Supercharacter formulas for pattern groups

Persi Diaconis and Nathaniel Thiem

Abstract

C. Andre and N. Yan introduced the idea of a supercharacter theory to give a tractable
substitute for character theory in wild groups such as the unipotent uppertriangular group
U, (Fg). In this theory superclasses are certain unions of conjugacy classes, and supercharac-
ters are a set of characters which are constant on superclasses. This paper gives a character
formula for a supercharacter evaluated at a superclass for pattern groups and more generally
for algebra groups.

1 Introduction

Let Uy(F,) be the group of uppertriangular n x n matrices with entries in the finite field Fy,
and with ones on the diagonal. While describing the conjugacy classes or irreducible characters
of Up(F,) is a well-known wild problem, Carlos André [1, 2, 4] and Ning Yan [17, 18] have
shown that certain unions of conjugacy classes (here-after superclasses) and certain characters
(here-after supercharacters) have an elegant theory that is rich enough to handle some Fourier
analysis problems classically needing the full character table and yet tractable enough to admit
a closed form formula for a supercharacter at a superclass (see also [8]).

Diaconis and Isaacs [10] abstracted supercharacter theory to algebra groups, a class of groups
of the form {1+ X | X € n}, where n is a nilpotent Fy-algebra. In the resulting theory,
restriction of supercharacters and tensor products of supercharacters decompose as nonnegative
integer combinations of supercharacters. Furthermore, there is a notion of superinduction that
is dual to restriction of supercharacters. However, instead of giving a nice formula as in the case
of Uy (F,), they leave the character formula in the form of an orbit sum.

The present paper combines the above two perspectives by viewing algebra groups as sub-
groups of Uy, (IF,). The primary focus of this paper is on a large class of subgroups called pattern
subgroups. Let J C {(i,7) | 1 < i < j < n} be a subset that is closed in the sense that
(4,7), (4, k) € J implies (i, k) € J (ie. J is a partial order on {1,2,...,n}). The pattern group
Uy is the subgroup of U, (F,) consisting of matrices whose (7,j)th entry is permitted to be
nonzero only if (7,j) € J. In fact, pattern groups are type A root subgroups, and C. André and
A. Neto have constructed a supercharacter theory for types B, C, and D [5].

We give a reasonably explicit formula for a supercharacter evaluated at a superclass for an
arbitrary algebra group. It is, however, easiest to state for the special case of pattern groups.
Both supercharacters and superclasses can be indexed by certain (different) subsets of U;. For
x,y, € Uy, let x¥ be the supercharacter corresponding to y; then there exists an explicit |J| x |J|
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matrix M and vectors a,b € IF‘LJ‘ depending on z and y such that

Xy(l) / . / .
k(M) H 0(b;;bij + xi59i5), if MV = a and the product is well-defined,
XY(z) = q (i,5) (1.1)

0, otherwise,

where 6 : F;, — C* is an isomorphism. See Theorem 5.1 and Theorem 6.1 for explicit statements.
This formula reduces to the Andre/Yan formula in the case when J = {(i,j) | 1 <i < j <n},
and to the usual character formula for the Heisenberg group in the case when J = {(i,j) | ¢ =
lorj=n}.

Section 2 gives background on pattern groups, algebra groups and supercharacter theory. We
also characterize which subgroups of U, (F,) are algebra groups. Section 3 sets out our notation
for pattern groups using the language of closed sets of roots. Section 4 describes the orbits and
coorbits of an algebra group on its radical n, and dual n*. This amounts to a careful study of
row and column operations.

The main results are in Section 5, giving a formula in the form (1.1) for pattern groups. If
the partial order given by J has no chains of length four, then we show that superclasses and
supercharacters are conjugacy classes and irreducible characters. In particular, our formulas
give the classical characters of the extra special p-groups and certain unipotent radicals of Levi
subgroups. At the other extreme, our formulas reduce to the Andre-Carter formulae for U, (F,).
Several other examples are also given explicitly.

