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Abstract

In this study, we considerseeral regularization path algorithms with grouped vari-
able selection for modeling gene-irteractions. When tting with categorical factors,
including the genotype measuremets, we often de ne a set of dummy variables that
represen a singlefactor/in teraction of factors. Yuan & Lin (2006) proposedthe group-
Lars and the group-Lassomethods through which these groups of indicators can be
selectedsimultaneously. Here we intro duce another version of group-Lars. In addi-
tion, we proposea path-following algorithm for the group-Lassomethod applied to
generalizedlinear models. We then use all these path algorithms, which select the
grouped variables in a smooth way, to identify gene-ireractions a ecting diseasesta-
tus in an example. We further compare their performancesto that of L, penalized
logistic regressionwith forward stepwise variable selectiondiscussedin Park & Hastie
(20060).

1 Intro duction

In this paper, we proposeusing regularization path algorithms with grouped variable selec-
tion for tting a binary classi cation model with genolype data and for identifying signi -
cart interaction e ects amongthe genes.We implemern the group-Larsand the group-Lasso
methods introducedin Yuan & Lin (2006), and we alsointroduce a di erent version of the
group-Lars method. To t the nonlinear regularization path for group-Lasso,we dewelop
an algorithm basedon the predictor-corrector shemeas in Park & Hastie (2006a). Our
group-Lassoalgorithm can useany lossfunction in the family of generalizedlinear models.
We regard this strategy of using path algorithms as a compromisebetweenour two earlier
studies, descriled next.
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In Park & Hastie (20060), we proposedusing forward stepwise logistic regressionto t
gene-itteraction models. The forward stepwise procedureis a traditional variable selection
medanism; we made a set of dummy variables for eadh factor/interaction of factors and
added/deleted a group at a time. In many studies dealing with gene-irteractions, logistic
regressiorhasbeencriticized for its limited applicability: a small samplesizeprohibits high-
order interaction terms, and a sparsedistribution of the genotypes(for a factor/in teraction
of factors) is not tolerated asit resultsin zerocolumninputs. Howewer, by modifying logistic
regressiornwith a slight penalty on the L, norm of the coe cien ts, we could t a stable gene-
interaction model. Although the forward stepwvise method is a greedyapproad), we shoved
that it successfullyselectedsigni cant terms and achieved a reasonableprediction accuracy
when conbined with the L, penalizedlogistic regression.

A smoother way to selectthe featuresthat has been explored extensiwely in many re-
gression/classi cation settings is to incorporate an L, regularization constrairt. Tibshirani
(1996) rst introducedLasso,a regressionrmethod that minimizesthe sum of squarederror
losssubject to anL; norm constrairt onthe coe cien ts. Variousapplicationsof the L; norm
penalty can be found for examplein Genkin, Lewis & Madigan (2004), Tibshirani (1997),
or Zhu, Rosset,Hastie & Tibshirani (2003). Efron, Hastie, Johnstone& Tibshirani (2004)
proposedthe Lars algorithm, a slight modi cation of which gave a fast way to t the ertire
regularization path for Lasso. Motivated by this algorithm, we proposeda path-following
algorithm for L, regularized generalizedlinear models, which generatespiecewise-smath
paths (Park & Hastie 20061). Rosset(2004), and Zhao & Yu (2004) also deweloped al-
gorithms that sene the samepurpose. While these algorithms are limited to selectinga
singleterm at a time, the group-Larsand the group-Lassomethods mertioned earlier select
featuresas a group, amongthe prede ned setsof variables.

To t gene-ieraction models with the data consisting of genolype measuremets and
a binary response,we rst construct setsof indicators represeting all the available factors
and all possibletwo-way interactions. We then provide thesegrouped variablesto the path
algorithms. Although we expectedan improvemert in terms of correct feature selectionand
prediction accuracyover our L, penalizedstepwiselogistic regressiorapproad, which selects
variablesin a greedymanner, this was not always the case.We showved that thesesmaoother
methods perform no better than stepwise logistic regression,mainly becausethey tend to
selectlarge groupsof variablestoo easily

In the following sections,we illustrate se\eral regularization schemesfor grouped variable
selectionin detail and comparetheir performancewith that of stepwise logistic regression
with L, penalization. In Section2, we descrile the group-Larsand the group-Lassanethods;
in addition, we proposea modi ed group-Larsalgorithm and a path-following procedurefor
group-Lasso.We presen detailed simulation resultsin Section3 and a real data examplein
Section4. We concludewith a summary and further thoughts in Section5.



