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ABSTRACT

There has beenconsiderableinterest in random projections,
an approximate algorithm for estimating distances between
pairs of points in a high-dimensional vector space. Let
A 2 R" P beour n points in D dimensions. The method
multiplies A by a random matrix R 2 R® ¥, reducing the
D dimensions down to just k for speeding up the compu-
tation. R typically consists of entries of standard normal
N (0; 1). It is well known that random projections preserve
pairwise distances(in the expectation). Achlioptas proposed
sparse random projections by replacing the N (0;1) entries
in R with entries in f 1;0;1g with probabilities f £;2; g,
achieving a threefold speedupin processingtime.

We recommendusing R of entries in f 1; 0; 1g with prob-
abilities fzp%;l p%;zp%gfor achieving asignicant D-
fold speedup, with little lossin accuracy.

Categoriesand Subject Descriptors
H.2.8 [Database Applications ]: Data Mining

General Terms
Algorithms, Performance, Theory
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1. INTRODUCTION

Random projections [1, 43] have been used in Machine
Learning [2,4,5,13,14,22], VLSI layout [42], analysis of La-
tent Semartic Indexing (LSI) [35], set intersections [7, 36],
nding motifs in bio-sequenceg6,27], face recognition [16],
privacy preserving distributed data mining [31], to hame a
few. The AMS sketching algorithm [3] is also one form of
random projections.

We de ne adata matrix A of sizen D to bea collection
of n data points fuigl; 2 RP. All pairwise distances can
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be computed as AA T, at the cost of time O(n2D), which is
often prohibitiv e for large n and D, in modern data mining
and information retrieval applications.

To speed up the computations, one can generate a ran-
dom projection matrix R 2 R® ¥ and multiply it with the
original matrix A 2 R" P to obtain a projected data matrix

B = pl—EAR 2R" %,k min(n;D): (1)

The (much smaller) matrix B preserves all pairwise dis-
tances of A in expectations, provided that R consists of
i.i.d. entries with zero mean and constant variance. Thus,
we can achieve a substantial cost reduction for computing
AA T, from O(n%D) to O(nDk + n2k).

In information retrieval, we often do not have to materi-
alize AA 7. Instead, databasesand seard enginesare inter-
ested in storing the projected data B in main memory for
e cien tly responding to input queries. While the original
data matrix A is often too large, the projected data matrix
B can be small enoughto reside in the main memory.

The entries of R (denoted by frj; ngzl k., ) should bei.i.d.
with zero mean. In fact, this is the only necessarycondi-
tion for preserving pairwise distances [4]. However, dier-
ent choicesof rj; can change the variances (average errors)
and error tail bounds. It is often convenient to let r;j; follow
a symmetric distribution about zero with unit variance. A
\simple" distribution is the standard normal?, i.e.,

i N(O;1); E(ri)=0; Erfi =1 Erfi =3

It is \simple" in terms of theoretical analysis, but not in
terms of random number generation. For example, a uni-
form distribution is easier to generate than normals, but
the analysis is more di cult.

In this paper, when R consists of normal entries, we call
this special case as the conventional random projections,
about which many theoretical results are known. Seethe
monograph by Vempala [43] for further references.

We derive sometheoretical results when R is not restricted
to normals. In particular, our results lead to signicant im-
provemerts over the so-called sparse random projections.

1.1 SparseRandom Projections
In his novel work, Achlioptas [1] proposed using the pro-

1The normal distribution is 2-stable It is one of the few
stable distributions that have closed-form density [19].



jection matrix R witg i.i.d entries in

p_< 1 with prob. = .
rii= s, 0 with prob. 1 3 ; (2
1 with prob. X

where Achlioptas useds = 1 or s= 3. With s= 3, onecan
achieve a threefold speedup becauseonly % of the data need
to be processedhencethe nanbe_sparse random projections).
Sincethe multiplications with =~ s can bedelayed, no oating

point arithmetic is neededand all computation amounts to
highly optimized database aggregation operations.

This method of sparse random projections has gained its
popularity. It was rst experimentally tested on image and
text data by [5] in SIGKDD 2001. Later, many more publi-
cations also adopted this method, e.g., [14,29,38,41].

1.2 Very SparseRandom Projections

We show that one can uses 3(eg.,s= D, or even
s= IogD—D) to signi cantly speedup the computation.

Examining (2), we can seethat sparse random projec-
tions are random sampling at a rate of % i.e., whens = 3,
one-third of the data are sampled. Statistical results tell
us that one does not have to sample one-third (D=3) of
the data to obtain good estimates. In fact, when the data
are approximately normal, logD of the data probably suf-
ce (i.e., s = IogD—D)' becauseof the exponertial error tail
bounds, common in normal-lik e distributions, suc as bino-
mial, gamma, etc. For better robusWe_ss, we recommend
choosing s lessaggressiely (e.g.,s= D).

