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A STEPWISE REGRESSION METHOD AND CONSISTENT MODEL
SELECTION FOR HIGH-DIMENSIONAL SPARSE LINEAR MODELS
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Academia Sinica and Stanford University

We introduce a fast stepwise regression method, called the orthogonal
greedy algorithm (OGA), that selects input variables to enter a p-dimensional
linear regression model (with p >> n, the sample size) sequentially so that
the selected variable at each step minimizes the residual sum squares. We
derive the convergence rate of OGA as m = m,, becomes infinite, and also
develop a consistent model selection procedure along the OGA path so that
the resultant regression estimate has the oracle property of being equivalent
to least squares regression on an asymptotically minimal set of relevant re-
gressors under a strong sparsity condition.

1. Introduction. Consider the linear regression model

P
(11) yt:a—i_Z/Bjxtj—i_Eht:1727"'7n7

j=1
with p predictor variables x41, x42,- - - , Ty that are uncorrelated with the mean-

zero random disturbances ;. When p is larger than n, there are computational and
statistical difficulties in estimating the regression coefficients by standard regres-
sion methods. Major advances to resolve these difficulties have been made in the
past decade with the introduction of Lo-boosting [2], [3], [14], LARS [11], and
Lasso [22] which has an extensive literature because much recent attention has fo-
cused on its underlying principle, namely, /;-penalized least squares. It has also
been shown that consistent estimation of the regression function

(12) y(X) =« +BTX¢ where B = (617' o 7ﬁp)T7X = ($1, e 7$p)T7

is still possible under a sparseness condition on the regression coefficients. In par-
ticular, by assuming the “weak sparsity” condition that the regression coefficients
are absolutely summable, Biihlmann [2] showed that for p = exp(O(n¢)) with
0 < & < 1, the conditional mean squared prediction error

(1.3) CPE = E{(y(x) = §m(x))*|y1, X1, , Yn, Xn}
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of the Lo-boosting predictor ,,(x) (defined in Section 2.1) can converge in prob-
ability to 0 if m = m,, — oo sufficiently slowly. Fan and Lv [12] recently in-
troduced another method, called sure independence screening (SIS), to screen out
variables from high-dimensional regression models, and showed that the proba-
bility of including all relevant regressors by using SIS approaches 1 as the sam-
ple size becomes infinite. The most comprehensive theory to date for these high-
dimensional regression methods has been developed for Lasso and a closely related
method, the Dantzig selector, introduced by Candes and Tao [5]. In particular, or-
acle inequalities for the Dantzig selector and Lasso have been established in [1],
[4], [5], [6], [26] under certain sparsity conditions.

A method that is widely used in applied regression analysis to handle a large
number of input variables, albeit without Lasso’s strong theoretical justification, is
stepwise least squares regression which consists of (a) forward selection of input
variables in a ”greedy” manner so that the selected variable at each step minimizes
the residual sum of squares, (b) a stopping criterion to terminate forward inclusion
of variables and (c) stepwise backward elimination of variables according to some
criterion. In this paper we develop an asymptotic theory for a version of stepwise
regression in the context of high-dimensional regression (p >> n) under certain
sparsity assumptions. We also demonstrate its advantages in simulation studies of
its finite-sample performance and prove an inequality, which is similar to the oracle
inequality for Lasso in [1], for the stepwise regression procedure.

The forward stepwise component of this procedure is called the orthogonal
greedy algorithm (OGA) or orthogonal matching pursuit in information theory,
signal processing and approximation theory, which focuses on approximations in
noiseless models (i.e., &, = 0 in model (1.1)); see [21], [23], [24]. In Section 2
we review this literature and describe OGA as a greedy forward stepwise variable
selection method to enter the input variables in regression models. In this connec-
tion we also consider the La-boosting procedure of Bithimann and Yu [3], which
corresponds to the pure greedy algorithm (PGA) or matching pursuit in approxi-
mation theory [17], [21]. An apparent computational advantage of PGA over OGA
is that PGA does not require matrix inversion involved in the least squares square
estimates used by OGA. In Section 2, however, we develop a fast iterative proce-
dure for updating OGA that uses componentwise linear regression similar to PGA
and does not require matrix inversion. Section 3 gives an oracle-type inequality and
the rate of convergence of the squared prediction error (1.3) in which ¢, (-) is the
OGA predictor, under a weak sparsity condition that 25')21 |3;| remains bounded
asn — oo.

In Section 4, we develop a consistent model selection procedure under a “’strong
sparsity” condition that the nonzero regression coefficients satisfying the weak
sparsity condition are not too small. Applying the convergence rate of OGA estab-
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lished in Theorem 3.1, we prove that with probability approaching 1 as n — oo,
the OGA path includes all relevant regressors when the number of iterations is
large enough. This result shows that OGA is a reliable variable screening method,
and hence we only need to focus on the variables chosen along the OGA path. The
sharp convergence rate in Theorem 3.1 also suggests the possibility of developing
high-dimensional modifications of penalized model selection criteria like BIC and
proving their consistency by an extension of the arguments of Hannan and Quinn
[16]. We call such modification a high-dimensional information criterion (HDIC),
which we use to choose the smallest correct model along the OGA path. This com-
bined estimation and variable selection scheme, which we denote by OGA+HDIC,
is shown in Theorem 4.2 to select the smallest set of all relevant variables with
probability approaching 1 (and is therefore variable selection consistent). Since
OGA is essentially an implementation of ordinary least squares after stepwise vari-
able selection, Theorem 4.2 implies that OGA+HDIC is asymptotically equivalent
to an optimal backward elimination procedure following forward stepwise addition
to come up with a minimal set of regressors under the strong sparsity condition. In
the fixed design case, Chen and Chen [7] proposed an “extended Bayesian informa-
tion criterion” whose penalty is considerably larger than that of BIC, and showed
that the criterion is consistent when p = O(n") for some £ > 0 and the num-
ber of nonzero regression coefficients does not exceed a prescribed constant K.
By applying a larger penalty, the HDIC introduced in Section 4 yields consistent
variable selection in more general sparse high-dimensional regression models with
logp = o(n).

Zhao and Yu [27] have shown that Lasso is variable selection consistent for non-
random high-dimensional regressors under an “irrepresentable condition” (IC) on
the sample covariance matrix and regression coefficients. For random regressors,
Meinshausen and Biihlmann [18] have proved this consistency result for Lasso
under an extension of IC, called the “neighborhood stability condition” (NSC);
moreover, IC or NSC is almost necessary for Lasso to be consistent (see [27]) and
therefore cannot be weakened. Although SIS has been shown by Fan and Lv [12]
to include all relevant regressors (with probability approaching 1) when NSC does
not hold, it requires a lower bound on the absolute values of the covariances be-
tween the outcome and relevant regressors, besides an assumption on the maximum
eigenvalue of the covariance matrix of the candidate regressors that can fail to hold
in situations where all regressors are equally correlated; see Section 5 for details.
Note that this equi-correlation structure has been adopted as a benchmark exam-
ple in [7], [20], [27] and other papers. The simulation studies in Section 5 on the
finite-sample performance of OGA+HDIC demonstrate its advantages in this and
other settings.



2. L>-boosting, forward stepwise regression and Tymlyakov’s greedy algo-
rithms. We begin this section by reviewing Biihlmann and Yu’s [3] La-boosting
and then represent forward stepwise regression as an alternative Lo-boosting method.
The “’population versions” of these two methods are Temlyakov [21] pure greedy
and orthogonal greedy algorithms (PGA and OGA). Replacing y; by y; — i and
by z¢j — Zj, where Z; = n=1 37 2 and § = n~1 307 yy, it will be assumed
that « = 0. Let x; = (x41, - - - ,aztp)T.

2.1. PGA iterations. Biihlmann and Yu’s [3] Lo-boosting is an iterative pro-
cedure that generates a sequence of linear approximations g (x) of the regression
function (1.2) (with o = 0), by applying componentwise linear least squares to
the residuals obtained at each iteration. Initializing with go(-) = 0, it computes

the residuals Ut(k) =y — Jr(x¢),1 <t < n, at the end of the kth iteration and
(k)

chooses z, Gss O which the pseudo-responses U, are regressed, such that
; S k)
@1 Jre1 = arg min Y (U — B0,
l=j=pi—

where B](k) =37, Ut(k)xtj / >_f—y x7;. This yields the update

(2.2) (%) = gr(x) + B -

Jeg1 Tl

The procedure is then repeated until a pre-specified upper bound m on the number
of iterations is reached. When the procedure stops at the mth iteration, y(x) in (1.2)
is approximated by ¥, (x). Note that the same predictor variable can be entered at
several iterations, and one can also use smaller step sizes to modify the increments
as G (x0) = G(xi) + 05"

+ Jk+1
[2, p.562].

AT with 0 < § < 1, during the iterations; see

2.2. Forward stepwise regression via OGA iterations. Like PGA, OGA uses

the variable selector (2.1). Since Z?Zl(Ut(k) — ﬁ](k)xtj)Q/ Z?:1(Ut(k))2 =1- 7“32-,
where r; is the correlation coefficient between x;; and Ut(k), (2.1) chooses the
predictor that is most correlated with Ut(k) at the kth stage. However, our im-
plementation of OGA updates (2.2) in another way and also carries out an ad-

ditional linear transformation of the vector X to form X+ , where X; =
Jk+1 Jk+1

(1), xnj)T. Our idea is to orthogonalize the predictor variables sequentially
so that OLS can be computed by componentwise linear regression, thereby circum-
venting difficulties with inverting high-dimensional matrices. With the orthogonal
vectors X}j , XJL2 R Xij already computed in the previous stages, we can com-

. . ) R R . . R 1 L. %_
pute the projection X S of X 5y DO the linear space spanned by X G X;2 , , Xjk



by adding the k projections into the respective one-dimensional linear spaces (i.e.,

componentwise linear regression of z, - Grsa O a;tlj.'). This also yields the resid-
JT

ual vector XL =X, —X. .With XL =(zt. -z, )T thus
Jh+1 Jh+ Lik+1’ n, k41

computed, OGA uses the following update in heu of (2.2):

2.3) G (xe) = Ge(xe) + 0 k.

