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Abstract

Principal componert analysis (PCA) is widely usedin data processingand dimensionality
reduction. However, PCA su®ersfrom the fact that ead principal componert is a linear combi-
nation of all the original variables, thusit is often dizcult to interpret the results. We intro duce
a new method called sparseprincipal componert analysis (SPCA) using the lasso (elastic net)
to produce modi ed principal componerts with sparseloadings. We shav that PCA can be
formulated as a regression-ype optimization problem, then sparseloadings are obtained by im-
posing the lasso (elastic net) constraint on the regressioncoezcients. Excient algorithms are
proposedto realize SPCA for both regular multiv ariate data and gene expressionarrays. We
also give a new formula to compute the total variance of modi ed principal componerts. As

illustrations, SPCA is applied to real and simulated data, and the results are encouraging.

Keywords: multivariate analysis, gene expression arrays, elastic net, lasso, singular value de-

composition, thresholding

"Hui Zou is a Ph.D student in the Department of Statistics at Stanford University, Stanford, CA 94305. Email:
hzou@stat.stanford.edu.

YTrevor Hastie is Professor, Department of Statistics and Department of Health Researd & Policy, Stanford
Univ ersity, Stanford, CA 94305. Email: hastie@stat.stanford.edu.

“Robert Tibshirani is Professor, Department of Health Researt & Policy and Department of Statistics, Stanford
Univ ersity, Stanford, CA 94305. Email: tibs@stat.stanford.edu.



1 Intro duction

Principal componert analysis (PCA) (Jolli®e 1986) is a popular data processingand dimension
reduction technique . As an un-supervised learning method, PCA has numerousapplications suc
as handwritten zip code classi cation (Hastie et al. 2001) and human face recognition (Hancock
et al. 1996). Recerlly PCA has beenusedin geneexpressiondata analysis (Misra et al. 2002).
Hastie et al. (2000) propose the so-called Gene Shaving techniques using PCA to cluster high
variable and coheren genesin microarray data.

PCA seeksthe linear combinations of the original variables sudch that the derived variables
capture maximal variance. PCA can be done via the singular value decomposition (SVD) of the
data matrix. In detail, let the data X be a n £ p matrix, where n and p are the number of
obsenations and the number of variables, respectively. Without loss of generality, assumethe

column meansof X are all 0. Supposewe have the SVD of X as

X=UDVT (1)

where T meanstranspose. U are the principal componerts (PCs) of unit length, and the columns
of V are the corresponding loadings of the principal componernts. The variance of the ith PC is
Diz;i . In geneexpressiondata the PCs U are called the eigen-arrays and V are the eigen-genes
(Alter et al. 2000). Usually the rst g (q¢ p) PCs are chosento represen the data, thus a great

dimensionality reduction is achieved.

The succesof PCA is due to the following two important optimal properties:

1. principal componerts sequettially capture the maximum variability among X, thus guaran-

teeing minimal information loss;

2. principal componerts are uncorrelated, sowe cantalk about oneprincipal componert without
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referring to others.

Howewer, PCA alsohasan obvious drawbadk, i.e., ead PC is a linear combination of all p variables
and the loadings are typically nonzero. This makesit often dixcult to interpret the derived PCs.
Rotation techniques are commonly used to help practitioners to interpret principal componerts
(Jolli®e 1995). Vines (2000) consideredsimple principal componerts by restricting the loadingsto
take valuesfrom a small set of allowable integerssud as 0, 1 and -1.

We feel it is desirablenot only to achieve the dimensionality reduction but also to reducethe
size of explicitly used variables. An ad hoc way is to arti cially set the loadings with absolute
valuessmaller than a threshold to zero. This informal thresholding approad is frequertly usedin
practice but can be potentially misleading in various respects (Cadima & Jolli®e 1995). McCabe
(1984) preseried an alternativeto PCA which found a subsetof principal variables Jolli®e & Uddin
(2003) introduced SCoTLASS to get modi ed principal componerts with possiblezero loadings.

Recall the sameinterpretation issuearising in multiple linear regression,where the responseis
predicted by a linear combination of the predictors. Interpretable models are obtained via variable
selection. The lasso (Tibshirani 1996)is a promising variable selectiontechnique, simultaneously
producing accurateand sparsemodels. Zou & Hastie (2003) proposethe elastic net, a generalization
of the lasso,to further improve upon the lasso. In this paper we introduce a new approac to get
modi ed PCs with sparseloadings, which we call sparse principal componert analysis (SPCA).
SPCA is built on the fact that PCA canbe written asa regression-ype optimization problem, thus
the lasso(elastic net) can be directly integrated into the regressioncriterion suc that the resulting
modi ed PCA producessparseloadings.

In the next sectionwe brie°y review the lassoand the elastic net. The method details of SPCA
are presered in Section 3. We rst discussa direct sparseapproximation approad via the elas-

tic net, which is a useful exploratory tool. We then shav that nding the loadings of principal



componerts can be reformulated as estimating coexcients in a regression-ype optimization prob-
lem. Thus by imposingthe lasso(elastic net) constraint on the coe+cients, we derive the modi ed
principal componerts with sparseloadings. An ezcient algorithm is proposedto realize SPCA.
We also give a new formula, which justi es the correlation e®ects,to calculate the total variance
of modi ed principal componerts. In Section 4 we considera special caseof the SPCA algorithm
to exciently handle geneexpressionarrays. The proposedmethodology is illustrated by using real
data and simulation examplesin Section 5. Discussionsare in Section 6. The paper endsup with

an appendix summarizing technical details.