2 Regqularization Metho ds for Group ed Variable Selec-
tion

In this section,we reviewthe group-Larsand the group-Lassamethods proposedby Yuan &
Lin (2006)and proposeanotherversionof group-Lars. We call thesetwo group-Larsmethods
Type | and Type I, respectively. We descrite a path-following algorithm for group-Lasso,
which usesthe predictor-corrector convex optimization sthemeasin Park & Hastie (2006).

2.1 Group-Lars: Typel

Efron et al. (2004) proposedleast angle regression(LARS) as a procedurethat is closely
related to Lassoand that providesa fast way to t the ertire regularization path for Lasso.
At the beginning of the Lars algorithm, a predictor that is most strongly correlated with
the responseerters the model. The coe cien t of the chosenpredictor grows in the direction
of the sign of its correlation. The single coe cient grows until another predictor achieves
the sameabsolute correlation with the currernt residuals. At this point, both coe cients
start moving in the least squaresdirection of the two predictors; this is also the direction
that keepstheir correlations with the currernt residualsequal. At eat subsequen step, a
new variable is addedto the model and the path extendsin a piecewise-linearfashion. The
path is completedeither when the sizeof the active set readesthe samplesize,or whenall
the variablesare active and have attained the ordinary least squarest. As the Lars path
proceedsall the active variablescarry the same,and the largest,amourt of correlation with
the current residuals. Yuan & Lin's group-Larsalgorithm operatesin a similar way: a group
is includedin the model if and only if the averagesquaed correlation of the variablesin the
group is the largest, and thus, the sameas other active groups.
The group-Lars algorithm proceedsas follows:

1. The algorithm beginsby computing the averagesquaredcorrelation of the elemerts in
eat group, with the response.

2. The group of variableswith the largest averagesquaredcorrelation erters the model,
and the coe cien ts of all its componerts move in the least squaresdirection.

3. The rst segmeh of the path extendslinearly until the averagesquaredcorrelation of
another group meetsthat of the active group.

4. Oncethe secondgroup joins, the coe cien ts of all the variablesin the two groupsagain
start moving in their least squaresdirection.

5. Analogously a new group erters the model at ead step until all the groupsare added,
and all the individual predictors are orthogonalto the residuals,with zerocorrelations.

Oncea group hasentered the active set, its averagesquaredcorrelation with the residuals
stays the sameas other active groupsbecauseall the individual correlations (their absolute
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values) decreaseproportionally to their current sizes.We can compute how long a segmenh
of a path extendsuntil the next group joins the active set by solving a set of quadratic
equations. If the total number of the predictors would exceedthe sample size with the
addition of the next group, then the algorithm must stop without adding the new candidate
group.

2.2 Group-Lars: Typell

The group-Lars Type | algorithm cortrols groupsof di erent sizesby tracing their average
squaed correlations; howewer, squaring the individual correlations sometimesmakes a few
strongestpredictorsin the group dominate the averagescore. We proposeanother variant of
the Lars algorithm for group variable selectionthat lessenssud e ect; our algorithm traces
the average absolutecorrelation for eat group instead of the averagesquaredcorrelation.
The most important di erence in e ect is that our strategy requires more componerts of
a group to be strongly correlated with the residuals (in a relative sense,when compared
to the previous Type | algorithm). Therefore, our algorithm tracking the averageabsolute
correlation is more robust against false positives of selectinglarge groups when only a few
of the elemens are strongly correlatedwith the residuals.

