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Abstract

The classification problem is considered in which an output variable y
assumes discrete values with respective probabilities that depend upon the
simultaneous values of a set of input variables x = {zq,- - -, 2, }. At issue is
how error in the estimates of these probabilities affects classification error
when the estimates are used in a classification rule. These effects are seen
to be somewhat counter intuitive in both their strength and nature. In par-
ticular the bias and variance components of the estimation error combine
to influence classification in a very different way than with squared error on
the probabilities themselves. Certain types of (very high) bias can be can-
celed by low variance to produce accurate classification. This can dramati-
cally mitigate the effect of the bias associated with some simple estimators
like “naive” Bayes, and the bias induced by the curse-of-dimensionality on
nearest-neighbor procedures. This helps explain why such simple methods
are often competitive with and sometimes superior to more sophisticated
ones for classification, and why “bagging/aggregating” classifiers can of-
ten improve accuracy. These results also suggest simple modifications to
these procedures that can (sometimes dramatically) further improve their
classification performance.
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1. Introduction

In the classification problem an “output” variable y assumes values on an un-
ordered discrete set y € {y1,- - -,yr}. In this paper the special (but common)
case in which L = 2 is considered. Although most of the concepts generalize to
the more general case I > 3, the derivations and underlying intuition are more
straightforward for this special (“two-class”) case. As will be seen, even in this
restricted setting much of the conventional wisdom concerning the classification
problem can be brought into question.

Without loss of generality we take y € {0,1}. The goal of a classification
procedure is to predict the output value given the values of a set of “input”
variables x = {zy,- - -, z,} simultaneously measured on the same system. It is
often the case that at a particular point x € R" the value of y is not uniquely
determinable. It can assume both its values with respective probabilities that
depend on the location of the point x in the n— dimensional input space

Priy=1|x) =1—Pr(y = 0| x) = f(x). (1.1)

Here f(x) is a single valued deterministic function that at every point x € R"
specifies the probability that y assumes its second value.

The role of a classification procedure is to produce a rule that makes a predic-
tion g(x) € {0,1} for the correct class label y at every input point x. The goal
is to choose 7(x) to minimize inaccuracy as characterized by the misclassification
“risk” (expected or average loss)

r(x) = Lf(x)1(H(x) = 0) + (1 = f(x))1(5(x) = 1). (1.2)

Here Iy and I; are the losses incurred for the respective misclassifications, f(x) is
given by (1.1), and 1(-) is an indicator function of the truth of its argument

1(71):{ 1 if n is true (1.3)

0 otherwise.

The misclassification risk (1.2) is minimized by the (“Bayes”) rule

o) =1 (160 > 227 (14

which (by definition) achieves the lowest possible risk
rg(x) = min(ly f(x),lo(1 — f(x)). (1.5)



Note that (1.4) is not necessarily the unique minimizer of (1.2). Other rules may
also achieve minimum risk (1.5).

Generally the function f(x) (1.1) characterizing a particular system is un-
known. However, data from the system is available in the form of a collection of
previously solved cases in which both the input and output variables have been
measured. This “training” data set

T ={x;, yz}]lv (1.6)

is used to “learn” a classification rule §(x|T") for (future) prediction. The usual
paradigm for accomplishing this is to use the training data T' (1.6) to form an
approximation (estimate) f(x|T) to f(x) (1.1) and substitute this into (1.4)

it 1) =1 (F0xI7) = 2. (1.7

When f(X) # f(x) this rule (1.7) may be different than from the Bayes rule (1.4)
and thus not achieve the minimal Bayes risk (1.5). It is the purpose of this study
to examine the way in which inaccuracies f(x) — f(X) in the function estimate
are reflected in misclassification risk.

2. Function estimation

In the usual function estimation setting one assumes that an output variable ¥ is
related to a set of input variables x by

y=f(x)+e (2.1)
where f(x) (“target function”) is a single valued deterministic function of n argu-
ments and ¢ is a random variable distributed according to some law & ~ L(z | x).
By definition its average F/(= | x) = 0 for all x so that the target function is defined
by

fx) =E(y|x). (2.2)
The goal is to obtain an estimate

f(x|T) = E(y x.T) (2.3)

using a training data set T (1.6). Inaccuracy is usually quantified by root-mean-
squared prediction error

rms(x) = EY?[(y — J(x|T))" (2.4)
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where the expected value in (2.4) is taken with respect to the distribution of £
(2.1).

The classification problem can be cast in this function estimation setting by
observing that (2.2) holds for y and f(x) in (1.1) so that they can be related
by (2.1) with ¢ distributed as a (centered) binomial distribution with variance
var(s|x) = f(x)(1 — f(x)). Thus, regular function estimation technology (2.3)
can be applied to obtain the estimate f(X |T), which is plugged into (1.7) to form
a classification rule. This is the paradigm used by many popular classification
methods including neural networks [Lippmann (1989)], decision tree induction
methods | Breiman, et. al. (1984) and Quinlan (1993)], projection pursuit [Fried-
man (1985)], and nearest neighbor methods [Fix and Hodges (1951)] .

3. Density estimation

An alternative paradigm for estimating f(x) (1.1) in the classification setting is
based on density estimation. Here Bayes theorem

fx) = — i lx) (3.1)

Topo(X) + m1p1(X)

is applied where {p;(x) = Pr(x |y = j)}, are the class conditional probability den-
sity functions and {m; = Pr(y = j)}{ are the unconditional (“prior”) probabilities
of each class. The training data (1.6) is partitioned into subsets 7" = {7y, T1}
with the same class label. The data in each subset is separately used to estimate
its respective probability density {p;(x|T})}s. These estimates are plugged into
(3.1) to obtain an estimate f(X |T") which is in turn plugged into (1.7) to form
a classification rule. Examples of this approach are “discriminant analysis” [see
McLachlan (1992)], Gaussian mixtures [Chow and Chen (1992)], learning vector
quantization techniques [Kohonen (1990)], and Bayesian belief networks [Hecker-
man, Geiger, and Chickering(1994)].

4. Bias, variance, and estimation error

Whether one applies the function estimation (2.3) or density estimation (3.1)
approach, the estimated probability f (x|T) depends upon the training data T
(1.6) used to obtain it. A change in the data (usually) results in a change in the
probability estimate at (at least) some of the input points x. In most applications



the training data set (1.6) represents a random sampling from the system under
study. Even if the target probability function f(x) is everywhere stationary,
sampling the system at different times results in (at least somewhat) different
training data sets 7" and thereby different estimates f(X |T). For a given set of
input points {x;}¥ the corresponding outputs {y;}}¥ are random owing to the
stochastic component £ (2.1), and generally the input points themselves represent
a random sampling (observational study).

