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Abstract

We consider a Markov chain on the space of (countable) partitions of the interval [0, 1], obtained
first by size biased sampling twice (allowing repetitions) and then merging the parts (if the sampled
parts are distinct) or splitting the part uniformly (if the same part was sampled twice). We prove
a conjecture of Vershik stating that the Poisson-Dirichlet law is the unique invariant measure for
this Markov chain. Our proof uses a combination of probabilistic, combinatoric, and representation-
theoretic arguments.
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1 Introduction

Let €1 denote the space of (ordered) partitions of [0, 1], that is
o IN . _
Q= {pe0,N: p>p> >0, [ph =1},

where |z|; = )_, |;| for any finite or countable sequence (z;). By size-biased sampling according to
a point p € €; we mean picking the j-th part p; with probability p;. Our interest in this paper is
in the following Markov chain on €4, which we call a continuous coagulation-fragmentation process
(CCF): size-bias sample (with replacement) two parts from p. If the same part was picked twice,
split it (uniformly), and reorder the partition. If different parts were picked, merge them, and
reorder the partition.

We denote by DCF(™) (discrete coagulation-fragmentation) the Markov chain describing the evo-
lution of the cycle lengths of permutations of {1,...,n} under random transpositions. The CCF
process appears in a variety of contexts, but of particular relevance to us is its occurrence as a
natural limit of DCF(), when n increases, see [12] for a discussion of this and its link with the
space of “virtual permutations”.

For any n € IN denote

Poi={l=(l)is1 €{0,1,...,0}N - 64> 6> >0, [th=n} Cne.
(Elements in P, may be thought of as being of length n; the remaining entries are necessarily zero).
A sequence £ € P, is uniquely determined by its type (Ng(k)=4{¢ : &:k}):zl, with Ngzzkleg(k)
denoting £’s total number of parts.

The long-time behaviour of the DCF), viewed as an evolution in P,, is well understood. In
particular, see e.g. [2], it possesses a unique stationary distribution given by the Ewens formula:

) (0) = (ﬁ ka(’“)Ng(k)!>_ = (f[f i Nz(k)!)_ / £€Pn. (1-1)

k=1 i=1 k=

(n)

It is well known, at least since [7, 9, 14], that the measures 7’ (n-) on € converge weakly to the
Poisson-Dirichlet distribution fi; (a precise definition of ji; is given below in Section 2.1). It has
been shown in more than one way (cf. [5, 11, 12]) that iy is invariant for the CCF transition. This
fact, and hints coming from the theory of virtual permutations, led Vershik (see [12]) to the

Conjecture 1.1 (Vershik) [ is the unique invariant distribution for the CCF.

Our goal in this article is to prove Vershik’s conjecture. A naive approach toward the proof would

be to use the link with the DCF(") and the fact that the latter converges to the distribution ﬂ'gn)
exponentially fast. However, the rate of that convergence deteriorates with n. To overcome this
difficulty, our strategy consists of the following steps:
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1. We provide a-priori estimates (Proposition 2.1) showing that every invariant distribution for the
CCF leads to a good control on the number of “small parts”.

2. We couple the DCF(™ and the CCF in such a way that whenever they start from initial distri-
butions with such control on the tails, the decoupling time is roughly /n (Theorem 3.1)

3. For initial conditions as above, and for an appropriate class of test functions, we show by using
some harmonic analysis on the symmetric group that the DCF() achieves near equilibrium
before the decoupling time (Theorem 4.1).

These steps are then combined in Theorem 5.1 to yield the proof of Vershik’s conjecture.

We next review some of the literature on this question. Tsilevich, in [12], proves that fiy is the
only CCF-invariant measure that is also invariant under additional symmetry conditions. Pitman,
in [11], proves that jiy is the only CCF-invariant measure which is also invariant under size-biased
sampling. Related results appear in [5]. In another direction, it is shown in [10] that fi; is the only
CCF-invariant measure that is analytic in the sense that for any k, the law of an independently
size-biased sample (with replacement) possesses an analytic density. Finally, Tsilevich in [13] shows
that the law of the CCF, initialized at p = (1,0,...), and stopped at a Binomial(n, 1/2) random
time, converges to fiy.

We conclude this introduction by noting that in [10], we have introduced a slightly more general
model of split-merge transformations, by allowing either the split or the merge operations to be
rejected with a certain probability. An invariant measure for these generalizations is the Poisson-
Dirichlet law of parameter # > 0. The discrete counterpart of this chain has been analyzed in [3,
Section 4]. While it is plausible that the techniques of the current paper can be adapted to that
setup using the results of [3], we do not pursue this generalization here.

2 Continuous and Discrete Coagulation-Fragmentation

2.1 Preliminaries and CCF

Given a topological space W, its Borel o-algebra will be denoted by By, and the space of probability
measures on (W, Bw) by M;(W). By a slight abuse of notations, M; (V) will also be My (W)’s
subspace of probability measures whose support is contained in a given closed subset V of W. The
total variation of a measure v is denoted by ||v||var-

We equip ©y with its relative | - |, ~topology which, on €4, coincides with the weak (coordinatewise
convergence) topology.