The Type Il algorithm is idertical to the erumerated description of the Type | algorithm
in Section2.1, exceptthat the averagesquaed correlation is replacedby the averageabsolute
correlation. Here we illustrate the algorithm using the samemathematical notation asin
Efron et al. (2004):

The given data are f(X;y) : X 2 R" P;y 2 R"g: n is the samplesize. Denote the

The initial residualsarer =y y:

For ead group, compute the average absolute correlation of the variables with the
residuals. Selectthe group with the largest averageabsolute correlation:

X
M = argmax  jx{rj5§Gj: (1)

P
Repeat the following while jAj]  nand  ;,, jxjorj > 0:

1. Let ua bethe unit vector toward the least squaresdirection of fx; :j 2 Ag:

2. 1f A® = ;; then nd how much to extend u, so that all the average absolute
correlations for the active groups decreasego zero. That is, solwe the following



equationfor > Oforany Gy A
X
X(r ua)iFGk = O (2)
j2Gk

3. If A€ 6 ;; then for every group in A%, nd how much to extendu, sothat the
averageabsolute correlation for the group is the sameasthosein A: That is, for
all G; A¢; solwe the following equationfor > 0

X X
XPr ua)jFG) = X ua)iFGK; 3)
i2G i2Gy
where Gy is any group in A: Among the solution %; choosethe smallestpositive
value and call it ”: Letting Gy be the correspnding group index, enlargethe
activeset: A= A[ Gy;and A°= A°nGy:

4. Compute the residuals:r = r  ~ua:

For ead run of the above erumerated steps, the unit vector u, for a linear segmen
of the path can be expressedn a simple form. Denote the sub-matrix of X for the active
variablesas X 5 ; and de ne the following:

Ca = XQr; Ga = X8Xa; Ap = (cQG, tca) 2 (4)

Then ua = AaXaG,'ca is the unit vector in the direction of ~, = XAG,*XQy; the full
least squares t using the current active set. It can be easily shavn that in ewery run,
A 2 [0;1=AA]; and it equalsthe upper bound 1=A, when there is no additional variable to
erter the model asin Step 2.

The following lemma ensuresthat the averageabsolutecorrelationsstay idertical across
all the groupsin the active set as the path proceeds,given that the averageabsolute cor-
relation of ead group had beenthe sameasthe rest (the oneswho joined A earlier) at its
ertry. We omit the proof.

Lemma 2.1. Let* = X " bethe tte d valueswith somecoe cient estimates”: Letr =y #
and ¢ = X% denotethe residualsand their correlations with the predictors, resgctively. If
" extendsin the least squaes direction for r; whichis ~= X (X%X) 1X%; then the entries
of jcj decreaseat the rate proportional to their current sizes. That is, for any 2 [0; 1];

jc)i=iX%r  ~i=@ ijc

If we apply the group-Lars methods to over-represeted groups of dummy variables
(dummy variables summing up to 1), the Lars paths may not be unique or suer from
a singularity issue. To avoid sud problems,we add a slight L, norm penalty to the sum of
squarederror lossand formulate the Lars algorithms the sameway. This modi cation simply
amourts to extendingthe LARS-EN algorithm, a variant of the Lars algorithm proposedby
Zou & Hastie (2005),to a versionthat performsgrouped variable selection.
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2.3 Group-Lasso
2.3.1 Criterion

Yuan & Lin (2006) introduced the group-Lassomethod, which nds the coe cien ts that
minimize the following criterion:

1 X p___
L( ;) = éky X k3 + jGkjk ko (5)
k=1

where is a positive regularization parameter,and , denotesthe elemens of correspnd-
ing to the group Gi: We canreplacethe lossfunction (sum of squarederror lossabove) with
that of generalizedinear models. The criterion (5) is now written in this generalform:

X p__
LC: ) = Ny )+ JGik (kz; (6)

k=1

wherey is the responsevector that follows a distribution in exponertial family, and | is the
correspnding log-likelihood. Meier, van de Geer& Buhlmann (2006) studied the properties
of this criterion for the binomial caseand proposedan algorithm.