Section 6 shows that the character formula also holds for general algebra subgroups of pattern
groups (and thus for all algebra groups).
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2 Background

This section gives an overview and pointers to the literature on three fundamental topics: pattern
groups, algebra groups and supercharacters.

2.1 Pattern groups

Let
Un(Fy) = {n x n unipotent uppertriangular matrices with entries in F}.

A closed subset of pairs
JCH{@,j) | 1<i<j<n}
is a subset with the property that (i,7),(j,k) € J implies (i,k) € J. For t € Fy, let x;;(t) €
Un(F,) denote the matrix with ones on the diagonal, ¢ in the (7, j)th position and zeroes every-

where else. Then for any closed subset J C {(i,j) | 1 <i < j < n}, the pattern group Uy
is

Uy = {(uij) € Upn(Fy) | (4,7) ¢ J implies u;; = 0}
= (zy5(t) | t€Fy, (i,7) €J).



The closedness of J implies that Uy is a subgroup of U, (F,). It is also clear that
Us| = ¢!,

Note that the set J gives rise to a poset P on {1,2,...,n}, where ¢ <p j if and only if
(i,7) € J. The transitivity property of P is the same as the closed property of J. In the
language of posets, these pattern groups are similar to Rota’s incidence algebras [16].

Alternatively, if Rt = {¢;,—¢; | 1 <i < j < n} are the usual positive roots of type A. Then
J C RT is closed if and only if o, 3 € J and a + 3 € RT implies o + 3 € J. From this point of
view Uy is the subgroup of U, (IF,) generated by the one-parameter subgroups (x4 (t) | t € Fy)
corresponding to o € J.

Examples. Many naturally occurring subgroups are pattern groups.

1. If J={(4,j) | 1<i<j<n}, then the corresponding poset is

e
1

P

and Uy = Up(Fy).

2. The commutator subgroup U), C U, (F,) is equal to the Frattini subgroup ®(U,,) C U, (F,).
In this case, U, = ®(U,,) = U; where

J={(,j) | 1<i<i4+1<j<n}, or

In general, if J is closed, then Uf, = ®(Uy) = Uy [11], where
J' =A{(G,k) | (5,4),(j,k) € J, for some j}.

Let {t1,t2,...,t,} be a basis for F, as an F,-vector space (where ¢ = p"). From the
description of the Frattini subgroups, a minimal (Frattini) generating set for U; may be
chosen as

{xii(t) | (i,5) € J,t € {t1,ta,... ,tr},i < k < jimplies (i,k) ¢ J or (k,j) ¢ J}.

Note that the set of (i,7) that come up in these generators is the set of covering relations
of the corresponding poset P.

3. The center of U, (F,) is Uy for J = {(1,n)}, or

,P:nI 2 3 n-—1

1 Y ®---0
4. The upper and lower central series of Uy, (FF,) has terms given by the pattern groups

Je=A0J) | j—i=k}



5. In U, (F,), Vera-Lopez and Arregi [7] used a sequence subgroups given by
Gij = (wu(t) | t € Fgi <k,j <1, (i,5) # (k1))
In this case,
1=G1n<Gip-1<9---<14G129G2, Q-+ - AGp_1 5 AU, (Fy)

gives a central series for U, (F,) with each factor isomorphic to IF‘;’. Furthermore, every
subgroup is a pattern group.

The following elegant characterization of pattern groups was communicated to us by Bob
Guralnick.

Proposition 2.1. For ¢ > 3, a subgroup U of U, (F,) is a pattern group if and only if U is
invariant under conjugation by diagonal matrices T' in the general linear group GLy (Fy).

Proof. Note that
diag(t1, ta, ..., tn) (uij)diag(t; 'ty 1, ot ) = (Biugit; ).

Thus, if U is a pattern group, then it is invariant under the action of 7'

Suppose U is invariant under 7. Let v = (u;;) € U be nontrivial. It suffices to show that for
every u;; # 0, the group (z;;(t) | t € Fy) is in U. Let ¢ be minimal so that u;; # 0 for some
i< j <n. Let

hi(t) = diag(1,...,1,¢t,1,...,1).
——
i—1
Then h;(t)uh;(t~!) € U has the effect of multiplying the ith row of u by t. In particular, if
t # 1, then

u' = hi(tyuh;(tu"t € U satisfies for j <k, uj =0 unless j = .

