly customized (disjoint) regions using
the training output values as well. Recursive covering unifies these two approaches in an
attempt to combine the strengths of both. A large number of highly customized overlapping
regions are produced based on both the training input and output values. Moreover, the
data structure representing this cover permits rapid search for the prediction region given
a set of (future) input values.

1 Learning

In the learning problem one has a system that produces data in the form of simultaneous measure-
ments on a set of quantities call variables. Some of these are regarded as “input” or “predictor”

variables x = (21, - - -,%,) and the others as “output” or “response” variables. Here we consider
the case of only one output or response y. Assuming the statistical model
y=f(x)+e (1)

where f(x) is a single valued deterministic function of 7 arguments and ¢ is a random component,
the goal is to approximate (estimate) f(x) by another function f (x) over some range of x € R".
The random component ¢ in (1) reflects the fact that knowing simultaneous values of all of the
input variables x (usually) does not specify a unique value of ¢, but rather a distribution of

y-values characterized by the (usually unknown) distribution of ¢, ¢ ~ L(e|x). To make f(x)
(1) identifiable one usually specifies

E(e]x)=0 (2)
for all values of x € R™ so that the “target” function f(x) is (uniquely) defined as
f(x) =E(y|x). (3)
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Learning procedures use a “training” sample
T = {yi, xi}7 (4)

of N previously solved cases for which both all of the inputs and output values have been
obtained to attempt to “learn” the target function (3). That knowledge is incorporated in the
approximating function f(x)

Learning has two purposes: prediction and interpretation. In prediction, it is presumed that
(future) data will be available for which the input variables x have been measured, but the value
of the output ¥ is unknown. One uses the approximator f (x) evaluated at x as a prediction
(estimate) ¢ for the unknown y value

y=f(x). (5)

In this application the goal is accuracy as defined by small values of

E.xL(y, f(x)) (6)

where L(y,7) is some (user defined) loss function for predicting § when the truth is y. When
the output takes on (orderable) real values y € R! (“regression”) commonly used loss functions
are

L(y.9) = ly - 9| (7)
with ¢ = 2 being the most popular because it leads to simpler minimization procedures. When
y takes a discrete set of J (unorderable) values (“classification”) the elements of the loss matrix
L(y,3) € R7*7 are explicitly specified.

For interpretation the goal is to use the structural form of f (x) as a descriptive statistic
for attempting to understand the predictive relationship between the inputs and output. This
is largely a human engineering problem usually at tension with the prediction goal. Placing
the additional constraint of “interpretability” on the approximator f (x) usually degrades its
predictive ability.

2 Local learning

There is a large literature devoted to the learning problem describing many different types of
procedures. One such class of learning methods is based on the concept of “local” learning. With
this approach the space x € R™ of input values is covered by a set of “local” regions {Rm}{w
where

Rn C R™ and U) R,, = R"™. (8)

One then learns a separate (“simple”) approximator fm(x) individually in each such region.
These are usually taken to be gth order polynomials with ¢ = 0,1,2 being the most popular
choices. The notion of “local” is characterized by the “size” of the regions

szze(Rm) = QV€x x'cR,, ||X - X’” (9)

where ||x — x'|| is some measure of distance between the points x and x’, and the average in (9)
is over all x,x' € R,,.

With local learning, predictions (at x) are made by first choosing one of the local regions
R+ (x) and using its corresponding approximator

The region chosen is the one in which the prediction point is most “centered”

m*(x) = arg 1§I£lzi£M avexrer, |[x —x'||- (11)

Local learning is motivated by Taylor’s theorem which states that if a region is local enough any
continuous function f(x) can be well approximated by a low order polynomial within it.



3 Bias-variance trade-off

If one adopts a squared-error loss function [¢ = 2 in (7)] then its expected value (at x) can be
decomposed as

Ely— () = Ely — f&) + [f(x) — Ef(x)]* + E[f(x) — Ef(x)]*. (12)

The three terms on the right hand side of (12) are well known quantities. The first is the
variance of the random component ¢ (1) and represents the irreducible prediction error owing
to the random nature of the output 4. The second term (“bias-squared”) reflects the ability of
the approximation f (x) to represent the target f(x). The third term (“variance”) measures the
stability of the derived approximation to changes in the training data (4). Since the training
data is usually a random sample, the variance measures the squared-error in f (x) induced by
sampling fluctuations.

To reduce mean-squared error it is desirable to have small bias-squared and variance. However
there is usually a tension between these goals. In the case of local learning the variance is largely
determined by the number of training observations in the prediction region. More data in the
region produces less variance in the estimates of the parameters of the low order polynomial and
thereby less variance in the function estimate fm (x). The bias-squared is mostly governed by
the size (9) of the region. The smaller the region the more accurately a low order polynomial is
likely to approximate the target f(x) within it. Since there is a direct relation between the size
of a region and the number of training points within it, there is a trade-off between bias-squared
and variance leading to an optimal number of observations within any given region.

If there is only one input variable (x € R') then the regions of the input space are charac-
terized by their (individual) locations and sizes. In the case of more than one input x € R>?
regions not only have location and size, they have “shape” as well. The shape of a region can
be characterized by its size along all directions in the input space; that is, by the function

S (@) = avexep, |af(x —uy,)| (13)

where a is a unit vector representing a direction in R™ and u,, is the location (center) of the
(mth) region. For a given number of training points within a region (variance) the shape function
(13) can be chosen to minimize bias-squared.

