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Summary. This paper studies a challenge problem posed by D. Aldous which
also arises in algorithms for manipulating finite groups. The main tools used
are comparison of two Markov chains on different but related state spaces and
logarithmic Sobolev inequalities. As usual, the comparison argument involves
some combinatorics of paths.
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1. Introduction

In a survey talk at the 1994 national IMS meeting, David Aldous suggested
a natural class of problems which seemed beyond available theory. The same
problems arise in the analysis of widely used algorithms for calculations with
large finite groups [3, 13]. We give below reasonable (if not perfect) analyses of
special cases of Aldous’problem.

Let & be a connected graph with vertex set 2 and oriented edge set 4. We
assume throughout that .4 is symmetric (i.e., (u,v) € .4 implies (v,u) € 4)
and that there are no self loops. We write u ~ v if (u,v) € 4, ie., if u and
v are neighbors in &. Let G be a finite group. We consider a process in GZ'.
Each vertex v € 7 is labeled by an element of the finite group G. A typical
step picks an edge a = (#,v) uniformly at random in 4. The group element at
v is then multiplied, say on the right, by the group element at u or its inverse
each with equal probability 1/2. All the other vertices remain unchanged. Let us
describe two special cases of interest.

* Research partially supported by NATO grant CRG 950686
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Example la: A particle system
Let G be the two element group Z; = {0,1}. Then the sites can be viewed
as ON/OFF. The process can be described as follows: At each time, a vertex
v is chosen at random (with probability proportional to the number N (v) of
neighbors). If v is OFF, the chain stays in its current state. If v is ON, a randomly
chosen neighbor of v is changed to its opposite. An alternative description is as
follows: pick an oriented edge (v, 4) uniformly at random. If v is OFF, the chain
stays. If v is ON, u is changed to its opposite.

In Sect.2, we show that this chain started at xp € & = {x : x(v) =
1 for some v € Z} is an aperiodic irreducible chain with uniform station-
ary distribution. We also give a bound of order |{Z”|° for the relaxation time.
This is the original problem of Aldous. Better bounds are derived for specific
graphs: on the complete graph on n vertices the mixing time is at most order
n’logn. We conjecture that the right answer is about nlogn for the complete
graph on n vertices.

Example 1b: Group algorithms

Let & be the complete graph on n vertices. Let G be a finite group. Let S be a
set of generators of G. Assume n > |S|. Start the walk by labeling |S| vertices
with the elements of S and label all the remaining vertices with the identity.
It is easy to see that the walk always contains a generating set at the vertices.
Variants of this walk are used to generate random elements of G in a variety of
implementations. See [3]. The idea is that one may begin with a simple generating
set (e.g., transpositions in the symmetric group). After a while, the vertices are
labeled with an essentially random generating set and the algorithm outputs the
label at site v each time. A good deal of experimentation [3] indicates that this
“shuffling of generators” gives crucial speed ups. Only very special cases will
be considered here. Besides the case G = Z, studied in Sect. 2, we will treat the
case G = Z,« of a cyclic p-group, p prime in Sect.3, and the case G = Zf, in
Sect. 4. More general cases, including results for the symmetric group, will be
presented in the companion paper [11].

Let us now give a formal description of the walk associated with a finite
graph & = (7, ) and a finite group G. The state space is a subset &~ of the
set of all functions x : Z” — G, and the walk is given by

N(x,y)
2|4

P(x,y)= (1.1

where N (x,y) is defined as follows: If the labelings x and y differ at more than
one vertex then N(x,y) = 0. If x and y differ exactly at one v € 2" and if
x(v) =g, y(v) = h, then N(x,y) is the number of vertices u such that u ~ v and
x(u) = [g_lh]il (N(x,y) is twice this number if g~'h = [g_lh]‘l). Finally,
N (x,x) is equal to twice the number of edges (i, v) such that x(x) = id. Observe
that N(x,y) = N(y,x) so that this process is always reversible with the uniform
measure as reversing measure. However, it is never irreducible if we take %"
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equal to the set of all maps from 27 to G. For instance, the map x = id has no
neighbors.

Here is a brief description of our main results. In Sect.2 we treat the binary
case (G = Zj). For the complete graph, we show that order n? logn steps suffice
for convergence to stationarity. This and a comparison argument are used to treat
general graphs. The heart of the arguments involve log-Sobolev techniques and
a simple approach to comparing two chains on different spaces using a kind of
“interpolation”.

Section 3 shows how the techniques of Sect. 2 extend when G = 7, , D prime.
In this case, we show that order n?p?* steps suffice (up to logarithmic factors).
One reason for including this extension is to expose the dramatic combinatorial
explosion in the interpolation argument.

Section 4 uses a different set of techniques to bound the walk on the complete
graph when G = Zf for prime p. We show that n*(logp)® steps suffice. For
k =1, fixed n and large p, this is much sharper than what was proved in Sect. 3.
It begins to show the kind of speed ups claimed in practice. The results lean on
hard character estimates of Hildebrand and the deeper parts of expander theory.

In [11], we treat the walk (1.1) on the complete graph for more general finite
groups. In particular, we show that for any fixed G and large n, order n? logn
steps are enough. We also consider cases where both 7 and G grow. Sections 2,3
of this paper and [11] use the same comparison techniques. The combinatorics of
paths is however much more complicated in [11] where non trivial results from
finite group theory are also needed.

Background and notation

This paper uses the geometric tools of Markov chain theory developed in [8-10,
12]. Some notation used below concludes this introduction. Given any reversible
Markov chain on a finite state space %", with kemnel P(x,y) and stationary
measure m, we set

1
Var(f) =2 3 [f &) —f 0P r(emy), (12)
x,yeX
E(N=5 3 10— FOPPE ) 13)
x,ye&
and )
Zn(f) =Y Ifx)|*log (%) m(x) (1.4)

where |Ifll. = (3, If (x)|27r(x))l/ 2 The subscripts will be dropped whenever no
confusion could possibly arise.
For the iterated kernel of P, we use the notation

P{p)=P'x,y)=Y P*'(x,2)P(z,y).

