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Abstract

We consider the problem of estimating sparsegraphs by a lasso
penalty applied to the inversecovariance matrix. Using a coordinate
descemn procedurefor the lasso,we develop a simple algorithm| the
Graphical Lassq that is remarkably fast: it solvesa 1000node prob-
lem (» 500, 000 parameters) in at most a minute, and is 30 to 4000
times faster than competing methods. It also provides a conceptual
link betweenthe exact problem and the approximation suggestedby
Meinshausen& B#éhimann (2006). We illustrate the method on some
cell-signaling data from proteomics.

1 Intro duction

In recen yearsa number of authors have proposedthe estimation of sparse
undirected graphical models through the use of L; (lasso) regularization.
The basic model for cortinuous data assumeghat the obsenations have a
multiv ariate Gaussiandistribution with mean! and covariancematrix 8. If
the ij th componert of § ! is zero, then variablesi and j are conditionally
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independen, giventhe other variables. Thusit makessenseo imposean L
penalty for the estimation of § 1, to increaseits sparsity.

Meinshausens. BBhimann (2006)take a simpleapproad to this problem;
they estimate a sparsegraphical model by tting alassomodel to ead vari-
able, using the others as predictors. The componert §i‘j ! is then estimated
to be non-zeroif either the estimated coexcient of variable i on j, or the
estimated coexcient of variablej oni, is non-zero(alternatively they usean
AND rule). They show that asymptotically, this consistenly estimatesthe
set of non-zeroelemerts of §i 1.

Other authors have proposedalgorithms for the exactmaximization of the
L .-penalizedlog-likelihood; Yuan & Lin (2007), Banerjeeet al. (2007) and
Dahl et al. (2007)adapt interior point optimization methods for the solution
to this problem. Both papers also establish that the simpler approad of
Meinshausen& Béhimann (2006) can be viewed asan approximation to the
exact problem.

We use the blockwise coordinate desceh approad in Banerjee et al.
(2007) as a launching point, and propose a new algorithm for the exact
problem. This new procedureis extremely simple, and is substartially faster
competing approadiesin our tests. It alsobridgesthe \conceptual gap” be-
tweenthe Meinshausen& Béhimann (2006) proposaland the exact problem.

2 The prop osed metho d

Supposewe have N multiv ariate normal obsenations of dimensionp, with
mean! and covariance 8. Following Banerjeeet al. (2007),let £ = §i 1,
and let S be the empirical covariancematrix, the problemis to maximizethe
log-likelihood

logdetf | tr(SE) | WE|jq; (1)

over non-negatie de nite matrices£ ° Heretr denotesthe trace and jj£ jj;
is the L, norm| the sum of the absolutevaluesof the elemerts of § 1. Ex-
pression(1) is the Gaussianlog-likelihood of the data, partially maximized
with respectto the meanparameter!. Yuan & Lin (2007)solwe this problem

"We note that while most authors use this formulation, Yuan & Lin (2007) omit the
diagonal elemerts from the penalty.



usingthe interior point method for the \maxdet" problem, proposedby Van-
derbergheet al. (1998). Banerjeeet al. (2007) dewelop a di®eren framework
for the optimization, which wasthe impetus for our work.

Banerjeeet al. (2007) shawv that the problem (1) is corvex and consider
estimation of § (rather than §1 1), asfollows. Let W be the estimate of §.
They shawv that one can solve the problem by optimizing over ead row and
correspnding column of W in a block coordinate desceh fashion. Partition-

ing W and S u q u q
_ Wiy owypp _ Si1 S .
W= 7 ; S=E g ; (2)
Wi, W2 S1p S22
they shaw that the solution for w,, satis es
Wi, = argmin fyTWily tjiy i Swjjy - Y 3)

This is a box-constrainedquadratic program which they solve using an inte-
rior point procedure. Permuting the rows and columnssothe target column
is always the last, they solve a problem like (3) for ead column, updating
their estimate of W after ead stage. This is repeated until convergence.lIf
this procedureis initialized with a positive de nite matrix, they show that
the iterates from this procedureremainspositive de nite and invertible, even
if p> N.