On €; we consider the Markov chain CCF in which two segments p; and p; of a given partition
p are size-bias sampled with replacement and then, if 7# j they merge into one of length p; + p;
(coagulation), while if =7, p; splits into two new parts up;, (1 — u)p; with u ~ U[0, 1] independent
of all the rest (fragmentation). In either case the new partition is then rearranged nonincreasingly.



Recall that the Poisson-Dirichlet law fi; is invariant for the CCF transition. Indeed, iy itself has
been defined in a variety of manners ([1, 7]) which are well known to be equivalent. Perhaps the
simplest is the GEM description in which segments are successively and uniformly removed from
whatever remains of [0, 1], and then rearranged nonincreasingly. Namely, let Y;=1 and for n € IN
define X,,=U, Y,, (the removed part at stage n) and Y41 =Y,,—X,, (the remaining segment from
which the (n+1)-th part is to be removed), where the U,,’s are independent U[0, 1] variables. Since
Yo41=(1-U,)Y, it follows that 1-Y,1; =) " | X; increases almost surely to 1 as n — co. The
distribution on €24 of the nonincreasing rearrangement (p;); of (X,,), is called the Poisson-Dirichlet
law (with parameter § = 1) and denoted ji.

As has been mentioned in the Introduction, it is the ultimate goal of this work to show that
the Poisson-Dirichlet law is the only CCF-invariant probability distribution. It will be crucial for
the main argument to establish in advance that any such invariant distribution does not put too
much weight on very small parts:

Proposition 2.1 Let p € M;(y) be CCF-invariant. Then

/pr dp < 0o for all a > 2/5. (2.1)

i>1

The proof is deferred to the Appendix.

2.2 DCF

In this section we formally introduce the coagulation—fragmentation chain on the discrete version
of ©q, in which the partition points lie on a finite equidistant grid in [0, 1], or its equivalent state
space P, the set of integer partitions of a fixed n € IN defined in the Introduction. It will be
helpful to view P,, as the conjugacy classes of the permutation group .5,,.

The DCF( Markov chain on P,, is defined similarly to the CCF chain on €. Identify each ¢ € P,
with a partition | J;A; of {1,2,...,n}, where for each i, #A; = £;, and sample two independent
integers z,y uniformly from {1,...,n} and without replacement, say z€A; and yeA;. If ¢ # j
replace A; and A; by A; U A; while if i = j (in which case ¢; > 2 since = # y € A;) replace A; by
two of its subsets, consisting respectively of A;’s k smallest elements and of the £; —k remaining
ones, where k is uniformly sampled from {1,...,¢;—1} independently of z and y. In either case
relabel and rearrange the new A;’s if necessary.

The transition matrix K of DCF(™ is described as follows. Let 1< j#k<n and {,{' € P, be
such that Ny (7)=Ny(j)—1, Np(k)=Ny(k)—1, Np(j+k)=Ne(j+k)+1 and Np(q)=N.(q) for all
q#{Jj.k,j+k}. Then

2k

KW,y = NEEEY) Ne(5)Ne(k) merge
K®) (0 % No(j+ k) split (2.2)
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and all other entries are zero.

It is customary to think of the representation {1,2,...,n} = [JA; above as the notation for the

conjugacy class of a permutation o € 5,. Seen this way, the DCF) transition is nothing but
the action of a random transposition on S,’s conjugacy classes. Since the random transposition’s
unique stationary probability measure is the uniform law on S,, (being a finite group convolution),
one concludes that the DCF(™’s unique stationary probability measure is the one induced on S,’s
conjugacy classes by the uniform law, namely (1.1) (the Ewens sampling formula). In fact, DCF )

is reversible with respect to ﬂ'gn), which can also be checked directly by using (2.2) and (1.1) to

verify the detailed balance equation K (") (f,f’)ﬂ'gn) () = K" (f’,ﬁ)ﬂ'gn) ().

3 Coupling of CCF and DCF

In order to successfully approximate a CCF chain by DCF(") chains as n — oo it is neccessary to
couple them on a common probability space.

Theorem 3.1 For all g € My(1) and o < 1/2 satisfying

[ w du< o, (3.1)
i>1
it is possible to define for all n > 1 a CCF Markov chain p(k) (k > 0) with initial distribution p
and a DCF™ Markov chain L(k) (k > 0) on the same probability space with probability measure
(n)

Qﬁn) and expectation E,,” in such a way that

li_>m QEZL) [Né(o) > nﬁ} = 0 foralla< (B and (3.2)
lim E/S”) [p({nﬁj) - @ ] = 0 forallp<1/2. (3.3)

Proof: Fix n > 1. We shall construct a Markov chain (¢, dg, ex) (K > 0) on the state space

Qggi = {(c,d,e) | ¢:[0,n) — Z measurable, Z\c[[0,n)] infinite,
d:{1,....,n} = Z, ec{0,1}}.

Here ¢ and d describe a continuous partition of [0, ) and a discrete partition of {1,...,n}, respec-
tively. The interpretation of ¢ and d in terms of elements of €2y and P, is given by the functions

e ! QEZl — Qq and 7y : Q(Z) — P,, respectively, defined by

cae

re(edye) = smt((Eﬁﬁili&D)EZ) and (3.4

n

rale,dye) = sort ((4d™({i}))iez). (3.5)
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Figure 1: Constructing a continuous partition of [0,n) and a discrete
partition of {1,...n} from a partition p € ;. Here n = 8. The shaded
area indicates the region where the continuous and the discrete number-
ing disagree.