14
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To measure distances between probability distributions, we use the total variation
distance

1
I = pllzy = max |7(4) — wA)] = 5 37 [nx) — ().
XX
However, the techniques used in this paper yield bounds on the ¢ distance

1/2
N /

PE
=2 1 7o)

1
7o)

1P /) = o= | Y

YEX

which dominates |[P£ — 7||7v. As explained in [10], £2 bounds are equivalent to
bounds on

P{0) 1‘

() .

sup
¥y

Denote by

Bo(P)=12 Bi(P) > ... 2 Bar|—1(P) = Bmin(P) > —1
the eigenvalues of the chain P and let

B(P) = max {B31(P), —Prin(P)} -
Using (1.2) (1.3), the second largest eigenvalue [3;(P) can be expressed as

_ . [ &) .
A classical and easy bound (e.g., [12, 20]) on variation distance is given by
1
Pt — < 3 1.5
[Py 7FHTV_2 ,—ﬂ(x)ﬁ (1.5)

Recall that the log-Sobolev constant a(P) of a reversible Markov chain (P, 7) is
defined as the largest non-negative number « such that

oZr(f) < &(f.f) (1.6)

for any function f. We will use a(P) to prove mixing rates that improve upon
those obtained through (1.5). More precisely, we will use the following

Theorem 1.1 Let (P, ) be a (finite) reversible Markov chain. Then

c 1 1
—— +-—loglog——, ¢>0.
1-8 ' 2a B %Gy €
This theorem shows that, starting at x, the chain is close to its stationary distribu-
tion after order ;- loglog =& Steps whereas (1.5) shows that #g(ﬁ) log i is

|Pf—7ll7v <2e™° for £>1+

enough. Thus, whenever é is roughly of the same order as #g(), Theorem 1.1
improves upon (1.5) (recall that when S is close to one, —log 3 ~ 1 — § and it
is this quantity that is often used in practice). We refer the reader to [10] for the
proof of Theorem 1.1 and a discussion of the use of log-Sobolev inequalities for
finite Markov chains. The present paper illustrates this technique with non-trivial
examples.
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2. The binary case

This section treats the case where G = Z,. We start with a simple lemma which
determines the state space in this case.

Lemma 2.1 Let & be a connected graph with vertex set %" and edge set .
The random walk on & = 7.7 \ {0} defined at (1.1) is symmetric, connected,

.. . g . -1 .
aperiodic and has the uniform distribution w(x) = (2|W| - 1) as reversible
measure.

Proof: We only have to show that the walk is irreducible and aperiodic since
we already mentioned that it is symmetric. The fact that it is irreducible can be
seen by observing that any state x € %" can be transformed, in at most | 2|
elementary steps, into the state x, = 1 € & (i.e., all the labels are 1). Since
there is always some holding, the chain is aperiodic. Lemma 3.2 gives extensions
of Lemma 2.1 to general groups.

The special case where & is the complete graph on n vertices will be used
as the basis for a comparison argument. This special case itself will be studied
via comparison with the familiar walk on Z% where n = |27|.

2.A The complete graph

Let & be the complete graph on n vertices, n > 1. Thus, A4 = {Z" xZ"\{(v, v) :
vEZ}. Forx € & =72 \ {0}, let |x| be the number of 1’s in x. The chain
defined at (1.1) is given by

0 if 3 [x(w) — y(v)| > 1
sy if Juo € P, Y Fup x(u) = y(u); x(uo) = 0, y(uo) = 1

K = -1 .
EN=N Bl 630, € 27, Vu duo, xw) =y x(w0) = 1, y(uo) = 0
(n—=1)
—"_nlxl if x=y.
2.1
Theorem 2.2 The chain K at (2.1) satisfies
LK) <1 2 Bmin(K) > —1+ 2 alK) > !
B = a1y P = n+3’ “nm+l)
Further,
IKE —7llrv <2 for £>1+ @ (Iogn +c) , ¢>0.

The last statement in this theorem shows that the chain K is close to its stationary
distribution after order n? log n steps. The best lower bound we know is that order
nlogn steps are required. We conjecture that this is the right answer.

Theorem 2.2 is proved following the introduction of a comparison chain.
Let & = Z7 be the hypercube of dimension n = |Z”|. Let Q denote the
familiar chain on & which proceeds by adding 1 mod (2) to a coordinate chosen
uniformly at random. Thus
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1 .
= if |x —y| =1
= n
0,y { 0 otherwise .
This has the uniform distribution u(x) = 2" as reversible measure.
The following notation is crucial for the next proposition which is the heart

of our argument. To any function f defined on & = ZZ" \ {0}, we associate the
function f defined on & = ZZ by

Z () = f) ifv#0
f@= { e fO) ifv=0. (2.2)

The function 7 extends to & the function f initially defined on .%". This extension

will be used to compare a Dirichlet form on .%" with a Dirichlet form on %&.

Proposition 2.3 The chain (K, ) on & = ZZ \ {0} defined at (2.1) and the
chain (Q, ) on & =727 satisfy

n

27 —1

on

Var,(f) <

Var,(f), 2.3)

Z.F) 2.4

and
« = 2" —Dn+1)
820.h< C— e, @5)
Proof: The first stated inequality is easy if one recalls that
= 2
Vare(f) = inf 3 |f(x) = cf*n(x).
xe&
The second is obtained by using a similar trick due to Holley and Stroock [17]:
observe that {log¢ — £log¢ — £+ ¢ > 0 for all £,¢ > 0 and that

Z)=inf > (F@Plog f @) — [f @) loge ~ [ ) + ) mx).

We now proceed with the proof of (2.5). Let f be a function on % and f be the
function on & defined at (2.2). Then, write

7 A 1 ~ . i
&F.F) = 5 2&25 Fe) —Fo)l
be=yl=1, x| <ly|
- 1 _ 2 1 —~ ,
T, 2 VOS5 MZ:IV(” FOR @6

lx—y|=1, x| <y

For the second term, call it R, use
1 ~ 1
=S KO —FO)P == [F@) —f o)
" [yI=1 2n fxl=lyl=t

=ly
Ay
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to write
= 1 7 2
R =5 Hzl F0) ~FO)
1
= s D F@—fo)
fxl=1,lyl=1

*#y

Now, use $(a — b)? < (a — ¢)* +(c — b)? to get

1
R< 5 D (PO —fa+nP+Ife+3) ~f0)P)

Ixl=1, 1y (=1
*#y

2
=73 2 F@w-r@P Q2.7

Ix]=1,]z{=2
[x=z]=1

Putting together (2.6) and (2.7) gives

o 1 2
BOH< 570 2 F@-fol+55 Y & -fP
CEX XX |x|=1,1z]=2
Ix1<lyl,lx=y|=1 Jx—z)=1
1 2
=3 | X F@-fOP+E Y i@ —fop
2< TSl et il
2
<t Y ool
ENEXE X
Ixl<iylslx=yl=t

From (2.1) 7(x)K (x,y) > [(2" — Dn(n — 1)]~! and thus

2" -1 2)n -1
( )(Z'Zfl,,)(" N o S

x,)EXZ XX

&P <

2" —1 1
< &0 D .5,

Proof of Theorem 2.2: The upper bound on (3;. The first eigenvalue of the random
walk Q on & is easily computed to be 1 — 2/n (see [6]). This translates into
the Poincaré inequality

Var,(h) < Z&(h, h)
for any function 4 on &. Thus, (2.3) and (2.5) in Proposition 2.3 yield

nn+1)

T80,

This gives the desired bound on S;(K) by the variational characterization of
eigenvalues.