Using corvex duality, Banerjeeet al. (2007)goon to shaw that solving (3)

is equivalert to solving the dual problem
0

n
min- 3w B+ Wiy (4)

whereb = Wlillzzslz;y if — solves(4), then wi, = Wy, solvwes(3). Expres-
sion (4) resenbles a lassoregressionand is the basisfor our approad.
First we verify the equivalencebetweenthe solutionsto (1) and (4) di-

rectly. Expanding the relation WE = | gives an expressionthat will be
useful below: H Tu T u 1
Wi wiz  £11 e _ | 0 (5)
Wi, Wz o Hip ez o' 1°

Now the sub-gradiern equationfor maximization of the log-likelihood (1)
is
Wi Sj %tj =0, (6)

YThe corresponding expressionin Banerjee et al. (2007) does not have the leading %
and has a factor of % in b. We have written it in this equivalert form to avoid factors of
L1 Jater
> .



using the fact that the derivative of logdet£ equals£i! = W, givenin e.g
Boyd & Vanderberghe (2004), page641. Herej; 2 sign£); i.e. jj =
sign(£; ) if £ 6 O,elsejy 2 [i L1]if £5 = 0.

Now the upper right block of equation (6) is

Wiz j S12j Y4°12= O (7)
On the other hand, the sub-gradiert equationfrom (4) works out to be
Wi | Spp+ ¥4° = 0, (8)

where® 2 sign() elemen-wise. Now suppose(W; i) solwes(6), and hence
(Wiz;°12) solves (7). Then ~ = Wi,'wy; and © = j °3, solves (8). The
equivalence of the rst two terms is obvious. For the sign terms, since
Wiilho + Wiskks, = O from (5), we have that pyp = | peoWitwi,.  Since
2 > 0, it follows that sign(uo) = i sign(Wi,*wi,) = i sign("). This proves
the equivalence. We note that the solution  to the lassoproblem (4) gives
us (up to a negative constart) the correspnding part of £: o = j oo .

Now to the main point of this paper. Problem (4) looks like a lasso(L ;-
regularized) least squaresproblem. In fact if Wy, = S;3, then the solutions
* are easily seento equal the lasso estimatesfor the pth variable on the
others, and hencerelated to the Meinshausen& Béhimann (2006) proposal.
As pointed out by Banerjeeet al. (2007), W11 6 S;; in generaland hence
the Meinshausen& BAhlmann (2006) approad doesnot yield the maximum
likelihood estimator. They point out that their block-wise interior-point
procedureis equivalert to recursiwely solvingand updating the lassoproblem
(4), but do not pursuethis approadcr. We do, to great advantage, because
fast coordinate desceh algorithms (Friedman et al. 2007) make solution of
the lassoproblem very attractiv e.

In terms of inner products, the usual lassoestimatesfor the pth variable
on the otherstake asinput the data S;; and s;,. To solve (4) we instead use
Wy, and s;,, whereWy; is our current estimate of the upper block of W. We
then update w and cycle through all of the variablesuntil cornvergence.

Note that from (6), the solution w; = s; + Yfor all i, sincey; > 0, and
hencej i = 1. For conveniencewe call this algorithm the graphial lasso
Hereis the algorithm in detail:



Graphial LassoAlgorithm

1. Start with W = S+ %l The diagonalof W remainsunchanged
in what follows.

2. Foreath j = 1;2;:::p;1,2;:::p;:::, solve the lassoproblem
(4), which takesasinput the inner products W;; and s;,. This
givesa pi 1 vector solution “_ Fill in the correspnding row
and column of W usingwi, = Wy, ™.

3. Continue until convergence

There is a simple, conceptually appealing way to view this procedure.
Given a data matrix X and outcome vector y, we can think of the linear
least squaresregressionestimates(X "X )i 1X Ty asfunctions not of the raw
data, but instead the inner products X TX and XTy. Similarly, one can
shawv that the lassoestimatesare functions of theseinner products as well.
Hencein the current problem, we canthink of the lassoestimatesfor the pth
variable on the others as having the functional form

lasso (Si1; Siz; 3 9)

But application of the lassoto ead variable doesnot solve problem (1); to
solve this via the graphical lassowe instead usethe inner products W;; and
S12. That is, we replace(9) by

lasso (Wiy; S12; %4 (10)

The point is that problem (1) is not equivalent to p separateregularized
regressiormproblems,but to p coupledlassoproblemsthat sharethe sameW
and£ = Wil The useof Wy, in placeof S;; sharesthe information between
the problemsin an appropriate fashion.