The random nature of the training data 7" implies that the estimate f(X IT)
is a random variable that assumes a distribution of values at each input point x
governed by some (usually unknown) probability law f (x) ~ L( f | x) characterized
by a probability density function p(f|X) Estimating f(x) with a particular
training data set T gives rise to a particular random realization of f(X |T) with
relative probability p( f | x). Two important parameters of any such distribution
are its first two moments, the mean (expected value)

Ef) = [ fo(fIx) df (1)

and variance

varf(x) = [ (f = Efx))p(f 1) df. (4.2
Both of these quantities directly affect expected prediction error (2.4) through

the well known decompositions
Erly = f(x|T)]” = Erlf(x) = f(x|T)] + Eclz [ x)” (4.3)
and
Erlf(x) = f(x|T))” = [f(x) = Br f(x|T)] + Brlf (x|T) = Er f(x|T). (44)

The left side of (4.3) represents the squared prediction error (at x) averaged over
repeatedly realized training samples from the system under study. The last term
in (4.3) is independent of both the target function and the training sample and
reflects the irreducible prediction error due to the random nature of the output
variable (1.1) (2.1). The other term in (4.3) is the squared “estimation error” in
the target function f(x) averaged over training samples. This depends on f(x)
and the method used to obtain f (x|T). From (4.4) one sees that this quantity
depends only on the mean (4.1) and the variance (4.2) of the distribution of



f(X |T). The last quantity in (4.4) is just the variance (4.2). The other quantity
in (4.4) is the square of the “bias”

bias f(x) = f(x) — E f(x). (4.5)

The variance (4.2) reflects the sensitivity of the function estimate f(X IT) to
the training sample T. Less sensitivity means that the estimate will be more
stable against changes (sampling variations) in the data and thus be less variable
under repeated sampling. The bias (4.5) reflects sensitivity to the target function
f(x). It represents how closely on average the estimate is able to approximate
the target. Form (4.4) one sees that it is desirable to have both low bias-squared
and low variance since both contribute to the squared estimation error in equal
measure. There is however a tension between these goals. The purpose of training
is to gain information concerning the target function from the data; therefore
sensitivity to the training data is essential, and generally more sensitivity results
in lower bias. However, this in turn increases variance and so there is a natural
“bias - variance trade-off” associated with function approximation.

For a given bias (4.5) the variance (4.2) generally decreases with increasing
training sample size N (1.6). Therefore for problems with large training sam-
ples the bias tends to be the dominant contributor to estimation error. Since
larger and larger data bases are becoming routinely available most modern re-
search in learning methodology has focused on increasingly flexible techniques
that reduce estimation bias, some with considerable success. From (4.3) (4.4) one
can see that this is a reasonable strategy for function approximation (based on
root-mean-squared error(2.4)), provided enough attention is paid to the variance
(“over-fitting”). For classification however this strategy has been less successful
in improving performance. Some simple highly biased procedures such as “naive”
Bayes [Good (1965)] and nearest neighbor methods [Fix and Hodges (1951)] re-
main competitive with and sometimes outperform more sophisticated ones, even
with moderate to large training samples [Holte (1993)]. In the next section we
show that this may not be as surprising as it seems. The quantities Ef(x) (4.1)
and varf(x) (4.2) that characterize the distribution of f(X |T") conspire to affect
classification error in a very different way when f(X |T) is used in a classification

rule (1.7).



5. Bias, variance, and classification error

For concreteness we take lg = [; in (1.4) (1.7) so that the threshold in the indicator
function is 1/2 and misclassification risk (1.2) reduces to probability of misclassi-
fication Pr(y(x) # y). The first step in uncovering how Ef(x) (4.1) and varf(x)
(4.2) affect classification error is to decompose it into the irreducible error associ-
ated with the random nature of y (1.1) (2.1) and a reducible part that depends on
f(X) (2.3) in analogy with (4.3) for squared-error loss. One such decomposition
is

Pr(y # y) = |2f = 1|Pr(y # ys) + Pr(ys # y). (5.1)
Here (5.1) and in what follows all quantities are presumed to be conditioned at a
particular point x in the input space, and that explicit dependence is suppressed
for convenience. The last term in (5.1) is the probability of error of the Bayes rule
(1.4) which is independent of ¢ (f) (1.7) and represents the minimum (irreducible)
error rate (1.5) for the problem. The first term on the right side of (5.1) represents
the additional contribution to the classification error rate caused by the error in
f as an estimate of f. It is composed of two factors. The second Pr(y # yg) is
the probability that the rule based on f (1.7) disagrees with the Bayes rule (1.4)
(at x) and the first |2f — 1| is the increased probability that such a disagreement
produces a classification error.

From (5.1) one sees that the classification error rate Pr(y # y) is linearly
proportional to Pr(¢ # yg) which is the only quantity in (5.1) that involves the
probability estimate f through (1.7). It can be viewed as a decision “boundary”
error in that it represents misestimation of the (optimal) decision boundary sep-
arating the two classes in the input space, defined by the set of points (surface)
for which f(x) = 1/2. This “boundary error” is the analog of the (squared)
estimation error E[f(x) — f(x)]? in (4.3) (4.4).

In order to proceed further it is necessary to calculate how the boundary
error depends on the distribution of f , p( f ), induced by the random variations in
training data sets T as (repeatedly) sampled from the system under study. This
is just the tail area of p(f) on the opposite side of the value 1/2 from the true

probability f
00 N 1/2 A A
Pr(y#ys) = W/ < 1/2) [ p(Daf+1(7 21/2) [ p(af. (52)

~

This will depend on the detailed form of the distribution p(f), and not just on its
first two moments (4.1) (4.2), as was the case with squared estimation error (4.4).
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In order to gain some intuition we approximate p(f) by a normal distribution

p(f) = SERES—— (_EM) - (5.3)

\/ 27‘(1)an 2 warf

This approximation is often reasonable since for many procedures the computation
of f involves a (sometimes complex) averaging process. Even when it is not
the case the qualitative conclusions are still generally valid. Assuming (5.3) the
boundary error (5.1) (5.2) becomes

Pr(g # yp) = ® |sign(f — 1/2) (5.4)

Ef—1/2]

wvarf

D(2) = \/% /:O e 7 du (5.5)

is the upper tail area of the standard normal distribution.

where

6. Discussion

Inspection of (5.4) reveals that the boundary error depends upon the true proba-
bility f, and the systematic component of the estimate F f, through

oS B) = sign(1/2 — f)(Ef — 1/2). (6.1)

For any (nonzero) value of the random component, var f > 0, the boundary error
rate Pr(y # yp) is monotonically increasing in b(f, Ef) In this sense it can
be viewed as an analog of the estimation bias (4.5) squared for squared-error loss
(4.4). For convenience we refer to b(f, Ef) (6.1) as the “boundary bias”. (In cases
where p(f) is an asymmetric distribution it is more natural to define boundary
bias (6.1) in terms of the median instead of the mean Ef )

Comparison of (5.1) (5.4) with (4.3) (4.4) reveals that the quantities Ef and
varf affect classification error very differently than they affect estimation error
on the probability [ itself. For a given var f, estimation (squared) error (4.4) is
proportional to the (squared) distance (f — Ef)2 (bias - squared). In classification
(5.1) (5.4) the dependence on f is only through the sign of f—1/2, and the relevant
quantity is boundary bias (6.1). Therefore, so long as boundary bias is negative



b(f, Ef) =< 0 classification error decreases with increasing ‘Ef — 1/2‘ irrespective

of the estimation bias (f — Ef) For positive boundary bias the classification error
increases with the distance of Ff from 1/2.