4 K - nearest neighbors

With K- nearest neighbor (“K-NN”) local learning each region R,, is constructed by defining
its location (center) u,, and taking the region to be that part of the space occupied by the K -
closest training points to u,,. In terms of the points that lie within it the region is defined by

Ron () = {xi] ||xi — wpm| < a5} (14)

where dg() is the K'th order statistic of {||x; — wy,||}}Y,. As the center (location) u,, ranges
over all of R" a finite number of distinct regions (14) are produced that cover the input space.
For K = 1 this produces the Voronoy tessellation of the input space, making a partition of N
disjoint regions. For K > 1 (and n > 1) a cover consisting of a (much) larger number of regions
is produced.

In order to apply K-NN one must specify a value for K and define the distance ||x —ul| used
in (14). K is usually taken to be a meta-parameter of the procedure whose value is determined
through model selection (i.e. cross-validation). The distance measure is a quadratic form in the
input variables

[ —ufl? = (x— w)M " (x - u) (15)

characterized by a positive definite symmetric matrix M € R™*™. The matrix M controls the
shape (13) of the regions (under the constraint of elliptical symmetry). Common choices for M



include I,, the identity matrix producing spherically symmetric regions, or a diagonal matrix
M = diag{s}}} (16)

whose elements 33 are squared scale estimates of each input x; over the training data. This (16)
gives equal influence to each input variable in defining the regions, but not to all directions in
the input space. To achieve this M can be set to the covariance matrix of the sample inputs.

K-NN local learning has been studied in the fields of statistics [Stone (1977) and Cleveland
and Devlin (1988)], neural networks [Bottou and Vapnik (1992)], and machine learning [Atkeson,
Moore, and Schaal(1996)]. Tt has been shown to be quite effective in low dimensional settings
(few independent inputs). Unfortunately, as the input dimension grows the approach tends to
rapidly loose power for regression (y € R'). [In often remains powerful for classification however.
See Friedman (1996).]

The reason that K-NN procedures tend to loose effectiveness is that as the dimension of the
input space increases the shape of the regions becomes more important. This is because in high
dimensional spaces it is impossible to construct regions that have small size simultaneously in
all directions and contain sufficient training data. This is a consequence of the so called “curse-
of-dimensionality” [Bellman (1961)]. Suppose one chooses spherically symmetric regions [s,, (a)
(13) independent of a], and let Ry be a region containing all of the training data. Then one has
(approximately) for any region R,,

= () o

where K is the number of training points in each region R,, and N is the total training sample
size. Thus in high dimensions (large n) the size of any region is close to Rg even for K = 1
(maximum variance). This results in high bias even for large variance and therefore large mean-
squared error. In order to have a chance of overcoming the curse-of-dimensionality region shape
(13) must be chosen judiciously in an attempt to minimize bias.

The optimal shape for any region R,, is governed by the properties of the target function
f(x) within it. Specifically, its size in any direction « (13) should be inversely proportional to
the rate of change of the (absolute) bias in that direction

(@) = 1 fvarsc n, (@ ] £(3) — Fon(x)) (18)

This clearly depends on the target function f(x), the approximator Fin (x) used, and the location
x of the region in the input space. In most implementations of K-NN (14) (15) the shape of the
regions is taken to be independent of all three. In some the matrix M (15) is made a (meta)
parameter of the procedure and (numerically) optimized to minimize lack-of-fit to the training
data. A special case of this approach is variable subset selection in which M ™! is restricted to be
diagonal, with a subset of its elements set to zero. This generally results in improved performance
since region shape is (globally) adjusted (under the constraint of elliptical symmetry) to account
for the target function and the local approximator used. However, it still suffers from the
limitation of using the same shape for all regions independently of their location in the input
space.

Another limitation of K-NN is computational. The number of covering regions is usually quite
large and in high dimensional spaces there exists no convenient data structure to delineate them
or rapidly search for the one in which a prediction point x is most centered. As a consequence one
is generally forced to a “lazy” implementation. The prediction region R, (x) (11) is separately
constructed for each prediction point x by defining it as the center and searching for the K closest
training points to it. This approach eliminates the need for preliminary training by delaying it
until a prediction is needed, and then only doing enough computation to predict the given point.
Lazy implementations are efficient if only a few predictions are needed, but are wasteful if there
are many predictions or if they are time critical.



5 Recursive partitioning

Recursive partitioning “RP” [CART, Breiman et. al. (1984), C4.5, Quinlin (1993)] is a local
learning paradigm intended to overcome the limitations of K-NN. As with any local learning
method the input space is covered by a set of “local” subregions and a separate simple ap-
proximator (low order polynomial) is learned in each one. Unlike K-NN however, the shape
(and cardinality) of each region is customized to the target function, local approximator, and
its location in the input space. This is accomplished by the manner in which the regions are
constructed.

As the name implies RP employs a top-down recursive splitting strategy to construct the
subregions for local learning. It begins with a single region Rg containing all of the training
data. At each step every existing (“parent”) region is split into two (“daughter”) subregions.
These replace each respective parent thereby increasing the number of regions. The splitting is
then applied to each daughter. This recursive splitting is continued until a region meets a local
(“terminal”) criterion and is not further split. When all regions have met the terminal criterion
they represent the cover used for local learning.