Jrt1 bJks1’
5(k) n (k 2
where 3.7 = 1 U, .
B = (i vl /Sl )
Note that OGA is equivalent to the least squares regression of y; on (z

TREAE

x,+ )| at stage k + 1 when it chooses the predictor Tys that is most cor-

th+1)
related with Ut(k). By sequentially orthogonalizing the input variables, OGA pre-
serves the attractive computational features of componentwise linear regression in
PGA while replacing (2.2) by a considerably more efficient OLS update. Since

Yo Utk)xtlj Yo Ut(k)xt], ﬁ(k) and ﬁ(k only differ in their denominators

Yot :ztj and > 7 1(xtj) Note that OGA still uses ﬂ( which does not require

computation of vector Xj , for variable selection. However, because Ut(k) are the

- .-, x,: ) for OGA, the corresponding vari-
. t,J1 t,Jk . .

able selector for ji1 in (2.1) can be restricted to 7 ¢ {ji1,--- ,jx}. Therefore,
unlike PGA for which the same predictor variable can be entered repeatedly, OGA

excludes variables that are already included from further consideration in (2.1).

residuals in regressing y; on (z

While (2.3) evaluates Jj1(x) at x € {x1, -+, X, }, estimating y(x) at general
x requires the OLS estimate 3}, of B(Jy41), where Jj,.1 = {j1,-- , jr+1} and
B(Jit1) = (B3, ,ﬁ]kH) . Thus, the OGA analog of (2.2) is
2.4) O (%) = (25,5525 )Brepa-

We next describe a recursive algorithm to compute Jé; k+1- This involves the follow-
ing recursive formula for the coefficients b,;, 1 < ¢ < v — 1, in the representation

2.5) Xo =X, +0aX; + o+ b X

Jv—1"

. 1 . _ . o l . . . . L .
First recall that X 5= X 5 Xﬁ’k is the projection ax; X 5 T ak2X32 + +
ay, k_lX% of Xc into the linear space spanned by the orthogonal vectors XA XAL

. ,le and therefore ag; = XT XL/HXLH2 for 1 < i < k, replacing XJ- by

X ~when 7 = 1. The recursion

k—1
(2.6) bk,kz—l = —0f k-1, b = —ay; — Z akjbji forl<i<k-1
Jj=i+1
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.. . 1 o o J-_.. L %_

follows by C(frnblmng (2.5) with X}k = Xjk alejl a;gng2 ak’kjlxjk,l'

We use the ﬁj(.::) in (2.3) and by11 := (br41,1,- -+, bkt1,%) to compute 3, | re-
+1

cursively as follows, initializing with 3, = (37, = tue) /(i xf;l

):
~T ~T 5 A
(2.7) Bri1 = By + 53(-21bk+1,5§21)-

No'Ee that (2.7) follows from (2.5) with ¥ = k + 1 and the fact that the components
of 3, are the coefficients in the projection of (yy,--- ,¥y,)' into the linear space

spanned by le, e Xik‘

2.3. Population version of OGA. Let y, 21, - ,z, be square integrable ran-
dom variables having zero means and such that F (zf) =1.Letz=(z1,---, zp)T.
The population version of OGA, which is a special case of Temlyakov’s [21]
greedy algorithms, is an iterative scheme which chooses j1, j2,- - - sequentially
by
(2.8) Je1 = arg max |E(ugz;)|, where up =y — 4 (2),

1<j<p
and which updates gk (z), with go(z) = 0, by the best linear predictor ¢ 5, .| ¢;z;
of y that minimizes E(y — 3 ez, ., cjzj)%, where Jii1 = {j1, , jrs1)-

3. An oracle-type inequality and convergence rates under weak sparsity.
In this section, we first prove convergence rates for OGA in linear regression mod-
els in which the number of regressors is allowed to grow exponentially with the
number of observations. Specifically, we assume that p = p,, — oo and

(C1) logpy = o(n),

which is weaker than Biihlmann’s assumption (A1) in [2] for PGA. Moreover, as
in [2], we assume that the (g4, %) in (1.1) are i.i.d. and such that &; is independent
of x; and

(C2) E{exp(se)} < oo for |s| < s,

where (¢,x) denotes an independent replicate of (e¢,x¢). As in Section 2, we
assume that « = 0 and E(x) = 0. Letting a? = E(x?), zj = xj/o; and
2; = xy; /0, we assume that there exists s > 0 such that

(C3) limsup,, ., maxi<j<p, E{exp(sz?)} < co.

This assumption is used to derive exponential bounds for moderate deviation prob-
abilities of the sample correlation matrix of x;. In addition, we assume the weak
sparsity condition



(C4) sup,,>4 2?;1 |Bjoj| < oo.

Conditions (C1)-(C4) are closely related to Biihlmann’s assumptions (A1)-(A4) in
[2]. In particular, condition (C4) is somewhat weaker than (A2). While Biihlmann
replaces (C2) by a weaker moment condition (A4), his assumption (A3) requires
zj(1 < j < py) to be uniformly bounded random variables while (C3) is consid-
erably weaker. The second part of this section gives an inequality for OGA similar
to Bickel, Ritov and Tysbakov’s [1] oracle inequality for Lasso. In this connection
we also review related inequalities in the approximation theory literature dealing
with the noiseless case €; = 0 for all t. When there are no random disturbances,
the approximation error comes from the bias in using m (instead of p) input vari-
ables. When random disturbances €; are present, the inequality we prove for the
performance of OGA reflects a bias-variance tradeoff similar to that in the oracle
inequality for Lasso in [1].

3.1. Uniform convergence rates. Let K,, denote a prescribed upper bound on
the number m of OGA iterations. Let

(3.1) ['(J)=E{z())z' (J)}, gi(J) = E(zz(J)),
where z(J) is a subvector of (21, - - -, 2,) " and .J denotes the associated subset of
indices 1, - - - , p. We assume that for some positive constant M independent of n,

3.2) liminf in  Amin(T'(J)) > 0, Y Negi(|: < M,
(3-2) lminf toin T) 1311(}}2&55”,1‘@” (Deil Dl

where #(.J) denotes the cardinality of .J and

k

(3.3) lv| = Z lvj| for v = (v1,---, ) ".
j=1

The following theorem gives the rate of convergence, which holds uniformly over
1 <m < K, for the CPE (defined in (1.3)) of OGA provided that the correlation
matrix of the regressors selected sequentially by OGA satisfies (3.2).

THEOREM 3.1. Assume (C1)-(C4) and (3.2). Suppose K,, — oo such that
K, = O((n/log p,)/?). Then for OGA,

(E[{y<x> — (0P 1, X1, ,yn,XnJ> = 0,(1).

m~1 +n~tmlogp,

max
1<m<Kp

Let (x) = B"x and let y;(x) denote the best linear predictor of y(x) based
on {z;,j € J}, where J is a subset of {1,---,p,}. Let J;, be the set of in-
put variables selected by the population version of OGA at the end of stage k.
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Then by Theorem 3 of [21], the squared bias in approximating y(x) by vy (x)
is E(y(x) — v, (x))? = O(m™!). Since OGA uses #,,(-) instead of v (-),
it has not only larger squared bias but also larger variance in the least squares
estimates 51_ = 1,---,m. The variance is of order O(n~'mlogp,), noting

that m is the number of estlmated regression coefficients, O(n~!) is the vari-
ance per coefficient and O(logp,,) is the variance inflation factor due to data-
dependent selection of J; from {1, ,pn}. Combining the squared bias with the
variance suggests that O(m ! +n~!mlogp,) is the smallest order one can expect
for E,({y(x) — §m(x)}?), and standard bias-variance tradeoff suggests that m
should not be chosen to be larger than O((n/ log p,,)'/?). Here and in the sequel,
we use E,(+) to denote E[-|y1,X1, -+ ,Yn, Xn|. Theorem 3.1 says that uniformly
in m < (n/logpn)'/?, OGA can indeed attain this heuristically best order of
m~! + n~tmlogp, for E,({y(x) — §m(x)}?). Section 3.2 gives further discus-
sion of these bias-variance considerations.

PROOF OF THEOREM 3.1. Let J,, = {ji,---, i} and note that .J; is inde-
pendent of (y,x,¢). Replacing x; by x;j/0; and z; by x;/0; in the OGA and
its population version, we can assume without loss of generality that o; = 1 for
1 < j < pp, and therefore z; = x;; recall that (C4) actually involves Z?zl |Bjloj.
For i ¢ J, define

pri = E{y(x) — ys(x)}zil,

(3.4) X v -1 )12
i = {0 (e — Ges)ze}/ (n Z% ;
t=1
where ;. ; denotes the fitted value of yy when Y = (yy,-- -, yn) is projected into

the linear space spanned by X ;, j € J # 0, setting §¢.; = 0if J = (). Note that /17
is the method-of-moments estimate of /.7; the denominator (n~* Y1, 22)%/2 in
(3.4) is used to estimate o; (which is assumed to be 1), recalling that E(z) = 0.
In view of (1.2) with o = 0, for i ¢ J,

pri =S BiE[(x; - xg.%]

(3.5) igd
:Z/BjE[xj(xi_ Zﬁ] (zjx zJ
Ji¢J J¢J

Lo ) (/)
where Ty =T — @, and z;

spanned by {z;,j € J},i.e.,

is the projection (in Lo) of x; into the linear space

(3.6) 27 = gl (T (J)xy, with x5 = (21,1 € J).