For a given value of Ef, estimation (squared) error (4.4) is proportional to
var f. For classification error the effect of the var f depends mostly on the sign of
the boundary bias (6.1). For a negative sign classification error decreases with de-
creasing variance (though not linearly), whereas for a positive sign the error rate
increases with decreasing variance. The rate of increase/decrease depends on
the absolute boundary bias. With estimation error (4.4) small variance does not
necessarily provide small error; the bias-squared might be quite large. For clas-
sification, zero variance results in optimal classification (Bayes rule) irrespective
of the value of the estimation bias (4.5) provided boundary bias (6.1) is negative.
For positive boundary bias, zero variance gives rise to maximal error rate (certain
boundary error) at x. Note that imposing the constraint 0 < f(X) < 1, while
often improving estimation bias, need not improve boundary bias. In fact, it
could increase boundary bias and thereby boundary error (5.4) unless a requisite
reduction in variance is achieved through the constraint.

The “bias - variance trade-off” is clearly very different for classification error
than estimation error on the probability function f itself. The dependence of
squared estimation error (4.4) on Ef and varf is additive (bias-squared plus
variance) whereas for classification error (5.1) (5.4) there is a strong interaction
effect. The affect of boundary bias (6.1) on classification error (5.1) (5.4) can be
mitigated by low variance. Similarly, the affect of the variance depends on the
value (especially the sign) of the boundary bias. Therefore low variance (4.2) can
be very important for classification but low (estimation) bias (4.5) squared is not.
For the most part, all that is required of Ef is to insure that it be on the same
side of the value 1/2 as f (negative boundary bias). This being the case, one can
reduce classification error toward its minimal (Bayes) value by reducing variance
alone. In this sense variance tends to dominate bias for classification.

This different “bias - variance trade-off” for classification error (5.4) suggests
that certain methods that are inappropriate for function estimation because of
their very high bias (4.4) (4.5) may none-the-less perform well for classification
when their (highly biased) estimates are used in the context of a classification
rule (1.7). All that is required is predominately negative boundary bias (6.1) and
small enough variance. Among these are procedures for which the bias is caused
by “over-smoothing”; the estimate at each point x, f(X), tends to be shrunk



towards the mean output value

=1

That is R

f(x) =1 =ax)f(x)+a(x)7 (6.3)
where 0 < a(x) < 1 represents an “over-smoothing” coefficient that usually de-
pends on x. The larger the value for a(x) the more over-smoothing bias. So long
as § = 1/2 (equal number of each class in the training sample) then boundary
bias is negative (for all x) and varf(x) is likely to dominate classification error for
such procedures. The variance is also controlled by the degree of (over) smoothing
- more smoothing less variance. Therefore, the optimal amount of smoothing for
minimizing classification error (5.1) (5.4) is likely to be much larger than that for
estimation error (4.4) since the latter is more strongly affected by estimation bias

(4.5).

7. “Naive” Bayes methods

The naive Bayes approach is surprisingly effective [Langley, Iba, and Thompson
(1992)] given the crude nature of its approximation. It uses the density estimation
paradigm (Section 3) and approximates each class conditional probability density
{pr(x)1}§ (3.1) by the product of its marginal densities {pgk) (z;)}j_, on each input
variable,

Hp““ (7.1)

with
(k) /pk x) [ [ d=. (7.2)
I#3
Data from each class k € {0,1}, and each input variable j € {1,2,--- n}, are
separately used to obtain corresponding estimates p( )(xj) of (7.2). These are used
n (7.1), which is in turn plugged into (3.1) to form an estimate of f(x). This is
then inserted into (1.7) to produce an output estimate.
Estimates f (x) obtained in this manner are clearly biased (4.5) estimates of
f(x) (1.1) (2.1), even if the true marginal densities (7.2) are used, unless the
input variables for every class happen to be totally independent. Since such total
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independence is far from being realized in most applications, this bias can be quite
large, especially when there are many inputs. Introducing estimates for (7.2) can
introduce further bias and, of course, variance as well.

The high degree of bias (4.4) (4.5) associated with the naive Bayes method
(7.1) (7.2) makes it generally unsuitable for approximating the target probability
function f(x) (1.1) (2.1). However, this bias is generally of the “over-smoothing”
variety discussed in Section 6. The approximating densities px(x) tend to be
much smoother than the corresponding (true) densities pg(x) from which they are
derived. They place substantive mass over broader regions of the input space as
evidenced by the fact that the entropy of px(x) is (usually much) greater than
that of px(x).This over-smoothing of the class conditional densities produces an
over-smoothed estimate of f(x) when inserted into (3.1), producing (usually large)
estimation bias (4.5), and therefore error (4.4). However, as discussed in Section 6,
the boundary bias (6.1) produced by this mechanism is likely to remain negative
over much of the input space so that low variance estimates of the marginal
densities (7.2) can produce low boundary error (5.4).

This effect is illustrated through a simple example. The input space is taken
to be the unit hypercube in 7 - dimensions x € [0, 1]". The class densities in that
space are

po(x) =2 -1 (zn:x] =< n/2) (7.3)
and

m(x)=2 -1 (zn:x] > n/2) . (7.4)

The true target probability function is

fx)=1 (zn: xj > n/2) (7.5)

and the Bayes error rate (1.5) is zero for all x. The prior probabilities (3.1) are
taken to be equal (7w = 7).

From the symmetry of the problem the marginal densities (7.2) for all in-
puts are the same within each class. Figure 7.1 shows these densities for n €
{2,3,5,10,20} for po(x) (7.3) obtained by Monte Carlo simulation. The corre-
sponding marginals for p;(x) (7.4) are obtained by reflecting those of Fig. 7.1
about z = 1/2. These marginal densities are basically linear with negative slope
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for po(x) and positive slope for p(x). As the dimension n increases the absolute
value of the slope decreases approaching (but never reaching) a uniform distribu-
tion as n — oc.

marginal distributions

marginal probability
0.020 0.015 0.020
\ \ \

0.005

00

Figure 7.1: Class zero marginal probability density of each input variable for
n € {2,3,5,10,20} dimensions for the naive Bayes example. Smaller (absolute)
slope corresponds to higher dimension.

The naive Bayes approximation (7.1) (7.2) produces highly biased estimates
of (7.3) (7.4). The approximations po(x) and p;(x) are very much smoother than
po(x) and p;(x), respectively. Each approximation places substantial part of its
mass in the half of the input space where its corresponding true density places
zero mass. This results in a highly biased (over-smoothed) estimate f(X) of f(x)

(7.5) through (3.1).
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Table 7.1
Estimation error and boundary bias for naive Bayes
applied to the simple example.

n estimation error boundary bias Gaussian bias
2 0.245 —0.307 —0.314
3 0.266 —0.276 —0.290
5 0.278 —0.262 —0.270
10 0.285 —0.252 —0.256
20 0.288 —0.247 —0.250

The second column of Table 7.1 shows the root-mean-squared error

1/2

|60 = 7605 00) + 1 (0 (7:6)

for each of the dimensions n (first column) shown in Fig. 7.1. It (7.6) is seen to be
slowly increasing with increasing dimension n of the input space and quite large
at all dimensions. This quantity (7.6) has the value of 0.5 for an (everywhere)
constant approximation f(X) = 1/2 so that the naive Bayes approximation is
at most reducing this (maximal) root-mean-squared error by a factor of two.
However the boundary bias (6.1) associated with the naive Bayes approximation
is negative everywhere in the input space. Therefore accurate classification should
be possible provided the variance of the marginal density estimates is kept under
control.