2 The Lasso and The Elastic Net

Consider the linear regressionmodel. Supposethe data set has n obsenations with p predictors.

After a location transformation we can assumeall X; and Y are certered.
The lassois a penalized least squaresmethod, imposing a constraint on the L1 norm of the

regressioncoezcients. Thusthe lassoestimates ™| 4sso are obtained by minimizing the lassocriterion

Ylasso= argminY i Xz, )
where , is a non-negative value. The lasso was originally solved by quadratic programming
(Tibshirani 1996). Efron et al. (2004) proved that the lassoestimatesas a function of , are piece-
wise linear, and proposedan algorithm called LARS to exciently solve the whole lasso solution
path in the sameorder of computations as a single least squares t.

The lassocortin uously shrinks the coezcients toward zero, thus gaining its prediction accuracy

via the bias variance trade-o®. Moreover, due to the nature of the L, penalty, some coezcients



will be shrunk to exact zeroif , ; is large enough. Therefore the lassosimultaneously producesan
accurate and sparsemodel, which makesit a favorable variable selection method. Howewer, the
lassohas se\eral limitations as pointed out in Zou & Hastie (2003). The most relevant oneto this
work is that the number of selectedvariables by the lassois limited by the number of obsenations.
For example, if applied to the microarray data where there are thousands of predictors (genes)
(p > 1000)with lessthan 100 samples(n < 100), the lassocan only selectat most n genes,which
is clearly unsatisfactory.

The elastic net (Zou & Hastie 2003) generalizesthe lassoto overcomeits drawbadks, while
enjoying the similar optimal properties. For any non-negative , ;1 and , ,, the elastic net estimates

A .
en are given as follows

IR

= (L argmin Y | S Xz TP+ Tk @)
Hence the elastic net penalty is a corvex combination of ridge penalty and the lasso penalty .
Obviously, the lassois a special caseof the elastic net with , , = 0. Givena xed , », the LARS-
EN algorithm (Zou & Hastie 2003) exciently solvesthe elastic net problem for all | 1 with the
computation cost as a single least squares't. When p > n, we choosesome, , > 0. Then the
elastic net can potentially include all variablesin the tted model, sothe limitation of the lassois
removed. An additional bene t o®eredby the elastic net is its grouping e®ect,that is, the elastic
net tends to selecta group of highly correlated variables onceone variable amongthem is selected.
In cortrast, the lassotendsto selectonly one out of the grouped variables and doesnot care which
oneis in the nal model. Zou & Hastie (2003) comparethe elastic net with the lassoand discuss

the application of the elastic net as a geneselectionmethod in microarray analysis.



3 Motiv ation and Metho d Details

In both lassoand elastic net, the sparsecoexcients are a direct consequenceof the L1 penalty,
not depending on the squared error loss function. Jolli®e & Uddin (2003) proposed SCOTLASS
by directly putting the Li constraint in PCA to get sparseloadings. SCOTLASS successiely

maximizes the variance

ag (X TX)ay (4)
subject to
ala,=1 and(for k, 2) alac=0, h<k; (5)
and the extra constraints
Xp - .
jakjj -t (6)

j=1
for sometuning parametert. Although suzciently smallt yields someexact zeroloadings, SCoT-
LASS seemdo lack of a guidanceto choosean appropriate t value. One might try seweral t values,
but the high computational cost of SCOTLASS makesit an impractical solution. The high compu-
tational costis due to the fact that SCoTLASS is not a corvex optimization problem. Moreover,
the examplesin Jolli®e & Uddin (2003) show that the obtained loadings by SCoTLASS are not
sparseenoughwhen requiring a high percenage of explained variance.
We consider a di®erert approac to modify PCA, which can more directly make good use of

the lasso. In light of the succesf the lasso(elastic net) in regression,we state our strategy

We seek a regressionoptimization frameworkin which PCA is doneexactly. In addition,
the regression framework should allow a direct modi ¢ ation by using the lasso (elastic

net) penalty suchthat the derived loadings are sparse.



3.1 Direct sparse appro ximations

We rst discussa simple regressionapproac to PCA. Obsene that ead PC is a linear combination

of the p variables, thus its loadings can be recovered by regressingthe PC on the p variables.

Theorem 1 8i, denoteY; = U;D;. Y; is the i-th principal component. 8 ;, > 0, sup|cpse””}idge is

the ridge estimatesgiven by

Pridge = argminjYi i X2+ | jTj%: (7)

A

Let ¢ = —L%°e then¢= V;:

ridg e

The theme of this simple theorem is to shawv the connection between PCA and a regression
method is possible. RegressingPCs on variables was discussedin Cadima & Jolli®e (1995), where
they focusedon approximating PCs by a subsetof k variables. We extend it to a more general
ridge regressionin order to handle all kinds of data, especially the geneexpressiondata. Obviously
whenn > p and X is a full rank matrix, the theorem doesnot require a positive , . Note that if
p> nand, = 0, ordinary multiple regressionhas no unique solution that is exactly V. The same
story happenswhenn > p and X is not a full rank matrix. Howewer, PCA always givesa unique
solution in all situations. As shown in theorem 1, this discrepancyis eliminated by the positive
ridge penalty (, j_jz). Note that after normalization the coezcients are independert of , , therefore
the ridge penalty is not usedto penalizethe regressioncoetcients but to ensurethe reconstruction
of principal componerts. Hencewe keepthe ridge penalty term throughout this paper.