. P : n A _ Al
Since y = 320" Bjwej + ¢ and since 307 (er — Eya)Tu = Do Sl
where gﬁé J = Ty — Ty, and €7 and Ty, 5 are the fitted values of €; and zy;
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when € = (e1,--- ,&,) " and X; are projected into the linear space spanned by
X;,j € J, it follows from (3.4) and (3.5) that

Hai — KJi =
G7  Eilaediy S5 n~ S wdiy
V(i ;)2 id] T (et oy af) 2

In Appendix A, we make use of (C2), (C3) together with (3.2) and (3.6) to derive
exponential bounds for the right-hand side of (3.7), and combine these exponential
bounds with (C1) and (C4) to show that there exists a positive constant s, indepen-
dent of m and n, such that

E(x]xfjj)} .

lim P(A;(K,)) =0, where

(3.8)

nim) = max iy — il < s(lo nnl/Q.
{(Lom@ngn11¢¢J|M* pril < s(logpn/n)

Forany 0 < £ < 1,let € = 2/(1 — €) and define

pu— 1 = . c 1/2
(39  Bn(m) {O<gr<1g;_l (max |uj | > Es(logpn/n) }

in which we set uy; = 0if j € J, and Pjoi = Hoj- We now show that for all
I<qg<m,

(3.10) ’qu,l,j‘q’ > ¢ max ’“jq,l,i‘ on An(m)ﬂBn(m),

1<i<pn

by noting that on A, (m) () Bp(m),

g, gl 2 =g, s = R R

T sl il i,

~s(logpn/m)/? + max |y | (since 5 1= max |y Jl)
=J=Fn =J=Fn

Y

Y

B 1/2 . .
> —2s(logpn/n)7"+ max uj 1 =& max fuj sl
since 2s(n~ ! log pn)'/? < (2/€) max;<j<p, [y, jlonBp(m)and1—¢ = 2/€.
Consider the ”semi-population version” of OGA 'that uses the variable selector
(71,72, - - - ) but still approximates y(x) by Zjejk+1 c;jxj, where the c; are the same
as those for the population version of OGA. In view of (3.10), this semi-population
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version is a “weak orthogonal greedy algorithm” introduced by Temlyakov [21, pp.
216-217], to which we can apply Theorem 3 of [21] to conclude that

G.11) E{y(x) —y; (x SZ\@ (1+m&*)on Ap(m) () Bu(m

For0 <i<m-1 E,[{y(x)—y; (x)}?] < En[{y(x) ~yj, (x)}?], and therefore

p'L
Enl{y(x) — yfm(x)} I< 0<£I££ 1E {(y(x) - yJ Zﬁﬂ]
p7L ~ 1 1/2 p’[L
< i< N ) c )
o2 B 1, 51 Zzzl |Bj] < &s(n™" logpn) ]z::l |8;] on BE(m)

Combining this with (C4), (3.11) and the assumption that m < K, yields
(3.12) Eu[{y(x) =y, ()} Ha,m) < C*m™!

for some constant C* > 0, since K, = O((n/ log p,)'/?). Moreover, since A, (K,) C
Ay (m), itfollows from (3.8) and (3.12) that maxi <<k, mER[{y(x)—y; (%) 12 =
Op(1). Theorem 3.1 follows from this and

nE[{im(x) —y; (0]
(3-13) 1<mEt, mlog pp = (1),

whose proof is given in Appendix A, noting that

En[{y(x) = §m(x)}*] = Ea[{y(x) — y;, ()} + Eu[{gm(x) —y;, (x)}°]. O

3.2. A bias-variance bound. In this section, we assume that x;; in (1.1) are
nonrandom constants and develop an upper bound for the empirical norm

n

(3.14) 19 () =y 7 =071 D (Gm(xe) — y(xe))?

t=1

of OGA, providing an analog of the oracle inequalities of [1], [5], [6] and [26]
for Lasso and the Dantzig selector. In the approximation theory literature, the &,
in (1.1) are usually assumed to be either zero or nonrandom. In the case ¢, = 0
for all ¢, an upper bound for (3.14) has been obtained by Tropp [23]. When ¢; are
nonzero but nonrandom, a bound for the bias of the OGA estimate has also been
given by Donoho, Elad and Temlyakov [9]. When the ; in (1.1) are zero-mean
random variables, an upper bound for (3.14) should involve the variance besides
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the bias of the regression estimate and should also provide insights into the bias-
variance tradeoff, as is the case with the following theorem for which p can be
much larger than n. Noting that the regression function in (1.1) has infinitely many
representations when p > n, we introduce the representation set

(3.15) B={b:Xb=(y(x1), - ,y(xn) },

where X = (X, -+ ,X,)is n x p. In addition, for J C {1,--- ,p}and1 <i <p
withi & J,letBy; = {0, : X}Xz = X—JFXJOJ’Z'}. Moreover, define

(3.16) rp =arg mln {1+ (log\/1/(1 —2r)/logp)}/r, 7p =1/(1 — 21p).

Note that as p — oo, r, — 1/2 and 7, = o(p") for any n > 0.

THEOREM 3.2. Suppose ¢, are i.i.d. normal random variables with E(g;) = 0
and E(e?) = o?. Assume that xy; are nonrandom constants, normalized so that
n 1y, xt] 1 and satisfying

(3.17) max inf (|04l < M for some M > 0.
1<8()< n/ logp),itT 65,¢B., 10.7,ill1 f

Let0 < £ <1,C > V2(1+ M), s > {1+ (2logp)~tlog#,}/rp where r, and
Tp are defined by (3.16), and

. infpe |[bll1 2Co logp 1/2}
GI8) = (inf bl max { PR IB BCE (8,

Then forallp > 3, n >logpand1 < m < |n/logp|,

(3.19) 19m () =yl < Wi + so”m(logp) /n

with probability at least

L e B 2 logp B f[l)/Zp—(srp—l)
POPY 20w M2 [ T o)

The upper bound (3.19) for the prediction risk of OGA is a sum of a variance
term, som(logp)/n, and a squared bias term, wy, . The variance term is the
usual “least squares” risk ma?/n multiplied by a risk inflation factor slogp in
order to take into account the worst possible case; see Foster and George [13] for a
detailed discussion of the idea of risk inflation. As will be explained in Appendix
B that gives the proof of Theorem 3.2, the squared bias term is the maximum of
(infpem ||bll1)?/(1 + m&?), which is the approximation error of the “noiseless”
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OGA and decreases as m increases, and 2Co(1—&) ! infpep ||bl|1(n~! logp)'/2,
which is the error caused by the discrepancy between the noiseless OGA and the
sample OGA.

The ||0 ;|1 function in (3.17) is closely related to the cumulative coherence
function introduced in Tropp [23]. Since Theorem 3.2 does not put any restric-
tion on M and infpep ||b||1, the theorem can be applied to any design matrix
although a large value of M or infyep ||bl|; will result in a large bound on the
right-hand side of (3.19). When M and infpcg ||b||; are bounded by a positive
constant independent of n and p, the upper bound in (3.19) suggests that choosing
m = D(n/logp)'/? for some D > 0 can provide the best bias-variance tradeoff,
for which (3.19) reduces to

(3.20) [9m () — y()12 < d(n*log p)*/2,

where d does not depend on n and p. We can regard (3.20) as an analog of the oracle
inequality of Bickel et al. [1, Theorem 6.2] for the Lasso predictor §ir asso(r) (x¢) =

T2
Xy ﬁLasso(r)’ where

n

(3.21) Brasso(r) = arg min{n™" > (s —x/ ¢)* + 2rlle[l1},
t=1

with » > 0. Let M (b) denote the number of nonzero components of b € B,
and define Q = infpeg M (b). Instead of (3.17), Bickel et al. [1] assume that
o is known and X " X satisfies a restricted eigenvalue assumption RE(Q, 3), and
show under the same assumptions of Theorem 3.2 (except for (3.17)) that for r =
Aco(n~'logp)'/? with A > 21/2,

) ) lo
622 e ()~ w2 < PR,

where F' is a positive constant depending only on A, o and 1/k, in which k =
x(Q, 3) is the defining restricted engenvalue of RE(Q, 3).

Suppose that F' in (3.22) is bounded by a constant independent of n and p
and that log p is small relative to n. Then (3.20) and (3.22) suggest that the risk
bound for Lasso is smaller (or larger) than that of OGA if Q << (n/logp)'/? (or
Q >> (n/log)'/?). To see this, note that when the underlying model has a sparse
representation in the sense that Q << (n/logp)'/2, Lasso provides a sparse so-
lution that can substantially reduce the approximation error. However, when the
model does not have a sparse representation, Lasso tends to give a relatively non-
sparse solution in order to control the approximation error, which also results in
large variance. In addition, while the RE assumption is quite flexible, the value of
o, which is required for obtaining BLaSSO(r) with r = Ao (n~'log p)'/2, is usually
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unknown in practice. On the other hand, although the ability of OGA to reduce
the approximation error is not as good as Lasso due to its stepwise local optimiza-
tion feature, it has advantages in non-sparse situations by striking a good balance
between the variance and squared bias with the choice m = D(n/logp)'/? in
(3.20).

Note that Theorems 3.1 and 3.2 consider weakly sparse regression models that
allow all p regression coefficients to be nonzero. A standard method to select the
number m of input variables to enter the regression model is cross-validation (CV)
or its variants such as C}, and AIC that aim at striking a suitable balance between
squared bias and variance. However, these variable selection methods do not work
well when p >> n, as shown in [8] that proposes to modify these criteria by
including a factor log p in order to alleviate overfitting problems.