Var,(f) <
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Remark: For 1 <j <n, set m; = ’,:=1 (':) . Then the eigenvalues 5;(Q) of Q,
in decreasing order, are given by

)
Bo(Q) = 1, ﬂ.~(Q)=1——n]— for m; <i < my,,

where j varies from 1 to n. See , e.g., {5, 6]. It follows from the minimax
characterization of eigenvalues and from Proposition 2.3 that the eigenvalues
Bi(K) of K satisfy

Z]

Bi(K)<1- G+ 1)

for m <i< mjq1,

with 1 <j < n.

Proof of Theorem 2.2: The lower bound on By, We will use a slight variation
on Proposition 2 of [12], page 40.

Suppose (K, ) is a reversible Markov chain on the finite state space %"
For each x € &, let X, be some fixed set of cycles at x of odd length. Let
2 = U, ;. For each cycle ¢ € X, let |of be its length. Finally, let 6 be a
non-negative function defined on X' and such that, for each x € &,

Z 0(0) = m(x).
oEX,

Such a function @ is called a flow on odd cycles (we will later encounter other
kinds of flows for comparison between two chains). Then, the argument in [12],
page 40, easily gives

Lemma 2.4 With the above notation, for any finite reversible Markov chain and
any flow 0 on odd cycles,

Brin(K) > 1+ —=

10
where
1
1) = max | ———— r(a, (x,y))||0(c)
wen | Kx,yymo) X;
FELR)

Here, r(o,(x,y)) is the number of times the edge (x,y) is used in o (one can
always assume that r(o,(x,y)) < 2 and, in our applications, it will always be at
most 1).

To apply this to the case at hand, consider the following cycles. If x € %" has
|x| # n, let o be the trivial loop (x,x) at x, X, = {0, } and set 8(cy) = 7(x).
If x =x, = 1, let x, be the labeling with a single zero at v and let o, be the
100p X., Xy, Xy, X« Of length 3. There are n distinct such cycles which form % .
For any o € X, , set 8(0) = w(x,)/n. To estimate I(8), we look at the different
possible cases where
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1
I(0,x,y) = m Z lO’lo(U)

o3(x,y)

is non-zero. First, pick an edge (z,z) with |z| < n — 2. Then K(z,z) = (jz| -
n)/n > 2/n and Zaa(z,z) |o|6(c) = m(z) (the sum contains only one term!). Thus
1(8,z,z) is bounded by n /2 in this case. Second, let |z| =n—1. Then K(z,z) >
1/n and Eaa(z,z) |ol6(c) = (1 + 3/n)n(z). Thus, I1(6,z,z) is bounded by n +3
in this case. Third, pick v € 2 and (%xy xp) [OT (xy,x,)]. Then, K (x,,x,) = 1/n,
Zaa(x‘ x) [016(0) = 3n(x,)/n and I(8, x.,x,) = 3. This gives the desired bound
on IBmm(K )

The bounds on (1(K) and By (K) together with (1.5) show that the total
variation distance between K and 7 is small after order n3 steps. The bounds on
higher eigenvalues do not provide further improvement on this estimate because
of the lack of invariance of the chain (see [8], Sect. 6). Instead, we will use the
log-Sobolev constant c(K).

End of the proof of Theorem 2.2: The lower bound on a(K). The log-Sobolev
constant of the chain (Q, ) is a(Q) = 1/n, see [15]. Thus, (2.4) and (2.5) in
Proposition 2.3 imply that

oK) 2 1/[n(n + D).

The last and main statement in Theorem 2.2 now follows if we use the bounds
on B1(K), Bmin(K) and oK) in Theorem 1.1.

2.B The general binary case

We now consider the case of the binary labeling of a general graph & . This will
be studied by comparison with the special case of the complete graph. Let us fix
notation. We let 2 be the vertex set of the finite graph & with oriented edge
set #. We assume that there are no self-loops, that .4 is symmetric, and that
& is connected. For each (u,v) € 7 x &, we fix a path -y, ,, joining u to v in
& and let |y, ,| be the length of this path. We set

A= wwl | - .
max | D sl @8)

’Yu,',uaﬂ
In the binary case, the chain defined at (1.1) on %" = ZZ" \ {0} is given by
N—T—J(;iﬁ if x and y differ at exactly one vertex

PG =] Luwatld e, 2.9)

0 otherwise .

Here, for x and y that differ at exactly one vertex, say u, Ne(x,y) is defined by
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Ne(x,y) = the number of neighbors v of u such that x(v) = 1. (2.10)

The stationary distribution is m(x) = (2" — 1)~1.
This chain will be studied by comparison with the chain K defined at (2.1)
which corresponds to the complete graph.

Theorem 2.5 The chain (P, n) at (2.9) has second largest eigenvalue bounded
by
n—1
PHL<l—-———.
APy < 4(n + )| A|A

Its log-Sobolev constant satisfies

n—1

P)y> —MM .
oP) 2 e DAA
Further the smallest eigenvalue satisfies

+ 2nd0
|#|(n +3)

where dy is a lower bound on the degree of any vertex in &. Finally, it follows
from the above estimates that

4|4 A
||Pf—7r||TV <27 for £2>21+ [ AlAG + 1) (logn +c), c > 0.

ﬁmin > -1

n—1 2

Before embarking with the proof, let us describe a few specific examples.
Example 2a: Let & be the n point path  § o o o-e—e—e—%. In this case, | 4| =
2(n — 1) and A can be bounded by A < n3/8. This gives

Corollary 2.6 When & is the n point path, the chain P at (2.9) satisfies

1

1
ﬁl(P)Sl—m, a(P)Zm—;,

and

1
P! —7|l7v <2e° for 621+(n+1)n3(% +c), c>0.

Example 2b: Let & be a square grid with sides of length about 1/n. Then, | 4|
is of order n, A of order n? (for some reasonable choice of paths, see, e.g., [8]).
In this case, the upper bound on the relaxation time 7 = (1 — 51 (P))~! is of order
n3. The chain is close to equilibrium after order n*logn steps.

Example 2c: For any graph on n vertices, we have the universal bounds |.4| <
n(n — 1), A < n3. This gives an upper bound of order n° for the relaxation time
and shows that the chain is close to equilibrium after order n’logn steps. We
do not know any examples where this is matched by a lower bound.
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For the comparison argument, we will use Theorem 2.3 of [8], which we now
recall. Suppose we have two reversible irreducible chains, say (K, u) and (P, )
on the same state space %". For each pair (x,y) € & x & with x # y and
K(x,y)> 0, let S, be some fixed set of paths xo = x,x),...,x =y joining x
to y and such that P(x;, x;,;) > 0. Set

F=J %,

(xay): xdy
K(x,y)>0

By definition, a (P, K )-flow is a non-negative function 7 defined on .%° and such
that

> 1) =K@, yux),

YEXKy
for all (x,y) € & x & such that x #y and K(x,y) > 0.
Theorem 2.7 ([8]) Givena (P,K )-flow 7, the Dirichlet forms & and &, satisfy

B <AME 211)
with
1
Aln) = _ . 2.12
W= 1 | B VE;W) yinen) (2.12)

Here |y| denote the length of the path v and .5 (x,y) is the subset of those paths
in & that contain the edge (x,y).