Here Leb denotes the Lebesgue measure and sort ((z;);) is the sequence obtained by arranging the
x;’s in decreasing order, ignoring the 0’s if there are infinitely many positive x;’s. Thus two points
z,y € [0,n) belong to the same set in the partition of [0, n) which is described by ¢ iff ¢(z) = ¢(y).
Analogously, z,y € {1,...,n} belong to the same set in the partition of {1,...,n} described by d
iff d(z) = d(y). The CCF Markov chain p(k) and the DCF(") Markov chain £(k) will be realized as

p(k) = 7m.(ck,di, ex) and  L(k) := mq(ck, di, ex). (3.6)

The flag e indicates whether the coupling between the two processes p(k) and £(k) is considered
to be still in force (e = 0) or to have already broken down (e = 1).

The distribution of (cg, do, €9), that is the initial distribution of the Markov chain, is defined as
the image of y under the function ®() = ((I)gn), (I)gn), 0):Q — Q(Z)

cae
of ©; an equivalent function ¢ and an approximating function d as follows (see Figure 3):

which assigns to each element

o (p)(x) = Zﬂ{xe[o,npmnim} (= € [0,m))

M py(m) = I (p)(m—1) (me{l,...,n}).

Thus p(0) = p and £(0) = 74(®)(p)) are the initial continuous and discrete partitions generated

Proof of (3.2): To bound Ny, the number of parts in £(0), observe that all the pieces in p of
size less than 1/n can give rise to at most ). np;1,,,<1 parts (singletons) in £(0). Therefore,

Nyoy = #0800} = Y Lupst + wpilupar

<Y () Lapizt + () Lnpcr = 0% Y pf (3.7)

k3

Consequently, due to assumption (3.1),

EM[Nyg)] = O(n®) (3-8)
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and hence, for all 8 > «,
QW [Ny > 0P| < 0= B INyg)] = O(n2~),

thus proving (3.2).

We now define informally the kernel of the Markov chain (cg, dg, ex) with state space Qgsg

Assume that the current state of the Markov chain is (c,d,e). To compute the state (¢, d,€) the
Markov chain is going to jump to in the next step we generate four random variables &1, &o, (7 and (s
such that & and & and ({3, (2) are independent of each other and of everything else and such that the
&; are uniformly distributed on [0, n) and ((;, (o) is uniformly distributed on [0, n)?\ U?:1[j -1,5)%
The &; will serve to sample uniformly with replacement from [0, n) whereas the {; will be used to
sample uniformly without replacement from {1,...,n} in case the & have chosen the same atom
in d twice. The new continuous partition ¢ is then defined as follows:

If c(&) # c(&):
&) ife(z) = c(&) (3.9)

c(z)
It c(&) = c(&):
) ¢ (3.10)

ez
In (3.9) two different sets have been selected and are merged by assigning the set hit by & the
number of the set selected by &;. In (3.10) one set is chosen twice. Since & is conditionally
uniformly distributed on this set we can reuse it as splitting point for that set: The part to the left
of & retains its old number whereas the part to its right gets a new number new (¢, d) which is not

in the range of ¢ or d. Note that it is always possible to find such a new number since Z\¢[[0, n)]
is assumed to be infinite. It is obvious that p(k) defined in (3.6) is a CCF Markov chain.

The rule for merges in the discrete partition is analogous to (3.9):

It d(f&l]) # d([&

The rule for splitting is slightly more complicated. If the same part (but not the same atom) is
sampled twice by the & then again, & determines the point at which the set d='({[£,]}) is going
to be split: The points to the left of [£;] and the points to the right of [&1] will constitute the two
new fragments. The point [&;] itself will be attached to the left or the right part in such a way

that the splitting rule for DCF() is imitated. This is done as follows:

0 d(a]) = di&]) and (6] #6]
new (c,d) if d(m) = d([&]) and m > [&]

m) = el (¢
d( ) [51] d& < [€1J + #d_l({

d(m) else.

1-‘}) M [0751]
R E
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Figure 2: Merging the parts with numbers 1 and 2.

If however [&1] = [&2], which means that the same atom in d has been sampled twice, then & and

&, are disregarded and d(n) is defined as in (3.11) and (3.12) but with (&, &;) replaced by ({1, (2) in
order to sample without replacement. The process £(k) defined in (3.6) is a DCF(®) Markov chain.

It remains to define e:

. { 1 if [61] = [&2] or c(&1) # d(&1) or c(&2) # d(&2)

€ =
e else.

In the case € = 1 the coupling has broken down: Either the same atom in the discrete partition
has been sampled twice by the &;’s or at least one of the &;’s belongs to non-corresponding sets in
the continuous and the discrete partition. The time 7 := inf{k > 1: e; = 1} is regarded as the
decoupling time of the chains p(k) and £(k).

The definition of the transition kernel for the Markov chain on QEZg is now complete. It is summa-
rized in Figures 3 to 3.