The third column of Table 7.1 shows the corresponding boundary bias aver-
aged over the input space. It is seen to be fairly low and slowly increasing with
increasing dimension. For comparison, note that the corresponding boundary bias
of the true probability function f(x) (7.5) is —0.5.

A common implementation of the naive Bayes approach approximates each
marginal density (7.2) by a Gaussian

H0(@;) = <o expl g (@ = ) (17)

2mo;

where Z, and o, are respectively the mean and standard deviation of z;. An
advantage of this approach is that each marginal density estimate is characterized
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by only two parameters keeping the variance small. A potential disadvantage is
that this can introduce serious bias in the marginal density estimates if the actual
densities are far form Gaussian. That is clearly the case in this example (Fig.
7.1). This marginal bias is in addition to that introduced by the independence
assumption (7.1).

The last column of Table 7.1 shows the average boundary bias when the
marginals in this example are approximated by Gaussians (7.7). This boundary
bias is actually slightly smaller even though the Gaussian is a very poor approx-
imation in this case. Clearly, using a more flexible density estimation scheme on
the marginals in order to reduce the (estimation) bias at the expense of increased
variance could be (perhaps highly) counter productive. Furthermore, given the
rather low boundary bias of naive Bayes here (Table 7.1) it is by no means certain
that introducing flexible multivariate procedures to approximate the class con-
ditional densities, that remove the independence assumption (7.1), will improve
misclassification error. The increased variance may overpower any potential re-
duction in boundary bias.

The example presented here is an especially simple one meant to illustrate
the principals involved; it shows that misclassification risk is not simply related
to estimation error. One can produce other illustrations for which the boundary
bias associated with the naive Bayes approximation is not everywhere negative
and where more flexible estimation can produce non-negligible improvement in
misclassification error. However, the design of such procedures should focus on
boundary bias (6.1) and its interaction with variance (5.4) rather than intuition

based on accurate estimation of the class conditional densities (3.1), or the target
probability function (1.1) (2.2).

8. K - nearest neighbor methods

Another class of highly biased estimation procedures are those based on K- nearest
neighbors. A local subregion R(x) C R" of the input space, centered at the
estimation point X, is constructed and the target function estimate is taken to be
the average of the training sample output values (1.6) in that region

~

f(X) = AV€x,;c R(x)Yi- (81)

The predicting region R(x) is defined to be the subregion of the input space
containing the K closest training points to x

R(x) = {X|[[x =X|| < dx)} (8.2)
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where d ) is the Kth order statistic of {||x — x;||}}". This method requires the
definition of a distance ||x — x'|| on the input space. This is usually taken to be
a (weighted) [, distance

n 1/q
|Ix —x'|| = [X;ij(ﬂﬂj _$;)|q] (8.3)

with ¢ = 2 (Euclidean distance) the most common choice. The weights {w,}] are

usually chosen to be inversely proportional to the (global) scales of the respective

input variables so as to give each input equal influence in defining the region (8.2).
The expected value Ef(x) (4.1) of the estimate (8.1) is

B0 = iy oy T W00 8.4)

where p(x) = mopo(x) + mp1(x) (3.1) is the pooled probability density of the
training points and

PIRG) = [ p(x)ax (85)

is the probability content of the region. The variance is
varf() = wmmo [ () - BPP)K. (86)
K P[R(x)] Jx'eR(x)

At a given prediction point x the variance (8.6) is mainly controlled by K;
increasing K generally reduces variance. The bias (4.5) (8.4) is largely determined
by the “size” of the region

1

SIRO = Brac] L I~ XN1PO)X: (8.7)

decreasing S[R(x)] generally reduces bias. However, decreasing S[R(x)| decreases
K, thereby increasing variance, so there is a “bias - variance trade-off” associated
with choosing a value for K to minimize estimation error (4.4).

In high dimensional settings (many inputs) this trade-off generally is driven
by the bias (4.5) (8.4). This is due to the geometry of Euclidean spaces; the
size (8.7) of a region varies as the nth root of its volume, whereas the number of
training points in the region K varies roughly linearly with the volume. Thus,
even the smallest possible volume (K = 1) gives rise to large regions in terms of
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size. This can already produce high bias even for the largest variance (K = 1).
This phenomenon is referred to as the “curse-of-dimensionality” [Bellman (1961)].

Unlike naive Bayes (Section 7) K - nearest neighbor procedures are “consis-
tent” [Fix and Hodges (1951)] in that given enough training data (N — o) (1.6)
and the appropriate choice for K (as a function of N) any target function f(x)
can be arbitrarily well approximated:

. . K .
]\}'LI»I;OK_ oc and A}EI;ON —0:>]\}13C1>0f(x) = f(x). (8.8)
The first condition in (8.8) insures the variance approaches zero while the second
insures zero bias in the asymptotic limit (N — oc). This in turn insures that
classification based on f(X) (1.7) will approach the Bayes rule (1.4) and thereby
achieve minimum misclassification risk (1.5) (zero boundary error (5.1) (5.4)) in
this limit.

Since one seldom has an infinite training sample the important issue is the
performance for finite sample sizes, or more specifically, the rate a which the error
decreases as the sample size N is increased. A convenient parameterization of
this, suggested from asymptotic theory, is

e(n,N) = c(n)Nﬁﬁ. (8.9)

Here ¢(n) is a scale factor, and d(n) is a “convergence factor” that governs the rate
at which the error e(n, N) decreases as sample size N increases. Both ¢(n) and
d(n) depend on the target function (1.1) (2.2) and the method used to estimate
it.

A major consequence of the high bias induced on K - nearest neighbor proce-
dures by the curse-of-dimensionality is a slow convergence rate (8.9) for estimation
error (4.4) (large value for d(n)). As the dimension n increases this bias-squared
increases (for fixed K) and tends to be so large that reducing the variance (de-
creasing K') cannot adequately compensate to produce low error. Even for K =1
the biased-squared is usually still quite large. Thus d(n) increases with increasing
n. This inability of decreasing variance to compensate for increased bias is a con-
sequence of the additive way that they combine to influence squared estimation
error (4.4). In the case of classification error (5.1) (5.4) the important controlling
quantity is boundary bias b(f, F/ f ) (6.1). Furthermore due to the way in which it
interacts with variance (5.4) it is possible to reduce its effect (to zero) by reducing
variance (increasing K) provided b(f, F/ f ) remains negative (at x).
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Like naive Bayes (Section 7) the bias (4.5) (8.4) associated with K - nearest
neighbor procedures is produced by over-smoothing. In fact, as K — N, f(X) —
(6.2) for all x. Provided § = 1/2 the boundary bias generally tends to be negative,
and decreasing the variance can have dramatic impact on reducing boundary error
(5.4).

This is illustrated with a simple example. Again the input space is taken to
be the n - dimensional unit hypercube x € [0, 1]". The class densities are

po(x) =2-1(zq1 < 1/2), pi(x)=2-1(zy > 1/2) (8.10)
so that the target probability function is
f(x)=1(z1 > 1/2). (8.11)

The prior probabilities (3.1) are taken to be equal (mg = 7). This target (8.11)
is a simple function of z; only, so having additional inputs serves to increase K
- nearest neighbor bias (4.5) (8.4) at the maximal rate since these inputs contain
no additional information. Note that the irreducible squared-prediction error
E.[g|x|* (4.3) for this problem (8.11) is zero and thus the minimal (Bayes) error
rate (1.5) is also zero.