Now let us add the L1 penalty to (7) and considerthe following optimization problem

M= argminjYii X+ T+ 10y (8)



Wecall ¥ = J;J an approximation to Vi, and X V¥ the ith approximated principal componert. (8)
is called naive elastic net (Zou & Hastie 2003) which di®ersfrom the elastic net by a scaling factor
(1+ ). Sincewe are using the normalized tted coe+cients, the scaling factor doesnot a®ect¥).
Clearly, large enough, ; givesa sparse”A, hencea sparseV;. Givena Xed , , (8) is exciently solved
for all , 1 by using the LARS-EN algorithm (Zou & Hastie 2003). Thus we can °exibly choosea

sparseapproximation to the ith principal componert.

3.2 Sparse principal components based on SPCA criterion

Theorem 1 dependson the results of PCA, soit is not a genuine alternative. However, it can be
usedin a two-stageexploratory analysis: rst perform PCA, then use (8) to nd suitable sparse
approximations.

We now presert a \self-contained" regression-ype criterion to derive PCs. We rst consider

the leading principal componert.

Theorem 2 Let X; denotethe ith row vector of the matrix X. For any , > 0, let

A

@®7) = agmin  Xii @ X+, [ (©)
o=l
subject to j®j2 =1

Then ™/ V:

The next theorem extendstheorem 2 to derive the whole sequenceof PCs.

Theorem 3 Supmse we are considering the rst k principal components. Let ® and ~ be p£ k

matrices. X; denotethe i-th row vector of the matrix X. For any , > 0, let
X Z ~ X

(®™) = agmin X @ X+, ) (10)
Ti=1 j=1



subjetto ® ®= Iy:

Then ™/ V, fori=1,2::::k.

Theorem 3 e®ectiely transforms the PCA problemto aregression-ype problem. The critical el-

P, = _ Py =
emert isthe object function L, X;j ® TX, 2. If werestrict ~ = ®, then ", Xii ® TX, %=

in:1 :Xi i ®@’X i7, whoseminimizer under the orthonormal constraint on ® is exactly the rst k
loading vectors of ordinary PCA. This is actually an alternativ e derivation of PCA other than the
maximizing variance approad, e.g. Hastie et al. (2001). Theorem 3 shows that we can still have
exact PCA while relaxing the restriction ~ = ® and adding the ridge penalty term. As can be seen
later, these generalizationsenableus to °exibly modify PCA.

To obtain sparseloadings, we add the lasso penalty into the criterion (10) and consider the

following optimization problem

(®") = argmi Xii @TX %+ P+ i
(11)

subjectto ® ®= I:

Whereasthe same, is used for all k componerts, di®erert | 1S are allowed for penalizing the
loadings of di®erert principal componerts. Again, if p> n, a positive , is required in order to get
exact PCA when the sparsity constraint (the lassopenalty) vanishes(, 1; = 0). (11) is called the

SPCA criterion hereatfter.



3.3 Numerical solution

We propose an alternativ ely minimization algorithm to minimize the SPCA criterion. From the

proof of theorem 3 (seeappendix for details) we get

—~ vy 2, P _, P o
X @TX T+, it
3

P _ _ _ .
= TIXTX+ (o TXTX+ )0 2&TXTX T+, 150 0y ¢ (12)

Henceif given®, it amourts to solve k independert elastic net problemsto getﬁ- forj = 1;2;:::k.

On the other hand, we also have (details in appendix)

P P, P

— X — -2 — .2 Kk — .
D Xii @TX T+, 0% Ll

_ _ _ P _
= TIXTX 2T @ XTX ™+ Tr TXTX + )7+ Ky 100y (13)
Thusif ~ is "xed, we should maximize Tr®" (X T X)~ subject to ® ® = 1, whosesolution is given
by the following theorem.

Theorem 4 Let ® and ™ be m £ k matricesand ~ has rank k. Consider the constrained maxi-
mization problem

®= argmaxTr '@ subjetto ® ®= |: (14)
Supmwsethe SVD of ~ is ~ = UDVT, then®= UV .

Here are the stepsof our numerical algorithm to derive the rst k sparsePCs.

General SPCA Algorithm

1. Let ®start at V[;1: k], the loadings of rst k ordinary principal componerts.
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2. Given xed ®, solwve the following naive elastic net problem for j = 1;2;:::;k

j = argmin T (XTX + )7 28T XTX T+ 457y (15)

3. For eah xed —, dothe SVD of X TX™ = UDVT, then update ® = UVT.

4. Repeat steps2-3, until — cornverges.

5. Normalization: ¥ = =1k

Someremarks:

1. Empirical evidenceindicatesthat the outputs of the above algorithm vary slowly as, changes.

For n > p data, the default choice of , can be zero. Practically , is a small positive number
to overcomepotential collinearity problems of X. Section 4 discusseghe default choice of |

for the data with thousandsof variables, such as geneexpressionarrays.