Proof of (3.3): We denote by
o :=Leb ({z € [0,n) : cx(z) # di([2]}).

the discrepancy between ¢ and di. For £ = 0, this is the roundoff error caused by the approximation
of ¢g by dp; its size is the length of the shaded area in Figure 3. Note that

20 < Nyo) (3.13)

because any part in dg might disagree with ¢g at most in its right most atom. Moreover, g, can
increase in each step by at most 1 as long as k£ < 7: Indeed, if two parts are merged, g does not
increase at all (it might even decrease) whereas it might increase by at most Leb ((|&1], [&1]]) =1
in case of splitting. Hence, ox4+1 < o1 + 1 if £ < 7 and therefore,

or < 0o+ k on the event {k < T}. (3.14)
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Figure 3: Splitting the part with number 4 into a part with number 4
and a part with number new (c, d) = 0.

Since the | - |i-diameter of €25 is at most 2 we have

|

("))

n

B0 [t - 4220

s n

< B pr% -

g |nf] < r] +2Q0[r < |nf]]. (3.15)

We are going to bound the first term in (3.15) first. It is easy to see that [p—gq|y > |sort (p)—sort (¢)]1
for any two summable sequences p = (p;); and ¢ = (¢;); of non-negative numbers. Indeed, if p; > p;
and ¢; < ¢, then swapping ¢; and ¢; would not increase |p — ¢|;. Therefore, by definitions (3.4),
(3.5) and (3.6) on the event {|n?| < 7},

("))

n

p([n”]) -

%Z ‘Leb (c[nlﬁJ ({:})) — #d’L_nlﬁJ ({1}
i>1

IN

1 .
;ZLeb ({z i€ {eps (@), dyps) (@)}, sy (2) # dyps (7))
i>1
2 2
< e < -

(00 +[n”]) <

2 (N + 10"

by (3.14) and (3.13). Consequently, due to (3.8), the first term in (3.15) is of order O(n*~! 4+nf~1),

thus going to 0 as n — oo.

To show that the second term in (3.15) goes to 0 as well we assume without loss of generality
that @ < 3 < 1/2. Consider the probability that a chain which has not decoupled until the kth
step will decouple in the (k + 1)th step. Given gq,..., gk, the event that & samples two different
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Figure 4: Two ways to decouple the chains: Sampling from the region
where ¢ and d disagree (&3, top) or sampling with replacement from d

(&1 and &, bottom).

parts in ¢; and dj has probability gr/n. The same holds for &. Moreover, the event that one
atom in dj, is sampled twice, i.e. that [£;] = [£2] has probability 1/n. Therefore, the probability
that either of these events occurs and the chain decouples is at most (204 + 1)/n. On the event

{7 > k, 00 < n?} this can be bounded from above due to (3.14) by (2(n® 4 k) 4+ 1) /n which is less
than 5771 if & < n®. Thus we get by induction over k,

QU > k00 < n°] > (1 - 5071 QM gy < 1"

for all £ < n® and hence
n26-1

QWr > |n]] > ((1 - 5nﬁ—1)nl_ﬁ) QW o0 < ). (3.16)

Due to 26 — 1 < 0, the first factor in (3.16) converges to one as n — co. The same holds for the
second factor due to (3.13) and (3.2). Consequently, also the second term in (3.15) goes to 0, which
completes the proof of (3.3). 0J

4 DCF®™ convergence

(n)

It was mentioned in the Introduction, that the uniform rate of convergence to mg’ is too weak
to combine properly with n — oo. However, according to the following theorem (to be proved in
subsection 4.2), the situation is better when starting off from partitions with relatively few parts
and restricting our attention to a certain family C of {2y—neighborhoods to be defined below. For
every n € IN and § € (0, 1], thus, denote accordingly

Prp = {fePn : Ng<n5}:{€€77n : éwzo} .

As for the definition of C, for each k€N let
k k
Ik:{(a,b):(ai,bi)le Do0<ai<bi<l ) bi<l, ak>1—2ai} (4.1)
=1 =1
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and denote 44 p=min {I—Zle b; ak—(l—zle ai)}. Then, for each (a,b) € I, define

Cap = {m € oz € (a;,b) fori=1,... ,k} (4.2)
which is nonempty if and only if 0<a;< 12112 b; fori=1,...,k, in which case the conditions
<j<t

on (a, b) € I, guarantee that
Cmb:{.r =(2',2") 2 € Gayp, 2" € (1 - |$/|1)Q1} (4.3)
where (-, ) denotes concatenation and Ggp is the (nonempty) subset of points in H;(flnbi)
whose coordinates are nonincreasing, and moreover that
Sap < |21 < ), — dap V(z',2") € Cap - (4.4)
Finally,
C={Cap : (a,b) € Iy, k> 1}. (4.5)

The family C of Q;—neighborhoods will be shown in Section 5 to be sufficiently rich to characterize i
uniquely. At the same time, and as a result of their special features (4.3) and (4.4), the convergence

of the DCF(™) to its equilibrium is fast on the sets in C:

£>0 be a DCF™) Markov chain with

underlying probability measure P and initial distribution ugn) € My(Pnp). Then for any C€C,

Theorem 4.1 Fiz € (0,1). For each n € N let (X" (k))

B > and integer sequence k = k,, > n’

AP (k) 1= P (X (k) € nC) = 7 (nC) — 0

n—oo

4.1 Characters in 5, — Background

Recall that the partition space P, can be viewed as the quotient of the permutation group S,, under
conjugacy. Thus the natural inner product on F,,:={f: P, — R} is

)=o) =D f@gNT () .