The upper left frame of Figure 8.1 shows a plot on the log - log scale of squared
estimation error (4.3) (4.4) averaged over the entire input space (all x) for training
sample sizes N € {100, 200,400,800, 1600, 3200, 6400, 12800} (equal number N/2
in each class) for n = 2 dimensions. The error shown is that corresponding to
the optimal value of K for each N. The near linear dependence on this scale
indicates that (8.9) is a useful summary; the solid line is a straight line fit of the
logarithm of squared estimation error on the logarithm of N. The slope of this line
is an estimate of 1/d(n) (8.9). The upper right frame of Fig. 8.1 shows a similar
plot for n = 20 dimensions. The (log - log) dependence is also seen to be nearly
linear. The lower two frames show the corresponding two plots (n = 2,20) for
classification error (5.1) (5.4). These are also seen to be fairly well represented by
a linear (log - log) dependence. The corresponding plots at other dimensionalities
(2 < n < 20) are quite similar. These (and all following) results were obtained
through Monte Carlo simulation using 20 replications at each training sample size
and 20000 independent (test) observations.

17



001
|

squared estimation error

500
training sample size

n=2

5000

001
|

Classification ermor

T T T
100 500

training sample size

5000

squared estimation error

Classication ermor

009 010

010

0.05

n=20
o
100 500 5000
training sample size
n=20
o
T T T T
100 500 5000

training sample size

Figure 8.1: Squared estimation error (upper) and classification error (lower) as a
function of training sample size, for n = 2 (left) and n = 20 (right) dimensions,

plotted on a log - log scale.
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Table 8.1

Convergence factor d(n) as a function of dimension n.

estimation? classification

n
2 2.03 2.08
3 2.84 2.04
5 4.06 1.84
10 5.20 1.94
20 7.20 1.86

Table 8.1 shows the convergence factor d(n) (8.9) estimated in this way at sev-
eral dimensionalities n (first column) for both average squared estimation error
(4.4) (second column) and average classification error (5.1) (third column). One
sees that for the former d(n) increases with n reflecting the curse-of-dimensionality.
At n = 20 the average squared estimation error decreases as the inverse 7.2th root
of N. Thus, increasing the training sample size results in very modest improve-
ment in accuracy at this dimension. This is in contrast to inverse square-root
improvement at n = 2. For classification error one sees approximately inverse
square-root improvement at all dimensionalities 2 < n < 20. (The standard error
in these estimates is approximately 0.09 so that the values in the third column
are consistent with equality.) Thus, for this problem (8.11) estimation error is
severely inflicted by the curse-of-dimensionality, as would be expected, whereas
classification error is seemingly immune to it, at least in terms of convergence
rates.
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Table 8.2

Error rates and optimal K as a function of N for n = 20.

N estimation? K, classification K.
100 .165 10 .165 57
200 144 11 127 67
400 132 13 .089 205
800 120 14 .060 417
1600 .108 15 .039 773
3200 .099 17 .029 1651
6400 .091 15 .018 2029

12800 .083 17 .013 7953

A clue as to the reason for this immunity is provided by Table 8.2. The values
of average squared estimation error (column 2) and classification error (column
4) are shown as a function of training sample size N (first column) along with the
corresponding optimal values (K, and K, respectively) of the number of nearest
neighbors (third and fifth columns) at n = 20. One sees that classification error
is decreasing at a much faster rate than squared estimation error as N increases,
reflecting its more rapid convergence rate. The optimal value of K for squared
estimation error (third column) is seen to be very slowly increasing with V. As the
training sample is increased the additional data are being used to reduce the size
of the regions (8.7) in a (not very successful) attempt to reduce the impact of the
bias (4.5) contribution to squared estimation error (4.4). For classification error,
the optimal value for K (last column) is much larger and increases more rapidly
(almost linearly) with increasing N. The additional data are being used to reduce
variance of the estimates f(X) Because of its interaction (5.4) with (boundary)
bias (6.1) reducing variance has a much bigger impact on classification error. This
results in much faster convergence with increasing V.
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Table 8.3

Estimation and classification error as a function of n for N = 12800.

estimation? classification

n
2 .0023 .0022
3 .0079 .0041
5 0213 .0055
10 .0467 .0091
20 .0829 .0130

Table 8.3 shows the relationship of both squared estimation and classification
error with dimension n for the largest training sample size (N = 12800) considered
here. One sees that classification error is not completely immune to the tendency
of K - nearest neighbor methods to degrade as irrelevant inputs are included.
Although the convergence factor d(n) (8.9) is independent of dimension n, the
scale factor ¢(n) is not. But whereas the squared estimation error degrades by
over a factor of 35 as the number of irrelevant inputs is increased by a factor of
20, the corresponding increase in classification error is less than a factor of six. In
this sense one can say that dimensionality is a “problem” here for classification,
whereas for estimation error it definitely qualifies as a “curse”.

An important aspect contributing to the successful resistance of classification
error to the curse-of-dimensionality is the choice of a good value for the number
of nearest neighbors K. The discussion in Section 6 suggests that this should
be typically larger for classification than for estimation error. This is verified in
Table 8.2 for our simple example ( 8.11). Figure 8.2 shows plots of the typical
dependence of both squared estimation error (upper frame) and classification error
(lower frame) on K (here n = 20, N = 3200). One sees that choice of number of
nearest neighbors is less critical for classification error so long as K is neither too
small nor too large (here 500 < K < 2000). However, it must be substantially
larger than the optimal value for estimation error (Table 8.2) in order to obtain
near optimal classification performance. Quite often when K - nearest neighbors
are compared to other classification methods a small value (K =1 or K = 5,
for example) is used. The simple example examined here suggests that, at least
in some situations, this may underestimate the performance achievable with the
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K - nearest neighbor approach. This was dramatically demonstrated by Rosen,
Burke, and Goodman (1995) in the context of a specific (real data) situation.

The example (8.11) studied here is (again) a very simple one intended to illus-
trate the concepts involved. It was specifically designed to be highly susceptible
to the effects of the curse-of-dimensionality. It may well not be representative
of many classification problems, especially those with very complicated decision
boundaries. It does however illustrate the different nature of the bias-variance
trade-off in classification, and suggests that much of the conventional wisdom, de-
rived from intuition based on (function) estimation, may not be directly applicable
to the classification problem.

Another potential limitation of the study presented here is that only dimen-
sionalities up to n = 20 were considered. In many problems, especially those
involving signals and images, there may be hundreds or even thousands of input
variables. However, in the context of nearest neighbor methods the number of
inputs is not the relevant factor. The important quantity is the (local) intrinsic
dimensionality of the joint distribution of input values as characterized by the
number of its singular values that are not small. Especially when there are many
inputs there is usually a high degree of association among them so that the cor-
responding intrinsic dimensionality is fairly moderate. In such cases the results
presented here will likely be relevant.