To better understand sparseand very sparserandom pro-
jections, we rst give a summary of relevant results on con-
ventional random projections, in the next section.

2. CONVENTION AL RANDOM
PROJECTIONS: R N(0;1)

Conventional random projections multiply the original data
matrix A 2 R" P with a random matrix R 2 RP ¥, con-
sisting of i.i.d. N(0;1) entries. Denote by fuigl-; 2 RP the
rows in A and by fvigl-; 2 R* the rows of the projected
data, i.e., vi = pl—ERTui. We focus on the leading two rows:
u1, Uz and vi, V2. For convenience,we denote

my = kuik® = Uz ; m2 = kuok? = uz;

az= uUjlUz=  UpjUzi; d=kur wk®=mi+m, 2a

j=1
2.1 Moments
It is easyto show that (e.g., Lemma 1.3 of [43])
2
Var kvik® | = Rmi; (3)
2 2 2
vok = Ed 7 (4)

E kvik?® = kuik® = my;

E kvi Wk =d; Vvar kvi

N

where the subscript \N" indicates that a \normal" projec-
tion matrix is used.

From our later results in Lemma 3 (or [28, Lemma 1]) we
can derive

[En

E viva =a, Var viva == mimz+a’ : (5
N

x~

Therefore, one can compute both pairwise 2-norm dis-
tances and inner products in k (instead of D) dimensions,
achieving a huge cost reduction when k  min(n; D).

2.2 Distrib utions
It is easyto show that (e.g. Lemma 1.3 of [43])

Vi kv k?
pﬁ N (0; 1); ﬁ g (6)
= =
. " 2
S onon S B @
V1 0  _ 1 m a .
Vi N 0 ' "k a m: ) C)

where 2 denotes a chi-squared random variable with k de-
greesof freedom. vi; i.i.d. is any entry in v; 2 R¥.
Knowing the distributions of the projected data enables
us to derive (sharp) error tail bounds. For example, various
Johnsonand Lindenstrauss (JL) embedding theorems|[1,4,9,
15,20,21] have beenproved for precisely determining k given
some speci ed level of accuracy, for estimating the 2-norm
distances. According to the best known result [1]:

If k ko= 2= logn, then with probability at least

1 n ,for any two rows u;i, u;, we have
(1 Hkui o uk® kvi  vik® 1+ kui o uk®: (9)

Remark: (a) The JL lemma is consenative in many ap-
plications becauseit was derived based on Bonferroni cor-
rection for multiple comparisons. (b) It is only for the I,
distance, while many applications care more about the in-
ner product. As shown in (5), the variance of the inner
product estimator, Var vj vz | , is dominated by the mar-
gins (i.e., mim;) even when the data are uncorrelated. This
is probably the weaknessof random projections.

2.3 SignRandom Projections

A popular variant of conventional random projections is
to store only the signsof the projected data, from which one

can estimate the vector cosine angles, = cos 1 pﬁ ,
by the following result [7,17]:
Pr (sign(vyi) = sign(vz;i)) = 1 —; (10)

One can alsoestjmate a by assumingthat mi, m, are known,
from a= cos()" mimy, at the cost of somebias.

The advantage of sign random projections is the saving
in storing the projected data becauseonly one bit is needed
for the sign. With sign random projections, we can com-
pare vectors using hamming distances for which e cien t al-
gorithms are available [7,20,36]. See[28] for more commerts
on sign random projections.

3. OUR CONTRIBUTIONS

We propose very sparse random projectioné to speed up
the (processing)computations by a factor of D or more.

We derive exact variance formulas for kvi k?, kv, v,k?,
and v] v, asfunctions of s.2 Under reasonableregular-
ity conditions, they convergeto the corresponding vari-
anceswhenrj; N(0;1) is used,aslong ass = o(D)

2 [1] proved the upper bounds for the variancesof kvi k? and
kvi wk?fors=lands= 3.



(e.g., s= pﬁ, orevens= 525). When s = pﬁ, the

rate of convergenceis O 01%4 , wWhich is fast since

D has to be large otherwise there would be no need
of seekingapproximate answers. This means we can
achievea D -fold speedupwith little lossin accuracy.

We show that vi;i, vii  Vz2i and (vi;;Vai) converge
to normals at the rate O i whens= D. This

allows us to apply, with a high level of accuracy, re-
sults of conventional random projections, e.g., the JL-
embedding theorem in (9) and the sign random pro-
jections in (10). In particular, we suggestusing a max-
imum likelihood estimator of the asymptotic (normal)
distribution to estimate the inner product a = ul uy,
taking advantage of the marginal norms m, m,.

Our results essettially hold for any other distributions
of rji. When r;; is chosento have negative kurtosis,
we can achieve strictly smaller variances (errors) than
conventional random projections.