'Yepn

(n)

The fact mentioned earlier that 75~ is a reversing measure for the DCF) means precisely that

K (") is selfadjoint with respect to this inner product.

The following basic facts regarding the character theory of S,, as well as the full theory, can be
found, for example, in [6], and their relevance to random group actions (such as transpositions
in our case) in [2] and [4]. The characters {x} of S, (traces of the irreducible representations)
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are functions on S, constant on conjugacy classes, and as such can be seen to be functions on
P,.. They are orthonormal under (-, -) and since there are #P,, of them, they are indexed by the

partitions ( (x,) ) and form an orthonormal base of F,.

AEPR

Since K (™ represents a random transposition, its dual K" acts on M (S,,) as a convolution

KW = k) wp (/@(”) (transposition) = and 0 otherwise)

n(n—1)

as a result of which, and of a corollary ([2, Ch. 2, Prop. 6]) of Schur’s lemma,

a) K("’s eigenfunctions are the characters (x,)xep,

(n)

b) the eigenvalue 6" corresponding to x,is given by X, (transposition)

X, (identity)

A result of Frobenius in principle provides formulae for all characters. Although in general they
can be intractable, this is not so at transpositions and at the identity, thus yielding ([2, D-2,p.40])

i3 Al
1 1
0 = SN -2 ) = [ -3 NP 4.6
A n(n—l) - ]( J ) n(n—l) — = 7 ( )

(X’s adjoint partition X' is defined below). In particular HEZ)O )= 1 and X(no, ) = 1.

For many purposes, a partition A € P, can be best described by its Young diagram T, (Fig. 5),
consisting of Ny rows of A1, ..., Ay, cells respectively, in terms of which some useful features of A
can be defined. The j-th cell in row ¢ is denoted (7, j).

e ) € P, is the partition whose Young diagram is obtained from M’s by transposition; T, = Tj

o By =max{i: (i,i) € T,} = max{i: \; > i} (X’s diagonal length)

o Ra(4,7) = {(u,v) + i<u<A,, jvaup <o) (T,’s rim segment straddled by (7, j))

o T i,y =7, \ Ra(¢,7) defines Al (a diagram obtained from A’s by removing a rim segment

A* ..
is a Young diagram; this defines the partition /\(*Z’]))

In addition, for any v € P,,, define v = (v1,...,%,...) € Pn_.,, the partition obtained from v by
removing its r-th part. The following Murnaghan-Nakayama rule (see [4, Theorem 3.4]) provides
a way of recursively evaluating characters: for all A,y € P, and 1<r <N,

=Y ()N

(4.3) : #RA(4,5)=r

(N (4.7)

g
NG
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A =(8,8,7,4,4,1,1,0,...) vy =(10,9,7,3,2,2,0,...)
X =(7,5,5,5,3,3,3,2,0,...) ¥ = (6,6,4,3,3,3,3,2,2,1,0,...)
By=4
/ |
e oo |-
N[ Ra(23)
: AP = (8,6,3,3,2,1,1,0,...) v* =1(10,7,3,2,2,0,...)
' A = (7,6,3,3,3,1,1,0,...)

no)
o)

Murnaghan—-Nakayama rule: x, (v) =x , (v

Ay

Figure 5: Young diagrams of A,y € Ps3. Two A-cells, (1,4) and (2, 3),
generate rim segments of size 9, the latter shown explicitly, which the
Murnaghan—Nakayama rule “peels off” together with the deletion of 7s.

in the sense that the sum is zero if its index set is empty, and x,(0) = 1. Thus, for a fixed order
in which +’s parts are chosen, x, () can be calculated by covering all possible ways of successively
stripping off v,—sized rim segments from A’s diagram, and x, (y) = 0 if it is impossible to exhaust
T, entirely in this way. In particular

N, <By= x,(y)=0 (4.8)

since any rim segment of A contains at most one diagonal cell (7,17).

4.2 Proof of Theorem 4.1

Before proceeding with the proof itself, it will be helpful to characterize the v € P,, which belong to
nC'=nCqp for given k€N and (a, b) € I}, (assuming C# 0). It follows from Cg p’s description (4.3)

that any such v can be expressed as a concatenation (y/,~”) where 'y’eGE:b and ¥"€P,_},,, and

where ngl)) consists of nonincreasing integer valued k-sequences 4" which by virtue of (4.4) satisfy
)Y <n ii) 36=46(C) >0 such that ~; > (n—|y|1) +dn . (4.9)

This state of affairs is illustrated in Figure 6.
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V' # P Y > Yl

Figure 6: A partition vy in nCqp splits into its first k& rows 4’ and the
remainder v” which is nonempty but smaller in size than +”’s last row.

Proof of Theorem 4.1 Fix C € C and define f, = 1,¢. Then, in terms of ,uén) ’s density
() (1) = w0 .