Now let j be minimal such that u;j # 0 (such a j must exist by our choice of 7). Then
hj(ta)u'hj(ty) € U has the effect of multiplying the (i,7)th entry by ¢;'. Thus, if to # 1,

u’ = hj(te)u'hj(ty u' "t € U satisfies uf; =0 unless k=i and [ = j.
Thus, u” = x5(t) for some t € F. Since U is invariant under T,
(hi((t3)aij(hi(t5") | ts € Fy) = (wij(tst) | t3 € F)) = (wy(t) | t €Fy) C U

Note that v = uw;;(—u;;) satisfies w; = 0 and uy) = uy for all (k,) # (i,7). We may therefore

proceed inductively to find all the one-parameter subgroups in U. O

Remarks.

1. The proof fails for ¢ = 2 because the proof requires \qu\ > 1. In fact, if ¢ = 2 the diagonal
condition is empty, and the proposition is false. For example,

1
0
0

O = »

t
s | s,t € Fy p C Us(Fs),
1

is a subgroup but not a pattern group since it does not contain x12(1).
2. Proposition 2.1 implies all characteristic subgroups of U, (F,) are pattern subgroups.

3. The proof does not depend on the field (other than the size constraint).



2.2 Algebra groups

Algebra groups generalize pattern groups. Let n be a finite dimensional nilpotent F,-algebra.
The corresponding algebra group U, is the group

U,={14+X | X €n} with multiplication given by (1+X)(1+Y)=1+X+Y + XY.

Algebra groups have g-power order, and in [15] Robinson studied the number of conjugacy classes
of an algebra group. It is obvious that the center of an algebra group is an algebra group since
Z(Uy) = 14 Z(n). We do not know if the commutator or Frattini subgroups of an algebra group
are algebra groups. The classification of nilpotent algebras is an impossible task, but many
classes of examples are known (see Pierce [14]). In this section we show that algebra groups are
poset groups.

By Engels theorem we may view n as a subalgebra of the set of n xn uppertriangular matrices
with zeroes on the diagonal (for some suitably chosen n), so every algebra group is isomorphic
to a subgroup of U, (F,;). The following proposition characterizes which subgroups of U, (FF)
are algebra groups. Indeed, we determine which subgroups of U are algebra groups for general
closed sets J.

Let J* ={¢:J — Fy}. For ¢ € J*, let

1 (i, J) 0 (i, )
Ty = eUy and Xy = eny=U;—1
0 1 0 0

Proposition 2.2. For closed J, let H C Uy be a subgroup. Then
V={pecJ | x4 H}
is an Fy-vector space if and only if H is a sub-algebra group of Uj.
Proof. Suppose V is a vector space. It suffices to show
nr={Xs | 6 V)

is an F4-algebra. Note that
CLX¢ +bX p €ENY

is equivalent to V' being a vector space. Consider
XoX,=(xy —1)(z, — 1) =297, — 26 — 2, + 1.
Since gz, € Hj, 47, = 2, for some n € V. Thus,
XX, =Xp_g—p €ny.
Suppose H is a sub algebra group of U;. If t,,t, € V and a,b € 4, then
14 (aX, +0X,)c H;y
implies that ap + by € V. O

Remarks.



1. Suppose H C U, (F,) is an algebra group. Then there is a natural poset P on {1,2,...,n}
given by i <p k if either

(a) there exists x4 € H such that ¢;, # 0,
(b) there exist x4, x, € H such that ¢;; # 0 and pj, # 0 for some j € {i+1,i+2,...,k—1}.

If J={(i,j) € PxP | i <pj}, then Uy is the smallest pattern subgroup of U, (F,) that
contains H. For example, if H is the algebra subgroup

1 a a 0
01 0 —a
= C
H 001 a |a e, » CUF,),
000 1
then the corresponding poset is
4 1 a ¢ e
73—2/ \3 with pattern group Uj = 0 1 0d | a,b,c,d,e € F
- </ p g b J = 00 1 b 3 0, Cy Ay q
1 0 0 01

2. Not every p-group is an algebra group. In fact, one can use Proposition 2.2 to show that
the maximal unipotent subgroup of Sp,, (F,) is not an algebra group (for n > 1). In this
way, algebra groups are a “type A” phenomenon.