9. Boundary bias

An important ingredient contributing to the success of both naive Bayes and
K - nearest neighbor procedures is negative boundary bias (6.1). So long as
b(f(x), Ef(x)) =< 0 they can use decreasing variance to overcome its (increasing)
effect on boundary error (5.4) to produce accurate classification at x. It is the
(over-smoothing) nature of the (large) bias inherent in these methods that leads
to predominately negative boundary bias at most input points x, and thereby
good overall classification performance. Non-negative boundary bias on the other
hand devastates classification performance. In this case the boundary error is
greater than 1/2 and decreasing variance increases that error. At such points
x the classification procedure has no alternative but to try to reduce estimation
bias (4.5) in an attempt to bring boundary bias down to a negative value. This
generally involves an increase in variance and the favorable trade-off produced by
their interaction effect (5.4) is lost.

The devastating effect of positive boundary bias in the context of K - nearest
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neighbor procedures is illustrated by a simple example. This example is the
same as that used in Section 8 (8.10) (8.11) but with a modification to the prior
probabilities (3.1). Here we take them to be unequal, specifically 7y = 37, so that
the value of the output mean (6.2) is § = 3/4. The second column of Table 9.1
shows the convergence factor d(n) (8.9) as a function of dimension 7 (first column)
for squared estimation error (4.4) using the optimal number of nearest neighbors
K. One sees similar results to that shown in Table 8.1 for equal priors (my = 7).
The third column of Table 9.1 shows the corresponding convergence factors for
classification error (5.1). Here one sees a quite different result. The convergence
factors d(n) for classification error are here seen to be very similar to those for
squared estimation error, and much worse than classification error when the priors
were equal (§ = 1/2), as shown in the third column of Table 8.1. For unequal
priors (§ # 1/2) classification error is suffering from the curse-of-dimensionality
to the same extent as squared estimation error.

Table 9.1

Convergence factor d(n) as a function of dimension n for m = 3.

n  estimation®? class (t =0) class (t = —1/4)
2 2.06 2.11 2.10
3 2.90 2.88 2.05
5 3.93 3.96 1.97
10 5.40 5.12 2.12
20 8.97 8.18 2.16

It is easy to see that the problem with K - nearest neighbors in this setting is
positive boundary bias over much of the input space. The over-smoothed nature
of the estimates causes them to be shrunk towards the output mean ¢ (6.3) and
in this case § is not equal to the classification threshold (1.7), here 1/2. The
boundary bias in non-negative b(f(x), Ef(x)) > 0 at all input points x for which
x1 < 1/2 (f(x) = 0) and 1/3 or more of the volume of the K - nearest neighbor-
hood overlaps the class one region z; > 1/2 (Ef(x) > 1/2). As the dimension n
increases the average size (8.7) of the regions (8.2) (8.3) increases (for fixed K)
so that the portion of the input space with positive boundary bias also increases.
The only way to mitigate this effect is to reduce the value of K and thereby
average region size. For increasing n this strategy becomes less effective owing
to the curse-of-dimensionality; average region size varies as the nth root of K.
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At high dimensions there is considerable positive boundary bias even for K = 1.
Therefore, one sees slow convergence rates for average classification error typical
of those associated with the curse-of-dimensionality.

For this particular example there is a simple remedy for this problem. One can
simply apply the procedure as if the prior probabilities were equal, even though
there are three times as many class ones as class zeros in both the training data
and future data to be classified. This involves weighting each class zero training
observation with three times the mass of each class one in the average leading to
the computation of f(X) (8.1). This simple trick causes § = 1/2 (6.2) and thereby
produces negative boundary bias everywhere in the input space for this problem.
Applying such a weighting scheme is equivalent to modifying the estimate f(X)
by the transformation

Fx) = Fx) +1 0.1)
before inserting it into the output estimate (1.7) (here t = —1/4).

The last column of Table 9.1 shows the convergence factor d(n) as a function of
dimension n for classification error using (9.1) with £ = —1/4. It is clear that this
“bias adjustment” (9.1) emancipates the K - nearest neighbor procedure from the
curse-of-dimensionality in terms of convergence rate; one again has nearly inverse
square-root convergence at all n.

Table 9.2
Error rates and optimal K as a function of sample size N for n = 20 with
™ = 37(0.

N est.? K, class(t=0) K. (t=0) class(t=—-1/4) K.(t=-1/4)

100 .136 11 195 5 .154 44
200 125 11 176 5 110 96
400 .116 10 .164 5 .081 192
800  .109 14 154 7 .060 372
1600 .100 15 141 7 .043 772
3200 .092 17 129 7 .029 1488
6400 .086 13 118 7 .024 3292
12800 .078 14 105 9 .016 4400

Table 9.2 shows the values of average squared estimation error (second col-
umn), classification error using no bias adjustment (¢ = 0, fourth column) and

25



bias adjustment with ¢ = —1/4 (sixth column), along with their respective opti-
mal number of nearest neighbors K (columns 3, 5, and 7) as a function of sample
size N (first column), at n = 20 dimensions. One sees that the positive boundary
bias associated with using f(X) (no adjustment) causes its optimal value of K to
increase very slowly with increasing N with values even smaller than those opti-
mal for squared estimation error. Applying the bias adjustment ¢ = —1/4 (9.1)
causes the boundary bias associated with f(X) to be everywhere negative and
allows decreasing variance (increasing K) to maximally exploit their interaction
effect (5.4) to dramatically reduce classification error.

The bias adjustment (9.1) changes both estimation (4.5) and boundary (6.1)
bias everywhere in the input space. The optimal value of  for estimation error is
te = avey f(x)— avexf(x). Since these two averages tend to have similar values for
most estimation procedures (especially those that over-smooth) there is seldom
much to be gained by employing (9.1). In the case of boundary bias (6.1) the
modification (9.1) decreases its value over half of the input space (z; < 1/2) and
increases it by the same amount at each point x in the other half (z; > 1/2).
Therefore average boundary bias is (substantially) increased since the (pooled)
distribution of the input values places three times as much mass in the latter half
space (z1 > 1/2). However the interaction between variance and boundary bias
occurs separately at each individual point x, and the choice t = —1/4 (9.1) here
provides the right balance so that the boundary bias is negative at all x.

In this example a good bias adjustment value ¢ (9.1) could be determined since
the true target function (8.11) and priors (m = 3my) were known. This is seldom
the case in practice. Even when they are known however a good choice may not
be obvious. Consider the case

po(x) = (4/3) - 1(z1 < 3/4), pi(x) =4-1(xy > 3/4) (9.2)

with equal prior probabilities (19 = 71), again on the hypercube x € [0,1]". The
target probability function (2.2) is

f(x)=1(z1 > 3/4). (9.3)

Here the response mean (6.2) is § = 1/2 but there is positive boundary bias
over much of the input space, caused by the higher density of class ones near
the decision boundary. Table 9.3 shows the convergence factor d(n) (8.9) as
a function of dimension n (first column) for squared estimation error (second
column), classification error using f(X) (t = 0, third column), and f(X) (9.1)
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(fourth column). In the case of f(X) the value of the bias adjustment ¢ was
optimized (in increments of 0.025) jointly with the number of nearest neighbors

K.

Table 9.3

Convergence factor d(n) as a function of dimension n for (9.3), mo = 7.

n  estimation? class(t = 0) class(t = t*)
2 2.07 2.13 2.09
3 2.84 2.88 2.09
5 3.99 4.12 2.44
10 6.44 8.26 2.70
20 9.11 9.62 2.23

Here one sees similar results to that of the previous example (Table 9.1).
Without the bias adjustment (9.1) classification error suffers from the curse-of-
dimensionality in the same manner as squared estimation error (here slightly
worse). With the bias adjustment (convergence rate) immunity to the curse is
restored.