90 M)
p(n)(Y( )(k) enc) Z“O VKO () = (g8 KO £y = 3700 (08 300 (s v
AEP,
and, since 0&?07...):1 and  X(no,.) = 1,
rP0C) = fn ) =00 08 X Y X )
so that
APm = 3 8 G ) ) - (4.10)

(n,0,... ) £XEPR

By assumption, g(()n) (v) = 0 whenever N, > n”. On the other hand, x, (y) = 0 whenever By > n”
and N, < n? by the consequence (4.8) of Murnaghan—Nakayama’s rule. Thus (4.10) becomes

n nk n
APERY = 3 8 (6l X Fa ) -

(n,0,... )£AEPy
BkSnr@

Now choose an 7 such that 1—(8'—3) < n < 1 and let ng = 51 Then, for all n>nyg,
Z + Z + Z gO 7Xx><fn7Xx> (411)
NEP), AEPN APl
where
P=Pin.B) = {AePu: By<n’, M<n—20", Ny<n—20 )
Pl =Pl(n,p) = {/\ €P,: By<nP, n—2n”<)\1<n}
PU =Pl p) = {AePu: By<a’, n-2u<N,}
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(Our choice of ng ensures that P and P! are disjoint and that (n,0,...) & P2). It turns out that
for n large enough, the terms in (4.11) vanish for all A € P/ UP)’, whereas when X € P}, the factor

|0f\n)| is sufficiently separated from 1 :
Lemma 4.2 3n; = ny(6,C) such that (f,,x,) =0, VYn>ny, VAEPIUP! .

)\1\/N)\

Lemma 4.3 For all A€ P, |0 | < and thus 3ng = ny(n) such that

—pn—1

160 < e Vn>ny, VAEP! . (4.12)

Proof of Lemma 4.2 Consider first A € P)). Now, C'=C4qp for some k € N and (a,b) € I}, so
that, as discussed at the beginning of the section and illustrated in Figure 6, v can be split into

(,)//7 ,)///) and

(Fx)= Y. >, 75076407 (4.13)

WEGZL V"eEP, -

(Note that property (4.91i) guarantees that the inner sum is not vacuous, i.e. |y”|; > 0).

We shall show that for every fixed 7' € GZL{)’ the inner sum in (4.13) equals zero. First apply
Murnaghan—Nakayama’s rule (4.7) k times to x, (7, 7") by successively stripping rim segments from
A, of lengths v/ at each stage i, i = 1,..., k. On the one hand A; > (1-0)n for n > nf = nf(8,n,C)
(since A€ P)), and on the other v/ > 5n, i =1,...,k (by (4.911)). This implies that at each of
these k reduction stages precisely one rim segment can be stripped off, namely the last v/ cells of

whatever remains of Ay, =1,..., k. Summing up
X (75" = X0 (V) (4.14)
where A* € P,_|, is defined by AT=XA;—n and A7 =2A;, j > 2. As for the first factor of the

summand in (4.13), note that (4.9ii) implies v}, > v{ (see Figure 6) and thus

(n) (1
s 0000 ! = R(¥)). 4.15
w0 (pry T AT N () ) 1)

Inserting (4.14) and (4.15) in the inner sum of (4.13) we obtain

> 0G0 = RO D, =0

Y'EP,, _

7’11
since A\* is not the trivial partition, that is \* # (n — |7'[1,0,...), (because A # (n,0,...)), and
thus x,. is orthogonal to x(,_|,, 0,..) = 1.

The proof for A € P} is similar, with n > n{" = n{"(8,n,C), where now the only rim segments
which can be stripped off from X are from its first column. It remains to define ny = nf{va{". 0O
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Proof of Lemma 4.3 Using the formula for 0(;) given in (4.6),

. 1 " al 1 A
o) = w1 Z/\?Z/\§2/\< (=1} (/\17%—/\1):;17

=1 7=1

!
whereas, by duality, —t‘)g\n) = 05\7) < 4 = N)‘. Moreover, for A € P},

1-n ,n-1 1—n
|9g)| < (1— - ):(1— ) Se“”n ! as soon as (1— ) < -
n+—" nl=n npl-n e

We now continue with the estimation of (4.11). As a result of Lemma 4.2 and Lemma 4.3, and
recalling that anﬁ’, it holds for any n > ni;vny that

A8 )] < 37 e gl ) )1 (4.16)
AEPL

To estimate the number of terms in (4.16), note that the Young diagram Y, of any A € P, with

By = s consists of an sxs square of cells, with (certainly no more than n—1) cells added to each

one of the square’s s rows and s columns. Ignoring the various additional constraints, there are n2*

ways of making such additions, and thus for any ¢t > 0, #{\€P, : By <t} < tn?, so that

#P! < #{XeP,: By < nﬁ} < nPn2n” < 3/ logn,

As for the terms in (4.16), |(fn,x,)| <1 by the Cauchy-Schwartz inequality, and

\ , ,
sup |<gén)7XA>| S sup |XA(’Y)| S n* = e logn
/\EP;L /\EP,;L

’VEPn:N,YSnS

where the second inequality follows from applying Murnaghan-Nakayama’s rule at most n” times,
each time with not more that n terms in the sum (4.7).

The above and (4.16) imply that for all n>max{ng,ny,ns}
‘Ag)(k)‘ < exp {—nﬁ (n(ﬁ/_ﬁ)_(l_”) — 4log n)} .

B
Eventually, thus, ‘A(On)(k)‘ < ez, which concludes the proof of Theorem 4.1 . L]
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5 Proof of Vershik’s conjecture

This section is devoted to the proof of Conjecture 1.1, which we restate as
Theorem 5.1 If p € M1(Q1) is CCF-invariant then p is the Poisson—Dirichlet measure jiy.