4. MAIN RESULTS

Main results of our work are preserted in this section with
detailed proofsin App endB<_A. For convenience, we always
let s = o(D) (e.g., s = D) and assumeall fourth mo-
ments are bounded, e.g., E(uf;) < 1, E(u3;) < 1 and
E(uf;j uﬁ;j ) < 1 . In fact, analyzing the rate of convergence
of asymptotic normality only requires bounded third mo-
ments and an even much weaker assumption is needed for
ensuring asymptotic normality. Later we will discuss the
possibility of relaxing this assumption of bounded momerts.

4.1 Moments

The rst three lemmas concernthe moments (means and
variances) of vi, vi V2 and v{ v,, respectively.

Lemma 1.
E kvik® = kuik® = my; ()
X
var kvik? =% omZ+ (s 3)  ul (12)
j=1
AsD! 1,
Pob 4
(s 3 j=1 (ugy) | s 3 E(uy )4 1 0, (13)
mi D E? (ug )2
e, Var kvk® ° % 2m? (14)

° denotes\asymptotic ally equivalent" for largeD.
P 2 P

jD:1 uf; = jD:1
with D diagonal terms and 22 cross-terms. When all
dimensions of u; are roughly equally important, the cross-
terms dominate. Since D is very large, the diagonal terms
are negligible. However, if a few entries are extremely large
compared to the majority of the entries, the cross-terms
may be of the same order as the diagonal terms. Assum-
ing bounded fourth moment prevents this from happening.

The next Lemma is strictly analogousto Lemma 1. We
presert them separately becauseLemma 1 is more conve-
nient to presert and analyze, while Lemma 2 contains the
results on the 2-norm distances, which we will use.

2 _ 4 2 2
Note that m§ = Uy +  jejolr; Ugjo,

Lemma 2.
E kvi vok? = ku;  uok? = d; (15)
Var kvi  vok? |
1 » '
=z 2 (s 3 (U uzy)t (16)
j=1
D% o0 (17)
The third lemma concernsthe inner product.
Lemma 3.
E viva =ujuz = a (18)
Var v; vz
!
2% mim, + a’+ (s 3) Ui;j Ug:i (19)
j=1
pl 2 .
L mim +a® (20)

Therefore, very sparse random projections preserve pair-
wise distances in expectations with variances as functions
of s. Compared with Var(kvik?)n, Var(kvi  v2k?)n, and
Var(v] v2)n in (3), (4), and (5), respectively, the extra terms
all involve (s 3) and %re asymptotically negligible. The rate

of corvergenceis O 2

5= , in terms of the standard er-

ror (square root of variance). When s = pﬁ, the rate of

convergenceis O =i .
When s < 3, \sparse" random projections can actually

achieve slightly smaller variances.

4.2 Asymptotic Distrib utions

The asymptotic analysis provides a feasible method to
study distributions of the projected data.

The task of analyzing the distributions is easywhen a nor-
mal random matrix R is used. The analysis for other types
of random projection distributions is much more di cult (in
fact, intractable). To seethis, eat entry vi; = pl—ERiTul =
pl—E jD=1 rijuy; . Other than the caser;; N (0; 1), ana-
lyzing vi; and vi exactly is basically impossible, although
in some simple cases[1] we can study the bounds of the
moments and moment generating functions.

Lemma 4 and Lemma 5 presert the asymptotic distribu-
tions of vi and vi vz, respectively. Again, Lemma 5 is
strictly analogousto Lemma 4.

Lemma 4. AsD! 1,

. 2
Pl N1 Kz
ml—k ml-k
with the rate of convergene
p "o, juy
Fru, ) (y)i 08 s
; S
r 1
s Ejuyj
I 08 — — 1 0 (22)
3=2
D E u

where :l) denotes\convergene in distribution;" Fy,; (y) is
the empirical cumulative density function (CDF) of vq;; and
( y) is the standard normal N (0;1) CDF.



Lemma 5. AsD! 1,

Vii o Vi kvi  Vvok?
=) NOD) g b @)

with the rate of convergene
P D H i3
. P_ = JUyj  Uzj]
(y)j 08 s—1= = I o
(24)

jFV1;i V2ii (y)

The above two lemmas show that both vii and vi;
Vo are approximately normal, with the rate of convergence

determined by = s=D, whichis O =i whens="D.
The next lemma concernsthe joint distribution of (vi;;va;i ).

Lemma 6. AsD ! 1,

1 Vl;i _ O 1 O .
C o AN g g i @
and
Pr (sign(vyi) = sign(vz;i)) ! 1 —: (26)
where
-1 omoa =cos! p—
k a mz ’ mim;

The asymptotic normality shows that we can use other
random projections matrix R to achieve asymptotically the
sameperformance asconventional random projections, which
are the easiestto analyze. Since the convergencerate is so
fast, we can simply apply results on conventional random
projections such as the JL lemma and sign random projec-
tions when a non-normal projection matrix is used?