Note that ead iteration in step (2) implies a permutation of the rows
and columns to make the target column the last. The lasso problem in
step (2) above can be ezxciently solved by coordinate desceh (Friedman
et al. 2007,Wu & Lange 2007). Here are the details. Letting V = Wy; and
u = S;p, then the update hasthe form

5 X
A S(uj Vii ki A=V (11)
K6 |



forj = 1,2;:::;p;1,2;:::p;: - ;, whereS is the soft-threshold operator:
S(x;t) = signx)(jXji t)+: (12)

We cycle through the predictors until corvergence.In our implemertation,
the procedure stops when the average absolute changein W is lessthan
t CavgSi 929 where Si 939 are the o®-diagonalelemens of the empirical
covariancematrix S, andt is a xed threshold, set by default at 0:001.
Note that ™ will typically be sparse,and sothe computation wi, = Wy;™
will be fast; if there arer non-zeroelemerts, it takesrp operations.
Although our algorithm hasestimated§ = W, we canrecover £ = Wi !
relatively cheaply Note that from the partitioning in (5), we have

Wiipho + Wil = 0

Witho + Woolby = 1
from which we derive the standard partitioned inverseexpressions
Mo = i Wi Waalko (13)
e = 15(Waoi Wi,Wi'wip): (14)

But since™ = Wi,'wy,, we have that (b, = 1=(W, | WL,7) and (i, =

i “[bs. Thus [k, is a simply rescalingof ™ by i {bs, which is easilycomputed.
Although thesecalculationscould be includedin step 2 of the graphial lasso
algorithm, they are not neededtill the end; hencewe store all the coexcients
~ for eat of the p problemsin a p£ p matrix B, and compute £ after
corvergence.

Interestingly, if W = S, these are just the formulas for obtaining the
inverseof a partitioned matrix. That is, if we setW = S and 2= 0 in the
above algorithm, then one sweepthrough the predictors computesSi %, using
a linear regressionat ead stage.

Remark. In somesituations it might make senseto specify di®eren
amourts of regularization for eat variable, or even allow ead inversecovari-
anceelemen to be penalizeddi®erertly. Thuswe maximizethe log-likelihood

logdetf j tr(SE) i jjE£ @ Pjj1; (15)

whereP = f%yg with Y% = Y%;, and = indicates componertwise multiplica-
tion. It is easyto shaw that (15) is maximized by the precedingalgorithm,
with Yareplacedby % in the soft-thresholdingstep (11). Typically onemight
take Y2, = © %% for somevalues’s; %2;::: Y4, to allow di®erem amourts of
regularization for ead variable



p Problem (1) Graphical (2) Approx (3) COVSEL Ratio of

Type Lasso (3) to (1)
100 sparse .014 .007 34.7 2476.4
100 dense .053 .018 2.2 40.9
200 sparse .050 .027 > 20535 > 4107
200 dense 497 146 16.9 33.9
400 sparse 1.23 193 > 16167 > 13143
400 dense 6.2 752 313.0 50.5

Table 1: Timings (seconds) for graphial lasso, Meinhausen-Buhlmannap-
proximation, and COVSEL procedures.

3 Timing comparisons

We simulated Gaussiandata from both sparse and densescenarios,for a
range of problem sizesp. The sparsescenariois the AR(1) model taken
from Yuan & Lin (2007): (8" %) = 1, (8" Yii; 1 = (87 1), 1; = 05, and
zero otherwise. In the densescenario, (8 1); = 2,(8' 1)io = 1 otherwise.
We chosethe penalty parameter sothat the solution had about the actual
number of non-zeroelemerns in the sparsesetting, and about half of total
number of elemens in the densesetting. The graphical lassoprocedurewas
codedin Fortran, linkedto an R languagefunction. All timings were carried
out on a Intel Xeon 2.80GH processor.