3. Much of the theory can be adapted when we replace F, by a finite radical ring, as explored
in [6].

2.3 Supercharacters for algebra groups

Determining conjugacy classes and characters of p-groups contains intractable obstacles. For
Un(Fy), André [1, 2, 4], Yan [17] and Arias-Castro et al [8] found that certain unions of conjugacy
classes and corresponding sums of irreducible characters give a tractable, useful theory. This
was abstracted to algebra groups in [10]. We give a brief synopsis.

First suppose that GG is an arbitrary finite group. A supercharacter theory for G is a partition
k of the conjugacy classes, and a partition x" of the irreducible characters such that

(a) The identity element is in its own block in &,
(b) |s] = [x"],

(c) For each block K € k", there exists a corresponding character x® which is a positive
linear combination of the characters in K such that y* is constant on the blocks of k.

There are many general examples of supercharacter theories, including the partitioning of G
and its characters under the action of a group of automorphisms of G. The following specific
construction for algebra groups specializes to the construction of André-Yan(see [10]).

If U, is an algebra group with corresponding nilpotent algebra n, then U, x U, acts on n
by left and right multiplication. A superclass of U, is a subset 1 4+ O, where O is a two-sided
orbit in n. Note that every superclass is in fact a union of conjugacy classes and 1 is in its own
superclass.



To define supercharacters, note that U, x U, acts on the space of linear functionals n* by
(u)(X) = Mu"' Xov™h), where u,v € Un, A € n*, and X € n.

Fix a nontrivial homomorphism 6 : IF;’ — CX. For A € n*, define the supercharacter xy* to be

A |AUn|
= —— 9 o .
X T U ) > H

Then every irreducible character appears as a constituent of exactly one supercharacter (not
obvious), and the supercharacters are constant on superclasses (follows from the definition).

The classical orbit method of Kirillov identifies conjugacy classes and irreducible characters
with orbits of U, acting on n by conjugation. The problem with this construction is that
describing the orbits is a provably wild problem. André and Yan have shown that the U, x U,-
orbits for U,(F,) are indexed by labeled set partitions and that natural quantities such as
dimensions and intertwining numbers are described in terms of elegant combinatorics (rivaling
the tableaux combinatorics of the symmetric groups). We hope that the following developments
show that some of this carries over to general algebra groups.

Diaconis and Isaacs describe in [10] that the above superclasses and supercharacters for
algebra groups form a “nice” supercharacter theory in the following sense

(a) The character of the regular representation is the sum of all the distinct supercharacters.
In particular, supercharacters are orthogonal with respect to the usual inner product,

(b) The restriction of a supercharacter to any algebra subgroup is a sum of supercharacters
with nonnegative integer coefficients,

(¢) There is a notion of “superinduction” for which Frobenius reciprocity holds,

(d) The tensor product of supercharacters is a linear combination of supercharacters with
nonnegative integer coefficients.

In addition, [10] give useful criteria for determining when a superclass or supercharacter is in
fact a conjugacy class or irreducible character. We apply this in Corollary 5.2 to give a simple
necessary and sufficient condition for a supercharacter of U, (IF;) to be irreducible.

The theory is rich enough to permit analysis of natural problems. For example, consider a
pattern group U;. Fix a basis {t1,...,t,} of Fy as an Fj-vector space (¢ = p”). Then the set

{xij(t) | te{ts,... . t:},(¢,4) € J, there is no pair (i, k), (k,j) € J}

is a generating set for U;. It follows from [10, Corollary 3.5] that the conjugacy class containing
one of these generators is a superclass. Thus, supercharacter theory can be used to explicitly
diagonalize the conjugacy walk on U;. Then one may attempt comparison theory [11] to analyze
the original walk. This program was carried out in [8] for Uy, (F,).