When the responsey is Gaussian,the criterion of minimizing (5) may be written in this
equivalent form:

Minimize t (7)
subject to ky X ky ft (8)
k ko afork=1;:::;K; (9)
Xp__—
Gk & s; (10)
k=1

where ; a; and t are the variables,and s is a xed value that replaces in (5). This

formulation suggestghat the minimization canbe solved asa second-order cone programming

(SOCP) problem. For all the other distributions in exponenial family, the problem cannot
be treated as a standard SOCP, but as a convex optimization problem with second-order
cone (SOC) constrairts. In our algorithm, we chooseto usethe form of the criterion asin

(6) for any distribution and solwe a corvex optimization problem with SOC constrairts as
follows:

X p___

Minimize I(y; )+ 1Gx] a (11)
k=1

subject to k (ko a fork=1;:::;K: (12)

According to the Karush-Kuhn-Tucker conditions (also shavn in Proposition 1 of Yuan
& Lin (2006)), the group Gy is in the active set, and thus, all the elemens of |, arenonzero
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at a given if and only if the following holds:

}PWrPHG = % (13)
j2Gk

where W is a diagonal matrix with n diagonal elemelts V;; the variance estimate for the
i-th obsenation, and r denotesthe currert residuals. The residualfor the i-th obsenation is
(i )(—)i; where and denotethe meanof the responseand the linear predictor x° ;
respectively.

2.3.2 Path-follo wing algorithm

We introduce an algorithm for nding the ertire regularization path for criterion (6). That
is, we trace the coe cien t paths asthe regularizationparameter rangesfrom zeroto avalue
large enoughto forceall the coe cien ts to be zero. Analogousto the algorithm presened in
Park & Hastie (2006), we proposeanother version of the predictor-corrector scheme. We
repeat the following steps,for ead iteration decreasing:

Predictor step: (1) Estimate the direction of for the next segmen of the path. (2)
Assumingthe coe cien ts will movein that direction, computethe (smallest)decremen
in  that would changethe active set. (3) Estimate the solution for the new ; by
extending the previoussolution in the estimated direction.

Corrector step: Usingthe estimatefrom the predictor stepasthe initial value,compute
the exact solution correspnding to the decreased:

Active set: Ched if the active set has beenchangedwith the new ; and if that is
true, repeat the corrector step with the updated active set.

We now descrike the stepsin the m-th iteration in detail, for the Gaussiancase.

1. Predictor step

In the m-th predictor step, we estimatethe solution A for a decreasedegularization
parameter = ,: Todetermine ,;we rst estimatethe direction in which extends

. . 1 . o

from the previoussolution A : denotethe vector in this direction asb,; scaledsuc
that X oby, is a unit vector. Then we compute the smallest,positive constart ,, suth
that

= + mbm (14)

would changethe active set.

As usedin Park & Hastie (2006), the natural and most accurate choicefor b, would
be = ; the tanger slope of the curved path along with the changein : Howewr,
for simplicity of the algorithm, we appraximate the direction asfollows:

bn = AarG,'Ca; (15)
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using the notation (4). Using this choice of b,,, the tted respnsesmove in the
direction of upn = Xabp; which is exactly the sameas a step in the group-Lars
algorithms in Section 2.1 and Section2.2. The approximation (15) is desirablealso
becauseit makes the correlations of the active variables with the current residuals
changeproportionally to the current sizesasin LemmaZ2.1. This fact makesit possible
to estimatethe decremen in that would changethe active set. From our experience,
(15) is a reasonableapproximation of = : An examplein Section 3 demonstrates
the fact.