The detailed nature (shape) of the terminal regions is governed by the splitting procedure.
One defines a splitting function g(x,a) of the input variables x, characterized by a set of pa-
rameters ¢, and a real valued split point s. The form of the split function is usually taken to be
linear

9(x,a) = a'x (19)

(CART) and even more often with restriction to the coordinate (input) axes (CART, C4.5)
ac {e,- -, e,}. (20)

Here e; is a unit vector parallel to the jth input coordinate. The splitting procedure is outlined
in Algorithm 1. Tt takes as its input a (“parent”) region R and produces as its output the
two daughters, R; and R, that replace it. First optimal parameter values a*and split point s*
are estimated using the training data contained in the parent region R, based on maximizing
some goodness-of-split criterion splitcri defining optimality. In most “greedy” implementations
this is taken to be the average goodness-of-fit of the local approximations to the training data
separately in the two subsets defined by the split. Then the split is performed by thresholding
the optimized splitting function at the optimized split point.

Algorithm 1
Splitting procedure used in recursive partitioning.

Split(R)— (Ry, Ry)

(a*,8*) = argmaxg s spliteri({x;,y; | x; € R}, e, 8)
For all x € R do:

if g(x,a*) < s* then x € R;

if g(x,a*) > s* then x € R,
End for

End split

The recursive partitioning strategy clearly overcomes the major limitations of the K-NN ap-
proach. By choice of an appropriate splitting function g(x, ) and split criterion splitcri, the
shapes of the resulting (“terminal”) regions are locally adapted to the target function and local
approximator. Each split chooses the direction a* (19) (20) that gives the most improvement
by the local approximator fm (x) in each daughter. Therefore directions of high bias are prefer-
entially split. Since the regions become more local as the partitioning proceeds this adaptation



is more and more local. In addition an appropriate terminal criterion can use different numbers
of training observations in each terminal region, providing further customization.

Another advantage of recursive partitioning is that it lends itself to a simple “eager” (as
opposed to lazy) implementation. Owing to the recursive nature of the (binary) splitting it can
be parsimoniously represented by a binary tree. The internal nodes of the tree represent the
splits, the associated optimal splitting parameters a*, s* being stored at each one. The terminal
nodes represent, the local regions, the parameter values of the local approximator being stored
in each one. To make a prediction at a point x one simply traverses the tree to the (unique)
local region containing x. Starting at the root node one evaluates the value of the split function
at x and then descends to either the left or right daughter depending on whether the value is
either less that or equal to, or greater than, the split point. This is done recursively at each
daughter visited until a terminal node is reached. The local approximator associated with the
corresponding terminal region is then used to make the prediction. Such a traversal can be
performed very rapidly even for a large number of terminal regions.

Probably the most attractive feature of RP is its interpretability. The binary tree repre-
sentation provides a powerful graphic for visualizing the input-output relationship especially
when simple axis oriented splits (20) are employed. With the tree one can easily identify the
combinations of input variable values leading to various values of the (predicted) output.

Although the intuition leading to RP seems compelling, it suffers from some severe limitations
with respect to K-NN that have only been recently recognized. Most of these limitations stem
from the fact that it produces a partition of the input space. That is the set of terminal regions
that cover the space are disjoint rather than overlapping as in K-NN. As a consequence, for
similar (average) number of training points per region (variance), RP produces many fewer
regions. The result is a much more discontinuous approximation leading to large errors (bias)
near region boundaries. Each prediction point is contained in only one region and it can be very
far from the region center and training points in that region. This can induce high bias that
may overcome the bias reduction achieved by customizing the shape of the region.

Another potential problem with RP is data fragmentation. Each split reduces the training
sample in each resulting daughter to an average of one half that of the parent. Thus the average
number of splits defining a terminal node is fairly small even for large training samples. In order
to reduce the size (13) of a region along a direction ¢, a split must be performed (along that
direction). Since the number of splits leading to most regions is small, its size can be reduced
in at most a few directions. This can be an advantage if the bias associated with the local
approximations varies only in a small number of directions (locally). But if it varies in more
than a few directions this becomes a serious limitation. K-NN on the other hand limits (at least
a little) the extent of its regions in all directions.

Finally, the approximations produced by RP are highly unstable with respect to minor per-
turbations of the training data. This leads to high variance predictions, induced by sampling
fluctuations associated with the random nature of the mechanism producing the (training) data.
This instability is a consequence of the top-down (greedy) partitioning strategy. Each split is
conditioned on its (“ancestor”) splits that precede it. Thus any variability in split parameter
estimates is propagated to its descendent splits in a multiplicative (rather than additive) man-
ner. Minor changes in an early split can have a major impact on later splits producing very
different terminal regions. On the other hand the regions produced by K-NN are highly stable
with respect to perturbations of the training data. Several approaches have been proposed to
mitigate this instability aspect of RP. These include “bagging” [Breiman (1994)], “bumping”
[Tibshirani and Knight (1995)], and Bayesian CART [George, Chipman, and McCulloch (1996)
and Smith, Denison, and Mallick (1996)].

6 Recursive covering

As discussed in Sections 4 and 5 both the K-NN and RP approaches to local learning have
complementary strengths and limitations. Recursive covering (“RC”) is a hybrid approach that



Figure 1: Splitting strategy for recursive covering.

attempts to combine the attractive features of both while mitigating their respective limitations.
Following the K-NN approach a large number of highly overlapping regions are produced and a
low order polynomial is learned in each one. The region in which a prediction point x is most
centered is used to obtain its output estimate. Like RP the shape of each region is separately
customized to the target function f(x), local approximator fm(x) used, and its location in the
input space. In addition a data structure exists (“cover tree”) that permits rapid search for the
predictor region given the location x of the prediction point.