The main ingredients in its proof have been established in Sections 2, 3 and 4 and are, respectively,
the a priori finite moment estimate Proposition 2.1, the couplings with approximating DCF()’s

of Theorem 3.1, and the fast convergence to equilibrium of the DCF(™® chains in the sense of
Theorem 4.1.

Proof of Theorem 5.1:

Let Q7 = {p € @ : 3 infinitely many n € IN such that p, > >°.. p;}. We shall show that
fi () =1 (5.1)
{€NQ) : Cel}cC Bg: is measure determining on (€, Bar) (5.2)
w(C) = 1 (C) VO eC (5.3)

which together imply in particular that 4(€}) = 1, and indeed the theorem’s statement as well.

Proof of (5.1): Recall fi;’s description as the law of the nonincreasing rearrangement of the
uniform stickbreaking process X,, (with ¥,, =1 — Zj<n X; the remaining stick length prior to the
n-th break and X, = U,Y,) and define m=1, 7p41= min{n>7, : X, A(Y,-X,) < X;, Vi< }
for k>1. Since a.s. X,,\ 0, each 7 is finite. We claim that

1
Ap={U,, > 5}:{er > Z X;} are independent, P(Ay)=

J>T

v . (5.4)

DN | —

This implies that a.s. U, > % infinitely often, and these n=r7; will be the ones alluded to in €}’s
definition. Indeed, on Ag Ep X;<X; Vi<, sothat the nondecreasing permutation of the
Tk

X;’s decouples on [1, 7] and (g, 00) and thus p;, = min;<,, X; > ED X; =% _ p;.
< -

I>TE
V, if n,=1
1=V, ifp,=0"
and 7, ~Bernoulli(0.5) are independent of each other, and write Ay = (B (1 C%) U (Bz N C’]j), with
Bk:{VTk>%} and Cy={n,=1}. The 1}, are F—stopping times, where F,, = o(V1,..., V., 70, ... , In—1)

(arbitrarily set no=1) so that B € F;, and C} is independent of F,, (in particular P(C}) = 0.5)
for all k. For any D € F,,

To prove (5.4), represent the splitting variables as U, = { where V,, ~U[0, 1]

P(DNAy) = P(DNBy)NCy)+ P(DN By ) NCy)
= P(DNBYP(C) + P(D N BY)P(CY) = £ P(D)

17



Choosing first D=, and then D= Njc;A; with J C {1,...,k — 1} (indeed, A; € F, 41 C F;,
for j < k), we respectively obtain P(Ax) = 0.5 and the independence of the A,’s. We have thus
proved (5.4) and thus (5.1).

Proof of (5.2): Fix ¢>0, peQ], and choose k large enough so that 0<q::Z Lpj<min(pg, §).

Then let 6= '1/\(7;7’“2[1) and a;=p;—98, b;=p;+d fori=1 , k. We claim that (a b) € Ii,. Indeed,
k
Zbi = Z(pi—l—cs) < 1—q—|—mq< 1, whereas
i<k i<k +
ak—l—Zai = (pr—9 —I—Z =pr+1—-q)—(k+1)6>1.
i<k i<k

By definition p € Cqp. Moreover, for any z € Cgp

k 00
k
o —ph <2} loj—pil+2 Y p<2k6+20 <201+ ;o7)a<e,
=1 j=k+1

which shows that for any open [y-ball B.(p) in Q] there is some C'€C such that pe C'NQ| C B.(p).
In other words, {C' N}, C € C} generates Q}’s topology.

To conclude the proof of (5.2) we need to check that C is closed under intersections. For any j < k
then, let (a1,b1) € I; and (a2,by) € I, and if j < k denote a;, =0 and by, =1 fori=j+1,... k.
It follows immediately that (a,b) defined by a; =a;,V ay, and b;=by, Aby, fori=1,... k
belongs to I, and Cg, b, N Cay b, = Cayp.

Proof of (5.3): First note that if (a, b) € I, then ((1+4€)a, (1—<)b) € I}, for all € in some neighborhood
of 0, and if C :=Cqp # 0, then so is ce) .= Cl14¢)a,(1-)b for all € in a neighborhood of 0.

Once we show that for all € > 0 small enough,
A(CT) > p(C) > i (C)),

let e\,0 and use i1 (0C) = 0 to obtain u(C') = i1 (C) for every C'€C, thus proving (5.3) and with
it the theorem.

Let % <a<f<y< % be three otherwise arbitrary numbers. Since by Proposition 2.1 u satisfies (3.1),
we consider for every n € IN the probability measure Q%) :Q&n) introduced in Proposition 3.1 which
is defined on a space which supports both a CCF Markov chain p(-) with u as its stationary marginal

and a DCF{") Markov chain £(*)(-) which “emulates” p(-) in terms of its initial law (cf. (3.2)) and
in the sense that they remain close after n” units of time (cf. (3.3)). For any n € IN,

p(C) = (C) = QM (p([n"]) € C) - ( )
> QU(p(ln) € C) - (%f(“><tnmec<f>)
‘ (%g ) ect )) (n)(ncw)‘ +(ﬂ<n>(nc<f>)_ ﬁl(C@))
= pi- D:(f

18



The first term is estimated using a simple union bound with &’ := emin{a; : 1 <7 <k}, and (3.3):