As ., increasedrom zeroto > 0O; the correlations of the variableswith the current
residualschangeas follows:

c() = ¢ X (16)

where ¢ is the vector of correlationsfor the previouscoe cien t estimates™" " Note
that c( ) = (1 Ax)e for the variablesin A; and thus, their group correlation
measure(the averagesquaredcorrelation asin (13)) decreasesrom 2 , by a factor
of (1  Aa)? By solving a quadratic set of equations,we can compute the smallest

2 (0;A,*] with which the averagesquaredcorrelation of a group that is currertly

not active will be the sameasthat of currertly active groups, satisfying

G()HEG| = (1 Ax? %, (17)
i2G

for someG, A€ We alsocomputethe smallest > 0 for which Ay bm will be
zero, in which casewe supposethe correspnding variable will drop out of the active
set. Wethen let the smalleroneof thesetwo valuesof be ,; andusingthis constan,
m= (1 mAA) m 1 Ame computedasin (14) is our estimate of the coe cien ts at
m-
If welet , = , 1 hforasmallconstart h > 0O; then we can generatethe exact
path, by computing the solutionsat many valuesof : Howewer, selectingthe stepsizes
in adaptively addse ciency and accuracyto the algorithm asdemonstratedin Park
& Hastie (2006a).

. Corrector step

Having estimated the m-th set of the coe cien ts AT and the correspnding value
for the regularization parameter ; we can now solwe the optimization problem of
minimizing (6) with = :Asin (11) - (12), it is formulated asa convex optimization
problem with SOC constrairts. Using A as a warm starting value, we expect that
the cost of solving for the exact solution A s low.

. Active set
We rst completethe m-th predictor and corrector stepsusing the active set from the

8



previousiteration. After the corrector step, we ched if the active set must have been
modi ed. As was donein Park & Hastie (2006), we augmern the active set A with
G if
- O 2 . . X . 0 .2 - . 2

X 5G] max T 3G = W (18)

i2G 12Gk
for any G,  A° We repeat this ched, followed by another corrector step with the
updated active set, until no more group needsto be added.

We then chedk whether the active set must be reduced. If k’\:]kz = Oforany Gy A;
we eliminate the group G from the active set.

We iterate this set of stepsuntil = 0; at which point all the correlations ¢ are zero.

Wheny follows a distribution other than Gaussian,this algorithm still appliesthe same
way. G, in (15) is replacedby X QWX ,; and thus, the predictor step amourts to taking a
stepin the weighted group-Larsdirection. In other words, for a predictor step, we approxi-
mate the log-likelihood as a quadratic function of and compute the group-Larsdirection
asin the caseof Gaussiandistribution. When cheking to seeif the active setis augmerned,
the correlation xjor in (18) should be replacedby the weighted correlation ijWr:

3 Simulations

In this section, we comparedi erent regression/classi cation methods for group variable
selectionthrough three sets of simulations. To imitate data with genolype measuremets
at multiple loci, we generatesix categoricalvariables, eat with three levels, and a binary
responsevariable. For ewvery factor and every two-way interaction, we de ne a set of indica-
tors, assigninga dummy variable for eat level. Thesesetsform the groupsthat are selected
simultaneously Among the six factors, only the rst two a ect the response. As in Park &
Hastie (20060), we assignbalancedclasslabelswith the following conditional probabilities of
belongingto classl: (AA,Aa,aa) and (BB,Bb,bb) are the level setsfor the rst two factors.

Additiv e Mo del Interaction Mo del | Interaction Mo del |1
P(A)=P(B)= 05 P(A)=P(B)= 05 P(A)=P(B)= 05
BB Bb bb BB Bb bb BB Bb bb
AA | 0.845| 0.206 | 0.206 AA | 0.145| 0.206 | 0.206 AA | 0.045| 0.206| 0.206
Aa | 0.206| 0.012| 0.012 Aa | 0.206| 0.012| 0.012 Aa | 0.206| 0.012| 0.012
aa | 0.206| 0.012| 0.012 aa | 0.206| 0.012| 0.012 aa | 0.206| 0.012| 0.012

As can be seenin Figure 1, in the rst scenario,the log-odds for class1 is additive in
the e ects from the rst two factors. For the next two, weak and strong interaction e ects
are presen betweenthe two factors. Therefore,A + B is the true model for the rst, while
A B is appropriate for the other two settings.
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Figure 1: The patterns of log-adds for class 1, for dier ent levelsof the rst two factors