4.3 A Mar gin-freeEstimator

Recall that, becauseE(v] v2) = uj uz, one can estimate
a = ul up without bias as@u ¢ = Vi V2, with the variance
|

1 »
Var(ave) = K mim, + a® + (s 3) U%;j Ug;j ; (27)
j=1
1
Var (aM F)l = E
where the subscript \MF" indicates \Margin-free," i.e., an
estimator of a without using margins. Var (am ¢ ) is the vari-
anceof v] v in (19). Ignoring the asymptotically negligible
part involving s 3 leadsto Var(ame), .
We will compare &y ¢ with an asymptotic maximum like-
lihood estimator basedon the asymptotic normality.

mim;, + a° ; (28)

4.4 An Asymptotic MLE Using Mar gins

The tractable asymptotic distributions of the projected
data allow usto derive more accurate estimators using max-
imum likelihood.

In many sitgations, we can assuge that the marginal
norms mi = 7, uf; and m; = [, u; are known,

3In the proof of the asymptotic normality, we used E(jr;ij%)

and E(jrjij*" ). They should be replaced by the correspond-
ing moments when other projection distributions are used.

as m; and m; can often be easily either exactly calculated
or accurately estimated.*

The authors' very recert work [28] on conventional ran-
dom projections shows that if we know the margins m; and
m», we can estimate a = uj u, often more accurately using
a maximum likelihood estimator (MLE).

The following lemma estimates a = uj u,, taking advan-
tage of knowing the margins.

Lemma 7. When the margins, m; and m; are known, we
can use a maximum likelihood estimator (MLE) to estimate
a by maximizing the joint density function of (vi;v2). Since
(v1i;Vv2i) convergesto a bivariate normal, an asymptotic
MLE is the solution to a cubic equation

a® a® viv, +a

mims + mlkV2k2 + msz1k2
mimovi vz = O (29)

The asymptotic variance of this estimator, denoted by & (e ,
is

1 mimgy a
Var (& = = Var (& © (30
(Av e ), PRTr—— (AmF), (30)
Var(apie )y — (mimz %)’ _ @ cos?( )2

The ratio

Var(am ), (mimo+a2)? = @ cos2z()Z 'anges
from O to 1, indicating possibly substantial improvemerts.
For example, when cog ) 1 (i.e., @ mimy), the im-
provemert will be huge. When cos() 0 (i.e., a 0), we
do not benet from &y e . Note that somestudies (e.g., du-
plicate detection) are mainly interested in data points that
are quite similar (i.e., coq ) closeto 1).

4.5 TheKurtosisofr;; : (s 3)

We have seenthat the parameter s plays an important
role in the performance of very sparse random projections.
It is interesting that s 3 is exactly the kurtosis of rj;:

E((rii E(rji)Y)
2(rji) = 3=s 3; 31
U B B &)
asrj; haszero mean and unit variance.

The kurtosis for rj; N (0;1) is zero. If oneis only inter-
estedin smaller estimation variances(ignoring the benet of
sparsity), one may choosethe distribution of rj; with nega-
tiv e kurtosis. A couple of examples are

A contin uous uniform distribution in [ [;I] for any | >

0. It's kurtosis = 2.

A discrete uniform distribution symmetric about zero,
with N points. Its kurtosis = %mzﬂl, ranging be-
tween-2 (when N = 2) and % (when N'! 1). The
casewith N = 2 is the sameas (2) with s= 1.

Discrete and contin uous U-shaped distributions.

4Computing all marginal norms of A costs O(nD), which
is often negligible. As important summary statistics, the
marginal norms may be already computed during various
stage of processing,e.g., normalization and term weighting.
5Note that the kurtosis can not be smaller than 2 because
of the Cauchy-Schwarz inequality: E*(r7;)  E(r}). One
may consult http://en.wikip edia.org/wiki/Kurtosis for refer-
encesto kurtosis of various distributions.



5. HEAVY-TAIL AND TERM WEIGHTING

The very sparse random projections are useful even for
heavy-tailed data, mainly becauseof term weighting.

We have seenthat bounded forth and third moments are
neededfor analyzing the convergenceof moments (variance)
and the convergenceto normality, respectively. The proof
of asymptotic normality in Appendix A suggeststhat we
only needstronger than bounded second moments to ensure
asymptotic normality. In heavy-tailed data, however, even
the secondmoment may not exist.

Heavy-tailed data are ubiquitous in large-scaledata min-
ing applications (especially Internet data) [25,34]. The pair-
wise distances computed from heavy-tailed data are usually
dominated by \outliers," i.e., exceptionally large entries.