A simple modification of the RP splitting paradigm (Algorithm 1) leads to RC. As with RP
a splitting function ¢g(x, ) is defined. However with RC there are two associated split points
$1 < s3. The splitting procedure is outlined in Algorithm 2. Tt takes as its input a parent
region R, and produces as output its two daughter regions R;, R, that replace it. First optimal
values of the split parameters are obtained based on the training data in the parent region R by
maximizing a (goodness-of-) split criterion. Using the optimized split parameters the split of R
is performed. All points in R for which the (optimized) split function has a value less than (or
equal to) the upper split point are assigned to the left daughter R;. All points that have a value
greater than the lower split point are assigned to the right daughter R,.

Algorithm 2
Splitting procedure used in recursive covering.

Split(R)— (R, Ry)

(a*,s7,85) = argming 4, s, spliteri({x;,y; | x; € R}, e, 51, $2)
For all x € R do:

if g(x,a*) < s} then x € R,

if g(x,a*) > s then x € R,
End for

End split

Figure 1 illustrates the splitting. The (center) horizontal line represents values of g(x, a*),
and s, s3 are the two (optimized) split points. All points x € R for which g(x,a*) < sf are
assigned to R; only. Those for which ¢g(x, a*) > s} are assigned to R, only. Those in the interval
s < g(x,a*) < s} are assigned to both daughters R; and R,.

For the implementation of the RC strategy presented here (“DART”) the splitting function
is taken to be linear (19) with the axis oriented restriction (20) as an option. The split points
are (nonadaptive) functions of the split direction e. Specifically, s;(a) and sp(cx) are taken
to be respectively the § and (1 — §) quantiles of {a'x;|x; € R}. Thus, the splitting criterion



spliteri(e) (Algorithm 2) is a function of the split direction a only. The “trimming factor”
6 < 1/2 is a procedural (“meta”) parameter. Generally performance is inversely related to the
value chosen for § (the smaller the better). However, as seen below, the (training) computation
increases rapidly as its value approaches zero. The terminal criterion used here is the same as
K-NN; a region is not further split when the number of training observations within it is less that
a threshold K. The value for K is chosen through model selection (cross-validation). Finally,
the splitting criterion splitcri(a) used in this implementation is discussed in Section 10.

The recursive covering is accomplished by substituting its splitting procedure (Algorithm 2)
in place of that for RP (Algorithm 1) in the RP strategy (Section 5). Beginning with an initial
region Ry, containing all the training data, it is recursively applied to its outputs (daughters)
until the terminal criterion is met. When all regions meet the terminal criterion they represent
the final region set for local learning. If the trimming factor § is set to its largest value (6 = 1/2)
then one has an RP strategy with median splits at each step. This produces a partition of the
input space with N/K disjoint regions. For § < 1/2, a cover is produced in which the terminal
regions overlap. The number of terminal regions depends on the training sample size N, the
number of points K in each terminal region, and the value chosen for the trimming factor é.
The number of splits L leading to each terminal region is determined by the terminal criterion

1-8'N=K (21)

so that
L =log,_y(K/N). (22)

Since each recursive split produces two regions the total number of regions M is
M:2L — (N/K)logQ/log(lfﬁ)fl. (23)

Because the regions are overlapping each point in the input space resides in one or more terminal
regions. The average number of regions containing each point is given by

ave #{ Ry | X € Ry} = (K/N) - M. (24)

Table 1 shows values of M (23) for various combinations of values for § (columns) and K/N
(rows). One sees that the number of regions grows rapidly as both § and K/N become small.
Variance considerations generally restrain K/N from very small values. However, as noted above,
smaller values of § generally improve performance. Thus there is a performance - computation
trade-off associated with choosing a value for §. This is discussed in more detail in Section 8.
In terms of (RAM) memory requirements M = 10° regions are easily accommodated on most
lap-top computers, and M = 10° on scientific work stations. Many more regions can be stored
by arranging them in a hierarchical manner on secondary (disk) storage and only reading in
those that are necessary to predict each (future) point x.

Table 1
Number of regions produced by recursive covering.

w13 14 1/5 1/10
/10 32 256 1024 2.1 x 106

1/20 128 1024 8192 2.7 x 108
1/100 2048 65536 1.1 x 106 8.8 x 10'2

7 Prediction

The prediction rule for RC is the same as that for K-NN (10) (11). Using exhaustive search to
find the region R, () (11) in which the prediction point is most centered is very slow owing
to the very large number of regions (23). One can reduce this computation by arranging the



terminal regions in a binary (“cover”) tree in direct analogy with the partition tree used to
represent recursive partitions (Section 5). Each internal node represents a split and stores the
corresponding split direction a* and split points sj, s5. The terminal nodes represent each of the
regions of the cover and store the parameters of its corresponding polynomial. Note that the RC
splitting strategy used here results in a (nearly perfectly) balanced binary tree of depth L (22).
Given a prediction point x this tree can be recursively traversed in a straight forward manner
to visit only those terminal nodes representing regions containing x. This requires computation
proportional to the number of such regions, which on average (24) is much less that the total
number of regions (23). Even so, this search time can still be large enough to represent a problem
for many applications.

The computation required to find the prediction region R,,-(x) can be further reduced to
insignificance, regardless of the size of the cover tree, by a simple trick. The binary cover tree
described above is interpreted as a binary partition tree. At each internal node the corresponding
split direction a* is stored (as with the cover tree). The (single) split point s* associated with
the node is the midpoint between the corresponding split points for that node in the cover tree

5" = (s] +53)/2. (25)

Interpreting the tree in this manner induces a partition on the input space. The number of
(disjoint) regions of this partition is the same as that of the associated cover (23). In fact, there
is a one-to-one relationship between the regions of this partition and those of the cover; namely,
a point that lies (uniquely) in a region of the partition is most centered in its corresponding
region of the cover.