Table 9.4

Error rates, optimal K, and ¢ as a function of N for n = 20.

N est? K. class(t=0) K. (t=0) class(t=t*) K. (t=t") t*

100 .161 10 .166 53 161 53 -.025
200 147 11 139 79 121 97 -.025
400 135 12 120 85 .086 255 -.025
800 .126 15 115 83 .061 442 -.025
1600 .117 18 103 125 .046 985 -.025
3210 .108 17 101 75 .032 2121 -.025
6400 .101 17 .100 81 027 1949 -.05
12800 .094 20 .096 43 .018 8714 -.05

Table 9.4 shows (for n» = 20 dimensions) values of average squared estimation
error (second column), classification error for ¢ = 0 (fourth column), and clas-
sification error using the optimal value ¢ = ¢* (sixth column) along with their
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corresponding optimal number of nearest neighbors K (columns 3, 5, and 7, re-
spectively). The last column of Table 9.4 shows the corresponding optimal value
t* of the bias adjustment ¢ (9.1). Without the bias adjustment classification error
converges at roughly the same rate as squared estimation error as indicated in
Table 9.3 (last row). The bias adjustment dramatically speeds up convergence to
small classification error. At N = 12800 classification error is more than five times
smaller with the adjustment than without it. The optimal adjustment values ¢*
however are here much smaller (in absolute value) than in the previous example
(t* = —0.25). In fact, using £ = —0.25 in this case (Table 9.4) produces higher
classification error than no adjustment at all (¢ = 0).

Table 9.5
Optimal bias adjustment value t* for various values of dimension n and sample
size N.
n N=100 N =400 N =1600 N =6400 N = 12800
2 -.250 -.250 -.250 -.225 -.225
3 -.125 -.150 -.225 -.225 -.225
5 -.025 -.075 -.150 -.200 -.225
10 -.025 -.050 -.050 -.075 -.075
20 -.025 -.025 -.025 -.050 -.050

Table 9.5 shows the optimal bias adjustment value t* for selected sample sizes
N (columns 2 - 6) as a function of dimension n (first column). One sees that
t* depends on both n and N for this (fixed) target (9.3). At all sample sizes
the absolute value of t* tends to decrease with increasing dimension. At fixed
dimension n, the absolute value tends to increase with sample size (except for
n=2).

As with the previous examples, this one is especially simple and may not be
a close reflection of reality in many classification problems. It does illustrate that
even in cases where the true target probability function and the priors are known,
the best choice of bias adjustment level (9.1) may not be obvious. In reality
neither are generally known so (in any case) model selection techniques such as
cross-validation must be employed to estimate good joint values of t and K. As
these examples illustrate there may be considerable gains associated with such a
strategy, especially in cases where the effects of the curse-of-dimensionality are
hindering classification performance.
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In the naive Bayes approach applying a bias adjustment (9.1) is equivalent to
altering the relative prior probabilities {m,}§ (3.1) from those values that would
be optimal when used in conjunction with the true class conditional densities
{p;j(x)}s- Since the density estimates associated with naive Bayes (7.1) (7.2)
are generally highly biased (over-smoothed) estimates of the true densities, bias
adjustment may be highly beneficial with it as well. This is easily seen in the
context of the example (7.3) (7.4) of Section 7. The everywhere negative boundary
bias of the naive Bayes estimate there depends crucially on the use of equal priors
(mo = m) in (3.1) (g = 1/2). If they are unequal, severely positive boundary
bias results over much of the input space, especially as its dimension n increases.
This will dramatically increase classification error. Therefore, even if the prior
probabilities are known to be (perhaps very) unequal, equal priors should be
used in this case. This is equivalent to applying a bias adjustment (9.1) on the
resulting target probability estimate f(X) Generally an optimal value for this
adjustment will not be known in practice and model selection techniques (such as
cross-validation) must be used to obtain an estimate.

10. Bias plus variance in classification

There has been a flurry of recent activity [Dietterich and Kong (1995), Kohavi and
Wolpert (1996), Breiman (1996), and Tibshirani (1996)] also directed at the goal
of attempting to understand the relative influence of the systematic and random
components of classification error. These efforts have concentrated on developing
an additive decomposition in direct analogy with the (seductively simple) form
for squared estimation error (4.3) (4.4). In this section these decompositions are
reviewed and related to the definitions and concepts derived in this paper.

The formulation of Kohavi and Wolpert (1996) is somewhat different than
that of this paper. Central to their decomposition (for the two-class case) is the
probability at x that the classification procedure (1.7) predicts g(x) =1

Py(x) = Pr[1(f(x) > 1/2) = 1| = Pr [f(x) > 1/2] (10.1)

which under the Gaussian assumption (5.3) becomes

P(x) = (1/2_—]‘;{()")) : (10.2)
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Kohavi and Wolpert (1996) define the classification “bias-squared” at x as

biashy (x) = [f(x) = Pi(x)]”, (10.3)

the “variance” as

vargw(x) = Pi(x) [1 — Pi(x)], (10.4)
the “irreducible error-squared” as
o*(x) = f(x) [L = f(x)], (10.5)
and show that
Pr(y(x) # y) = biasiy (x) + vargw(x) + o*(x). (10.6)

The last quantity ¢%(x) is the variance of the error term E.[¢?|x] in (2.1). The
definitions (10.3) (10.4) each involve both the systematic Ef(x) (4.1) and random
varf(x) (4.2) components of the estimate f(x), but have the desirable property
that vargw(x) > 0 at all x.

The formulations of Dietterich and Kong (1995), Breiman (1996), and Tibshi-
rani (1996) are more similar to the approach adopted in this paper. Dietterich
and Kong (1995) define the “statistical bias” of a classification procedure as

biaspr(x) =1 [Pr(y(x) #y) > 1/2]. (10.7)

With this definition a procedure has unit bias at an input point x if it makes the
wrong decision there half of the time or more, as averaged over training sets 7'
(1.6), and has zero bias otherwise. The “statistical variance” is defined as the
difference between the error rate (at x) and the statistical bias

varp(x) = Pr(y(x) # y) — biaspk(x) (10.8)

so that one obtains the decomposition
Pr(y(x) # y) = biaspx (x) + varpx(x). (10.9)
From (5.1) (5.4) (6.1) one sees that biaspx(x) is
biaspi(x) =1 [b(f(x), Ef(x)) > 0] (10.10)

so that it is just an indicator of positive boundary bias (6.1) at x. The quantity
varp(x) (10.8) involves both the systematic and random components (F f(x),
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varf(x)) of the estimate f(X), as well as the Bayes error rate Pr(yg(x) # y) (1.5),
in a fairly complicated way, and can assume negative values.