3 Pattern groups

This section gives two useful orderings on pairs (i, j) and defines pattern groups.



3.1 A Lie theoretic perspective

Let
Rt={ei—¢; | 1<i<j<n},

be a set of roots, which has a total order given by
Er —€s < €5 — €5, ifr>diorifr=id, and s> j. (3.1)
If the roots are indexed by pairs (4, 7), then this ordering can be pictured as
m—Ln)<(n—-2n)<mh-2,n—-1)<---<(I,n)<(l,n—1)<--- < (1,2).
Lemma 3.1. The total order < satisfies
(a) Ifa < B and a+ B € R, then a < a+ 3 < [3.
(b) Ifa< B, a+pe€RT and a+ [+~ € RT, then either vy < o or 3 < 7.

Proof. (a) The assumptions imply o = €; — e, 8 =& —€j, so a + = &; — €. Since j > 1,
a < a+f and since k > j, a+ [ < (. (b) The assumptions imply that a = ¢; — ¢y, 8 = ¢; —¢;,
and either v =¢p, —¢; or v = ¢ — €. [l

There is also a partial ordering on the roots given by
a =< g, if 3—a € RT,

called the dominance order. This ordering can be pictured by hanging the uppertriangle from
its righthand corner (1,n). entries just above the main diagonal are lowest, those on the second
diagonal above with (1,n) at the top of the Hasse diagram (see the figure below). This partial
ordering is not compatible with the linear ordering 3.1, and should also not be confused with
the underlying poset P on the integers {1,2,...,n}.

Let G(R™) be the Haase diagram of the poset <, which we can organize from smallest to
greatest as we pass from left to right. For example, if n = 4,

€1 — &4
/ \
G(R") = £y — €4 €1 — €3
€3 — €4 E9 — €3 €1 — €2

A subset J C RT is closed if a, 3 € J implies that o+ 3 € J. Let G(J) denote the subgraph
of G(R™) with vertices J and an edge from « to 3 if 3 — «a € J. For example, when n = 4, the
subset J = {(1,2),(1,3),(1,4),(2,4),(3,4)} is closed with corresponding subgraph

€1 —¢&4

7N

Q(J): E9 — &4 €1 — €3

7 ™

€3 —¢&4 €1 — €2



3.2 Pattern groups

For ¢; — €5 € R+, let
Xij = Xai_aj = n x n matrix with 1 in the (4, j)th position and zeroes elsewhere.

The nilpotent [Fy-algebra
ny =Fgspan{X, | a € J},

has relations

X2 =y, for a € J, (3.2)
XoXp =0, for o, 3 € J such that « < 3OR a+ 3 ¢ R™, (3.3)
X5Xo = Xoip for a,B,a+B€J, a<BAND a+ 3 < R*. (3.4)

Let J C R* be closed, let Fy be the finite field with ¢ elements, and let
J*:{ ¢0:J = T }
a = ¢a

ny={Xy | $€J} where X5=) ¢aXa.
aed

Then

The dual of ny,
n;={A:n; —F, | \F,linear},

has a basis {\q :n; — F, | a € J} given by

Aa(Xg) = ¢a.
For n € J*, let
)‘7] = Z noc)\om
acJ

so that n% = {\, | ne J*}.
For o € J and t € F,, define

To(t) = eXeo =14+ tX,.

Note that if we order the product by the total order < (ie. begin with the smallest, multiply on
the right by the next smallest, etc.), then relation (3.3) implies

[ zalta) =1+ taXa,
acJ aeJ
so we may define the unipotent subgroup
Uj=(za(t) | a€JtelFy)
=1+ ny.