4. Consistent model selection under strong sparsity. In the case of a fixed
number p (not growing with n) of input variables, only ¢ (< p) of which have
nonzero regression coefficients, it is well known that AIC or CV does not penal-
ize the residual sum of squares enough for consistent variable selection, for which
a larger penalty (e.g., that used in BIC) is needed. When p = p,, — oo but the
number of nonzero regression coefficients remains bounded, Chen and Chen [7]
have shown that BIC does not penalize enough and have introduced a consider-
ably larger penalty to add to the residual sum of squares so that their “extended
BIC” is variable selection consistent when p, = O(n") for some x > 0 and an
asymptotic identifiability condition is satisfied. As in Section 3.1, we assume here
that log p,, = o(n) and also allow the number of nonzero regression coefficients to
approach oo as n — oo. To achieve consistency of variable selection, some lower
bound (which may approach 0 as n — o0) on the absolute values of nonzero re-
gression coefficients needs to be imposed. This consideration leads to the following
strong sparsity condition:

(C5) There exist 0 < v < 1 such that n? = o((n/ log p,)'/?) and

liminfn”  min ﬁ]?a]z > 0.
n—00 1<j<pn:B3;#0

Note that (C5) imposes a lower bound on ﬁjzajz for nonzero (3;. This is more
natural than a lower bound on |/3;| since the predictor of y; involves 3;x;;. Instead
of imposing an upper bound on the number of nonzero regression coefficients as
in [7], we show under the strong sparsity condition (C5) that all relevant regres-

sors (i.e., those with nonzero regression coefficients) are included by OGA, with
probability near 1 if the number K, of iterations is large enough. Letting

4.1 N, ={1<j<p,:Bj#0}, D, ={N, C Jk,},
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note that the set .J. K, of variables selected along an OGA path includes all relevant
regressors on D,,.

THEOREM 4.1.  Assume (C1)-(C5) and (3.2). Suppose K, /n" — oo and K,, =
O((n/log pp)*/?). Then lim,_.oo P(Dy) = 1.

PROOF. Without loss of generality, assume that o; = 1 so that z; = z; for
1 < j < pp.Leta > 0 and define A,,(m) by (3.8) in which m = |an”| = o(K,).
By (3.8) and (3.12),
lim P(A5(m)) < lim P(AS(Ky)) =0,
(4.2) n—oo n—oo X B
Enf{ly(x) =y, ()] a,m) < Cm".

From (4.2), it follows that

@43)  lim P(F,) = 0,where F,, = {Ea[y(x) —y; (x)]*>C*'m™'}.

For J C {1, - ,pn} and j € J, let Bj(J) be the coefficient of x; in the
best linear predictor 3, ¢ ; Bi(J)z; of y that minimizes E(y — 3¢ ; c;z;)%. Define
Bi(J) = 0if j ¢ J. Note that

“44)  Euyx)—y; P =E{ > (85— Bi(Jm))z;}*.

j€JmUN,

From (C4) and (C5), it follows that #(N,,) = o(n"/?), yielding #(.J,, U N,,) =
o(Kp). Let v, = minj <y py<k, Amin(T'(J)). Then we obtain from (4.4) that for
all large n,

@5)  Enl{y(x) —y;, (0} = v min 57 on {N, 0 J5, # 0}

Combining (4.5) with (C5) and (3.2) then yields for some b > 0 and all large
n, En[{y(x) —y; (x)}?] > bn™7 on {N, N J¢ # 0}. By choosing the a in
m = |an? | large enough, we have bn™" > C*m~!, implying that {N,, N J¢, #
0} C F,, where F, is defined in (4.3). Hence by (4.3), lim;,—.oc P(N,, C Jp,) =

1. Therefore, the OGA that terminates after m = |an”| iterations contains all
relevant regressors with probability approaching 1. This is also true for the OGA
that terminates after K, iterations if K,,/m — oc. L]

Under strong sparsity, we next show that the best fitting model can be cho-
sen along an OGA path by minimizing a high-dimensional information criterion
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(HDIC) that uses a heavier penalty than the extended BIC of [7]. For J C {1, - ,p,},
define

n

(4.6) HDIC(J) = (y: — 91,0)*(1 +
t=1

§(J)wn, logpn)
n

9

where ;. ; is defined below (3.4) and w,, are positive numbers satisfying w,, — 00
and w, = o(n). In particular, the choice w,, = logn corresponds to HDBIC
(high-dimensional BIC) while w,, = cloglogn with ¢ > 2 corresponds to HDHQ
(high-dimensional Hannan-Quinn criterion).

The next theorem establishes, under strong sparsity, consistency of variable se-
lection along OGA paths by HDIC. Define the minimal ("oracle”) number of rele-
vant regressors along an OGA path by

4.7 kp=min{k: 1<k < K,, N, C J} (minf = K,,).

Although N,, is unobserved, Theorem 4.1 says that if K, is sufficiently large, then
Jk,, contains IV, with probability approaching 1 as n — oo. Define

A~

(4.8) k, = arg <rlr€1g}(n HDIC(Jk)

The factor log p,, in the definition (4.6) of HDIC is used to exclude irrelevant vari-
ables that may exhibit spurious sample correlations with y; because of an overly
large number (p,, >> n) of such variables. Suppose x1, - - -, xp, are uncorrelated,
i.e., I'(J) = I, for which the following “hard thresholding” [10] method can be
used for variable selection. Assuming for simplicity that o and 02 are known, note
that (BJ - B;)/(c%/ ¥y :ct])l/2 1 <j < pp,are asymptotlcally 1ndependent
standard normal random variables in this case. Since maxi<j<p, In=t3 xtj

2] converges to 0 in probability (see Lemma A.2 in Appendix A), it follows that

max n(f3; — B;)%03 /o® — (2log p, — loglog py)
1<j<pn

has a limiting Gumbel distribution. In view of (C5) that assumes 5202 > cn~ 7 for

nonzero [3; and some positive constant ¢, screening out the regressors with ﬁQ 0]2 <
(0%wy, log p,)/n yields consistent variable selection if w,, log p, = o(n'~ 7) and
lim inf,,_, o, w, > 2. Such w, can indeed be chosen if ¥ = o(n/ log p,, ), recalling
that logp, = o(n). In the more general case where x1,--- ,x,, are correlated
and therefore so are the (3;, we make use of the assumption on Apin(T'(J)) in
(3.2). Regarding the threshold (o-2w;, log p,)/n as a penalty for including an input
variable in the regression model, the preceding argument leads to the criterion (4.6)



16

and suggests selecting the regressor set J that minimizes HDIC(J). Under (C5) and
(3.2), it can be shown that if w,, is so chosen that

(4.9) Wy, — 00, wylogp, = o(n'™?),

then the minimizer of HDIC(J) over J with J C J K, 1s consistent for variable se-
lection. Note that the penalty used in HDIC is heavier than that used in the extended
BIC of [7], and instead of all subset models used in [7], HDIC is applied to models
after greedy forward screening, which may result in stronger spurious correlations
among competing models. The proof is similar to that of the following theorem,
which focuses on consistent variable selection along OGA paths, Jl, Sy Jk, . In
practice, it is not feasible to minimize HDIC(J) over all subsets J of j K, When
K, is large, and a practical alternative is to minimize HDIC(jk) instead.

THEOREM 4.2. With the same notation and assumptions as in Theorem 4.1,
suppose (4.9) holds, K, /n" — oo and K, = O((n/logp,)*/?). Then

lim P(kp = ky) =

n—oo

PROOF. As in the proof of Theorem 4.1, assume O'] = 1. For notational sim-

plicity, we drop the subscript . in k,, and k,,. We first show that P(k < k) = o(1).
As shown in the proof of Theorem 4.1, for sufficiently large a,

4.10)  lim P(D,) =1, where Dy = {Nyy C Jjy} = {k < an’}.

On {k < k}, HDIC(J;) < HDIC(J;) and 37 (ye — §,5.)° = S (e —

2
SO
ytjk 1) )

n
(e =g )" = 2 (e = 1. .)

[M]=

-
Il

1

~
—

4.11)

n

1wn(10gpn)(]% - ]%) Z(yt - Qt;jfg)Z‘

t=1

IN

Let H; denote the projection matrix associated with projections into the linear
space spanned by X;,j € J C {1,---,p}. Then

n
n D= Gy, ) > = 91.j,)
t=1

t=1
-1
n (/ijch;; + 6) (Hjl} — ijcq)(ﬁjfng;; +e)
— ~ T o . .
= {5jl"chE (I HJ}}—l)X'

Tk

T _ . 2 T(I1-H; 5
+X](I-H; el /{nX] I-H; )X;}.

(4.12)
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Simple algebra shows that the last expression in (4.12) can be written as ﬂf Ay, +
k
26; Bn+ Ay 1B2 where
A — I T (T _ . . R — IxT1T_W.
Ap=n X.~ (I HJ;;_1>XJE’ B,=n XJ';;(I HJ;;_1>€’
(4.13) & n )
Z — Yy, J —o-
=1
Hence, (4.12) and (4.11) yield 53? A, + 20; B, + A;1B2 < n~lwy(log py) (k —
k)(Cpn + ?) on {k < k}, which implies that
Qﬁj-én - n_lwn(loa‘:’;pn) lan”] |én|
(4.14) BT ) y e -
—ﬁakAn +n"wy(logpyn)an |o* on {k < k} ﬂDn.

Define v, = min;<4(.7)<|anv | Amin(I'(J)). Note that by (3.2), there exists ¢ > 0
such that for all large n, v, > co. In Appendix A, it will be shown that for any

6 >0,
“.15) P(A, <vn/2,Dy,) + P(|By| > 002, D,,)
' + P(w,(log pp)|Cn| > 0027, D) = o(1).

From (C5), (4.10), (4.14) and (4.15), it follows that P(k: < k) =o(1).