Breiman (1996) defines bias and variance in terms of an “aggregated” classifier
which in the notation of this paper is

ya(x) = 1(Ef(x) > 1/2). (10.11)

(In the case p(f|X) is asymmetric the median replaces Ef(x)) The “bias” is
defined to be the difference in error rate of y4(x), and the irreducible Bayes rate

rp(x) (1.5) (5.1)

biasp(x) = Pr(ya(x) # y) — Pr(yp(x) # y). (10.12)

The “variance” of a classifier is defined as the difference between its error rate
and that of the aggregated one (10.11)

varg(x) = Pr(y(x) # y) — Pr(ya(x) # y) (10.13)

so that one obtains the decomposition
Pr(y(x) # y) = biasp(x) + varg(x) + rp(x). (10.14)

In terms of the concepts developed (and approximations used) in this paper
(10.12) becomes

biasp(x) = |2f(x) =1 1 [b(f(x), Ef(x)) > 0] (10.15)

which is similar to biaspk(x) (10.10). Both have the desirable property that
they depend only on f(x) and the systematic component F f (x) and not on the
random component varf(x) (4.2). They also reflect the importance of boundary
bias (6.1). Both have the value zero for negative boundary bias. For positive
boundary bias biaspx(x) has unit value whereas biasp(x) shrinks with increasing
Bayes error rate (at x). The variance definition varg(x) (10.13) also involves both
boundary bias b( f(x), Ef(x)) and varf(x) in a complex manner, but has the nice
properties that it does not involve the Bayes error rate, and at least in the limit
varf (x) — 0, one also has varg(x) — 0. However, for a given (nonzero) value of
varf (x), varg(x) goes from its largest positive value to its most negative value
as b(f(x),F f (x)) crosses the value zero from below.
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Tibshirani (1996) proposes the same definition of “bias” as Breiman (1996)
(10.12) (10.15) but defines “variance” differently. In the two-class case this defi-
nition becomes

varp(x) = |P(x) — 1/2| (1 — |2P1(x) — 1]) (10.16)

where P;(x) (10.1) is the probability that the classifier (1.7) predicts y(x) =1 at
x. This definition has a similar flavor to that of Kohavi and Wolpert (1996) (10.4);
it has zero value when P;(x) assumes its extreme values (0, 1) and is non-negative
over the entire range. However vary(x) (10.16) achieves its maximum value at
Pi(x) = 1/4 and Pi(x) = 3/4 and has the value zero at Pj(x) = 1/2 where
vargw(x) (10.4) takes on its maximum value. In the limit varf(x) — 0 (4.2)
one has vary(x) — 0, but unlike varg(x) (10.13), vary(x) (10.16) is a continuous
function of boundary bias (6.1) approaching the value zero as b(f(x), f(X)) — 0.
Using the definition (10.16) however does not lead to an additive decomposition
of classification error in a form similar to that of (10.14).

All of these additive decompositions are quite useful in providing insight into
the importance of both the systematic and random components’ contribution to
classification error. The latter contribution especially (as noted by the authors)
has often been overlooked in the development of machine learning procedures. To
the extent that the development in this paper makes an additional contribution,
it is that for classification error (unlike squared estimation error) the systematic
and random components interact in a highly nonlinear way, and this interaction
effect can sometimes be exploited to reduce error.

11. “Aggregated” classifiers

A principal motivation for proposing the additive decompositions discussed in
Section 10 was to explain the apparent success of variance reduction techniques
based on aggregation methods. From the perspective developed in this paper
these methods can be viewed as obtaining an estimate of Ef(x)

Jax) = Bf(x) (11.1)

and using it in place of f(X) (2.3) for function estimation (2.2) and classification
(10.11). Examples of (11.1) are “bagging” [Breiman (1995)] which uses the “boot-
strap smoothed” estimate of Efron and Tibshirani (1995) and “arcing” [Breiman
(1996)] which includes other alternatives based on “boosting”.
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In the ideal limit R R
fa(x) = fa(x) = Ef(x) (11.2)

this aggregation approach will reduce estimation error (4.4) since the bias (4.5)
of fa(x) (11.2) is the same as that of f(X) but var fa(x) = 0. The degree of this
reduction will depend on the relative importance of varf(x) (4.2) as compared to
biasQf(X) (4.5). For classification also, the (boundary) biases (6.1) are the same
b(f(x), fa(x)) = b(f(x), Ef(x)), but in this case there is an interaction effect with
variance (5.4) and varf4(x) = 0. Therefore, using f4(x) in place of f(X) in (1.7)
will produce zero boundary error (5.1) (5.4), and the minimal Bayes error rate
(1.5), at x provided b( f(x), Ef(x)) ~< 0. On the other hand, if b( f(x), Ef(x)) >0
this approach will produce certain boundary error Pr(ya(x) # yg(x)) = 1 and
increased error rate over using f(X) As noted by Breiman (1996) and observed
by Tibshirani (1996), aggregation can make a good classifier better but can make
a bad classifier worse. Clearly, this effect occurs separately at each individual
prediction point X, so success of aggregation for classification depends on the
relative size of the portion of the input space with positive boundary bias.

As discussed in Section 9 the success of variance reduction techniques for
classification can be enhanced by the use of a bias adjustment (9.1) to f(X) This
is a consequence of the (boundary) bias - variance interaction effect at each x.
For the same reason it seems likely that such an adjustment

Fa(x) = fa(x) +1 (11.3)

will be beneficial in the context of aggregated classification as well. Bias adjust-
ment (9.1) (11.3) can (sometimes dramatically) reduce the proportion of the input
space with positive boundary bias. As with other methods of variance reduction
a good adjustment value ? is not likely to be known in any particular situation,
and therefore it will have to be estimated through some model selection technique
such as cross-validation.

12. Limitations and future work

The most serious limitation of the work presented here is the restriction to the
two-class problem. Intuition suggests that many of the concepts developed in this
context will have analogs in the . > 3 class case, but the detailed development
will be more complicated. In particular, there will likely be analogs to the notion
of boundary bias and its interaction with the variances of the estimates of the L
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target probability functions {f;(x)}#. Also the concept of bias adjustment(s) may
also be helpful in the multi-class problem. This is left for future work.

Another limitation is the use of the Gaussian approximation (5.3). This is
clearly not crucial to the qualitative results obtained. For example, the distri-
bution of K - nearest neighbor estimates is not strictly Gaussian but, as seen
in Section 8, its behavior closely follows that suggested by (5.4). As noted, the
median of p(f | x) should replace the mean Ef(x) in the definition of boundary
bias (6.1) in the case of asymmetry, and an appropriate measure of its spread

(variability of f(X)) would substitute for varf(x) in deriving a boundary error
analog to (5.4). Clearly, these two quantities would strongly interact in whatever
detailed form emerged from the derivation.

The illustrative examples presented were intensionally chosen to be quite sim-
ple so that one could easily understand the geometry of the decision boundaries,
and thus the nature of the boundary bias (6.1) associated with the classification
methods (naive Bayes and K - nearest neighbors) studied here. Actual decision
boundaries for specific problems encountered in practice may of course be quite
different, as could the nature of the boundary bias associated with other classi-
fication methods. Thus the gains associated with bias adjustment (9.1) may not
be the same in other situations. All of this is problem dependent and can only be
determined through experimentation in each specific case.

The goal of the work presented here is to illustrate that classification error
responds to error in the target probability estimates in a much different (and per-
haps less intuitive) way than squared estimation error. This helps explain why
improvements to the latter do not necessarily lead to improved classification per-
formance, and why simple methods such as naive Bayes, K - nearest neighbors,
and others remain competitive, even though they usually provide very poor es-
timates of the true underlying probabilities. Good probability estimates are not
necessary for good classification; similarly, low classification error does not imply
that the corresponding class probabilities are being estimated (even remotely)
accurately.
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