As discussed in Section 5 searching a binary partition tree is very fast since only one terminal
node is visited (no back tracking). Because the tree here is perfectly balanced the search time
is proportional to its depth L (22), and L = logy M (23). This computation is likely to be
insignificant for any conceivable number of regions M in the cover.

8 Training

Although the prediction time for recursive covering can be reduced to insignificance the training
time cannot. As a function of the parameters of the problem the computation required to
construct the entire cover (tree) is given by

L
time(eager) = ¢cN 2[2(1 -8 (26)
1=0

where ¢ is constant depending on the number of inputs 7 and the computer used, IV is the training
sample size, L is the tree depth (22), and § < 1/2 is the trimming factor. For § < 1/2 there is
an exponential explosion in computation with increasing L, and L increases with decreasing
(and K) (22). This is illustrated in Table 2. Shown is the depth of the tree L (column 2) and
the computation (26) in arbitrary units (column 3) for several values of § (first column), with
K/N = 0.05. The exponential growth is clearly evident. Thus, for any given problem available
computing limits how small § can be.



Table 2
Computation required by eager, lazy, and prudent implementations of RC for K/N = 0.05.

6  depth eager lazy prudent(10?) prudent(10*)

.05 58 3.1x10'7  19.0 11.0 8.7
.10 28 3.2x10% 95 3.0 1.8
15 18 34x10° 6.4 1.0 04
.20 13 1200 4.8 0.3 0
.30 8 49.2 3.2 0 0
.40 6 12.9 24 0 0
.50 4 5.0 1.9 0 0

If a smaller value of § is required than can be accommodated with reasonable computation
one can adopt a lazy strategy in analogy to the K-NN approach. In this case one waits until a
prediction (at x) is required and then constructs only that part of the cover tree containing the
path (from the root) to the region in which x is most centered. The local polynomial is then fit
to the training data in that region and a prediction is made. The computation required for each

such prediction is
L

time(lazy) = cN Z(l — &L (27)
1=0

Here ¢ is the same constant appearing in (26). The fourth column of Table 2 shows this (27)
(in the same units as column 3) as a function of § . One sees that for small to moderate
values of § this strategy is much faster (for an individual prediction) than building the entire
tree. Of course, this computation must be repeated for every prediction, whereas with the tree
predictions are (relatively) instantaneous. If only a few predictions are to be made, and they
are not time critical, a lazy strategy can avoid the massive training computation associated with
small values of the trimming factor §. Owing to its operational similarity to (and in honor of)
LOESS [Cleveland and Devlin (1988)] we refer to this lazy strategy as “HYESS” indicating a
generalization to higher dimensions.

Comparing the third and fourth columns of Table 2 one sees that the rate of growth of
computation with increasing tree depth is much faster for eager training (DART) than for lazy
prediction (HYESS). This suggests a hybrid (“prudent”) strategy. FEager training is used to
build a cover tree with K > K observations in each terminal region. The value of K is governed
by available computing. For each prediction (at x) the tree is searched to find the region of this
cover in which x is most centered. HYESS is then applied to the training data in that region
for further refinement. Column 5 of Table 2 shows the corresponding prediction time (again in
the same units) using this strategy with a tree representing 1000 terminal regions (nodes). The
training time to build this tree was 89 units. Column 6 shows the corresponding time for a tree
with 10000 regions. Training time for this latter tree was 1200 units. The hybrid strategy clearly
improves prediction time while mitigating the exponential growth in training. For § = 0.15 use
of the 1000 node tree reduces prediction time by over a factor of six, while the 10000 node tree
reduces it by a factor of 16. For smaller values of § the relative savings (using these trees) are
less but still substantial.

The trade-off between how much computation to invest in training as opposed to savings in
prediction depends on how many predictions are to be made and how time critical they are.
If there are to be N, predictions and the goal is to minimize total computation (training plus
all predictions) then (26) (27) imply that K should be chosen so as to produce a cover tree
with M = N, terminal regions (23). However this is usually not the goal. Training is seldom
time critical so that one can afford to commit large resources to it, in order to reduce that of
later (perhaps time critical) prediction. However in the early exploratory stages of an analysis
one may wish to gauge the potential success of the approach without a large computational
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investment. In this case one can employ a purely lazy strategy, or a hybrid one with a small
tree, for testing purposes. Then if results appear promising one can commit larger resources to
training in order to speed-up future prediction.

9 Model selection

In the implementation of RC presented here there is one problem dependent (meta) parame-
ter. Tt is the number of training observations K in each terminal region of the final cover. An
optimal value for each situation is estimated through model selection. For this implementa-
tion cross-validation [Stone (1974)] is employed. An observation is removed from the training
sample and its output value ¥ is predicted (4) using the remaining observations in the sample.
The corresponding error |y — 4|, as a function of K, is averaged over repeated applications of
this procedure. The value of K that minimizes this average error is then used in subsequent
prediction.

Since with cross-validation only one observation is being predicted each time (N, = 1) it is
clear that a purely lazy strategy is appropriate for this purpose. In addition, only one parameter
is being estimated, and its precise value is not critical. Thus, the average cross-validated errors (as
a function of K') need not be evaluated to high precision. Little (if any) performance is sacrificed
by cross-validating a (random) subset of the training observations to obtain an estimate for the
optimal value of K, thereby saving computation especially in early exploratory work.