It remains to prove P(k > k) = o(1). Noting that k& < K,, and B; = 0 for
j & Ji. we have the following counterpart of (4.11) and (4.12) on { K, > k> k:}:

e (I- H; )e(1+ n"Vkwy, logpp) < e’ (I— H; )e(1+ n~ kw, log pp),

k k
which implies
e (H; —H;)e(l+n " kwylogpy)
(4.16) o
> nileT(I—HJg)e(k — k)wy, log py,.
k

Let F;, ; denote the n x (k — k) matrix whose column vectors are X;,j € J &= j,;.
Standard calculations yield

sT(ij - Hj;;)s
= (I—- Hj%)F,%J;{FI{%(I — ijc)Fk’];}_ng’k(I ~Hj)e
@17 <0 (J)llin R (- H e
< 2||f_1(J}<n)IIIln”/zF,{,;,eH2 + 2Hf‘_1(an)H||”71/2F;;T7;;Hj%5”2
< 2(k — k) (an + bp),
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where I'(.J) denotes the sample covariance matrix that estimates I'(.J) for J C
{1,-- ,pn} (recalling that 03 = 1), |L|| = supyy— [ILx|| for a nonnegative
definite matrix L, and

1

n
an =T (Jk,)|  max (”_1/229%&)2,
t=1

1<j<pn

n

~ A—1 =~ _ R

bn =T (Jk,)ll max  (n 1/2 E €t$ti;J)2-
1<#(J)<k,igJ =1

Since n~le (I - H; )e — 02 = C,,, combining (4.17) with (4.16) yields
k

(4 18) 2(]% - l%)(&n + Bn)(l + n_lfgwn Ingn) + |én|(]% - ];)wn logpn
' > 02(15 — l%)wn log p.

In Appendix A it will be shown that for any 6 > 0,

4.19) P{(an + bn) (1 + n~" Kpwy log py) > 0wy log pn }
' + P{|Cp| > 6} = o(1).

From (4.18) and (4.19), the desired conclusion P(k > k) = o(1) follows. O

5. Simulation studies and discussion. In this section, we report simulation
studies of the performance of OGA+HDBIC and OGA+HDHQ. These simulation
studies consider the regression model

q P
(5.1 yt:Zﬁjxtj+ Z Bjriy; +et, t=1,---,n,

Jj=1 J=q+1
where 8,41 = -+ = 3, = 0, p >> n, & are i.i.d. N(0, 0?) and are independent of
the ;. Examples 1 and 2 consider the case
(5.2) Tt = dij + nwy,
in which > 0 and (dy1, - -+ ,dgp, wy)T,1 < t < n, are i.i.d. normal with mean
(1,---,1, 0)T and covariance matrix I. Since forany J C {1,--- ,p}and1 <i <
pwithi ¢ J,
53 Aun(T(J) =1/(1+77) >0 and [TH(N)gi()]1 < 1,

(3.2) is satisfied; moreover, Corr(z¢j, 741) = 1°/(1 + 1?) increases with n > 0.
On the other hand,

_ 2 2
(5.4) 1;&%‘%1/ Amax(r(‘])) = (1 +uvn )/(1 +n )
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As noted in Section 1, Fan and Lv [12] require Apax(T'({1, -+ ,p})) < en” for
some ¢ > 0 and 0 < r < 1 in their theory for the sure independence screening
method, but this fails to hold for the equi-correlated regressors (5.2) when n > 0
and p >> n, in view of (5.4). For nonrandom regressors for which there is no
population correlation matrix I'(.J) and the sample version I'(.J) is nonrandom,
Zhang and Huang [25] have shown that under the sparse Riesz condition ¢, <
ming <g(.7y<g* Amin(T'(J)) < max; <y y<g* Amax(L'(J)) < ¢* for some ¢* > ¢, >
0 and ¢* > {2 4 (4¢*/cs) }q + 1, the set of regressors selected by Lasso includes
all relevant regressors, with probability approaching 1. If these fixed regressors are
actually a realization of (5.2), then in view of (5.3) and (5.4), the requirement that
q¢* > {2+ (4¢*/ex) g + 1 in the sparse Riesz condition is difficult to meet when
q>(2n)%

Example 1. Consider (5.1) with ¢ = 5, (f1,- -+ ,35) = (3,—3.5,4,—2.8,3.2)
and assume that 0 = 1 and (5.2) holds. The special case n = 0, 0 = 1 or 0.1,
and (n,p) = (50,200) or (100,400) was used by Shao and Chow [20] to illus-
trate the performance of their variable screening method. The cases 7 = 0,2 and
(n,p) = (50,1000), (100,2000), (200,4000) are considered here to accommo-
date a much larger number of candidate variables and allow substantial correlations
among them. In light of Theorem 4.2 which requires the number K, of iterations to
satisfy K,, = O((n/log p,)'/?), we choose K,, = 5(n/logp,)/2. Table 1 shows
that OGA+HDBIC and OGA+HDHQ perform well, in agreement with the asymp-
totic theory of Theorem 4.2. Each result is based on 1000 simulations. Here and in
the sequel, we choose ¢ = 2.01 for HDHQ. For comparison, the performance of
OGA+BIC is also included in the table.

In the simulations for n > 100, OGA always includes the 5 relevant regressors
within K, iterations, and HDBIC and HDHQ identify the smallest correct model
for 99% or more of the simulations, irrespective of whether the candidate regres-
sors are uncorrelated (n = 0) or highly correlated (n = 2). In contrast, OGA+BIC
always chooses the model obtained at the last iteration. The mean squared pre-
diction errors (MSPE) of OGA+BIC are at least 20 times higher than those of
OGA+HDBIC or OGA+HDHQ when n = 100, and are at least 35 times higher
when n = 200, where

; 1000 p " "
NORRY
MSPE = 1000 (Z BiTp i — Un41)™s
=1 j=1
in which :ngerl, .o, xﬁf}rlm are the regressors associated with yfj}rl, the new out-

come in the /th simulation run, and gﬁll denotes the predictor of yfllil Note that

the MSPEs of OGA+HDBIC and OGA+HDHQ are close to the ideal value 502 /n
of (1.3) for the least squares predictor based on only the ¢ = 5 relevant variables
in (5.1).
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In the case of n = 50 and p = 1000, OGA can include all relevant regressors
(within K, iterations) about 94% of the time when 1 = 0; this ratio decreases
to 83% when 7 = 2. As shown in Table 2 of [20], in the case of n = 100 and
p = 400, the variable screening method of Shao and Chow [20], used in conjunc-
tion with AIC or BIC, can only identify the smallest correct model about 50% of
the time even when = 0. To examine the sensitivity of K,, in our simulation
study, we have varied the value of D in K,, = D(n/log p,)'/? from 3 to 10. The
performance of OGA+HDBIC and OGA+HDHQ remains similar to the case of
D = 5, but that of OGA+BIC becomes worse as D becomes larger.

Example 2. Consider (5.1) with ¢ = 9, n = 400, p = 4000, (81, - - - , B4)=(3.2,
3.2,3.2,3.2,4.4,4.4,3.5,3.5,3.5) and assume that o2 = 2.25 and (5.2) holds with
n = 1. Table 2 summarizes the results of 1000 simulations on the performance
of Lasso, OGA+HDBIC and OGA+HDHQ, using K,, = 5(n/ log p)'/? iterations

for OGA. The Lasso estimate BL()\) = (BEWN),--- ,Bﬁ(A))T is defined as the

minimizer of n ™! 37 (y; — x; €)? + Al|c||1 over c. To implement Lasso, we use

the Glmnet package of [15] and conduct 5-fold cross-validation to select the opti-
mal ), yielding the estimate “Lasso” in Table 2. In addition, we have also traced
the Lasso path using a modification of the LARS algorithm [11, Section 3] based
on the MATLAB code of [19], and the tracing is stopped when the value of the
regularization parameter defined in [19] along the path is smaller than the default
tolerance of 10~ or 10~4, yielding the estimate "LARS(10~°)” or "LARS(10™%)”
in Table 2. We have also tried other default tolerance values 10~!,1072, ... , 1078,
but the associated performance is worse than that of LARS(10~*) or LARS(107?).
Table 2 shows that OGA+HDBIC and OGA+HDHQ can identify the smallest cor-
rect model in 98% of the time and choose slightly overfitting models in 2% of the
time. Their MSPEs are near the oracle value go?/n = 0.051. Although Lasso or
LARS-based implementation of Lasso can include the 9 relevant variables in all
simulation runs, they encounter overfitting problems. The model chosen by Lasso
is usually more parsimonious than that chosen by LARS (10~*) or LARS(107?).
However, the MSPE of Lasso is larger than those of LARS(10~°) and Lasso(10™%),
which are about 10-12 times larger than go? /n due to overfitting.

This example satisfies the neighborhood stability condition, introduced in [18],
which requires that for some 0 < § < landalli=q+1,--- ,p,

(5.5) e, R (q)sign(B(q))| < &,

where x;(q) = (zi1,-+ ,219) s €qi = E(xi(q)zui), Rlq) = E(xi(9)x{ (9))
and sign(B(q)) = (sign(B),- - ,sign(B,)) . To show that (5.5) holds in this
example, straightforward calculations give c¢,; = 1?1, R7(q) = I — {n?/(1 +
n?q)}1,1,, and sign(B(q)) = 1,, where 1, is the g-dimensional vector of 1’s.

Therefore, foralli = ¢+1,--- ,p, |c;iR*1(q)sign(,8(q))\ =n%q/(1+n?q) < 1.
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TABLE 1
Frequency, in 1000 simulations, of selecting all 5 relevant variables in Example 1

nn p Method E E+1 E+2 E+3 E+4 E+5 E* Correct MSPE

0 50 1000 OGA+HDBIC 902 33 7 0 0 0 0 942 2.99

OGA+HDHQ 864 64 13 3 1 0 0 945 2.90

OGA+BIC 0 0 0 0 0 0 945 945 4.87

100 2000 OGA+HDBIC 1000 0 0 0 0 0 0 1000 0.053
OGA+HDHQ 994 6 0 0 0 0 0 1000 0.055

OGA+BIC 0 0 0 0 0 0 1000 1000  1.245

200 4000 OGA+HDBIC 1000 0 0 0 0 0 0 1000 0.023
OGA+HDHQ 997 2 1 0 0 0 0 1000 0.025

OGA+BIC 0 0 0 0 0 0 1000 1000  0.895

2 50 1000 OGA+HDBIC 663 121 41 5 0 0 0 830 9.43
OGA+HDHQ 643 134 44 17 4 1 0 843 8.36

OGA+BIC 0 0 0 0 0 0 843 843 12.59

100 2000 OGA+HDBIC 994 6 0 0 0 0 0 1000 0.054
OGA+HDHQ 993 7 0 0 0 0 0 1000 0.055

OGA+BIC 0 0 0 0 0 0 1000 1000 1.121

200 4000 OGA+HDBIC 1000 0 0 0 0 0 0 1000 0.024
OGA+HDHQ 996 4 0 0 0 0 0 1000 0.025

OGA+BIC 0 0 0 0 0 0 1000 1000 0.881

1. E denotes the frequency of selecting exactly all relevant variables.

2. E+i denotes the frequency of selecting all relevant variables and ¢ additional irrelevant variables.

3. E* denotes the frequency of selecting the largest model along the OGA path which includes all relevant variables.
4. Correct denotes the frequency of including all relevant variables.