Under thesesettings, we generated50 independen datasetsconsistingof six factors and
200 training and another 200 test obsenations. Ead training and test dataset consisted
of 100 casesand 100 cortrols. For all 50 repetitions, we t group Lars Type | and Il,
group-LassoassumingGaussianand binomial distributions for the response, and stepwise
penalizedlogistic regressionwith L, penalization illustrated in Park & Hastie (2006). We
estimatedthe prediction error for ead method usingthe test data (by averagingthe 50); the
results are summarizedin Table 1. The standard errors for the estimatesare parerthesized.
Although the error estimateswere similar acrossall the methods we preserted, stepwise
logistic regressionwassigni cantly moreaccuratethan other methods for the additive model.

In Table 2, we presen a further comparisonby courting the number of runs (out of
50) for which the correct model wasiderti ed. For the additive model, group-Lars Type ||
selectedA + B (the true model) more often than Type I; the Type Il method too easily
let the interaction terms of size 9 erter the model. Stepwise logistic regressionwith L,
penalization scoredthe highest for the additive and interaction model Il. Forward stepwise
selectionusedin penalizedlogistic regressions a greedyapproad; however, it found the true
model more frequertly than the path-following procedures,which more aggressiely allowed
terms to join the active set. In general,group-Lassowith binomial log-likelihood selected
noisy terms more frequerily than the Gaussiancase.

Methods Additive Model | Interaction Model | | Interaction Model |1
Group-Lars | 0.2311(0.005) 0.2451(0.006) 0.2228(0.005)
Group-Lars|1 0.2306(0.005) 0.2389(0.004) 0.2203(0.005)

Group-Lasso(Gaussian)

0.2355(0.005)

0.2456(0.006)

0.2229(0.005)

Group-Lasso(Binomial)

0.2237(0.005)

0.2453(0.005)

0.2249(0.005)

step PLR

0.2180(0.004)

0.2369(0.004)

0.2244(0.005)
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Table 1: Comparison of prediction performances
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Figure 2: Comparison of the coe cient paths for the group-Lars (the rst row) and the group-Lasso
(the rest) methals. The stepsizesin  are adaptively selected for the plots in the second row, while

they were xed at 0.3 for the last two plots.
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Methods Additiv e Model | Interaction Model | | Interaction Model 11
Group-Lars| 46/50 33/50 38/50
Group-Lars|1 34/50 42/50 35/50

Group-Lasso(Gaussian) 46/50 36/50 37/50
Group-Lasso(Binomial) 17/50 20/50 27/50
stepPLR 49/50 31/50 39/50

Table 2: Counts for correct term selestion

In Figure 2, we comparedthe coe cient paths for the group-Lars and the group-Lasso
methods for one of the datasetsin which the rst two factors were additive. The rst two
factors are marked black and red in the gure. The rst two plots shav the paths for group-
Lars Type | and group-Lars Type II; both are piecewise-linear. The next two plots are
from the group-Lassomethods, using negative log-likelihoods for the Gaussianand binomial
distributions aslossfunctions, respectively. The stepsizesin weredeterminedadaptively in
thesetwo runs of group-Lasso.For the last two plots, we computedthe solutions decreasing

by a small constart (0:3) in ewery iteration. Nonlinearity of the paths is visible in the last
plot, which usedthe negative binomial log-likelihood. For both binomial and Gaussiancases,
we appraximated the exact paths with a reasonableaccuracyby adjusting the step lengths
asillustrated in Section2.3.2,thereby signi cantly reducingthe total number of iterations
(132to 16 for the Gaussian,and 132to 9 for the binomial case).

4 Real Data Example

We applied the path-following proceduresand stepwise logistic regressionwith L, penal-
ization to a real dataset with genotpe measuremets on 14 loci and a binary response
indicating the presenceof bladder cancer(201 casesand 214 conrols). The datasetwas rst
introducedin Hung et al. (2004).

