
Buffon's Problem with a Long Needle

Persi Diaconis

Journal of Applied Probability, Vol. 13, No. 3. (Sep., 1976), pp. 614-618.

Stable URL:

http://links.jstor.org/sici?sici=0021-9002%28197609%2913%3A3%3C614%3ABPWALN%3E2.0.CO%3B2-P

Journal of Applied Probability is currently published by Applied Probability Trust.

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journals/apt.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archive is a trusted digital repository providing for long-term preservation and access to leading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It is an initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Thu Jul 19 17:10:38 2007

http://links.jstor.org/sici?sici=0021-9002%28197609%2913%3A3%3C614%3ABPWALN%3E2.0.CO%3B2-P
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/apt.html


J. Appl. Prob. 13, 614-618 (1976) 
Printed in Israel 

Applied Probability Trust 1976 

BUFFON'S PROBLEM WITH A LONG NEEDLE 

PERSI DIACONIS, Stanford University 

Abstract 

A needle of length I dropped at random on a grid of parallel lines of distance 
d apart can have multiple intersections if  I > d. The distribution of the number 
of intersections and approximate moments for large I are derived. The 
distribution is shown to converge weakly to an arc sine law as l i d  + x .  

BUFF0N:S  P R O B L E M .  GEOMETRICAL.  PROBABILITY:  M E T H O D  O F  M O M E N T S  

1. Introduction 

In the classical formulation of the Buffon needle problem ( [ I ] ,  p. 70) a needle 
of length 1 is thrown at random onto  a plane ruled by parallel lines distance d 
apart, and one  asks for the probability of an intersection. In case 1 > d there can 
be several intersections. The purpose of this note is to discuss the probability, 
and approximations to the moments, of the number of crossings. 

This problem was suggested by Herbert Solomon from consideration of a 
problem of detection deployment. In Solomon's problem, the planar grid is a 
grid of detection lines (e.g., a light or  laser shining onto  a photoelectric cell) and 
the needle might be a stream of polluting material laid down at random by a ship 
o r  a plane. The probability of the number of crossings is as given by Kendall and 
Moran ([3], p. 73). Other  authors who have derived partial versions of Theorem 
1 include Gridgeman [2] and Uspensky ([5], p. 258). The new results in this note 
are the simple expression (2.2) for the distribution function, the approximate 
moments, valid for large values of the ratio l i d  given in Theorem 2 and the limit 
theorem for the density, Theorem 3. 

2. Properties of the distribution of crossings 

A needle of length 1 is thrown onto  a plane ruled by parallel lines distance d 
apart with 1 > d.  The probability p ( i )  of exactly i intersections is given in 
Theorem 1. This differs only notationally from results in Kendall and Moran ([3], 
pp. 73-74). Throughout this paper let a = l l d ,  let [ x ]  denote the greatest integer 
less than or  equal to  x and write f (x )  = O ( g ( x ) )  as x + x,, i f  1 f (x )  15 K I g(x )  
for some k >O in a neighborhood o f  x,,. 
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615 Buffon's problem with a long needle 

Theorem 1. The number o f  intersections can range between 0 and [ a ]+ 1 
2 M .  Let the angles 0, (0 5 0, 5 l T )  be determined by cos 0, = ; / a .  Let 

6, P ( 2 a sin 0 , / ~ )- ( 2 i 0 , I ~ ) .Then for [ a ]2 2: 

p (0 ) = 6 , + I - ( 2 ~ 1 ~ ) .  

p ( i ) = S ,  1 + 6 , , 1 - 3 6 ,  for 1515 M - 2 ,  

For [ a ] = I ,  the results for p ( 0 )  and p ( M )  above hold. and p ( l ) =  
( 4 0 , i ~ )  - (-la sin O l / ~ ) .+ ( 2 ~ 1 ~ )  


Let { b ,I:,, be any real numbers. Summation by parts shows: 


Here A ( b , )2 b , ,, - b, is the differencing operator. (2 .1)easily yields I M , , p ,= 1 as 
well as p ,  2 X;M-,,ip, = ( 2 ~ 1 7 7 ) .The expression for the mean is frequently derived 
using an approximation argument ( [ S ] ,p. 253). Another easy consequence of 
(3.1) is the following simple form for the distribution function: 

( 2 . 2 )  p(number o f  crossings 5 i ) 2 F ( i ) = 1 - ( 6 ,- S , ,,) 

for i = O , I ; . . , M - 1  

For higher moments, some approximation is needed. 