TABLE 2
Frequency, in 1000 simulations, of selecting all 9 relevant variables in Example 2

Method
E E+1 E+2 E+3 Correct MSPE
OGA+HDBIC 980 19 1 0 1000 0.052
OGA+HDHQ 980 19 1 0 1000 0.052
Range Average Correct MSPE
LARS(107°) [44, 389] 124.3 1000 0.602
LARS(10™%) [30, 227] 82.6 1000 0.513
Lasso [25, 84] 50.17 1000 0.864

1. The lower and upper limits of range are the smallest and largest numbers of selected variables in 1000 runs.
2. Average is the mean number of selected variables over 1000 runs.
3. See the footnotes of Table 1 for the notations E, E+, and Correct.
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TABLE 3
Frequency, in 1000 simulations, of selecting all 10 relevant variables in Example 3 using

the same notation as that in Table 2

Method
E E+1 E+2 E+3 Correct MSPE
OGA+HDBIC 0 43 939 18 1000 0.033
OGA+HDHQ 0 43 939 18 1000 0.033
Range Average Correct MSPE
LARS(10™7) [325, 439] 408.3 116 10.52
LARS(107%) (81, 427] 331.9 34 1.39
Lasso [163, 236] 199.1 0 0.92

Under (5.4) and some other conditions, Meinshausen and Biihlmann [19, Theorems

1 and 2] have shown that if A = A, in ,@L()\) converges to 0 at a rate slower than
n~1/2, then lim,, oo P(Ln(\) = N,,) = 1, where L, (\) = {i : BX(\) # 0}.

Example 3. Consider (5.1) with ¢ = 10, n = 400, p = 4000 and (51, - - - , B4)=
(3,3.75,4.5,5.25,6,6.75,7.5,8.25,9,9.75). Assume that 0 = 1, that 41, - - - , ¢4
are i.i.d. standard normal, and that

q
zj =dij+bY xy, forg+1<j<p,
=1

where b = (3/4¢)"/? and (dy(y11), - ,dip) " are ii.d. multivariate normal with
mean 0 and covariance matrix (1/4)I and are independent of z;; for 1 < j < q.
Using the same notation as in the last paragraph of Example 2, straightforward
calculations show that for ¢ + 1 < j < p, cg5 = (b, - ,b)", R(q) = I and
sign(B(q)) = (1,---,1)T. Therefore, for g+1 < j < p, |chjR_1(q)sign(,8(q))| =
(3¢/4)"/? = (7.5)'/2 > 1, and hence (5.5) is violated. On the other hand, it is not
difficult to show that (3.2) is satisfied in this example.

Table 3 gives the results of 1000 simulations on the performance of Lasso,
LARS(10~7), LARS(10~%), OGA+HDBIC and OGA+HDHQ, using K,, = 5(n/ log p)!/?
iterations for OGA. The table shows that LARS (10~7) only includes all 10 rele-
vant regressors in 116 of the 1000 simulations, LARS (10~°) includes them in only
34 simulations and Lasso fails to include them in all simulations. This result sug-
gests that violation of (5.5) seriously degrades Lasso’s ability in variable selection.
Despite its inferiority in including all relevant variables, Lasso has MSPE equal to
0.92, which is two thirds of the MSPE of LARS(10~°) and is about 11 times lower
than the MSPE of LARS(10~7). In contrast, OGA+HDBIC and OGA+HDHQ can
pick up all 10 relevant regressors and include at most three irrelevant ones. More-
over, the MSPEs of OGA+HDBIC and OGA+HDHQ are only slightly larger than
qo?/n = 0.025.

In Example 1, p is 20 times larger than n and in Examples 2 and 3, (n,p) =
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(400,4000). In these examples, the number of relevant regressors ranges from 5 to
10 and OGA includes nearly all of them after only 5(n/ log p)'/? iterations. This
computationally economical feature is attributable to the greedy variable selector
(2.1) and the fact that, unlike PGA, a selected variable enters the model only once
and is not re-selected later. Although OGA requires least squares regression of y;
on all selected regressors, instead of regressing Ut(k) on the most recently selected
regressor as in PGA, the iterative nature of OGA enables us to avoid the computa-
tional task of solving a large system of linear normal equations for the least squares
estimates, by sequently orthogonalizing the input variables so that the OGA update
(2.3) is basically componentwise linear regression, similar to PGA.

The HDIC used in conjunction with OGA can be viewed as backward elimina-
tion after forward stepwise inclusion of variables by OGA. Example 1 shows that
if BIC is used in lieu of HDBIC, then the backward elimination still leaves all in-
cluded variables in the model. This is attributable to p being 20 times larger than
n, resulting in many spuriously significant regression coefficients if one does not
adjust for multiple testing. The factor w,, log p,, in the definition (4.6) of HDIC can
be regarded as such adjustment, as explained in the paragraph preceding Theorem
4.2 that establishes the oracle property of OGA+HDIC under the strong sparsity
assumption (C5).

It should be mentioned that since Lasso can include all relevant variables in
Example 2, the overfitting problem of Lasso can be substantially rectified if one
performs Zou’s [28] adaptive Lasso procedure that uses Lasso to choose an initial
set of variables for further refinement. On the other hand, in situations where it is
difficult for Lasso to include all relevant variables as in Example 3, such two-stage
modification does not help to improve Lasso.

APPENDIX A: PROOF OF (3.8), (3.13), (4.15) AND (4.19)

The proof of (3.8) relies on the representation (3.7), whose right-hand side in-
volves (i) a weighted sum of the i.i.d. random variables ¢; that satisfy (C2) and
(ii) the difference between a nonlinear function of the sample covariance matrix
of the x4; that satisfy (C3) and its expected value, recalling that we have assumed
oj = 1 in the proof of Theorem 3.2. The proof of (3.13) will also make use of
a similar representation. The following four lemmas give exponential bounds for
moderate deviation probabilities of (i) and (ii).

LEMMA A.l. Lete, ey, - , &y, be i.i.d. random variables such that E(c) = 0,
E(?) = o2 and (C2) holds. Then, for any constants a,;(1 < i < n) and u, > 0
such that

(A1) Uy MAX |ani|/An — 0 and u? /A, — co as n — oo,
1<i<n
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where A, = 31 a2, we have

ni’

(A2) P{Zn: anigi > upn} < exp{—(1 4 o(1))u2/(20%A4,)}.
=1

PROOF. Lete?(?) = E(e%), which is finite for |§] < to by (C2). By the Markov
inequality, if > 0 and max;<i<p |fan;| < to, then

n n
(A.3) P{Z ani€; > up} < exp{—0u, + Zw(ﬁam)}.
i=1 i=1
By (A.1) and the Taylor approximation 1 (t) ~ o2t2/2ast — 0, Ou,—> "1 V¥(0an;)
is minimized at § ~ u,, /(0> A,,) and has minimum value u2 /(202 A,,). Putting this
minimum value in (A.3) proves (A.2). ]

LEMMA A.2. With the same notation and assumptions as in Theorem 3.1 and
assuming that o; = 1 for all j so that z; = x;, there exists C' > 0 such that

(A4)  max P{Y (wizy — 0yj)| > ndu} < exp(~Cndy)

>%,)3Pn i—1

for all large n, where o;; = Cov(x;,xj) and &, are positive constants satisfying
6p — 0 and nd2 — oo as n — oc. Define T'(J) by (3.1) and let T',,(.J) be the
corresponding sample covariance matrix. Then, for all large n,

. [ — < p2exp(—Cnd?).
(A.5) P{lgﬁlg}]%;gKnHFn(J) L(J)|| > Kndn} < prexp(—Cndy,)

If furthermore K0, = O(1), then there exists ¢ > 0 such that

L —1 2 2
. - n¥n S -
(A.6) P{lgﬁr(r}%(n 1T, (J) =T ()| > Kndn} < prexp(—cndy,)

~—1 . . N
for all large n, where ', denotes a generalized inverse when Iy, is singular.