Table 3 summarizeshe cross-alidated prediction error, sensitivity, and speci city from a
v e-fold cross-alidation. For ead fold, weran aninternal cross-alidation to choosethe level
of regularization. The negative log-likelihood was usedasthe criterion in the internal cross-
validations. Overall (classi cation) error rate wasthe lowest for stepwise logistic regression,
the speci city being especially high comparedto other methods.

Methods Prediction error | Sensitivity | Speci city
Group-Lars| 156/415=0.376 | 128/201 131/214
Group-Lars | 155/415=0.373 | 127/201 133/214

Group-Lasso(Gaussian) | 154/415=0.371| 126/201 135/214
Group-Lasso(Binomial) | 157/415=0.378 | 128/201 130/214
step PLR 147/415=0.354 | 122/201 146/214

Table 3: Comparison of prediction performances
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ROC curves: group Lars, PLR ROC curves: group Lasso, PLR
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Figure 3: Comparison of ROC curves

One would expect an improvemen by applying a smooth variable selectionmedanism
asin group-Larsor group-Lasso.Howewer, sudh smoothnessmay turn out to be a disadwan-
tage. As in Section3, the group-Larsand the group-Lassomethods tend to selectirrelevant
terms more easilythan stepwiselogistic regression.Even whenthesepath-following methods
identify a correct subsetof features,the nonzerocoe cien ts are shrunken ts. On the other
hand, the L, regularization in our stepwise logistic regressionis meaningful as a technical
device(Park & Hastie 2006) rather than asa smoothing tool, and thus, we often apply only
a slight penalizationto the sizeof the coe cien ts.

We further extended the prediction error analysis by plotting the receiver operating
characteristic (ROC) curves for all the methods comparedin Table 3. For eat method,
we generatedmultiple setsof classi cation results by applying di erent cut-o valuesto the
cross-alidated responsesfrom the previous analysis. The left and right panelsof Figure 3
comparethe ROC curvesof the group-Larsmethods and the group-Lassanethodsto stepwise
logistic regressionrespectively. The ROC curve for stepwise logistic regressionlies slightly
more toward the upper right-hand cornerthan all the other curves, although the di erence
is not statistically signi cant.

5 Discussion
In this paper, we studied the use of various regularization path algorithms for grouped

variable selectionto t gene-irieraction models. We rst consideredwo typesof group-Lars
algorithms. Group-Lars Type |, proposedby Yuan & Lin (2006), kept the groupswith the
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largest average squaredcorrelation with the current residualsin the active set. In group-

Lars Type |1, the active groupswere the oneswith the largestaverageabsolute correlation.

We shonved somesimulation results in which the Type Il algorithm was preferred because
the Type | algorithm selectedlarge groups too easily We then studied the group-Lasso
method and suggesteda generalpath-following algorithm that canbe implemenrted with the

log-likelihood of any distribution in the exponertial family. Although the path-algorithm for

group-Lassois more complexthan that of group-Lars, group-Lassois more informative in

that we have the explicit criterion asin (6).

Group-Lassoyields a stable t ewen when highly correlated variables are input simul-
taneously When somevariablesare perfectly correlated, asin the caseof over-represeted
groupsof indicators for categoricalfactors, the solution for group-Lassais still uniquely de-
termined. This can be seenfrom the Karush-Kuhn-Tudker conditions (13), and we omit the
details. This property of the group-Lassomethod makesit more attractive asa way to t
with categoricalfactorscodedin dummy variables. On the other hand, the group-Larspaths
are not unique in this situation, and as a remedy we usedthe LARS-EN algorithm with
a slight L, penalization instead of Lars. This modi cation addsa quadratic feature to the
group-Lars method, asin the group-Lassocriterion.

We comparedthe performancesof the group-Larsand the group-Lassamethodsto that of
the forward stepwise approad, a more corvertional variable selectionstrategy, implemerted
with L, penalizedlogistic regression. The group-Lars and the group-Lassomethods can
be preferred for being smooth in selectingterms and being faster. Howewer, basedon our
experimerts, we learned that L, penalized logistic regressionwith the forward stepwise
variable selectionsdhemeis still comparableto those alternatives.
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