Pairwise vector distances are meaningful only when all
dimensions of the data are more or less equally important.
For heavy-tailed data, such as the (unweighted) term-by-
document matrix, pairwise distances may be misleading.
Therefore, in practice, various term weighting schemesare
proposed e.g., [33, Chapter 15.2] [10, 30,39,45], to weight
the entries instead of using the original data.

It is well-known that choosingan appropriate term weight-
ing method is vital. For example, as shown in [23,26], in
text categorization using support vector machine (SVM),
choosing an appropriate term weighting scheme is far more
important than tuning kernel functions of SVM. Seesimilar
commerts in [37] for the work on Naive Bayestext classi er.

We list two popular and simple weighting schemes. One
variant of the logarithmic weighting keepszero entries and
replacesany non-zerocount with 1+ log(original count). An-
other schemeis the square root weighting. In the samespirit
of the Box-Cox transformation [44, Chapter 6.8], these vari-
ous weighting schemessigni cantly reduce the kurtosis (and
skewness)of the data and make the data resenble normal.

Therefore, it is fair to say that assuming nite moments
(third or fourth) is reasonable whenever the computed dis-
tances are meaningful.

However, there are also applications in which pairwise dis-
tances do not have to bear any clear meaning. For example,
using random projections to estimate the joint sizes (set
intersections). If we expect the original data are sewerely
heavy-tailed and no term weighting will be applied, we rec-
ommend using s = O(1).

Finally, we shall point out that very sparse random pro-
jecti?,nican be fairly robust against heavy-tailed data when
s= D. For exampleP igste4ad of assuming nite fourth mo-
ments, aslong as D (p% grows slower than O(' D),

j=1 71
we can still achieve the convergenceof variancesif s = P D,
in Lemma 1. Similarly, analyzing, che rate3 of converge to
normality only requires that sz% grows slower
j=1 71
than O(D'™*). An even weaker condition is neededto only
ensure asymptotic normality. We provide some additional
analysis on heavy-tailed data in Appendix B.

6. EXPERIMENTAL RESULTS

Someexperimental results are preserted asa sanity chedk,
using one pair of words, \THIS" and \HA VE," from two
rows of a term-by-document matrix provided by MSN. D =
2'® = 65536. That is, u1j (uzj) is the number of occur-
rencesof word \THIS" (word \HA VE") in the jth document

(Webpage),j = 1to D. Somesummary statistics are listed
in Table 1.

The data are certainly heavy-tailed as the kurtoses for
ugj and ug; are 195 and 215, respectively, far above zero.
Therefore we do not expect that very sparse random projec-
tions with s = WLD 6000 work well, though the results
are actually not disastrous as shown in Figure 1(d).

Table 1: Some summary statistics of the word pair,

\THIS" (u1) and \HA VE" (uy). 2 denotes the
. . _ E(u%;j “%:J )
kurtosis. (ugjsuzy) = E(uZ, JE(uZ, ) E2(uzy uzy)’ af-

fects the convergence of Var v{ v, (see the pro of of
Lemma 3). These exp ectations are computed empir-
ically from the data. Tw o popular term weighting
schemes are applied. The \square root weighting"
replaces ui; with " Ug; and the \logarithmic  weight-
ing" replaces any non-zero ug; with 1+ loguy; .

Unweighted Squareroot Logarithmic
2(U1;) 1951 13.03 1.58
2(uz;) 214.7 17.05 4.15

E(ut, )
EZ—(ullJJZ_) 180.2 12.97 5.31

4
ered 205.4 18.43 8.21

23
(Ug; ; Uzj) 78.0 7.62 3.34
coq (u1;uz)) 0.794 0.782 0.754

We rst test random projections on tBe original (unweighted,
heavy-tailed) data, for s= 1;3;256= D and 6000 IogD—D'
preserted in Figure 1. We then apply squareroot weighting
and logarithmic weighting before random projections. The
results are preserted in Figure 2, for s = 256 and s = 6000.

These results are consistert with what we would expect:

When s is small, i.e., O(1), sparserandom projections
perform very similarly to conventional random projec-
tions as shown in panels (a) and (b) of Figure 1.

With increasing s, the variancesof sparserandom pro-
jections increase. With s = WLD, the errors are large
(but not d'\gastrous), becausethe data are heavy-tailed.

With s= D, sparserandom projections are robust.

Sincecoy (ui;uz)) 0:7 0:8in this case, marginal
information canimprovethe estimation accuracy quite
substantially . The asymptotic variancesof v .e match
the empirical variancesof th% asymptotic MLE estima-
tor quite well, evenfor s= " D.

After applying term weighting on the original data,
sparse random projections are almost as accurate as
conventional random projections, even for s 25,
as shown in Figure 2.

