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Filtering In HiIdden Markov Models

e Unobserved Markov chain {x, } on state space (X, .A)
with transition probability density p(x,2") w.r.t. v.

e Observations vy, taking values in )/, are conditionally
independent s.t. y; has density function g(-|x;) w.r.t. vy.

e Filtering problem: Find posterior distribution
me=L(@e|yr, -, yr).

e Optimal filter w.r.t. squared error loss: E(z|y1, ..., y:).




Special Case: Kalman Filter

® Tn+1 :F$n+f}/‘|_wna Yn = H$n+ﬂ+€n,
normal w,,, €,; normal initial distribution 7y for zy.

~

® Ty iS normal N(i;t, ‘/t), Ty = Eﬂ-o(.flﬂ't|y1, c. . ;yt)-

o Iy =(F — KiH)Zy1 + Ki(yr — p) + 7.
K;: Kalman gain matrix defined recursively.




Special Case: Kalman Filter (cont.)

e Suppose F'is asymptotically stable, i.e., max; |\;(F)| < 1,
where the \;(F") are eigenvalues of F'.

" Thensois F' — KH, where K:=1im, .., K; exists.

= By asymptotic stability and the difference equation for 7,

V, converges to its limit V' exponentially fast.

= Moreover, B — Too 1= E(zo|yo, Y1, . . .) exponentially fast,

where E' refers to expectation under the stationary distribution

of {x;}.



Special Case: Kalman Filter (cont.)

e Because of its explicit recursive form and because it incorporates
measurement noise in relating the dynamics for the “partially
observed” (or “hidden") state, the Kalman filter has been
widely used in signal processing and adaptive control.

e Restrictions: Linear dynamics for the state and
linear regression of measurement on state.

e Extensions to more general hidden Markov models

r; . Markov chain, y; ~ g(-|x;)



HMM Filter as
Measure-Valued Markov Chain

M Space of probability measures on X.
(¢, m): Markov chain on X x M.

e Transition from (z;_1,m_1) to (x4, m):

= Use p(x;_1,-) to generate x;.
= Use g(-|z;) to generate y;.
= Define measure (< /) by

(*) At = J 9(yelx)p(z, x)dm 1 (2)
dv T 9(yela")p(z, ) dm—1 (2)dv (')
e Transitions induced by (x) are highly nonlinear, but numerator

of (*) corresponds to linear evolution: Three techniques
to exploit the linearity in asymptotic analysis of filters.




(A) Use projective metrics (e.g., Hilbert metric) to handle
normalization in (x), working with the linear evolution
of its numerator.
Atar and Zeitouni (1997), Le Gland and Oudjane (2004).

= Hilbert metric on M™(X) is defined by

SupA;u,(A)>0ﬂ(A)/ﬂ,( )
inf 4.0 a)>0 (A) /1 (A)

if 1+ and 1/ are comparable, i.e., 30 < a < b s.t.
ap'(A) < u(A) < bu/(A) for all Borel sets A,

with A(u, ') = oo otherwise. It is a projective metric,
l.e., invariant under positive scalar multiplication.

hp, ') = log



(B) Use bounds on Li-norms of dm;/dv — dr} /dv in terms of

certain norms of the difference of numerators of ().
Budhiraja and Ocone (1999).

(C) Use the ergodic coefficient

a(K)=1— sup |K(z,A) — K(2', A)

r,x' eX,Ac A

of n-step transition kernel & to bound the total variation norm
of the signed measure 7, (1) — m,(1') via a Feyman—Kac
semigroup of operators, where 7, (1) = filter initialized

at probability measure L.
Del Moral and Guionnet (2001).



e The bounds in (B) assume the observation noise to be
sufficiently small, so the HMM has “slightly hidden” states.

e Among other conditions, (A) and (C) require:

0< A <plx,2) <N <ooVax,z'e€X (uniformly recurrent z;).

e Chigansky and Lipster (2004): Another approach to
weaken uniform recurrence to

/{ess inf p(x,2")}dr*(x) > 0, sup p(x,2) = \* < o0,
r'eX x,x' €X

where 7* is the stationary distribution of {z;} that is assumed to

exist. But assumption still too strong for general state space, e.g.,

essinfycy p(x,2’) =0V x when p(z,2') = f(x —2') > 0

with f(4o00) = 0, as in Gaussian chains.



e A new approach: Replace uniform recurrence
by V-uniform ergodicity of {x;} and use
modified Liapounov—Foster functions.