PROOF. Since (2, x;) are i.i.d. and (C3) holds, the same argument as that
in the proof of Lemma A.1 can be used to prove (A.4) with C' < 1/(2Var(z;z;)).
Letting Aij =n1 E?:l Tt T¢j — 045, NOte that max; <y(J)<kK, ||fn(J) —F(J) ” <
K, maxi<; j<p, |/\;;| and therefore (A.5) follows from (A.4). Since Apin (T (J)) >
Amin(D(J)) = ||T(J) = T'(J)|, it follows from (3.2) and (A.5) that the probability
of I',,(J) being singular is negligible in (A.6), for which we can therefore assume
T',(J) to be nonsingular.
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To prove (A.6), denote T',,(J) and I'(J) by I" and T for simplicity. Making use
of 17 T =D YT - D) 'and T = T{I + T 1(I' — ')}, it can be shown
that [ — P=Y|(1 — [PY|| — ) < T7Y?T — T, and hence

1

Cmax P =T max [TYT - T)
(A7) <H(J)<Kn ) I<H(JS)<Kn
< _max [TUPT - T,
<H(J)<Kn

By (3.2), min;<4(5)<x,, Amin(T") > co for some positive constant ¢y and all large

n. Therefore, max; <y )<, [T < ¢yt Let D = sup,,~; K,6, and note that
B 1

1—(D+1)"'Ky6, > (D+1)"!. Weuse (A.7) to bound P{max; <4(j)<x, [
I > Kndn} by
(A.8)

1

. . K,
P I —-T Y >K,0 L Yr-r)| <22
{1 > Kt _mas 0 IF - < Ko

. K0
P r Y -r non
+ {gi&?’ém” Il [ > D+1}

R K,0
<P rY?r-or| > ===
< {ISMH}%MH [l | D1

. K,
P rYIr-r>=221%.
+ {1<§§}?’<‘Kn” Il I Dl

Since max; <y )<k, =2 < 062, combining (A.8) with (A.5) (in which 4, is
replaced by ¢36,,/{(D+1)} for the first summand in (A.8), and by cod,,/{(D+1)}
for the second) yields (A.6) with ¢ < Ccg/(D + 1)2. O

LEMMA A.3. With the same notation and assumptions as in Theorem 3.1 and
assuming o; = 1 for all j, let ny = \/n/(logn)? and ng11 = /ny for k > 1.
Let uy, be positive constants such that u,/n; — oo and u, = O(n). Let K be a
positive integer and Q,, = {maxi<i<y, |e:| < (logn)*}. Then there exists o > 0
such that for all large n,

) | > < —an?
(A9) lgg}gn P{lrg%xn |x4i] > ni1} < exp(—ani),

n
P |7 _ >, (1 20
(A10)  1<k<Ka<i<p, (;|€t%| (rsrsleulne) 2 Unllogn)’ n)

< exp(—aup).
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PROOF. (A.9) follows from (C3). To prove (A.10), note that on £2,,,

n n
2

Z |5t~75ti|I{nk+1§\xti|<nk} < nk(log n) ZI{|J7ti|an+1}'

t=1 t=1

Therefore, it suffices to show that for all large nand 1 < i < p,,1 <k < K,
n

exp(—aun) > P(Z I{‘xti|2nk+1} > un/nk) = P{Binomial(n,ﬂmk’i) > un/nk},
t=1

where 7, ,; = P(|@] > njpq1) < exp(—cnj, ) = exp(—cny,) for some ¢ > 0, by
(C3). The desired conclusion follows from standard bounds for the tail probability
of a binomial distribution, recalling that u,, = O(n) and u,,/n; — oc. O

LEMMA A.4. With the same notation and assumptions as in Lemma A.3, let 6,
be positive numbers such that 5, = O(n=?) for some 0 < 6 < 1/2 and né2 — <.
Then there exists 3 > 0 such that for all large n,

| > < —3né?).
(A.11) 122);”13 <| ;etl‘tﬂ > n5n,Qn> < exp(—[fnd;)

PROOF. Let n;,7 > 1 be defined as in Lemma A.3. Let K be a positive integer
such that 2=% < 6. Then since §,, = O(n?), n? " = o(6;1). Letting AD =
[n1,00), A®) = [ng, ng_y) for2 < k < K, AK+D = [0, ng), note that

P <| th$ti| > Nnop, Qn)

t=1

K+1 n
< Z P <| Zetxtijﬂxti‘eA(k)}‘ > n(sn/(K + 1)7 Qn)
(A.12) k=1 t=1

< >
< P(lrg%xn || > m1)

K+1 n
+ Z P <| Z5t$til{|xﬂ\eA(k)}‘ > nén /(K + 1)in> .
k=2 =1

From (A.10) (in which w, is replaced by né,,/{(K + 1)(logn)?}), it follows that
for 2 < k < K and all large n,

max P (‘ ZEtwtiI{|xti|6A(k>}| > nén/(K + ].), Qn)

1<i<pn =1

= o {‘ (K ﬁ??fég n>2} ’

(A.13)
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where « is some positive constant. Moreover, by (A.9), maxi<;<p, P(maxi<i<p
lz4i] > n1) < exp {—an/(logn)*}, for some o > 0. Putting this bound and
(A.13) into (A.12) and noting that 1/{(logn)28,} — oo, it remains to show

n
; >
(A.14) g P (' tz::lgtxnfﬂxti\emmwﬂ > ndn/(K + 1)’971)

< exp(—cynd?).

Let0 < dy < land L; = {d1 < n '3, xfil{‘xti|€A(K+1)} < d;'}. By an
argument similar to that used in the proof of (A.4), it can be shown that there exists
c2 > 0 such that for all large n, max;<j<p, P(L§) < exp(—can). Application
of Lemma A.1 after conditioning on X;, which is independent of (&1, - - ,an)T,
shows that there exists c3 > 0 for which

n
pax P(] ;6twtil{lxti|€A(K+l)}’ > nd, /(K +1),L;) < exp(—c3nd2),

for all large n. This completes the proof of (A.14). O

PROOF OF (3.8). Let Q,, = {maxi <<y, |et] < (logn)?}. It follows from (C2)
that lim,,_,o, P(€2) = 0. Moreover, by (A.4), there exists C' > 0 such that for any
d>C > 1 and all large n,

P(max [n~ 'Y 22 — 1] > d(lo pn/n)?
sy Pl 3wk 11 dlogp /)

< prexp(—Cd? log pn) = exp{log p, — Cd*log p,} = o(1).
Combining (A.15) with (3.7), (C4) and lim,,_. P(€2S) = 0, it suffices for the
proof of (3.8) to show that for some d > 0,

AlOP 1Y eyl > dlogpa/n)'?, Q) = o(1
AIOP( , mox ., In ;Etmtz,ﬂ (log p/n) "%, €2,) = o(1),

and

n
P max n~! zidp ; — E(zizt;)| > d(lo Pn/M 1/2
(A.17) (i,jQJ,ﬁ(J)SKn—l‘ ; tyg it J ( J z,J)‘ ( g n/ ) )

=o(1).
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To prove (A.16), let x,(.J) be a subvector of x;, with J denoting the correspond-
ing subset of indices, and denote I',,(.J) by I'(.J) for simplicity. Note that

€ < INT ¢
ﬁ(J)S%ijl,igéJ Z tx“ﬂ maX In~ Z 4]

—1 1 = —1
R i I Z wiixe()) Z eoxi(J

g (J) 71(&’)(“*12&&(&7))
=1

= S1n + S2.n + S3.0,

(A.18)

ti(J)<Kn—1 i¢J

where 73 ; = xy—g (J)T 1 (J)x;(J). Since S3 ,, < maxi<i<p, [0~ 0 e
MaXy( 1)< K, —1,i¢.] IT~1(J)gi(J)|l1, by (3.2) and Lemma A.4, there exists 3 > 0
such that for any d > = Y/2(M + 1) and all large 7,

P(S1n + Sz > d(logpn/n)'/%, Q)

(A.19) ; ;
< pnexp(—pBd-logpn /(M + 1)) = o(1).

Since K,, = O((n/logn)'/?), there exists ¢; > 0 such that for all large n, K,, <
c1(n/log pp)'/?. As shown in the proof of Lemma A.2, max) <4(.))<K, T <
co ! for all large n. In view of this and (A.6), there exists ¢ > 0 such that for any
M > (2¢3/c)Y/? and all large n,

~—1 _
P r (J ~1 M
(pax T (D> + M)

(A.20) < P(_max 1T () =T (J)| > )

< plexp(—enI®/K2) = ofL).

By observing
ma n S
ﬁ(J)SKn)—(l,igﬁJH Z irxe(J)
n
A21 s B
(A.21) < K}/ Jex In thixtj — o]

< ma P D)),

_ 1/2 _
and maxy( gy <, 1 10" iy e ()| < K> maxi<icy, [0t S0y evl,
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it follows from (3.2) that

Son < (_max Hf‘_l(J)H)Kn(lJrM)

1<§(J)<K,
(A.22)
X max ZI X g; max n- ZS X
1<Z,j<pn ti%tj — i) 1< <pn | e2til)-

Define Q1 , = {max; <<k, ||f‘71( J)|| < ca = ¢yt + M}. Then by Lemma

| <
A4, (A20), (A.22), (A4) and K,, = O((n/logpy)'/?), there exists sufficiently
large d > 0 such that

P(S2,, > d(logpn/n)'/?, Q) < P(O5 )

1/2(] 1/4
<max In~ 128txm| > d“(log pn/n) Q.

1<i<p (Kpea(1+ M))1/2’
i . d'/?(log py /n) /4
P o Tt — Ogq| > n
+ <1<r£?§pn In ; Ty = O (Kne2(1+ M))1/2)

=o(1).

From (A.18), (A.19) and (A.23), (A.16) follows.
We prove (A.17) by using the bound

_1 AJ_ J_
2 i — Bz
ﬁ(J)SIr{I}z—Xl,i,jej [ Z Ltj L. g (zjz;)]

-1
< max |n E Ttil; — 044
< 2, T i

T -1 —1 < 1
+ max (T (I)n Ty 7%t (J
(A.24) ﬁ(J)gKn—l,zij’gJ( ) Z tis%t(J)

g (T (0D myx(J) — gi(J))]
t=1

max
() <Kn—1,,5¢J

n n
1
T (J))|nt = ox ()] |In 7t Lox(J
O P [ SECN A [ SEEEE)
= S4,n + S5,n + Sﬁ,n + S7,n-

It follows from (3.2) that S5m < maxi<; j<p, |7”L71 E?:l TtjTe; — Uz'j|(1 + M)M
and Sp,, < maxi<;j<p, In=t30 xjTy; — 04| M. Combining this with (A.4)
yields that for some d > 0,

(A.25) P(Syn + S5.n 4 S6.n > d(logp,/n)*?) = o(1).
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In view of (A.21) and (3.2),

.1
St < (| gpax, I (DK n(1+M)%, max (n th]x” i)

Therefore, by (A.4) and (A.20), there exists d > 0 such that
P(S7,, > d(logp/n)'/?) < P(95,)

d(log pn/n)"/?
820 P (L, (7 Yo —oult > SR

=o(1).
Consequently, (A.17) follows from (A.24)-(A.26). O
PROOF OF (3.13). Let q(J) = E(yx;) and

=n! ;@t —x{ (N)TH(N)a(]))xe(J]).