7. CONCLUSION

We provide some new theoretical results on random pro-
jections, a randomized approximate algorithm widely used
in machine learning and data mining. In particular, our

eoretical results suggestthat we can achieve a signi cant

D-fold speedupin processingtime with little lossin accu-
racy, where D is the original data dimension. When the data
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Figure 1: Two words \THIS" (u;) and \HA VE" (uy)
from the MSN Web crawl data are tested. D = 2'°,
Sparse random pro jections are applied to estimatgd_
a = ujuz, with four values of s: 1, 3, 256 = D
and 6000 Be5 in panels (a), (b), (c) and (d),
resp ectiv ely, presgn ted in terms of the normalized

Var (&)

10" simulations are con-
from 10 to 100. There

standard error,
ducted for each k, ranging
are v e curves in each panel. The two labeled as
\MF" and \Theor." overlap. \MF" stands for the
empirical variance of the \Margin-free" estimator

Awv r; while \Theor. MF" for the theoretical vari-
ance of &u e, i.e.,, (27). The solid curv e, labeled as
\MLE," presents the empirical variance of &y e , the
estimator using margins as form ulated in Lemma 7.
There are two curv es both labeled as \Theor. 1 "
for the asymptotic theoretical variances of au ¢ (the
higher curv e, (28)) and am e (the lower curv e, (30)).

are free of \outliers" (e.g., after careful term weighting), a
cost reduction by a factor of 2 is also possible.

Our proof of the asymptotic normality justi es the use of
an asymptotic maximum lik elihood estimator for improving

the estimates when the marginal information is available.
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APPENDIX
A. PROOFS

Let fuigl,; denotethe rows of the data matrix A 2 R"
A projection matrix R 2 RP ¥ consistsof i.i.d. entries rj;:

1
s

D

1
E(rji) =0 E(r{)=1 E(fi)=s E@(ri)="5s

E(rji rjoo) = 0

Priri="9=pPr(i= "9= '
E rjzi rigo =0 when i6 i% or j 6103

We denote the projected data vectors by vi = pl—ERT ui.
For convenience, we denote

m; = kupk? = ud;;

az= ujUz=  UpjuUz; d=kur wk®=mi+m, 2a
i=1

We will always assume
s=o(D); E(ui)<1;E(uz)<1; O E(uijuz)<1):

By the strong law of large numbers

P D | P D |
j=1 Uz . =1 (Ui uzy) .
JT I E uy o — D POE(uyy  uzj) s
D J
C_ U1:j U2
gz (U uzg)” E(uyuz) s as | =24 J=172

D



A.1 Moments

The following expansions are useful for proving the next
three lemmas.

— >P 2 )@ 2 _ )@ 2 2 >@ 2 2 .
mimg = Uz Uz = Uz Uz + Ug; Uz;j 0
j=1 j=1 j=1 jgjo

'y
2 _ X) 2 — >P 4 + 2 2 2 .
mi = ug; = Ug; Uz, Ug;j o5
j=1 j=1 j<i©
Iy
2 >P )@ 2 2
a = Ug;j Uzj = ug; uz; + 2 Ug;j Uzj Ug;jolz; ol
j=1 =1 j<j o
Lemma 1.
E kvik?® = kuik?® = my;
|
1 X
var kvik® = ” 2mi+ (s 3) uy
j=1
AsD! 1,
3 P D \4 4
(s ) j=1 (uzy) | s 3 E(ug) |
2 : 2
mi D E? (ugy)

Proof of Lemmal. vs = pl—ERTul, Let R; be the i

columnofR,1 i k. Wg,can write the i" element of v;

tobevi; = p-RTu1= ek D (rji)uy; . Therefore,
0 1

kK 0=l

1 X X
V%;i = K @ rj2i Ui;j +2 (rji)ugj (rjo) Uy oA ;

i=1 i< °

from which it follows that

»
E vi; = % U%;ﬁ E kvik® = Ui;j = mi:
i=1 j=1
0 1,
1 °® X
vii = p@ rfouly + 2 (ri)ugg (rjo) Uy oA
=1 i< o
0 Py

P
4 4 2 2 2 2
j= T ULy 20 g0 Tfi ULy Iig Ugjo

=ki2% +4 e o(rji)uzy (rjo)ug;o

+4 P T Uy i< o(rji) gy (rjo)ug;o
from which it follows that
0 1
1 X X
E v, = F@S uf; + 6 uijuljoA;
=1 B
0 I 21
1 X X X
Var V%;i = k_2 @S Uij + 6 Uij Uij 0 U%;j A
=1 i<i© =1
0 1
X X
=206 1 uleal A
i=1 i<i IO
1 X
= a 2m§ +(s 3 uAll;j ;
j=1 |
0 !
Var kvik® = % 2mi+ (s 3) ujy
j=1

AsD! 1,

P P
(s 3) °,(uy)* s 3 P (uy)*=D

m? D m2=D?2
. o(D) E(uy)*
D E? (ug; )2
O
Lemma 2.
E kvi wk? = kur uxk?=d: |
2 2 )P 4.
Var kvi w2k = K 2d°+ (s 3) (Ul;j Uz;j)
i=1
AsD! 1,

P
(s 3) [y (uy  uy) . S 3 E(uy  ugy)t
d? . D E”(uy  uzi)?