P 2 Q0 (|pll)) - O )| > &) 2 g (L)) - ()| 2 0

1 1 n—=oo

To estimate Dga) we would like to apply Theorem 4.1 to the sequence of discrete processes E(”)(-).
Their initial laws, however, are guaranteed by (3.2) to be only nearly supported on P, 3, respectively,

but not totally as required by Theorem 4.1. Define thus @(”)(-) = Q) (-] f(”)(O)EPnﬁ);
obviously Q™ (£(")(0) € P, g) = 1, and under Q, ¢()(.) remains a DCF( chain. Then,

Dga) < ‘@(n) (f(n)(tnw) c nc(a)) _ ﬂ_(n)(nc(a)) ¥+ ||©(n) _ Q(n)H — 0.

var o, _soo

Here we applied Theorem 4.1 for the first term, while Hé(”) - Q(”)Hvar < gi:i Eﬁ:i Eg;gg:g; -0
by (3.2).

Finally, recall that ﬂgn)(n-) — iy weakly ([9, 14]), and since C(®) satisfies i, (OC(®)) = 0, it follows
that li_>m ﬁgn)(nC(e)) = i1 (C®)). Thus li_>m D:(f) = 0. Consequently
w(C) =1 (€ > Tim D — Tim D) + Lim DS > 0.
n—00 n—00 n—00

The reverse inequality fi; (C{=%)) > u(C) is obtained similarly from
A(CC) —p(C) 2 =D = DY~ D7),

6 Appendix

Proof of Proposition 2.1 Consider the partition of (0,1] by .J, := (27"71,27"] (n > 0) and
define on Q; the random variables

W, = Zpilp»?—“ (n>1).
i>1

Fix n > 1. If two intervals are merged then W,, can only increase and if some interval is split then
W, can only decrease. We call the increment in the case of merging Ay > 0 and the loss in the
case of splitting A_ > 0. Given p, we can bound Ay by

Ay > Zp?pjlpieJnlpJ >2—n-l
i£]

= (Zp?lpieJJ D pilysamnct | =Y pilpe,

v

9—2n—2 (Z 1piEJn> D DLy samnar | =27 pilyen,,
i J '
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and compute A_ as

A- = Zpl/ TPilyp<a-nap; T+ (1- m)pil(l—ﬂﬁ)PiSQ_“<pi dx

, 2] 27" /pi

1
x
= Qpr’lg_n@i/ l,co-nyp, dr = Qpr’lz_n@l. [7
i 0 i

Therefore,

= 2—27L Zpi12—n<pi .
i

_ 1
Ap—A_ > 277" 1 (Z 1p¢eJn> ijlpjn—n—l - Zpi12_”_l<pi
; ; ;

v

272" %(Z meh) Zpy py>2—n-t | =1

k3

Since [ Ap — A_ dp = 0 due to stationarity this implies

o
v

/ (Z 1piEJn> ijlp]>2_"_1 dp (6.1)
i i

2 2
2_n_1/ (leieJn) dp > 27771 (/leieJn dﬂ)

Since this holds for any n > 1 we get

v

[ 3 tea du=0e") (1= (62)
with 8 = 1/2. Therefore, for any a > 5 = 1/2,

/ZpZ d,u<22 a”/letejn d,u<022” —) (6.3)

n>0 n>0

for some constant ¢ > 0, thus proving (2.1) for @ > 1/2. We shall now use this result to extend
it to all 2/5 < @ < 1, as required. To this end, observe that we have due to (6.1) for arbitrary
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0<p<1,

e
(A4

/ (Z 1piejn> ijlp]>2—n—1 1 ijlp]>2—n—1 > 27" du
4 J J

> 2—”5/21%%1 D pilysa-nmt > 27 8 dp
i i
= o278 /21@.% dy — /212,6%1 D D1y namnmt <270 dp
7 7 7
—nB 27" —np
> 2 /leieJn dp — o—n—1H ijlpp?—”—l <2
i i
> 278 (/leiejn dy — 2_”5+”+1u[‘v’i iy < 2_”5]> . (6.4)

To bound the p-probability in the last expression we recall from (6.3) that for 1/2 < a < 1,

00 > /Zp? dp > / (Zzﬁ“) 1 {W tpi < 2‘”"} dps (6.5)

for any n > 0. On the event {Vi : p; < 2779}, by Jensen’s inequality,

a—1
ZP? = Zpi' P2 (Zpi -pZ') > grii=o),

Therefore, for all 1/2 < a < 1 due to (6.5), u[Vi : p; < 27 = O(27"P01-9)) as n — 0.
Substituting this into (6.4) we get that for any 1/2 < o < 1

/Z 1ye7, dp = O(Qnﬁ + 2(—nﬁ+n)—nl3(1—oz)) _ O(Qnmax{ﬁ,l—ﬁ(Q_a)})'

The choice 8 = (3 — a)~! minimizes max{3,1 — B(2 — a)} and therefore yields that (6.2) and
consequently also (6.3) and (2.1) hold for any o, 8 > (3 —1/2)"! = 2/5. U

Remark: A posteriori, once it has been established that g must be the Poisson-Dirichlet law,
Proposition 2.1 holds for all @ > 0 since by [7, (20)]

! 1
/Zp?dﬁl :/ 2 Vde = — .
0 «

i>1
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