2. In principle, we can try seweral combinations of f, ;g to gure out a good choice of the

tunning parameters, since the above algorithm corvergesquite fast. There is a shortcut
provided by the direct sparseapproximation (8). The LARS-EN algorithm ezciently deliver
a whole sequenceof sparseapproximations for ead PC and the corresponding valuesof | 1.
Hencewe can pick a , 1;; which givesa good compromise between variance and sparsity. In
this selection,variance has a higher priorit y than sparsity, thus we tend to be consenative in

pursuing sparsity.

. Both PCA and SPCA depend on X only through X TX. Note that XTTX is actually the

sample covariance matrix of variables (X;). Thereforeif §, the covariance matrix of (X;), is

known, we can replace X T X with § and have a population versionof PCA or SPCA. If X is
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standardized beforehand,then PCA or SPCA usesthe (sample) correlation matrix, which is

preferred when the scalesof the variables are di®eren.

3.4 Adjusted total variance

The ordinary principal componerts are uncorrelated and their loadings are orthogonal. Let § =
XTX, then VTV = I, and VT4V is diagonal. It is easyto ched that only the loadings of
ordinary principal componerts can satisfy both conditions. In Jolli®e & Uddin (2003) the loadings
wereforcedto be orthogonal, sothe uncorrelated property wassacri ced. SPCA doesnot explicitly
imposethe uncorrelated componerts condition too.

Let O be the modied PCs. Usually the total variance explained by O is calculated by
tracg 0 TO). This is unquestionablewhen O are uncorrelated. However, if they are correlated, the
computed total variance is too optimistic. Here we proposea new formula to compute the total

variance explained by U, which takesinto accourt the correlations among U .

.....

reminder of U; after adjusting the e®ectsof 0;:::;0;; 1, that is

0jml;:::;ji 1= L/)j i Hl;:::;ji loj; (16)
where Hy;....j; 1 is the projection matrix on Oii =1 2;::5;j i 1. Then the adjusted variance
of 0 is Ujg.j; 1, and the total explained variance is given by f=1 Vja:j; 1 - When the

modied PCs 0 are uncorrelated, then the new formula agreeswith trace(0T0). Note that the
above computations depend on the order of O;. However, sincewe have a natural order in PCA,
ordering is not an issuehere.

Using the QR decomposition, we can easily compute the adjusted variance. Suppose) = QR,
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where Q is orthonormal and R is upper triangular. Then it is straightforward to seethat
—Ojttl;:::;ji 1 = Rjz;j : a7)

P
Hencethe explained total varianceis equal to }(:1 RJ-Z;J- .

3.5 Computation complexit y

PCA is computationally excient for both n > p or p A n data. We separately discuss the

computational cost of the general SPCA algorithm for n > pand pA n.

1. n > p. Traditional multivariate data t in this category Note that although the SPCA
criterion is de ned using X, it only dependson X via X TX. A trick is to rst compute the
p£ p matrix § = XTX oncefor all, which requires np? operations. Then the same§ is
usedat ead step within the loop. Computing X "X~ costsp?k and the SVD of X TX ™ is of
order O(pk?). Each elastic net solution requires at most O(p®) operations. Sincek - p, the
total computation costis at most np? + mO(p®), where m is the number of iterations before
cornvergence. Therefore the SPCA algorithm is able to exciently handle data with hugen, as

long as p is small (say p < 100).

2. pA n. Geneexpressionarrays are typical examplesof this p A n category The trick of §
is no longer applicable, because§ is a huge matrix (p£ p) in this case. The most consuming

stepis solving ead elastic net, whosecostis of order O(pJ?) for a positive nite ., whereJ is

the number of nonzero coetcients. Generally speaking the total cost is of order mO(pJ2k),
which is expensiwe for a large J. Fortunately, as shonvn in Section 4, there exits a special

SPCA algorithm for exciently dealingwith p A n data.
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4 SPCA for pA n and Gene Expression Arra ys

Gene expressionarrays are a new type of data where the number of variables (genes)are much
bigger than the number of samples. Our general SPCA algorithm still ts this situation using a
positive , . However the computation cost is expensive when requiring a large number of nonzero
loadings. It is desirableto simplify the general SPCA algorithm to boost the computation.
Obsene that theorem 3 is valid for all , > 0, soin principle we can useany positive , . It turns

out that a thrift y solution emergesif ;| ! 1 . Precisely we have the following theorem.

Theorem 5 Let \7i(=) = J:—'J be the loadings derived from criterion (11). Dene (®&";™) as the

solution of the optimization problem

(@) = argminj 2Tr@ X X"+ P+ 5] (18)

subjetto ® ®= Iy:

When 1 1,9,()! j:f:j:

By the samestatemerts in Section 3.3, criterion (18) is solved by the following algorithm, which
is a special caseof the general SPCA algorithm with |, = 1 :
Gene Expression Arra ys SPCA Algorithm
Replacing step 2 in the general SPCA algorithm with
Step 2°: Given xed ®, forj = 1;2;:::;k

- -

= @XTX é”' Sign(@ X TX): (19)
+

The operation in (19) is called soft-thresholding. Figure 1 gives an illustration of how the

soft-thresholding rule operates. Recerily soft-thresholding has become increasingly popular in
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"1 0.0

Figure 1: An illstration of soft-thresholdingrule y = (jxj i ¢) +Sign(x) with ¢ = 1.

the literature. For example, nearest shrunken certroids (Tibshirani et al. 2002) adopts the soft-

thresholding rule to simultaneously classify samplesand selectimportant genesin microarrays.