Pr oof of Lemma 2. The proof is analogousto the proof
of Lemmal. O

Lemma 3.
E VIVz = U uz = a;
|
0 !
T _ 1 2 2 42
Var vivy = K mimz+ a“+ (s 3) Uz Uz;
i=1
AsD! 1,
P
D 2 2
(s 3 j=1 Uz Uz
mim; + a2
s 3 E U%;j U%;J’

D E uj; E uj +E*(ujuz)

Pr oof of Lemma 3.

0 1
1%
Vi Vo = E@ rfi Uyjuzj + (rji) uzj (rjo)) ug; oA ;
j=1 i6j°
1 X .
=) E(viivei) = K Uuiuzis E wvive =a
j=1
2
Vi, V2
0 1,
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Oj:s j6j°
1
D 4 2 2
=1 T Uz ug; +
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E Vviv5,
o' 1
1 X 2 2
=z @s  ufjuj; +4 Uy Uz U oUy o+ ui; u3; oA
0 I i< © fei°
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=z s 2 ugjuy 4 Uy upo+ 2a
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A.2 Asymptotic Distrib utions

Lemma 4. AsD! 1,

kV1k2 _ 2.
D

Vi
p—_— =) N(0;1);
ml—k

with the rate of convergene

p "o jug j°
Fu, () (9 08 s ==
r M1
s Ejuyj
I 08 — — 1 0
D E u =2
where =5 denotes\convergene in distribution,” Fy,, (y) is

the empirical cumulative density function (CDF) of vi1,; and
( y) is the standard normal N (0;1) CDF.

Pr oof of Lemma 4. The Lindeberg central limit theo-
rem (CLT) and the Berry-Esseen theorem are needed for
the proof [12 Theorems VIII. ﬂ,3 and XVI.5.2]. © P

Write vi; = eRfui = ) s (i)uy = 7 7,
with z; = p—k(r,.)ul,J. Then
. _uij 2+ 7JU111 ) .
E(z)=0; Var(z) = R E(jzjo ) = s? W,S > 0
Po Po 2
Let sj = [, Var(z) = 5L = 0. Assume the
Lindeberg condition
1 ® o
- E z';jzjj sp ! O forany > O:
b
Then
Po ,
- i V1
= p—s) N
1=

5The best Berry-Esseenconstant 0:7915( 0:8) is from [40].

which immediately leads to

V%;i =l) 2.

kvik? X Vi S
mi=k U mi=k K

mi= k i1 mi=k

We need to go back and check the Lindeberg condition.

1 ® L 1% g
z E z’;izij  so = J(’SJ )
D j=1 D j=1 D
P . o4
_ s z1 Jp:l juy; j** =D
- D P, @)=
j=1 u%;j =D
, ob) 71 Ejuy i(j 1o
D E(uz) " 7
provided Ejuy; j** < 1, for some > 0, which is much

weaker than our assumption that E(ulJ )< 1.
It remains to showthe rats of convergene usn&g the Berry-

Esseen theorem. Let p = J , Ejzj®= ;i - J , juggj?
Pp . .
. . P n duyf®
Fus ) (V)i 085 =08 s”T
D m;
r_
S Ele:Jl
1 08 ————=——1 0O
3=2
b E u%;j
O
Lemma 5. AsD! 1,
. . 2
Vg Vel oy Nn YLy g
d=k d=k
with the rate of convergene
. . P_ o juyy Uz
IFviy v () ()i 08 s L= =2
r— _.
L og S EBlun Unl o,
DE2(uyy  ugy)

Pr oof of Lemma 5. The proof is analogousto the proof
of Lemma4. O

The next lemma concernsthe joint distribution of (v1;i; vz; ).

Lemma 6. AsD! 1,

1 Vi :l) N 0 10 . 1 m a
Vi 0O ' 0 1 ’ k a ma

and
Pr (sign(vii) = sign(vzi)) ! 1 —; = cos pa—
mimy

Pr oof of Lemma 6. We haveseenthat Var (vy;) = T4
Var (vz;) = B2, E(vaivei) = 2, e,

Vi ~ 1 mp a

cov
V2;i k a mp
The Lindeberg multivariate central limit theorem [18] says

0 10
01

i Vi
: V2;j _j N O !