Warning: %, and #(x, y) are two different subsets of .%°. The former is defined
for each pair (x,y) such that K (x,y) > 0, whereas the latter is defined for each
pair (x,y) such that P(x,y) > 0.

Proof of Theorem 2.5: We now proceed to define a (P, K)-flow for the chain X
at (2.1) and P at (2.9). First, we describe a set H ¢ of admissible paths joining
€ to ¢ when K(£,¢) > 0 (and ¢ # ).

If £ # ¢ and K(&,{) > 0, there exists u € & such that &) # ((u) and
&) = ¢(v) for all v # u. Moreover, there exists at least one v # u such that
&(v) = 1. We first treat the case when

Eu)=0, Cu)=1. (2.13)

Let I(¢, ¢) be the set of all vertices v € 7", v # u such that £(v) = ((v) = 1. For
each v € I(¢, (), we are given a path “Yv,u jOINIng v to u in the underlying graph
& . Let vy be the vertex on Yv,u Which is closest to « and has £(vg) = 1. Now
define a path from ¢ to ¢ as follows: let 0, V1, V2,. .., U = u be the vertices on
the path toward u, starting at vo. First create a 1 at v;, then a 1 at 3, erase the 1
at vy, create a 1 at vs, erase the 1 at vy, etc, until a 1 is created at U = u and the
1 at v is erased. The resulting labeling is {. Note that the last step requires
(2.13). The following picture illustrates this construction. All unlabeled vertices
are 0. The picture shows only the vertices that are on the path v, ,.
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=t et d 999 08
511 1.1 1 11000?_‘
(=6 et 9990

For each v € 1(¢, (), and under the extra hypothesis that (2.13) is satisfied,
this describes a path £y = £, &5, - - ., & = ¢ from £ to ¢. Call this path ¢ ¢(v). We
will say that ¢ ¢(v) is built on the underlying path v, ,. Observe that |y ¢(v)| <
2|'Yv,u |-

If (2.13) is not satisfied, i.e, if {(u) = 1, ¢((u) = 0, then the above description
give us a path ¢ ¢(v) from ¢ to & for each v € 1(¢,£) =I(£,(). Now, we get a
path from & to ¢ that we call ¢ ¢(v) by moving along ¢ ¢(v) backwards.

Let us pause here to look at what has been achieved so far: for each pair
(¢,¢) with £ # ¢ and K(£,¢) > 0, we have built a set of paths % indexed,
with repetitions, by the set I(£, () of those vertices v such that £(v) = {(v) = 1.
Observe indeed that two different vy, v, € I(£,¢) can give rise to the same path
Y = Ye,c (W1) =Yg ¢ (v2)-

We define a (P, K)-flow 1 on the set of all these paths by setting, for any
path v € S,

_Hvell, Qv =@}
min(|¢|, [C])

Now, we are left with the task of bounding the constant A(n) at (2.12).

n(y)

K (¢, Om(&)- (2.14)

Proposition 2.8 For the (P, K)-flow 7 defined at (2.14), the comparison constant
A(n) satisfies
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8|.4|A

nin—1)

Here n = |Z| is the number of vertices in the underlying graph &, [ is the
number of oriented edges in &, and A is defined at (2.8).

Al <

Proof: For the flow at (2.14) and with the parametrization of the paths in % by
£, ¢ such that X (€, Q) > 0and v € I(¢,¢), the constant A(n) of (2.12) becomes

A4 1 3
A= ——— max | —— Ve ()
N n(n —1) Py Ng(x,y) £¢,v | o<
) e, c(@)3x,y)

Here the sum runs over all &, ¢ such that K(¢,{) >0 and all v € I1(¢£,0).
Let us fix the ordered pair (x,y) such that P(x,y) > 0 and set

F=Fx,y)= > |rc@)l
e, f ('f)';(x )

We want to estimate F. Let w be the one and only vertex where x and y differ.
Now, any path 7¢,¢(v) that appears in S must be supported by an underlying path
Yvu in the underlying graph &. This path 7, , must go through w. Moreover,
there must exist at least one neighbor w’ of w in & ‘such that x(w’) =1 and
(w,w’) or (W', w) is an edge in vy, ,. Finally, the path 7¢,¢(v) has length at most
2"70,14 [

Conversely, we claim that, given an ordered pair (v, u) such that “Yu,. CONtains
w and a neighbor w’ of w satisfying x(w') = 1, there are at most two (&,¢) such

that v¢ ¢(v) 3 (x, y) with underlying path -, ,. Taking this claim for granted, we
obtain

F<4 Z Z [Yo,ul + Z Yol

w ~w y,u v,u
x(w!)=1 Yo,uD(w,w’) Yo,ud(w’ ,w)
< SNy(x ) J’)A,

where Ne(x,y) is defined at (2.10). Proposition 2.8 follows.

We must still prove the claim. Roughly speaking, the claim follows because,
given (x,y) and Yv,u> the two unknown configurations € and ¢ can differ from x
only at u, at w, and at one of the two neighbors of w along Vv, This certainly
offers only a finite number of possibilities. Observe that this is true only because
of the way we constructed Ye,¢(v) out of vy, ,. To show that this finite number is
2, we have to be more careful.

Proof of the claim: We are given x and y that differ only at some w € &
We are also given (v, u) such that Yvu O w and a neighbor w’ of v such that
x(w) =1 and (w, w’) or (W, w) belongs to +y, ,. We are looking for all the &0
with K (§,¢) > 0 such that Ye,¢(v) is built on y,, .



406 P. Diaconis, L. Saloff-Coste

First, observe that there are obvious necessary conditions that any such or-
dered pair (£, ¢) must satisfy. These are: “x(v) = {(v) = 1" as well as “£ and ¢
differ at # and only at u”.

Case 1 Consider the case where (W', w) € Yy u.

Case 1.1 Assume that x(w) = 0.

1 1 O
x'l')""'u'),ﬁ)"ﬁ
1 1 1
Y g

Then, we are moving 1 towards . This can only happen if £(u) =0, ((u) =1
(Observe also that this implies that x(¢) = O for any vertex ¢ following w along
the path +, ,). We are left with only two possibilities. Either {(w’) = 1, and this
was the very first step on the path ¢ ¢(v) that we can now reconstruct completely
from the known data. Or £(w’) = 0. Then, the first vertex s towards v such that
x(s) = 1 indicates where we started moving 1 towards ¥ and we can reconstruct
the path from what we know.