10 Splitting criterion

In all RP implementations the splitting criterion (spliteri - Algorithm 1) is heuristically moti-
vated, rather than being derived from first principles. The goal is to find a criterion that when
combined with the greedy top-down optimization strategy produces a good solution to the orig-
inal optimization problem. This if often not the quantity that defines optimality in the original
problem itself. With RC (as with RP) the goal is to derive a set of terminal regions such that
within each the local approximator f,, (x) represents the target f(x) as closely as possible.
From the point of view of a point x being predicted, RC can be regarded as a multidimensional
“peeling” procedure. At each step (region R) a direction a* in the input space is selected and
the points x’ € R farthest away from x in that direction |a*!(x — x')| are removed to define
the next (smaller) region containing x. Deleting the farthest away points each time keeps x as
centered as possible in subsequent regions used to predict it. If the direction a* were chosen to
maximize distance
spliteri(a) = avexs crlal (x — x')| (28)

one would reproduce the (linear) K-NN procedure in which neither the output values y nor
those of the local approximator fm(x) are used to customize the regions. The goal with RC is
to choose the direction a* such that when the (far away) points are removed, the approximator
provides the best fits in the resulting daughter regions. Although such a strategy could be
directly implemented it might prove to be too computationally intense for some (nonconstant)
local approximators. The splitting criterion suggested here (29) (30) is motivated by (18) and is
intended to be a computationally feasible approximation to this strategy.
Let

{ri=vi — fr(x;) | %; € R} (29)

be the residuals from the local approximator f r(x) fit to the data in the region R being split.
The criterion (to be maximized) for selecting the splitting direction a* (Algorithm 2) is

spliteri(a) = |avex, er{ri| xi < s1(a)}| + |avex, cr{ri| xi > sa(a)}]. (30)

Here s1(a) and sp(e) are respectively the lower and upper split points (§ and 1 — § quantiles
of {a!x; |x; € R}). Maximizing (30) finds the direction a* in which the points to be removed
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(defining the next two daughters) most systematically deviate from the local approximation in
the region being split. It can be feasibly optimized since the local approximator fR(X) need
only be computed once and can be rapidly obtained from that of its parent region through
least-squares updating formulae. Also, only a subset of the data in each trial direction a need
be considered, namely the 2 - § points at the extremes. The set of directions over which (30) is
optimized are taken to be the original coordinate axes (20) and the direction &g defined by a
linear least squares fit of the training outputs to the inputs in R. This direction can be rapidly
obtained from that of the parent region through updating formulae.

The validity of any splitting criterion is established by how well it produces the desired goal.
Although the one adopted here (29) (30) appears to lead to good performance (Section 12) it is
unlikely to be the “last word”. Other (better) criteria may be developed in the future that lead
to superior performance, at least in some situations.

11 “Admissibility” example

In this section results are presented of applying this RC implementation (DART/HYESS) to a
target function for which it might be expected to perform well. The target is taken to be

108 T2 22
Il 2 . (31)

1+ 100TT;2, 22

f(x)

There are thus n = 10 input variables. They are randomly generated from a uniform distribution
x ~ U[0,1]. Each corresponding output y is generated from (1) with no error (¢ = 0). The
training sample size was taken to be N = 500. Shown in Table 3 are the percentiles (columns)
of the distribution of absolute error |y — f (x)| on an independent validation data set of 5000
observations, averaged over five (random) training samples. The first row of Table 3 shows this
distribution for DART/HYESS (6§ = 0.1), and the remaining rows the corresponding values for
three competitors. For K-NN, the value of K was chosen by cross-validation and the metric
(15) (16) was defined by the interquartile range on each input over the training data. MARS
[Friedman (1991)] is an extension of RP (CART) intended to produce continuous approximations.
The last row (“linear”) is a global linear least squares fit.

Table 3
Percentiles of the distribution of |y — f(x)| for several methods applied to (31).

method 50 75 90 95
DART/HYESS 015 .385 6.31 26.8
K-NN 244 223 140 425
MARS 2.59 8.00 64.0 200.3
linear 29.4 50.8 919 1350

One would not expect a (global) linear model to do well on such a complex function (31). Also,
this target is symmetric in the input variables, thereby making them all equally relevant. Thus,
procedures based on subset selection, such as MARS, might not be highly successful, whereas
K-NN which treats the inputs in a (globally) symmetric manner ought to be better suited to
such a target. This is verified in Table 3. Although the target is symmetric, the respective
inputs have high differential relevance at different locations of the input space. RC exploits this
by customizing the shapes of individual regions to improve performance, here dramatically.

12 Random function generator

The target function (31) was deliberately selected to illustrate the power achievable with RC in
some situations. The relative success of any method depends on the details of the problem to
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which it is applied, most notably the particular target function (3) encountered. Every method
has particular targets for which it is most appropriate and others for which it is not. In order to
gain a (somewhat) broader perspective on the relative merits of the RC approach it is applied
to a variety of randomly generated targets. Each one takes the form

f(x)= Zal h(x,2;, V) (32)

with

h(x,z,V) = L exp [—l(x —2)'V 1(x-2)|. (33)

VI 2

This is a linear combination of Gaussian functions. The coefficients (32) are randomly gener-
ated form a uniform distribution {a; ~ U[—1,1]}{. The parameters of the Gaussians are also
randomly selected. The locations are generated form a uniform distribution {z, ~ U"[0,1]}F.
The eigenvectors of each V; are randomly generated uniformly on the unit n-sphere subject
to an orthogonality constraint. The eigenvalues are generated from a uniform distribution
U1[0.5254/n,0.025y/n]. Depending on the actual (random) values generated for each set of pa-
rameters, a wide variety of different target functions, in terms of the geometic shapes of their
contours, can be realized.