Then, B, (fm(x) — y; (x))* = Q' (Jn)T ()T (Jn)T
first show that

(A27) masx ”ITIanE) gpiIIQ (1),
By observing
\\Q(jm)HQ < 2m max 12@90“ +2m 1312?2(% mextj UU
Pn , :
x (; BilPa+ _  max T (e )

(A.27) follows from (C4), (3.2), (A.4) and Lemma A.4. By (A.5) and (A.6),

A

max B (J)| = Op(1), max_ [B(Jn) — T(Jm)| = Op(1).

1<m<Ky, 1<m<Kn

This, (A.27) and the fact that

En(fim(x) — yjm<x>>2 < QU PIT ™ () 2T (Jin) = D)
+1QUE)IPIT ™ ()|

together yield the desired conclusion (3.13). O



31

PROOF OF (4.15). Denote |an” | in (4.10) by mg. By (3.2) and an argument
similar to that used to prove (A.6) and in (A.20), there exists ¢; > 0 such that

L1
A28 P T (D> 201 < p2 e — o),
( ) (1§;87%§m0 ” ( )H Un ) = pnexp( cn ) 0( )

Defining €2, as in Lemma A.3, it follows from (A.16) and (C5) that
P(|Bn| > 60772, D,,, Q)
(A.29)

n
<P -1 L S 0 2.0) = of1).
B (ﬁ(J)SIE?icl,lﬁJ |n ggt‘rtlﬂﬂ Zon ) n) O( )

Since (4.9) implies that n'=27/(w, log p,) — oo, it follows from Lemma A.4,
(4.9), (3.2) and (A.28) that for all large n,

P(|én| > in_%/(wn log pp), Dn, Q)

S P(n' > et =0’ 2 6/2)

(A.30) t=1 )

L1 . )

)2 >

TP gpax,, I (Dlimo, max. (n ;W%) >0/2,)
= o(1).

As noted above in the proof of (3.8), P(€2,) = 1 + o(1). Moreover, by (4.9) and
(A.5) with K, replaced by my, there exists ca > 0 such that

P(A, < vy/2,Dp) < PAmin(T(J;, ) < 0n/2,Dn)
< POmin(T(Jmg)) < n/2)

<P I(J)-T 2
< (1g§{}?§mo” (J) =T(J)|| > co/2)

(A31)

< prexp(—can'~7) = o(1),

where cg is defined in the line following (4.14). In view of (A.29)-(A.31), the de-
sired conclusion follows. O

PROOF OF (4.19). Letting M be defined as in (A.20) and 7, = wy,(logp,)/(1+
wy(log pn) K,n~1), note that

P{(a, + Bn)(l +n 'K, w, log pr) > Owy, log py }

< P(QS) + P(IT ™ (Ji, )| > cg* + M)
(A.32)

—1/2 2 1, 77
FP(max (173 e 2 w26 + M)} )

+ P(2n(Sam + S3.0)? > ma0/{2(cg* + M)}, Q,),
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where S ,, and S5, are defined in (A.18). Since K,, = O((n/log p,)/?), (n/log p,)'/? —

oo and w,, — 00, there exists {,, — oo such that
(A.33) T > 27 min{w, log py, nK,?l} > Iy log py.

By (A.33) and Lemma A 4, we bound P(maxi<j<p, (n= Y20 wyier)? > w0/ {2(cg
M)}, €,) by

pn max P(jn” 12 ;xt]z—:ﬂ > (mnf/{2(cy " + MDY, Q)

< pnexp(_clln logpn) = 0(1)7

for some ¢; > 0. By (A.33) and an argument similar to that used in (A.19) and
(A.23), it follows that

P(2n(San + S3.0)? > m0/{2(cy* + M)}, Q) = o(1).
In view of (A.20), one also has
A—1 = _ _
P(IT (x| = ¢g ' + M) = o(1).
Adding these bounds for the summands in (A.32), we obtain
(A34) P{(an + bn)(1 +n " Kywy logpn) > w, logpn} = o(1).

Form (A.30), (4.10) and P(Q2,) = 1+ o(1), it is straightforward to see that
P(|Cy| > 0) = o(1). Combining this with (A.34) yields (4.19). O

APPENDIX B: PROOF OF THEOREM 3.2

Note that when the regressors are nonrandom, the population version of OGA
is the "noiseless” OGA that replaces y; in OGA by its mean y(x;). Let p =
(y(x1),- - ,y(x,))". Let H; denotes the projection matrix associated with the
projection into the linear space spanned by X;,j € J C {1,--- ,p}. Let U0 =
p, j1 = arg maxi <<, |(UO)TX;|/ || X, and UM = (I— H{ ). Proceeding
inductively yields

gm = arg max |(U D) X1 /I1X ), U = X =H, 5 )k
When the procedure stops after m iterations, the noiseless OGA determines an
index set J,, = {]1, SRR jm} and approximates by H; 2 A generahzatlon
of noiseless OGA takes 0 < ¢ < 1 and replaces j; by j; ¢, where j; ¢ is any
1 <1 < psatisfying [(UCD)TX| /|| X > € maxi<j<, (U0 TXG/]1 X
We first prove the following inequality for such generalization of the noiseless
OGA.
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LEMMA B.1. Let0 < £ < Lm > 1 Jye = {jre. ,Jme} and 62 =
n 1y, xfj. Then

p
IO —H, Jwl® < n(ing 3 1b;05)°(1+me®) ™.
j=1

PROOF. For J C {1,---,p}, i € {1,---,p} and m > 1, define vy; =
(Xi) (X — Hy)p/(n'/?||X;])). Note that

Ix—H; ul?

T S P P TS
B.1) e 1%5,,. I "

<N@-Hy, | Jul? =

_H- 2 _ e 2
S ||(I HJm,lyg)HH ’I’l€ lIgja‘SXpVJm_l’&j)

in which Hjo,g = 0. Moreover, forany b = (by,--- ,b,) " € B,

p
I@—H; | Jul®=n'? Zl billXillvs, . ¢
(B.2) -

p
< max \ij_l,f,jnjzl 6651

Let Q = nl/? >¥_1 |b;& 5. It follows from (B.1) and (B.2) that

(B.3)

IE-H; pl® < I@-H;  OulPl - @1@-H; | Jul>/Q%).
By Minkowski’s inequality, [|(I — H E),uHQ = ||u]|? < Q2. From this, (B.3) and
Lemma 3.1 of [21], the stated inequalify follows. 3 a

PROOF OF THEOREM 3.2. For the given 0 < § < 1,let{ =2/(1 — &),

(g5 — i < C *11 1/2 :
(Jﬂ):ﬁ(}])ngar}é—l,iguw"’ vyil < Co(n™" logp) 7}

B={ min max |v;

q -1 1/2
0<i<m—11<j<p L5l > €Ca(n" logp) 23,

recalling that /i ;; is defined in (3.4) and v; is introduced in the proof of Lemma
B.1. Note that v ;, A and B play the same roles as those of /1.7, A, (m) and B,,(m)
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in the proof of Theorem 3.1. By an argument similar to that used to prove (3.10),
we have for all 1 < g < m,

(B.4) | > ¢ max |v; | | on AN B,

U
‘ Jq—lv]q 1<j<p

which implies that on the set A B, Jon is the index set chosen by a generalization
of the noiseless OGA. Therefore, it follows from Lemma B.1 that

B5) I —H; )Pl s < n(ing b1 +me) ™!

Moreover, for0 < ¢ <m — 1, [|[(I — Hjm)NHQ < |I(T—H; )p|? and therefore

min ZbXTI H;)p

o 2
(1= H; )ul? < min

(B.6)

< < 1/2 c
L ) Dnl!b!h £Ca(nlogp)'/2[blly on B

Since A decreases as m increases, it follows from (3.18), (B.5) and (B.6) that
(B.7) n~ (T - Hjm)u||2IA <wmy forall 1 <m < |n/logp],

where A denotes the set A with m = |n/logp]|. Moreover, as will be shown
below,

(B.8) P(A°) < a* :=pexp{—2"'C?%(logp)/(1 + M)?},

,,:1/2 —(srp—1)
(B.9) P(E°) < b =

1— f1/2 —(srp—1) ’

where £ = {sTHjms < so?mlogp forall 1 < m < |n/logp]|} and r, and
7, are defined in (3.16). By (B.7)-(B.9) and observing that ||§,,,(-) — y()||2 =
nH(|(I-H; )[LH2—|—€TH €), (3.19) holds on the set .4 £, whose probability
is at least 1 — a* — b*. Hence the desired conclusion follows. a
PROOF OF (B.8). Since fi7; = (X;) T (I-H,)Y /(n'/?||X;||) andn ™t 31| 2, =
1forall 1 < j < p,itfollows that forany J C {1,--- ,p},1 <i<pandi¢ J,

lftgi — viil < max |n thz€t| inf [[6;,4][1),
0,.,cB;;

setting ||67;||1 = 0 if J = (). This and (3.17) yield

B.10 i0s — v <
B et togyy g i~ Vol < g I thﬁt'
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By (B.10) and the Gaussian assumption on &¢,

P(A°) < P{max \nil/Qme-at/ﬂ > C(logp)1/2(1 + M)*l}

1<i<p P

< p exp(—{Clogp/[2(1 + M)?]}).
O
PROOF OF (B.9). Clearly P(£¢) < Z}:illogpj p™ maxy(jy—y, P(e 'Hje >
sa®mlog p). Moreover, we can make use of the y2-distribution to obtain the bound

(B.11) ﬁ(IIlJ)aLX P(e "H e > so*mlogp) < exp(—rsmlogp)(1 — 2r)~™/?

forany 0 < r < 1/2. With r = 7, and s > {1 + (2logp)~tlog#,} /rp in
(B.11), we can use (B.11) to bound P(£°) by ZTL:Llillong g™ < g/(1 — g), where
g =iy p=Cro=1 < 1, yielding (B.9). -
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