5 Examples

5.1 Pitprops data

The pitprops data rst introducedin Je®erg1967) has 180obsenations and 13 measuredvariables.
It is the classicexample showing the dixcult y of interpreting principal componerts. Je®ers(1967)
tried to interpret the rst 6 PCs. Jolli®e & Uddin (2003) usedtheir SCoOTLASSto nd the modi ed
PCs. Table 1 presers the results of PCA, while Table 2 preseris the modi ed PCs loadings by
SCOTLASS and the adjusted variance computed using (17).

As a demonstration, we also consideredthe rst 6 principal componerts. Sincethis is a usual
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n A pdata set,weset, = 0., 1= (0:06;0:16;0:1; 0:5; 0:5; 0:5) were chosenaccordingto Figure 2
such that ead sparseapproximation explained almost the sameamourt of variance asthe ordinary
PC did. Table 3 shows the obtained sparseloadings and the corresponding adjusted variance.
Compared with the modi ed PCs by SCoTLASS, PCs by SPCA account for nearly the same
amount of variance (75.8% vs. 78.2%) but with a much sparserloading structure. The important

variables assaiated with the 6 PCs do not overlap, which further makesthe interpretations easier
and clearer. It is interesting to note that in Table 3 even though the variance does not strictly

monotonously decreasethe adjusted variance follows the right order. However, Table 2 shows this
is not true in SCoTLASS. It is alsoworthy to mertion that the whole computation of SPCA was
donein secondsin R while the implementation of SCoTLASS for eadh t was expensiwve (Jolli®e &

Uddin 2003). Optimizing SCoTLASS over seweral valuesof t is even a more ditcult computational

challenge.

Although the informal thresholding method, which is referred to as simple thresholding hence-
forth, hasvarious drawbadks, it may sere as the bendimark for testing sparsePCs methods. An
variant of simple thresholding is soft-thresholding. We found that usedin PCA, soft-thresholding
performs very similarly to simple thresholding. Thus we omitted the results of soft-thresholding
in this paper. Both SCOTLASS and SPCA were compared with simple thresholding. Table 4
preseris the loadings and the corresponding explained variance by simple thresholding. To make
fair comparisons,we let the numbers of nonzeroloadings by simple thresholding match the results
of SCoTLASS and SPCA. In terms of variance, it seemsthat simple thresholding is better than
SCoTLASS and worse than SPCA. Moreover, the variables with non-zeroloadings by SPCA are
very di®erent to that chosenby simple thresholding for the rst three PCs; while SCoTLASS seems

to create a similar sparsenesgattern as simple thresholding does, especially in the leading PC.

16



PEV

PEV

PEV

Figure 2: Pitpropsdata: The sequen@sof sparse approximations to the rst 6 principal components.
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Table 1: Pitprops data: loadings of the ‘rst 6 principal components

Variable PC1 PC2 PC3 PC4 PC5 PC6
topdiam -0.404 0.218 -0.207 0.091 -0.083 0.120
length -0.406 0.186 -0.235 0.103 -0.113 0.163
moist -0.124 0.541 0.141 -0.078 0.350 -0.276
testsg -0.173 0.456 0.352 -0.055 0.356 -0.054
ovensg -0.057 -0.170 0.481 -0.049 0.176 0.626
ringtop -0.284 -0.014 0.475 0.063 -0.316 0.052
ringbut -0.400 -0.190 0.253 0.065 -0.215 0.003
bowmax -0.294 -0.189 -0.243 -0.286 0.185 -0.055
bowdist -0.357 0.017 -0.208 -0.097 -0.106 0.034
whorls -0.379 -0.248 -0.119 0.205 0.156 -0.173
clear 0.011 0.205 -0.070 -0.804 -0.343 0.175
knots 0.115 0.343 0.092 0.301 -0.600 -0.170
diaknot 0.113 0.309 -0.326 0.303 0.080 0.626
Variance (%) 324 183 144 85 7.0 6.3