Case 1.2 Assume that x(w) = 1.

1 1 1
x'(-)"""u')/'&) 'l't
1 1 0
Y e

Then we are moving 1 towards v. This implies that £(u) = 1, {(x) = 0. (Observe
again that this implies x(z) = O for any vertex ¢ following w along the path v, ,).
We are left again with only two possibilities. Either £(w') = 1, and this was the
very last step on the path ¢ ¢(v). Or {(w’) = 0, and we must keep moving the
label 1 towards v until we reach the first 1 to the left of w’. In both cases, we
can easily reconstruct the path ¢ ¢(v) from what we know.

Case 2 Consider now the case where (w,w’) € Yy u.
Case 2.1 Assume that x(w) = 0.

1 0 1
xb""'@w"'ﬁ
1 1 1
Y g %

Then, we are moving 1 towards v. Thus, {(u) = 1, {(u) = 0. Either {(w) = 1 and
there is only one last step to be done in order to reach ¢, namely, erasing the 1
at w’. Or &(w) = 0, and we must keep moving 1 towards v until we reach the
first label 1 on our way. Again this lets us find £ and (.

Case 2.2 Assume that x(w) = 1.
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1 1 1

* . U o n
1 0 1

Yy e M —

Then, we are moving 1 towards u. There is only one thing to do: continue to
move the 1 along the path to find ¢ and ¢!

This case by case study proves the claim and finishes the proof of Proposition
2.8.

The first two statements in Theorem 2.5 follow from Proposition 2.8 and
the results previously obtained for the complete graph. The lower bound on the
smallest eigenvalue is given by the following lemma.

Lemma 2.9 The smallest eigenvalue of the chain P ar (2.9) satisfies

2nd0

o= 1 sy

Here, dy is the smallest degree of a vertex in the underlying graph &

Proof: We use Lemma 2.4. We also use the same cycles o and the same “fow”
6 as in the proof of the lower bound on By, in Theorem 2.2 (the case of
the complete graph). We refer the reader to the lines following Lemma 2.4 for
unexplained notation. We have to bound

1
Fayne) 2 |71

o3(x,y)

for x =y # x,, and for (x4, xy) and (x,,x.). Let dy be the smallest degree
of a vertex in the underlying graph. First, pick z with |z| < n — 2, Then,
P(x,y) > 2dy/| 4| and Zaa(z,z) |o|6(c) = m(z). Next, let lz| = n — 1. Then
P(x,y) > dy/| 4| and Zaa(z,z) [o16(c) = (1 +3/n)n(z). Finally, for (x,, x,) [or
G, %)), P x4y %0) > do /| 4| and 2050 2y |10(0) < T(x) /n.

To conclude the proof of Theorem 2.5 and obtain the convergence in total
variation, we just have to invoke the estimates on i, Byin and « and use these
in Theorem 1.1.

3. Cyclic p-groups

This section explores the comparison argument of Sect.?2 for groups other than
Z,. We mainly focus on the case where ¥ is the complete graph on n vertices
and G = Z, with g =p2, p prime. For large n and fixed g, we extend the results
obtained in the binary case. More precisely, we prove
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Theorem 3.1 Let & be the complete graph on n vertices. If G = Z, with q = p°,
p prime, the walk K defined at (1.1) satisfies

IK:—mll7v <2e7¢ for £ > 1+6n?g%(log(qg—1))(loglog g™) +8n’g?c, ¢ > 0.

This shows that the chain reaches stationarity after order n?logn steps for any
fixed ¢ = p®. Thus, for G = Z, with p = 2,3,4,5,7,8,9, n?logn steps are
enough. For G = Zg or G = Zjo, we also know that n?logn steps are enough
but the argument is much more involved. See [11].

Let us introduce some notation. Fix a finite group G and set & = G". For
x,y in & x &, write

x ~y if x and y differ exactly in one coordinate,
and write
Yy if x and y differ exactly in one coordinate, say x; # y;,
=Yy and there exists j # i such that y; = xixjil.
If x =~y with x; # y;, let
the number of j such that x;"'y; = xjil if x7y; # Gy !
twice this number if xi_l y; = (x,-_l)’i)_l.

N(x,y)={

Finally, let N(x) be the number of coordinates equal to the identity in x. With
this notation the chain (1.1) on the complete graph on n vertices is given by

0 ifxs#yandx#y

K(x,y) =14 s ifx =y 3.1)
Jn‘ﬁ ifx=y.

In what follows, %" denotes the set of all generating n-tuples. Lemma 3.2 below
shows that K is irreducible on & with stationary measure 7(x) = | %&’|~! when
n is large enough.

We now discuss the irreducibility of K. Let G be a finite group. Let § C G
be a set of generators. Say $ is minimal if no smaller subset of S generates G.
Define #i(G) as the maximal size of a minimal generating set. If S is a generating
set with |S| = m(G), then deleting succesive elements of S results in a strictly
decreasing sequence of subgroups. If |G| = [[p® is a factorization of the size
of G into distinct prime powers, we see

m(G)< Y ap.
p 1G]
For exemple, let G be the symmetric group S;. Then, for primes p < d, g, =

[d/p]l+[d/p*1+... < d/[p(1 — 1/p)] < 2d /p. Thus,

1
m(Sy) < 2d E — ~2dloglogd.
p<d
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In fact, using resuits of Babai [1] and Cameron et al. (2], m(S;) < 2d. The
classical generating set S = (1,2),(2,3),... »(d — 1,d) shows m(S;) > d — 1.

Let m(G) be the smallest size of a generating set of G. Thus, for the sym-
metric group S, m(Sz) = 2. For D-groups m(G) = m(G) and for cyclic p groups,
m(G) = m(G) = 1. The numbers m(G),m(G), appear in the following slight
generalization of a result of Celler et al. [3] which gives a useful condition for
the walk at (1.1) to be irreducible on the set of generating sequences,

Lemma 3.2 Let G be o finite group. Then, the random walk (1.1) on a complete
graph of n > m(G) +m(G) vertices gives an irreducible symmetric Markov chain
on the set of n-tuples (xy, ... ,x,) which generate G. The stationary distribution
is uniform.

Proof: Let & be the set of n-tuples of elements of G which generate G. Fix a
generating sequence (y;, . .. »Ym) of length m = m(G). Any n-tuple (xy,...,x,)
which generates G can be brought to (y1,y,,.. ., Ym,id,...,id). Indeed, a subse-

quence of length at most m(G) in (x1,...,x,) generates and so one can produce
Y15+, Ym in the complementary positions to this generating sequence. Using
Y- -+, Ym, We can set all the remaining positions to id. Then, it is easy to order

the y; as we wish. This shows that the Markov chain (1.1) is irreducible on %"
Since it is symmetric and has some holding, it is ergodic with uniform stationary
distribution,

Remarks: For some classes of groups, the conclusion of Lemma 3.2 holds for
all n > m(G) + 1. Diaconis and Graham [7] show this for p-groups and for
Abelian group. Note that often m(G) < m(G). For example, for Z,,, m(G) =1,
m(G) = 2. Note that determining the size of the state space &’ is a complicated
problem (see [11]).