We comparedthe graphical lassoto the COVSEL program provided by
Banerjeeet al. (2007). This is a Matlab program, with a loop that callsa C
languagecode to do the box-constrainedQP for ead column of the solution
matrix. To be asfair aspossibleto COVSEL, we only courted the CPU time
spernt in the C program. We setthe maximum number of outer iterations to
30, and following the authors code, set the the duality gap for corvergence
to 0.1.

The number of CPU secondsfor ead trial is shovn in Table 1. The
algorithm took between 2 and 8 iterations of the outer loop. In the dense
scenariosor p = 200and 400, COVSEL had not convergedby 30 iterations.
We seethat the graphicallassois 30to 4000times fasterthan COVSEL, and
only about two to ten times slower than the approximate method.

Figure 1 shows the number of CPU secondsrequired for the graphical
lassoprocedure,for problemsizesup to 1000. The computation time is O(p®)
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Figure 1: Number of CPU seconds required for the graphical lasso procedure.

for denseproblems,and considerablylessthan that for sparseproblems. Even
in the densescenario,it solvesa 1000node problem (» 500 000 parameters)
in about a minute. Howewer the computation time dependsstrongly on the
value of %; asillustrated in Table 2.

4 Analysis of cell signalling data

For illustration we analyzea °ow cytometry dataseton p = 11 proteins and
n = 7466¢cells, from Sads et al. (2003). Theseauthors t a directed acyclic
graph (DAG) to the data, producing the network in Figure 2.

The result of applying the graphicallassoto thesedata is showvn in Figure
3, for 12 di®eren values of the penalty parameter ¥2 There is moderate
agreemenh between, for example,the graph for L; norm = 0:00496and the
DAG: the former has about half of the edgesand non-edgeghat appear in
the DAG. Figure 4 shaws the lassocoe+cients asa function of total L, norm
of the coexcient vector.

In the left panel of Figure 5 we tried two di®eren kinds of 10-fold cross-
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Yo Fraction non-zero CPU time (sec.)

0.01 .96 26.7
0.03 .62 8.5
0.06 .36 4.1
0.60 .00 0.4

Table 2: Timing resultsfor densesanario, p = 400 for di®erent valuesof
the regularization parameterz The middle column s the numkber of non-zeo
coexcients.

Figure 2: Directed acylic graph from cell-signaling data, from Sachset al. (2003).
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Figure 5: Cell-signaling data. Left panel showstenfold cross-validation using both
Regression and Likelihood approaches(details in text). Right panel compares the
regressionsum of squases of the exact graphical lassoapproach to the Meinhausen-
Buhlmann approximation.

validation for estimation of the parameter?z In the \Regression" approad,
we t the graphical lassoto nine-terths of the data, and usedthe penalized
regressionmodel for ead protein to predict the value of that protein in
the validation set. We then averagedthe squaredprediction errors over all
11 proteins. In the \Lik elihood" approad, we again applied the graphical
lassoto nine-terths of the data, and then ewaluated the log-likelihood (1)
over the validation set. The two cross-alidation curvesindicate that the
unregularized model is the best, not surprising given the large number of
obsenations and relatively small number of parameters. However we alsosee
that the likelihood approad is far lessvariable than the regressionrmethod.

The right panelcomparesthe cross-alidated sum of squaresof the exact
graphical lassoapproad to the Meinhausen-Buhlmannapproximation. For
lightly regularizedmodels,the exact approad hasa clear advantage.
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5 Discussion

We have presened a simple and fast algorithm for estimation of a sparse
inversecovariancematrix usingan L, penalty. It cyclesthrough the variables,
‘tting a modi ed lassoregressionto ead variable in turn. The individual
lassoproblemsare solved by coordinate descen

The speedof this newprocedureshouldfacilitate the application of sparse
inversecovarianceproceduredo large datasetsinvolving thousandsof param-
eters.

An R languagepadageglasso is available on the third author's website.
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