Cumulative Variance (%) 32.4  50.7 65.1 736 80.6 86.9

Table 2: Pitprops data: loadings of the rst 6 modi ed PCs by SCoTLASS

t= 175

Variable PC1 PC2 PC3 PC4 PC5 PC6
topdiam 0.546 0.047 -0.087 0.066 -0.046 0.000
length 0.568 0.000 -0.076 0.117 -0.081 0.000
moist 0.000 0.641 -0.187 -0.127 0.009 0.017
testsg 0.000 0.641 0.000 -0.139 0.000 0.000
ovensg 0.000 0.000 0.457 0.000 -0.614 -0.562
ringtop 0.000 0.356 0.348 0.000 0.000 -0.045
ringbut 0.279 0.000 0.325 0.000 0.000 0.000
bowmax 0.132 -0.007 0.000 -0.589 0.000 0.000
bowdist 0.376 0.000 0.000 0.000 0.000 0.065
whorls 0.376 -0.065 0.000 -0.067 0.189 -0.065
clear 0.000 0.000 0.000 0.000 -0.659 0.725
knots 0.000 0.206 0.000 0.771 0.040 0.003
diaknot 0.000 0.000 -0.718 0.013 -0.379 -0.384
Number of nonzeroloadings 6 7 7 8 8 8
Variance (%) 27.2 164 148 94 7.1 7.9
Adjusted Variance (%) 272 153 144 71 6.7 7.5
Cumulativ e Adjusted Variance (%) 27.2 425 56.9 64.0 70.7 78.2
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Table 3: Pitprops data: loadings of the rst 6 sparse PCs by SPCA

Variable PC1 PC2 PC3 PC4 PC5 PC6
topdiam -0.477 0.000 0.000 O 0 0
length -0.476 0.000 0.000 O 0 0
moist 0.000 0.785 0.000 O 0 0
testsg 0.000 0.620 0.000 O 0 0
ovensg 0.177 0.000 0.640 O 0 0
ringtop 0.000 0.000 0.589 0 0 0
ringbut -0.250 0.000 0.492 O 0 0
bowmax -0.344 -0.021 0.000 O 0 0
bowdist -0.416 0.000 0.000 O 0 0
whorls -0.400 0.000 0.000 O 0 0
clear 0.000 0.000 0.000 -1 0 0
knots 0.000 0.013 0.000 O -1 0
diaknot 0.000 0.000 -0.015 O 0 1
Number of nonzeroloadings 7 4 4 1 1 1
Variance (%) 280 144 150 77 1.7 1.7
Adjusted Variance (%) 28.0 14.0 133 74 6.8 6.2

Cumulative Adjusted Variance (%) 28.0 420 553 62.7 695 75.8

5.2 A simulation example

We st created three hidden factors

Vi » N(0;290) V2 » N(0;300)
V3= j 0:3Vy + 0:925/; + 2 2 » N(0;1)

V1;Vo and 2 are independert:

Then 10 obsened variables were generatedas the follows

Xi=Vi+3; 2l» N(O1); i= 1234

Xi= Vo+2% 225 N(0;1); i=5,6,7,8;

Xi=Vz+2} 28» N(0;1); i= 910
fzig areindependert; j = 1,223 i= 1;¢¢¢ 10
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Table 4: Pitprops data: loadings of the rst 6 modi ed PCs by simple thresholding

Variable PC1 PC2 PC3 PC4 PC5 PC6
topdiam -0.439 0.234 0.000 0.092 0.000 0.120
length -0.441 0.000 -0.253 0.104 0.000 0.164
moist 0.000 0.582 0.000 0.000 0.361 -0.277
testsg 0.000 0.490 0.379 0.000 0.367 0.000
ovensg 0.000 0.000 0.517 0.000 0.182 0.629
ringtop 0.000 0.000 0.511 0.000 -0.326 0.000
ringbut -0.435 0.000 0.272 0.000 -0.222 0.000
bowmax -0.319 0.000 -0.261 -0.288 0.191 0.000
bowdist -0.388 0.000 0.000 -0.098 0.000 0.000
whorls -0.412 -0.267 0.000 0.207 0.000 -0.174
clear 0.000 0.221 0.000 -0.812 -0.354 0.176
knots 0.000 0.369 0.000 0.304 -0.620 -0.171
diaknot 0.000 0.332 -0.350 0.306 0.000 0.629
Number of nonzeroloadings 6 7 7 8 8 8
Variance (%) 289 166 142 86 6.9 6.3
Adjusted Variance (%) 289 165 140 85 6.7 6.2
Cumulativ e Adjusted Variance (%) 28.9 454 594 67.9 746 80.8
Variable PC1 PC2 PC3 PC4 PC5 PC6
topdiam -0.420 0.000 0.000 O 0 0
length -0.422 0.000 0.000 O 0 0
moist 0.000 0.640 0.000 O 0 0
testsg 0.000 0.540 0.425 0 0 0
ovensg 0.000 0.000 0580 O 0 0
ringtop -0.296 0.000 0.573 O 0 0
ringbut -0.416 0.000 0.000 O 0 0
bowmax -0.305 0.000 0.000 O 0 0
bowdist -0.370 0.000 0.000 O 0 0
whorls -0.394 0.000 0.000 O 0 0
clear 0.000 0.000 0.000 -1 0 0
knots 0.000 0.406 0.000 O -1 0
diaknot 0.000 0.365 -0.393 0 0 1
Number of nonzeroloadings 7 4 4 1 1 1
Variance (%) 30.7 148 136 7.7 7.7 7.7
Adjusted Variance (%) 30,7 147 111 7.6 5.2 3.6
Cumulativ e Adjusted Variance (%) 30.7 454 56.5 64.1 68.3 71.9
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perform PCA, SPCA and simple thresholding. In other words, we compared their performances
using an in nit y amourt of data generatedfrom the above model.