The simulation studies presented here consist of applying several versions of RC (DART/HYESS)
and a set of competing methods to 150 such randomly generated functions (32) (33) with » = 10
input variables. Each target was learned using a training data set of N = 500 observations. The
input points for each were randomly generated from a uniform distribution {x; ~ Uolo, 1]}?00.
The corresponding output values were generated from (1) with f(x) scaled so that

BIf(x) = F|=1. (31)
The random (error) component is normally distributed {e; ~ N[0,02]}3%. Tts variance 02 was
chosen so that F |¢;| = 0.2. This introduces an irreducible prediction error of 20%, or about a

5/1 signal-to-noise ratio.
For each target function the median absolute “model” error for each method j

ej = med| f(x) — f;(x)| (35)

was computed over 5000 independently generated “test” observations. In order to compare
various methods over problems of varying difficulty the actual quantity used for comparison is

Ty = ej/mkin €. (36)

That is the model error for each method is normalized by that of the best method (being
compared) for each target. Thus the best (lowest e;) method j* receives a value (36) of rj» =1
and all others have larger values of r; for each target.

The total simulation study of 150 target functions is divided into three parts of 50 targets
(32) (33) each. The first 50 are unimodal targets (L = 1), the next 50 trimodal (I = 3), and
the last 50 are decimodal (L. = 10). Relative performance for each method j is provided by
the distribution of its r; (36) values over the 50 targets in each study. Note that if a particular
method was best for all 50 target functions its resulting distribution would be a point mass at
the value 1.0.

Figure 2 summarizes these distributions with boxplots, for seven methods, on the unimodal
(L = 1) targets. The dark area of each boxplot shows the interquartile range of the distribution
with the enclosed white bar being the median. The outer hindges represent the points closest to
(plus/minus) 1.5 interquartile range units from the (upper/lower) quartiles. The isolated narrow
(dark) bars represent individual points outside this range (outliers). The bars at the value 10
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Figure 2: Distribution of relative errors for the unimodal (I = 1) target functions.

indicate the existence of extreme outliers with values r; > 10. There were typically two to three
such points for each method.

The first two methods (left to right) shown in Fig. 2 represent RC, namely DART/HYESS
with trimming factor § = 0.1. The first uses a local constant (zero-degree polynomial) approx-
imator and the second a local linear one. The next two methods represent RP, namely DART
with § = 0.5, again using local constant and linear approximators. Comparison of these two
(6 = 0.5) with the first two (§ = 0.1) allows one to gauge the relative effectiveness of the RC
strategy with respect to that of RP, since all other aspects of the procedures (split function (19),
splitting criterion (30), and terminal criterion) are the same. The next two methods represent
the K-NN approach using respectively local constant and linear approximators. The last method
being compared here is MARS [Friedman (1991)]. For DART/HYESS and K-NN the terminal
region size K was estimated by cross-validation separately for each target. For K-NN the metric
(15) (16) was defined by the interquartile ranges of the inputs.

The first (and perhaps most important) thing to observe from Fig. 2 is that none of the
methods was best for all 50 target functions. Each had targets for which it did well and others
on which it did very badly (relative to the best). Except for the two K-NN procedures each
method out performed all others on at least one of the targets. The respective number of times
each was best (Fig. 2 - left to right) was 23, 13, 4, 3, 0, 0, and 6. For the local learning methods,
local constant fitting seems to give better performance than local linear on average, but by no
means every time. Comparing the first four methods one sees that RC tends to out perform
RP typically producing a 60% reduction in median absolute error (35) over these targets. RC
tends to provide fairly dramatic improvement over the K-NN procedures typically reducing this
error by a factor of 2.2. The relatively poor performance of MARS on these targets is not a
surprise. It is an axis oriented procedure and these target functions (32) (33) have no preferred
orientation with respect to the input coordinate axes. In other simulation studies (not shown) in
which the covariance matrices in (33) were restricted to being diagonal, the relative performance
of the first six methods was quite similar to that shown in Fig. 2. However, that for MARS
was much better yielding a distribution quite similar to that for DART/HYESS (local constant)
with § = 0.1.

Figure 3 shows the respective distributions of the seven methods for the 50 trimodal (7. = 3)
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Figure 3: Distribution of relative errors for the trimodal (I = 3) target functions

functions (32) (33), and Fig. 4 shows them for the 50 decimodal (I = 10) ones. One sees
generally similar (relative) results. For Fig. 3 the number of times each respective method (left
to right) was best was 28, 15, 2, 1, 3, 1, and 0. For Fig. 4 these numbers were 34, 7, 0, 0, 8, 1,
and 0. As seen RC tends to more consistently out perform the others on these more complex
functions, but the magnitude of its gain is less. (Note the changing vertical scale.) All methods
have increased difficulty with these more complicated functions and there is generally an upper
limit on bad performance, namely that of a globally constant fit.