For the comparison argument we will use the chain Q on & = G” defined
by
0 ifxpyandx#y
Q(,y) =14 67 ifx~y (2)
ﬁ ifx=y.
This chain picks a coordinate uniformly at random and multiplies this coordinate

by a uniformly chosen element of G. Its stationary measure is u(x) = | &1 =
|G|™. Itis a product chain with second largest eigenvalue

B @Q)=1- 1
n

Its log-Sobolev constant can be computed exactly using Lemma 3.2 and Corollary

5.5in[10). It is given by

(61-2

@ =—
= GT0g06T -1

We need a bound on the least eigenvalue of X.
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Proposition 3.3 The chain K at (3.1) has its least eigenvalue bounded by

n—>b 1
> — _—
n—DIGE=D = T miGp

Prmin(K) = —1+

Here n > 2m(G).

Proof: To obtain the stated inequality we need a simple universal estimate. Let
G be any finite group with generating set S. Write |g|s for the word length of
g € G with respect to S (|id|s = 0). We claim that

IGI(G| - 1)
Yo lgls < FEo— (3.3)

geG

Indeed, for each i, the existence of an element of length i implies the existence of
at least one element of length i — 1. Thus, the worst case is when there is exactly
one element of length i for each 0 <i < |G|—1 and E!SA_I i =|G|(|G|-D/2.

Now, to prove Proposition 3.3, use Lemma 2.4 with the following flow § on
cycles: If one of the coordinates of x is the identity, set

Yy ={ox} with oy =(x,x).

If none of the coordinates of x is the identity, fix a generating subset S occupying
b coordinates {i,...,i,} of x and pick a coordinate, say x;, not in this subset.
Write x; as a word using elements in S. This describes a path «, ; from x to x’
where x! is the n-tuple with i coordinate the identity and all other coordinates
equal to those of x. Set

Ex = {Ux,i i ¢ {il,...,ib}}

where o, ; is the cycle that goes from x to x' along 7, ;, holds at x* for one step
and goes back to x. Now, for any cycle o, set

1 -
_ mﬂ'(x) if o€l
6(0) { 0 otherwise .

Observe that |X,| = n — b when none of the coordinates of x is the identity.
Then, we have to bound

1
1(9)= 1235( m Z [cr|9(a)

K(x,5)>0
@) o3(x,y)

First, examine the case where x = y contains more than one coordinate equal to
the identity. Then, the quantity we have to bound becomes n /N (x) < n/2.

Second, if x = y contains exactly one coordinate, say x;, equal to the identity.
Then, we have to bound

2|glx +1 nin —b+|G>*-1)
n 1+Z p— < —> .

geG
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Here [g|, denotes the length of g in some generating set which depends on x
and we have used (3.3) to obtain the right hand side.

Finally, if x,y differ at exactly one coordinate, say x; # y;, then we have to
bound

2n(n — 1) <~ 2|gls +1 _ 2n(n — D(GP — 1)
N(x,y) gEZG n—b = n—»b )

Using the fact that n > 2b, we get

2n(n — (G2 - 1)

~ < 4n|G)?.

1(6) <

This proves Proposition 3.3.

We now define an extention of functions [ % - Rto D similar to (2.2).
For the rest of this section we restrict our attention to the case G = Zyq, q = p°,
D a prime. Set

At ={t: 1§t§q—l;pdoesnotdividet}.
Thus || = pa=1(p — 1). Further, set
fx) ifx e &
Foy={ _L_ D F®) ifxe B\ &
| AE|n "

me.6

i<i<n
Here x/, is the n-tuple obtained from x by replacing the i entry of x by m. The
following lemma is easy.

Lemma 3.4 The chains K and Q defined by (3.1), (3.2) satisfy

Var.(f) < %Vﬁru(f), 34

| o, =
< =L . 3.5
Zn(f) < I%lgﬂ(f) (3.5)
Proof- Use the argument given for the similar statements (23)(24)in Proposition
2.3. Actually, any extension of f would do the job here.

Remark: In the present case where G = Z,., p a prime, the size of the state
space % is easy to compute. Namely, |&7| = p" — p™a=D_ Thus, & ~ & as
P and / or n tend to infinity. Our comparison argument does not require us to
determine the size of %" because the ratio |&|/|%| in the above comparison
of the variances cancel with |%7|/|| in the comparison of the Dirichlet forms
of Proposition 3.5 below.

We now reach the crucial part of the comparison argument. The Dirichlet
forms &, (F,7) and & (,f) must be compared.



412 P. Diaconis, L. Saloff-Coste
Proposition 3.5 For G = Z,, q =p®, p > 3 prime, and n > 2, the chain K and
Q defined at (3.1), (3.2) satisfy

_ 2
&)< f“"—lgll@&(f,f)

foralf . & — R
Proof: Write

1

&o(f.f) = 2n|G |1

(Z fa) —folP+2 3. Fo-folr+ > Fw) -Fol?

X, yEX TEB\F yeX X, yEEN\L
Xy xry x~oy
=5 G]"+1 — (R +2R; +Rs). (3.6)

We first leave R; as it is and bound R, and R; in terms of R;. For R, write

Ry = > @ -Foll
X yEZ\I

_ ﬁ[iw ST - O FORNP

LYEB\E  im im
< o Z > OlFEh) - FOLP
Xye-@\%' im
— 2
= %lz; If@) — f(w)| E;WX";I -
(G| -|2), 1
i Rl-n(p_l)Rl. (3.7)

To see the last inequality observe that x/, = z determines i as the only coordinate
in z such that z; € .6 (because x € & \ %&"). Thus, z and w determine i,m
and a place j where they differ. Now x and y must differ only at j. We are left
with the choice of the cooordinate x; = y; in G \ . The factor |G| — | 24|
accounts for this choice.

For R;, recall that

2
Re Y | e | o)

TEB\E ,yEX

xevy

In the above sum we have y ~ x so that there must be an £ € .# and a
j €{1,...,n} such that y = x,. Thus,
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2

R= Y T @Zﬂx&) — £

EB\E L

=2T1/%| o IS —fud.

XELZ\E j, L im
Ifi=j,x} ~x). Fori#j write
FGm) =GP <2 (IFGei ~ F O TP + [ et ~FR).

Observe that these differences are all taken over edges (z,w) with L,weRx
and z ~ w. Moreover

2 2 S —radp

EB\E L itim

<23 Fo-f@pP ¥ > (12%1%[% Lo Lumsd)

LWER XEZ\Z j,l i# ,m

z~vw

< G| - |.2)R, =4p°~IR,.