The variance of the three underlying factors is 290,300and 283.8,respectively. The numbers of
variables assaiated with the three factors are 4, 4 and 2. Therefore V, and V; are almost equally
important, and they are much more important than V3. The rst two PCs together explain 99:6%
of the total variance. Thesefacts suggestthat we only needto considertwo derived variables with
‘right' sparserepresettations. Ideally, the rst derived variable should recover the factor V, only
using (Xs; Xg; X7; Xg), and the secondderived variable should recover the factor V; only using
(X1;X2; X3;X4). In fact, if we sequenially maximize the variance of the rst two derived variables
under the orthonormal constraint, while restricting the numbers of nonzeroloadingsto four, then
the rst derived variable uniformly assignsnonzeroloadings on (Xs; Xe; X7; Xg); and the second
derived variable uniformly assignsnonzeroloadingson (X 1; X 2; X 3; X 4).

Both SPCA (, = 0) and simple thresholding were carried out by using the oracle information
that the ideal sparserepresertations use only four variables. Table 5 summarizesthe comparison
results. Clearly, SPCA correctly identi es the sets of important variables. As a matter of fact,
SPCA delivers the ideal sparserepresetiations of the rst two principal componerts. Mathemat-
ically, it is easyto show that if t = 2 is used, SCOTLASS is also able to nd the same sparse
solution. In this example, both SPCA and SCoTLASS produce the ideal sparsePCs, which may
be explained by the fact that both methods explicitly usethe lassopenalty.

In cortrast, simple thresholding wrongly includes X g; X 19 in the most important variables. The
explained variance by simple thresholding is also lower than that by SPCA, although the relative
di®erences small (lessthan 5%). Due to the high correlation betweenV, and V3, variables X g; X 19

gain loadingswhich are even higher than that of the true important varaibles(X s; Xg; X7; Xg). Thus
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Table 5: Results of the simulation example: loadings and variance

PCA SPCA (, = 0) | Simple Thresholding

PC1 PC2 PC3 |PC1 PC2 PC1 PC2
X1 0.116 -0.478 -0.087| 0.0 0.5 0.000 -05
X2 0.116 -0.478 -0.087| 0.0 0.5 0.000 -0.5
X3 0.116 -0.478 -0.087| 0.0 0.5 0.000 -0.5
Xa 0.116 -0.478 -0.087| 0.0 0.5 0.000 -0.5
X5 -0.395 -0.145 0.270 | 0.5 0.0 0.000 0.0
X6 -0.395 -0.145 0.270 | 0.5 0.0 0.000 0.0
X7 -0.395 -0.145 0.270 | 0.5 0.0 -0.497 0.0
Xsg -0.395 -0.145 0.270 | 0.5 0.0 -0.497 0.0
Xg -0.401 0.010 -0.582] 0.0 0.0 -0.503 0.0
X10 -0.401 0.010 -0.582] 0.0 0.0 -0.503 0.0
Adjusted
Variance (%) 60.0 39.6 0.08 |40.9 39.5 38.8 38.6

the truth is disguisedby the high correlation. On the other hand, simple thresholding correctly

discovers the secondfactor, becauseV; has a low correlation with V3.

5.3 Ramaswamy data

Ramaswamy data (Ramaswamy et al. 2001)has16063(p = 16063)genesand 144(n = 144)samples.
Its rst principal componert explains 46% of the total variance. In a typical microarray data like
this, it appearsthat SCoTLASS cannot be practically useful. We applied SPCA (, = 1) to nd

the sparseleading PC. A sequenceof | 1 wereusedsud that the number of nonzeroloadings varied
in a rather wide range. As displayed in Figure 3, the percertage of explained variance decreasest
a slow rate, asthe sparsity increase. As few as 2.5% of these 16063genescan suzciently construct
the leading principal componert with little lossof explained variance (from 46% to 40%). Simple
thresholding was also applied to this data. It seemsthat when using the samenumber of genes,
simple thresholding always explains slightly higher variance than SPCA does. Among the same
number of selectedgenesby SPCA and simple thresholding, there are about 2% di®erert genes,

and this di®erencerate is quite consistern.
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Ramaswamy data
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Figure 3: The sparse leading principal component: percentageof explained variance versussparsity.
Simple thresholdingand SPCA have similar performances. However, there still exists consistent
di®erence in the selected genes(the oneswith nonzero loadings).

6 Discussion

It hasbeena long standing interest to have a formal approac to derive principal componerts with
sparseloadings. From a practical point of view, a good method to achieve the sparsenesgoal

should (at least) possesghe following properties.

2 Without any sparsity constraint, the method should reduceto PCA.

2 |t should be computationally excient for both small p and big p data.

2 |t should avoid mis-identifying the important variables.

The frequertly usedsimple thresholding is not criterion based. Howewer, this informal ad hoc
method seemsto have the rst two of the good properties listed above. If the explained variance
and sparsity are the only concerns,simple thresholding is not suc a bad choice,and it is extremely

conveniert. We have shavn that simple thresholding can work pretty well in gene expression
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arrays. The seriousproblem with simple thresholding is that it can mis-identify the real important
variables. Nevertheless,simple thresholding is regarded as a benchmark for any potentially better
method.

Using the lassoconstraint in PCA, SCoTLASS successfullyderives sparseloadings. However,
SCOTLASS is not computationally excient, and it lacks a good rule to pick its tunning parameter.
In addition, it is not feasibleto apply SCoTLASS to geneexpressionarrays, while in which PCA
is a quite popular tool.