Theorem 2 

as a -t x for k 2 1 where 

and 
ck = { r ( t . ( k+ l ) ) } l T ( { ( k+ 2 ) ) v ' ~ .  

Proof. The result is true with no error for k = 1 .  The proof for k = 2 , 3  
requires consideration of special cases. The modifications of the approach used 
below are straightforward and omitted. Thus assume k > 3.  Using (2.1):  
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Since So= O ( a )  and it  is easy to see 

( 2 . 3 )  	 M M - I  

~ , = k ( k - I ) ~ i k ~ 2 6 . + O ( a ) + ~ ( ~, = I  , = I  i k - ' 8 . )  as i + m ,  a + =  

Consider the first sum in (2 .3 ) .  

where f ( x ) = x k - 2 ( 1- x 2 ) l i 2- x k - I C O S - I  X .  A siight rewriting of the Euler Mac- 
laurin formula ([4], p. 542)  yields, for any twice differentiable g, 

M - l  M - I  

C g ( i ) = l ,  g ( r ) d r + i [ g ( ~ - 1 ) + g ( 0 ) ] + & [ g 1 ( M - 1 ) - g l ( 0 ) ]
, : I  

where p 2 ( x ) is the periodic continuation, with period 1, of the function taking 
values x 2 / 2- x  / 2  + 1 / 1 2  on 0 5 x 5 1 .  Taking 

Making the substitutions leads to: 

Here 9 = O ( a - I )  as a + m ,  and we have used the easily verified fact that 
f ( r ) = O { ( 1- r ) I t2}as r 3 1. Using this last bound in the second integral in (2 .4 )  
leads to 
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But 
- I ) , ; ) - 2 k 1 B ( ! ( k- I ) , ! )  for k 2 3  

i f  k = 2  

where B(r , s )  denotes the beta function. Replacing the sum by the integral, using 
the bound (2 .5 ) for the sum in the error term of (2 .3 )and simplifying the beta 
factors leads to the theorem. 

Theorem 2 leads to useful numerical approximations to the moments of the 
distribution of the number of crossings. Table 1 gives a numerical example for 
the second moment. 

Actual v \ .  approximate second moment  of the  number  of crossings of a needle of length I for parallel 
l ~ n e sdistance d apart 

Actual 10.30 45.30 105.30 lVi).30 300 30 

Approximate  I0 I3 45 13 105.13 IW. I3 300. I3 

Define the random variable I as the number of crossings of a needle of length I 
when thrown at random on a plane ruled with parallel lines distance d apart. 

Theorem 3 .  As a + x ,  ( I l a )  converges in distribution to an arc sine 
distribution with density 

1 0 elsewhere. 

Proof. As a +x the moments of l i u  converge to the numbers ck of 
Theorem 2. A straightforward computation shows the arc sine distribution has 
moments c k . Since all the distributions concerned are constrained to the unit 
interval, the method of moments is in force and yields the desired result. 

Remurk. It is also possible to give a geometric proof of Theorem 3. This has 
the advantages of showing why the arc sine distribution appears as well as 
yielding a rate of convergence. Once it has fallen, translations of the needle. 
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which preserve its angle to the grid, can only change the number of intersections 
by one. The number of intersections for a fixed angle 0 is [ a  I sin 0 I ]  where [ . ] 
denotes greatest integer. Thus, letting I be the number of intersections, 

so, for 0 <  t < 1, 

p(0 5 sin 8 5 t - (2la)) S p(( I la )  5 t )  5 p(0 5 sin 8 5 t + ( 2 1 ~ ) ) .  

Now p(0 5 sin 8 5 x )  = 4sin-I x 1 2 ~  by symmetry. Finally, for a so large that 
0 < x - (21a) < x + (2la) < 1, p((1la)  5 x)  = 2sin-lxIr  + O ( l / a )  as a +x. The 
constant implicit in the error term may be chosen independent of x for x 
bounded away from 1. 

A reference to  the arc sine density appearing in Theorem 3 may be found in 
[I] ,  p. 527. 
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