To obtain the Iast inequality, observe that the condition 7z = xl, w = [x,ﬁ,}ﬂ
determines i as the only place with coordinate in _Z and j as the only place
where z and w differ. It also determines m and ¢ and all but the i coordinates of
x. There are |G| — |.#6| distinct possible choices for ;. Similarly, the condition
z=[xi}, w= xf determines i, 7, £, m and leaves only |G|— |5 distinct choices
for x.

In conclusion we have proved that

“ 1 3
gQ(f)f) < W (1 + m) R;. (3.8)

The next step is to bound

Ri= 3" lfx)—fo)P

XYEX

xroy

in terms of

> @) ~fw)p.

ZLWER
IREw

Let e; denote the n-tuple with all coordinates zero except the i* which is
one. Given x,y € %" such that X ~y, consider three cases:
DIfx=y, do nothing. This will contribute a factor 1 to the edge z =x, w = y.
2) If x % y differ exactly at the ™ coordinate and there exists j # i such that
Xj =y; € M8, write
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g—1
FG) —FOI < T DI Gx + e = Fx + 0+ Digen)
=1

When summing over all x,y this will contribute at most a factor of ¢|G|*/2 =
q3/2 to each edge (z,w) with z ~ w. Indeed, the condition z = x + £x;e;,
w = x + (£ + 1)xje; determines i and all but the i coordinates of x and y.
Pick the i”* coordinate of x and that of y, each among the |G| possible choices.
Finally, this also determines £.

3) If x % y differ exactly at the i” coordinate and all the other coordinates are
divisible by p, write

1

Fe) —fO)P < q* Z(v(x+<y,—x,—x,)e,> —fO+ i —x = y)e)
j#

g—1

+3 (f & +Lxig) — fx + €+ Dxie)* + [ & + [byi — xiley)
=1
—fO+1€+ Dy — xi]ej)|2))
When summing over all x,y this will contribute at most a factor

q+1

[@IGI(G] — |#8) +1) < 1 +q°.
Thus, this case by case study gives

Ri<2¢° Y @) —fw)

2, weH

zRzw

This inequality, together with (3.6), (3.7), (3.8), yields

- = 1 3
gQ(f)f) < 2n|G|"+1 (1+n(p_l)>Rl

1 3 s ,
< 2n|G T (1 + n(p — 1)) 29 Z If (z) — f (w)|

2, wEL
Imw

< - T —g

which proves Proposition 3.5.

Proof of Theorem 3.1: 1t follows from Lemma 3.4, Proposition 3.5, and the results
given above for Q that the second largest eigenvalue of K is bounded by

1
<1— ——.
B ST g

Similarly, for the log-Sobolev constant,
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q—2

> R ———————.
*® 2 g ot = )

Now, apply Proposition 3.3 and Theorem 1.1.

Remark: Assume that g = Lie,g=pisa prime. Then there s no difficulty
in extending the comparison argument of Sect. 2.B to study the walk (1.1) with
G = Z, on a connected graph & . This produces Just an extra factor of p:

Theorem 3.6 For np 2 3, p prime, let G = Zp and & = (7", ) be a con-
nected graph. Then the chain K 4 (3.1) on the complete graph and the chain P
on & =7, \ {0} defined ar (1.1) with underlying graph & satisfy

& <A%

with
A< PlAA
nn—1)
For any graph &, this, together with an easy bound on the least eigenvalue,
shows that the chain P reachs Stationarity after order n°p3(log p)loglogp™).

In principle, the argument can also be used if q=p%a>1,butit gets more
complicated and we have not worked out the details.

4. A matrix walk argument

(i,7), zeros elsewhere. This operates on 7 copies of Zﬁ arranged as an n x k
array by adding the j* row to the i row. The following Proposition shows that
the walk generated by Eii has mixing time of order n4(log P)2. We relate this to
the walks of the present paper following the proof.

Theorem 4.1 Ler 0 be the uniform distribution on the set {Eﬁ;l} of elementary
Iransvections in SL, (Zp). Then,

l0® — Ullrv. < Ae™* for ¢ > (nlogp)? (n*logp +1) witht > g,

with A,a > 0 universal computable constants, independent of £,n,p. Here Q(®
denotes the ¢™ convolution power of the probability measure 0.
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The proof uses comparison techniques from [8, 9] to allow work of Hildebrand to
be brought to bear. We need a corollary of Theorem 2.7 which is not explicitely
stated in either [8] or [9] and which has some independent interest. It gives a
comparison between two Markov chains on the same state space in presence of
symmetry.

Let (K, ), (P, ) be two reversible irreducible chains on the same state space
%". Consider the two edge sets J#(K), 4(P) where

J@(P):{(x,y)e%'X.%.":P(x,y)>0,x #y} 4.1)

and similarly for 4(K). For each (x,y) in J&(K) let I}, be the set of all
geodesic paths joining x to y in the graph (&, é(P)). Define a K, P-flow (see
the definition before Theorem 2.7) 7 by setting

125,y

&x»y_)el(ﬁ if y € I,y
ny) = i
0 otherwise.

Then, Theorem 2.7 shows that & < A(n)&p with

1 K(x,y)pux)

A = WX o P, w)TR) > B |r’y|N
’ ? x,y)EAK) ’YS(FXJ) X,y
o d Z, W

where |7| is the length of the path v which depends only on x,y if v € I%,,.

Our main assumption will be that there is a group H acting on the state space
% which preserves both chains and acts transitively on &(P).

Theorem 4.2 Assume that K and P are two reversible Markov chains on the
same finite state space F" with uniform stationary measure m = 1/|%&’|. Assume
further that there is a group H acting on & an such that

i) whx)=mx), plhx)= px) forall h€H, x € &
ii) P(hx,hy) =P(x,y), K(hx,hy)=K(x,y) forall h€H, x,y € &
iii) H acts transitively on &(P)

with A(P) defined at (4.1). Then & < A &p with

_ ! 2 1 5
A= - Z dp(x,y)K(x,y)m(x) < T max di(x,).

(x,y) Kx,»)>0
K(x,)>0

Here, dp is the distance function of the graph (&', A(P)) and € = P(x,x) which
does not depend on x.

Proof: Observe that under these circumstances the group H acts transitively on
% which forces m = p = 1/|.%’|. Moreover, the graph (&, 4(P)) must be
regular of degree |4(P)|/|.%’|, and P must be of the form
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€ ifx=y
Pey) = (=) if (r,y) € L8ep)
0 otherwise.