® Stochastic Liapounov function:
EV(x)|Fial(= Bz, [V(21)]) < V(1)

m Foster—Liapounov function:

E.V(x)) <V(x)—ef(z) VagK, for some
measurable f > 1, € > 0 and compact K C X.



New Approach via V-uniform
Ergodicity: Assumptions

(1) {x:} is aperiodic, irreducible (w.r.t. measure ¢)
and has stationary distribution 7*.

(2) 9 measurable V : X — [1,00) s.t. [V (x)dn*(x) < o0,
and as n — o0,

sup  {|E.9(x,) /g ydr* (x)|/V (x)} — 0.

zeX,|g|<V

Condition (2) is called V -uniform ergodicity (strong stability)
and is equivalent, under (1), to:

(2') 4V : X — [1,00), measurable set C' and constants b, 3 > 0
st. B, V(x1) —V(x) < —pV(x)+bleg(x), Vo € X.




e V is a modified Foster—Liapounov function.

e Condition (2) is satisfied by usual time series models
and stochastic systems in signal processing,
control engineering (Meyn and Tweedie, 1993).

e Condition (2), or its equivalent (2’), implies that the
weak convergence of x,, to the stationary distribution 7*
Is geometrically fast, i.e., 3 0 < p < 1 s.t. for all large n,

sup  {|Euh(z,) - / h(x)dn*(2)]/V (z)} < p

xeX,|h|I<V

Goal: A similar result for m,,.



Stationary Distribution of Filter

e Suppose xg is initialized at 7*. Then
(xta Yty Yt—1,5 - - - 7y1) £ (3307 Yo, Y—1,--- 7y—t—|—l)°

e | évy's theorem:

L(zo|Yo,Y=1,- - Y=t4+1) — L(2o|Yo,y-1,...) as.

e U : distribution of random measure L(zo|yo,y_1,..-).

o (x4, m) = (7%, V) exponentially fast?




Theorem.

Let 0 < o < 1. Under (1) and (2), if

/V(.:U)dvo(a?) + /V(:U)d'zro(x) < 00,

then there exists 0 < p < 1 s.t. asn — o0,

sup FEy,
[h| <V

sup Fi«
|h|<Ve

/ h(z)dm,(z) — By [R(X)|Yi, ..., Y]

/h(m)dﬂn(m) — Eo[h( X)) | Yo, Y1, .. ])



Remark.

Let 70 denote the HMM filter initialized at the true initial distribu-
tion vy. Previous results aim at bounding ||7, — 72||7yv under uniform
recurrence assumption A, < p(x,2’) < A* and thereby showing that

limsupn ' log ||m, — o |l7y < =M /A" as.

Note that under B,

f h(z)dm(z) — B, [R(X)|Y1, ..., Y,] = / h d(m, — 7°).

Instead of bounded h for T'V norm, we allow h to be unbounded but
to grow no larger than V. To extend to more general chains, our
approach relies on averaging | [ hd(m, — 7)| under P,, and using the

T

tower property of conditional expectations for E,, .



Proof.

(1) Key Representation. For given observations y1,...,Yyn,
[ hdr, — [ h dr)

= E[h(X,) Y1 =y1,..., Yo = yn]
— ER(X)IYr = w1, Yo = yn]

_ E{[n(X3) — MX) Tz 9(wil X7)g(wil X7)}
E{ITi— 9yl X)) g(vil X))} ’

where { X} } and { X/} are independent Markov chains having the same
transition density function p(-,-) and such that X has distribution vy,
X! has distribution 7.