The multivariate Lindeberg condition is automatically satis-
e d by assuming bounded third moments of uy; and uz; . A
trivial consegquene of the asymptotic normality yields

Pr (sign(vy;i) = sign(vz;)) ! 1 —:
O

E(uj uzy)

E(u%;j )E(u%;j )
A.3 An Asymptotic MLE Using Mar gins

Strictly speaking, weshould write = cos !

Lemma 7. Assuming that the margins, m; and m; are
known and using the asymptotic normality of (vi:;v2;), we

can derive an asymptotic maximum likelihood estimator (MLE),

which is the solution to a cubic equation

3

a® a® viv, +a mimz+ mikvok® + maokvik®

mlmsz Vo = 0;
Denoted by &v e , the asymptotic variance of this estima-
tor is
1 mm, &%
k mimy+ a?
Proof of Lemma 7. For notational convenience, we treat
(v1;i ; V2 ) as exactly normally distributed so that we do not

need to keep track of the \convergene@" notation.
The likelihood function of fvi; ;va;i g, is then

Var (&m e )1 =

lik fyvii;vaigis = () Zj

1 1 Vi
ex = Vii Vi '
P 2 1 2;i Voi
i=1
where
~_1 m a
k a mg

We can then expressthe log likelihood function, 1(a), as

I(a) =

2

loglik fvyi;va; g!‘=1 glog mim,; a

k 1

2mim, a? i

Viimz  2viiveia+ viimg
The MLE equation is the solution to 1°(a) = 0, which is

3

a® a® viv, +a mimz+ mikvak® + maokvik®

mimavi va = 0

The large sample theory [24, Theorem 6.3.10] says that
v Le is asymptotically unbiased and convergesin distribu-
tion to a normal random variable N a; , where I(a),
the expected Fisher Information, is

’I(a)

mim; + a2

E |0C(a) m,

I(a) =
after some algebn.
Therefore, the asymptotic variance of ay (g would be

2
1 mim, a2

Var(aM LE )1 = Em

(32)

B. HEAVY-TAILED DATA

Welillustrate that very sparse random projections are fairly
robust against heavy-tailed data, by a Pareto distribution.

The assumption of nite moments has simpli ed the anal-
ysis of convergencea great deal. For example, assuming
( + 2)th moment, 0< 2 and s= o(D), we have

Lo P Lo
© Daduy i s =2 X jug =D
Pp =2 D P 1+ =2
j=1 (u%;j ) j=1 (u%;j ):D
s =2 E Uit
(- d I 0: (33)
1+ =2
D E uii
Note that = 2 corresponds to the rate of convergence

for the variance in Lemma 1, and = 1 corresponds to the
rate of convergencefor asymptotic normality in Lemma 4.
From the proof of Lemma 4 in App endix A, we can seethat
the convergenceof (33) (to zero) with any > 0 suces for
achieving asymptotic normality.

For heavy-tailed data, the fourth moment (or even the
secondmoment) may not exist. The most common model for
heavy-tailed data is the Pareto distribution with the density

function” f (x; )= T whosemth moment = —, only

dened if > m. The measuremeris of for many typesof
data are available in [34]. For example, = 1:2 for the word
frequency, = 2:04 for the citations to papers, = 2:51 for
the copies of books sold in the US, etc.

For simplicity, we assumethat 2 < 2+ 4. Un-

der this assumption, the asymptotic normality is guaranteed
and it remains to show the rate of convergenceof moments
and distributions. In this case,the secondmoment E uf;j
D . .
j=1 JUL; i
shown in [11, Example 2.7.4]8 Thus, we can write

exists. The sum growsasO D® )7  as

o paduni s =2
S b 5 1+ =2 0 D+ =2 2+
j=1 (ul:j )
8
<O Dz% =2
=, s 1=2 ) (34)
0 gy =1

from which we can chooses using prior bnowledge of

For example, suppose = 3 and s = (34) |nd|cates
that the rate of convergencefor varlanceswould be O(D ¥71?)
in terms of the standard error. (34) alsoveri es that the rate
of convergenceto normality is O(D %), as expected.

Of course, we could always chooses more consenativ ely,
e.g.,s = D if we know the data are sewerely heavy-tailed.
Since D is large, a factor of D™ is still considerable.

What if < 2? The second moment no longer exists.
The analysis will involve the so-called self-normalizing sums
[8,32]; but we will not delve into this topic. In fact, it is
not really meaningful to compute the |, distanceswhen the
data do not even have bounded second momert.

"Note that in general, a Pareto distribution has an addition
parameter Xmin , and f (X; ; Xmin ) = XX'“'“ with X  Xmin .
Sincewe are only interested in the relativ e ratio of momerts,

we can without loss of generality assumexmin = 1. Also
note that in [34], their \ " is equalto our + 1.
8Note that if x  Pareto( ), then x'  Pareto( =t ).