Thus, the quantity

1 Z Z [YIK G, y)ux)
v A, yiux)
P(z, w)n(z) )bk e, IT% |

Y3z, w,

simplifies to

[A(P)] [YIK (e, y)u(x)
l-¢ Z Z [T
&) AK) ;'ae(ff-f)

and does not depend on (z,w) € é(P). 1t follows that the comparison constant
A(n) satisfies

1 [A(P)| 171K (x, y)u(x)
A(m) = == Z Z T YIRX)
2P| (z,w)ezxs(f’) 1-e ENIEAK) 1€, 1]

1 )3 Z 72K (e, y)u(x)

- I,
1-e xy)EAK)YET,, 2R

1
o7 D MK,y
E(x,y)e-/é(K)

1

1]

where, in the last equality, dp(x,y) denotes the distance between and y in the
graph (&', _4(P)). This proves the desired result.

Let us apply this result to the chain associated with the probability measure
Q on SL,(Z,) where

ZT}_D if x =E;; for some (i,)), i #j
otherwise,

Q@) = {

_ For Comparison, introduce the chain associated with the probability measure
Q which is uniform over the set of all transvections. Thus,

~ L if xi a transvection
- l?[ I x 18
&) { otherwise.

Here 7 denote the set of all transvections and |77 is its cardinality, See Suzuki
[21], page 73, for background on transvections. It turns out we will not need to
know the value of ||

First, observe that the automorphism group of the Cayley graph of SL,(Z)
with generating set Efgl acts transitively on oriented edges. To change E, j to
E, ¢, conjugate by the permutation matrix that changes i into k andj into ¢. To
change E; ; to E,;l, conjugate by the matrix I; which has zeros off the diagonal,
—1 in position (; »1) and ones at all other diagonal entries. To obtaip a transitive
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action on the set of oriented edges, we only need to compose the natural action
of SL,(Z,) on its Cayley graph with the above transformations. Observe also
that all these transformations preserve the set Z of all transvections. Hence,
we are in position to use Theorem 4.2 to compare the Dirichlet form 5% of all
transvections with & . We still need to write any transvection T' €  as a word
using the elementary transvections E,?S-‘. Using results of Lubotzky, Phillips and
Sarnack [18], the diameter of SL,(Z,) in the four generators

(67)-(411)

is ¢; log p for a universal constant c;. It follows that one can write the transvection
E;j(x), x € Zp, which has ones on the diagonal, an x in position (i,/), and
zeros elsewhere in ¢; logp steps using the E, g. These E; j(x) are the set of all
“elementary” transvections corresponding to the row and column operations of
linear algebra. The argument in Suzuki [21], pg. 93, shows that the diameter of
all of SL,(Zp) in the E; ;(x) is cn?. If one only needs to write a transvection,
Magaard [19] shows that at most 4n — 5 of the E; j(x) are needed. We conclude
that

the length of any transvection as a shortest word

using the Eii‘,-1 is at most ¢ nlogp 4.2)
for an explicit constant ¢; = 4c;. Using (4.2) and Theorem 4.2 yields
& < lcanlog p1*%,. 4.3)

Now, Hildebrand [16] shows that there are universal constants A,a > 0 such
that _
Q¥ — Ullzv < Ae™

provided £ > n +t, ¢ > 0. This implies in particular that

Bi(Q) < e

since [, governs the asymptotic rate of convergence. Hildebrand’s bound and
(4.3) imply the following result.

Proposition 4.3 For Q as in Theorem 4.1, the second largest eigenvalue 1(Q)
satisfies

C

for a universal constant c.

To prove Theorem 4.1 we still need one more ingredient which is a lower bound
on the least eigenvalue.

Proposition 4.4 For n > 3, the least eigenvalue of the chain associated with Q
is bounded by

1
Buin(@) 2 —1+ o=
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This will be deduced from the following general result which will be proved as
a corollary of Lemma 2.7.

Lemma 4.5 Let P, v be a reversibie Markov chain on a finite state space &~ with
uniform stationary measure = = 1 /I &|. Assume that there is g group H acting
on & and such that P(hx,hy) = P(x,y) forall h € H,x,y € & Assume that H
acts transitively on the oriented edge set 4 = e & x 2 P(x,y) > 0}
(this implies P(x,x) = 0). Assume Jurther that there exists ar least one cycle of
odd length D with at most R edges repeated twice. Then, the least eigenvalue of
P satisfies

2
Brin(P) > ~1+ =
Proof: Use Lemma 2.7 with 2, the set of all cycles of odd length D based at x.

We can clearly assume that there are no repeated edges. The hypotheses imply
that this set is not empty. Let § be the flow on loops of odd length given by

6 % ifoe X,
- 0 otherwise.

Lemma 2.7 yields
2

with

1O = max ||y 3 'ng(f)

P(x,y)>0 21ED cex,
o3(x,y)

where r(c, (x,y)) is the number of time the edge (x,y) is used in . We assume
(without loss of generality) that r(o, (x, y)) < 2. Using the action of f , We see
that the quantity we take the maximum of is constant. Thus, the maximum can
be replaced by the mean over edges in 4. This gives

SARRPIPIL

G YEAZELR o€Z;

a3(x,y)

_ Z Z lo|n(z)

cewacs 12
= D2,

This proves Lemma 4.5,

Proof of Proposition 4.4 In order to apply Lemma 4.5 we only need to find one
cycle of odd length because we already know that the automorphism group of
our Cayley graph acts transitively on oriented edge. But, for n 2 3 and for any
distinct i,j, k

Id = E}-’_,ClEi;-IE'J-,kEi,kEiJ.
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Thus, we have at least one loop of odd length 5 in our Cayley graph. Moreover,
no edge is used twice. Thus, we conclude

1
Pwin(@) 2 —1+ 7=

Proof of Theorem 4.1: For n > 3, Propositions 4.3, 4.4 shows that

c
B(Q) = max{B1(Q), ~Bmin(@Q)} <1 — (nlogp)?’

Since |SL,(Zp)| < p"2 the bound (1.5) gives
10 — Ullry < pr/2emet/rioe

which proves Theorem 4.1.

Let us return to the subject of this paper. As mentioned above, for k < n
and under the random walk associated with Q, the last k columns of the matrix
evolves like the random walk (1.1) on the complete graph with n vertices with
G = ZF. Thus, Theorem 4.1 implies that order n*(logp)® steps suffice to reach
stationarity, uniformly in n,p, k. For fixed p and k (e.g., k = 1,p = 2), these
results are not as sharp as those of Sects.2 and 3. On the other hand, for fixed k
and large p, the results of this section are much sharper and seem unobtainable
by elementary path arguments. They lean on the deep number theoretic results
of Lubotsky Phillips and Sarnack [18]. Davidof and Sarnack [4] give remarkable
simplifications but the results are still quite deep. Theorem 4.1 also handles the
large k case (e.g., p =2,k =n).

However, note that the above argument depends very much on working over
Z, with p prime. It breaks down for composite p but can be extended without
change to any finite field.

Finally, we remark that Gluck [14] has given a different proof of Hildebrand’s
results which generalizes to random walks on essentially arbitrary conjugacy
classes of general Chevalley groups.
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