(2) Use coupling argument (via Nummelin's splitting technique)
for the independent chains X/ and X to show that

{1 <ny 0(X1) = X T] 9l XD 9wl X)) =0

1

where 7 is the coupling time of the chains X/ and X*. Put

independent { X}, {X;},{(X¢, Y;)} on same probability space
and let

{Hg VXD [ Ufre (Vs V) foo (Vhs - Vo),

where f is the density of (Y7,...,Y,,) when Xy ~ 7.
It remains to show

sup  E{E[(h(X)] + (X)) LnLrzay Vi, .. Yal} = O").
|h|<Ve



(3) Use tower property E{E(:|Y1,...,Y,)} = E(-) to express
the preceding expectation as

E{Ln[|n(X3)] + [R(X ) [1 {720} }-

® The coupling time has an exponentially small tail probability.

® |[n the product space, L, is the likelihood ratio for an

alternative measure Q under which (X7,..., X)) and (X7,..., X))
are conditionally independent given (Y1,...,Y,) = (y1,.--,Yn),
with respective conditional densities

/ T o)y, ) gl )dmo(@)/ (01 - ),
1=1

/ o dvo(@})/ fuo- )

hence L, = dQ.,/dP, is exponentially small under P.



Applications of Asymptotic Stability

(1) Parameter estimation in HMM:
e Block likelihood e LAN: Let y, ; = (yi,.--,y;) for i < j.

e Important tool for analysis of D?log fo(yoly_s. _1)

= E?T{DQ log fo(T—k0, y—k,o) |y—k,0}
—EA{D?log fo(—k,—1,Y_p_1)|Y_p.—1}
+ Covr{Dlog fo(T_k,0,Y_r.0)|Y_1.o}
— Covr{Dlog fo(T—k,—1,Y_p,—1)|Y—k -1}

Is to use asymptotic stability of HMM filter which is combined
with that of the time-reversed filter via Bayes' theorem to yield

Ere | E{h(Y0, 20, O|Y s T} = Exe (0, Zo, 21)|Y i | = O(p"),

showing that {D?log fa, (yo|y_j._1), k > 1} is Cauchy in L.



e To show the sequence is uniformly Cauchy for ||6 — 6,|| < 9,
change measure under P to that under F,.

= Bound likelihood ratio (which is a Markov random walk)
by exploiting that [|6 — 6y|| < d is sufficiently small
and using large deviation bounds.

e Previous results on LAN and asymptotic efficiency
require finite state spaces: Bickel, Ritov and Rydén,
or restrictive assumptions for compact state spaces:

Jensen and Petersen.

(2) Approximate L(X,|Y1,...,Y,) by L(X,|Yy, ..., Ya_m):

e Bounded complexity via sliding windows



(3) Bounded complexity mixture approximations

e AR models with piecewise constant regression parameters
and error variances: Lai, Liu and Xing (2005)

e Adaptive control of stochastic systems with time-varying
parameters: Chen and Lai (2007)

e Stochastic segmentation models for DNA copy number
data analysis: Lai, Xing and Zhang (2008)

e Change-point and regime-switching models: [ai and Xing



(4) Sequential Monte Carlo computation of [ h(z)dm,(z):

e Since it is difficult to sample directly from 7,,, the idea is
to sample from an alternative distribution () under which
{x,} is a Markov chain with transition density ¢ (-|z;_1).

e Resampling is used to handle normalizing constants and to
control the sampling variability of sequential importance sampling.

e Recursive algorithm, starting with .:Ugl_)l, e ,:cf‘"_”}

having weights w'™, . ..., w\™ at time t — 1:

Importance sampling Draw ;i‘:gj) from qt(-|x£i)1) and update w”.
Resampling Resample from {:?:,El), . ,:’&Em)} with probabilities
proportional to {wt(l), . ,wﬁ’””')} to produce random sample

{a:,gl), .., 2™} with equal weights.



o MC estimate of [ h dm, = E[h(xn)|y1,- -, Yn):
h=m"" Z h(x)
i=1

e Resampling step does not result in serious propagation
of errors and can be carried out periodically
because of exponential forgetting factor

e Standard errors and asymptotic normality: Chan and Lai