13 Discussion

Although this simulation study based on 150 target functions is more extensive than testing on
only a few targets (either simulated or from real data) it is far from being totally comprehensive.
The aim was to produce unknown difficult targets that do not necessarily conform to any obvious
special structure. Such targets should be generally more suited to nonparametric local learning
methods that other approaches that seek to exploit such special structure. For example, if the
target can be closely represented by a additive function

f(x) = Z fi(z;) (37)

then additive modeling [Hastie and Tibshirani (1990)] should provide better performance. If it
is close to being additive in a few linear combinations of the inputs

J() =Y fnleg,x) (38)

then projection pursuit [Friedman and Stuetzle (1981)] or neural networks [Rumelhart, Hinton,
and Williams (1986)] will likely work better. Finally, if the target can be well approximated by a
sum of functions each of which dominately involve a small number of (unknown) input variables

Fx) =" fnlfew ;) (39)
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Figure 4: Distribution of relative errors for the decimodal (. = 10) target functions.

then tensor product methods such as MARS [Friedman (1991)] should dominate. The reason
why local learning methods do not necessarily perform well on such targets with these special
properties is that local learning explicitly constructs conver equivalent kernels [Hastie and Tib-
shirani (1990)] whereas targets like (37) (38) (39) are best approximated by procedures involving
(implicit) equivalent kernels with highly concave shapes.

The relative performance among any group of methods strongly depends on the specific
properties of the problems over which they are compared. The results of such comparisons should
not be extrapolated beyond that particular problem set. The results of the study presented here
suggest that for classes of target functions for which local learning methods are appropriate, RC
may provide an advantage over some other popular local learning methods such as K-NN and

RP.

14 Previous work

Modifications to RP (other than RC) have been proposed to mitigate its limitations. These are
mostly based on the notion of “soft” partitioning (“SP”) [O’Sullivan (1991), Quinlin (1993), and
Jordan and Jacobs (1994)]. With these methods the splitting function (19) and split point s are
replaced by a “mass partition” function 0 < m(a’x — s) < 1. A common choice is the logistic
function

m(z) =1/(1+ e ). (40)

For each split the mass associated with each input point x is divided into two parts based on its
value of the partition function; m(a’x — s) of its mass is assigned to the left daughter and its
remaining mass 1 — m(a'x — s) assigned to the right daughter. As with RP the parameters a
and s are chosen to optimize some splitting criterion. The result of recursive application of this
approach can be viewed as a partition of the input space in which each point x is assigned to all of
the regions, with differing mass (weight) in each one, depending on its location. Predictions are
made by taking the corresponding weighted average of the local approximators over all regions.

SP is an attractive approach qualitatively sharing many of the attributes of the RC strategy.
The principal advantage of the RC approach is computational. Since (whole) training points
are removed at each step updating formulae can be employed to rapidly compute the splitting
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criterion and local approximations in each region from those of its parent. This permits the
construction of much larger trees. Prediction is also very much faster (even with much larger
trees) using the trick outlined in Section 7. In addition, there is no clear analog of the lazy
or hybrid strategies (Section 8) in the context of SP for employing even larger region sets with
reasonable computation. With SP the entire tree must be built, and traversed so as to visit all
terminal nodes (regions) in which the prediction point has substantive (relative) mass.

The computational advantage of RC translates into statistical advantage in those situations
(target functions) for which a large number of regions is advantageous. Among these are target
functions where the fragmentation aspect of RP (Section 5) represents a problem. As seen in
Table 2 smaller values of § allow for much deeper trees (either explicitly, or implicitly through
the lazy/hybrid strategy) thereby allowing for many more splits directions to define each region.

From the other direction techniques have been proposed to mitigate the limitations of K-NN
[Friedman (1994), Hastie and Tibshirani (1995), and Friedman, Kohavi, and Yun (1995)]. Like
RC they induce a large number of overlapping regions and attempt to customize the shape of
each to account for the local properties of the target function. As with K-NN they employ a
purely lazy strategy. Again the primary advantage of RC over these methods is computational
owing to the prediction trick (Section 7) and its eager/hybrid implementation (Section 8). Also,
the detailed strategy for customizing the regions is quite different with this implementation of
RC. Whether this results in improved performance will depend on the particular situation (target
function) encountered.

15 Future work

The basic concept of RC may have application beyond that developed here. In the learning con-
text an obvious extension is to classification where the output variable y assumes J (unorderable)
categorical values. Here the goal is to learn .J target functions {f;(x) = Pr(y = j|x)}{ which
are the probabilities (at x) that the output realizes each of its respective values. These estimates
are then used in a decision rule to make a class assignment for input vectors of unknown class.
The RC implementation presented here may work well for this purpose. However, as discussed in
Friedman (1996), the bias-variance trade-off associated with classification is very different than
that for regression (12). Hence the bias reduction strategy inherent in this implementation of
RC may not be the most effective for classification, and alternative strategies may provide supe-
rior performance. Also, the RC approach presented here is oriented towards real valued inputs.
Inputs with categorical values are incorporated by transforming them to 0/1-valued “dummy”
variables. Although this can be effective, analogs of more sophisticated strategies for handling
categorical variables [Friedman, Kohavi, and Yun (1995)] may work better in this context.

In addition to the learning problem, RP (“divide and conquer”) strategies have been applied
to a variety of search problems in computational geometry and data base management [Bentley
and Friedman (1979)]. There may be applications among these for which the substitution of
an RC strategy could lead to improved performance. For example, in closest point problems
[Friedman, Bentley, and Finkle (1977)] use of RC with a splitting criterion like (28) may lead to
faster search algorithms than those based on RP (“k-d trees”). This remains to be seen and is
left to future work. RP has been (and is) a powerful paradigm for solving many different types of
problems. Substituting the corresponding RC strategy may lead to improvement in some cases.
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