In this work we have dewveloped SPCA using the SPCA criterion. The new SPCA criterion
gives exact PCA results when its sparsity (lasso) penalty term vanishes. SPCA allows a quite
°exible cortrol on the sparsestructure of the resulting loadings. Uni ed ezxcient algorithms have
been proposedto realize SPCA for both regular multiv ariate data and gene expressionarrays.
As a principled procedure, SPCA enjoys advantagesin sewral aspects, including computational

exciency, high explained variance and ability of identifying important variables.

7 App endix: pro ofs

Theorem 1 proof: UsingXT™X =VD?VT andVTV = I, we have

Aridge = IXTX"',I IlXT(XVi)
bz T
=V 577 V'V
D?
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Theorem 2 pro of: Note that

X . om T ___2_ P n T : —@®T - ® T .
i=1 p
D Tr(li —@N)(1 i @ XX

T @) @ Ty XiXT)

Tr(lj @ ®T+ @® T)XTX

TIXTX + Trm TXTX T 2Tre" X TX (21)

Since® X TX™ and ~TXTX ™ are both scalars,we get

X @TX T+ [

5

P
= TIXTXj 200XTX ™+ " T(XTX +,): (22)
For a xed ®, the above quartity is minimized at
XTX® (23)
Substituting (23) into (22) gives
P = Ty .
L Xii @TX
= TrIXTX | 00XTX(XTX + )i IXTX®: (24)
Therefore

® = argm(gx@TXTX(XTX + ) IXTX® (25)
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subjectto ® ®= 1:
A i T ¢i 107
And "= X'X + | X'X®.
By X = UDVT, we have

D4
D2+,

XTX(XTX + )iIXTX = Vv (VAR (26)

2
Hence®= sV ; with s=1 or -1. Then = sﬁ'gj—’v 1

o]

Theorem 3 pro of: By the samestepsin the proof of theorem 2 we derive (22) aslong as®" ® = 1.

Hencewe have

Pn = Ty 2 P .
Xii @TX
= TIXTX § 2Tr" XTX ™+ Tr T(XTX + )~ (27)
P, ° i
= TIXTX+ Ky TXTX+ )70 2@TXTXT (28)
Thus given a xed ®, the above quartity is minimized at ~j = 'XTX + o 1XTX(FQ for

j = 1,2;:::;k; or equivalertly

- xTx+,¢‘1xTX®: (29)
Therefore
® = argm(ngr@TXTX(XTX + ) IXTX® (30)
subjectto ® ®= Iy:
This is an eigen-analysisproblem whosesolution is ®& = s;V; with ;=1 or -1 forj = 1;2;:::;Kk,
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2
becausethe eigervectors of X TX (XTX + )i 1XXTX are V. Hence(29) gives ™| = s D_lz—jrvj for
2+
j=12:::;k.
o]

Theorem 4 pro of: By assumption” = UDVT with UTU = Iy and VVT = VTV = [,. The

constraint ® ® = | is equivalert to @ constraints

® = 1, i=12::k (31)
®® = 0 j>i (32)
Using Lagrangian multipliers method, we de ne
XK . X1 . XK .
L=i  Ja+ Su@ain+ ;@) (33)
i=1 i=1 j >i
Setting % = 0gives | = ,i;i® + ,i; ®; orin amatrix form = ®a, wherea;; = ;. Both
and ® are full rank, so® is invertible and ®= “ =i 1. We have
T— P 1-T— bt 2,7 ¢
Tr®' = Troi =Tr ot >»'VDV' ; (34)
Ik= ®T®: Qil;T_T_Qilz Qil;TVDZVTuil: (35)
Let A= VTailv, obsene
i i1ym2yT? iToi1yn2® Tz>d< 2
Tr ol *VD*V' =Tr V'alVYD* = TrA'D°= AjiDfj; (36)
j=1
ATD?A = Iy (37)

27



i 2 N2

X , X
Aiibji - D (38)
=1 =1
The \=" is taken if only if A is diagonal and Aj; = D/;*. Thereforemi® = VAVT = VDI VT,
and®= "o = UDVTVDi VT = UvT:

o]
Theorem 5 proof: Let *® = (1+ )™, then weobsene V(. ) = JA—'J On the other hand, ™ =
means
. X = T2 X Z- 2 X T =
(® ") = argmin XKi i ®1+ Xi—+,- E —+. R —l
i=1 ® j=1 > j=1 ®
(39)
subjectto ® ®= I:
Then by (12), we have
P : =T 52 P k E_. 52 P k E_. E
L1 Xii O Xim 4, Lt L ™,
3 3 ’
T 1 P —rxtxe — TXTX ™ i
= TXOX+ = o T i XX ),
3P 3 4 ¢
— T - — . —_
= TrXTX + g i FAEET g0y 0 2Tr@XTXT (40)
XK XTX + XK
(®™) = argrg_ipi 2Tre" X TX ™ + _jTT’_j + RTERIn (41)

j:_‘]_ > ]:1
subjectto ® ®= I:

As, ! 1 ,(41) approades(18). Thus the conclusionfollows.
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