For ¢ € J*, let

3§‘¢:1+X¢: H$a(¢a) GUJ,
aed

9



where again the product is ordered according to <. Then
UJ:{xd)](;ﬁGJ*} and nJ:{X¢\¢€J*}.
The generators of U satisfy the commutation relation

Tatp(—ab), fa+peJ, a<p,
[za(a),z(b)] = ¢ xasplab), fa+ped, a>p (3.5)
1, otherwise,

and the additive relation
ZTo(a)xa(b) = zo(a + b). (3.6)

Example. To connect previous poset notation with the root graph, consider the poset of
nonempty subsets on three elements,

{17 27 3}7

RN

P = {172}3 {1’3}5 {2’3}6 ’

> >
{1h {2}2 {3}4

so that J = {(6,7),(5,7),(4,7),(4,6),(4,5),(3,7),(2,7),(2,6),(2,3),(1,7),(1,5),(1,3)}. The
corresponding root graph is

g1 — €7

€2 — €6 €1 —¢&5

€1 — €3

€6 — E7 €4 — &5 €2 — &3

4 Pattern group orbits and co-orbits

Both superclasses and supercharacters are indexed by two-sided orbits. This section develops a
description of these orbits.

4.1 Pattern group orbits
The group Uy acts on ny by left and right multiplication. Let
Oy = {Uy x Uj-orbit containing X}.

Of course, multiplying on the right by x(t) where 3 = (7,7) and t € F; adds ¢ times column
1 to column j , while adding on the left adds ¢ times row j to row 7. In the present notation we
obtain the following lemma.

10



Lemma 4.1 (Row and column reducing). Let 8 € J, t € Fy, and ¢ € J*. Then

(a) Xpxp(t) = Xy, where

;) ¢7+t¢~/—ﬁ7 ify—pB€J AND B <~ -8,
Py = { by otherwise, ved
(b) x5(t) Xy = Xy, where
, [ 6y+1tb,s, ifv—BEJ ANDy—B<B,
Py = { by otherwise, ved

Proof. (a) Let J = AU{S}UB be such that A < § < B, and let ¢4 and ¢p be the restrictions
of ¢ to A and B, respectively. Then

Xowg(t) = (29 — Dag(t) = va(da)rs(d(B))zs(d)rs(t) — x5(t).

By relation (3.6),

Xgap(t) = wa(pa)zs(d(8) + t)xp(¢B), 15(t)] — z5(t)
= z4(pa)zs(p(B) + t)[xp(dB), Ta(t)] — 1 — tXp
=za(¢a)zs(¢(3)xB(¢B), 25(t)] — 1

By Lemma 3.1 (a), if @« € B and a+f3 € J, then a+ 3 € B. By relation (3.5), as x3(t) moves left
through xp(¢p) the only new terms that crop up are of the form z,45(t¢p(e)), where a € B
and a+ (3 € J. By Lemma 3.1 (b), as z4+3(t¢p(a)) moves from right to left, it commutes with
all other terms until it hits z443(¢p(ac+ 3)). Thus, every z-(¢p(7)) in B such that v — 3 € J,
becomes z~(¢p(v) + tép(y — 3)), and all the other terms remain the same.

The proof of (b) is similar. O

For the poset version of Lemma 4.1, write
(11,92, ...,0r) EP if (11,42), (i2,13), - .., (ir—1,1r) € J,
so that (iq,42,...,4,) € P if (i1,42,...,%,) is an r-chain in the poset.
Lemma 4.2. Let x., ., (t) € Us and Xy € ny. Then

(a) Xpwe; ¢, (t) = Xy, where

L O otherwise,

Qb/ { ¢Zl+t¢’l]7 Zfl:k AND (Zaj7l) 67)7 (Z,l) GP,
(b) we; ¢, (t) Xy = Xy, where

T da otherwise,

o { G+t if t=7j AND (i,k,1) € P, (1,1) € P.

By iterating Lemma 4.1, we obtain

Theorem 4.1. Let ¢,p € J*. Then

11



(a) x, Xy = Xy, where
Gy =du+t Y. i
(,3,1)eP
(b) Xpx, = Xy where
Gy =dut Y. dipi

(i.5,)eP

Proof. (a) List the roots in J according to the total order so

By <o < B < B

We can apply Lemma 4.1 iteratively

(10080 (+++ (01820 (0 8% ) ) -+ ) ).

Induct on 1 < r < |J|. By induction, if

Xgor-1) = <xﬁr1(p(ﬂr—l)) < x <x,32 (P(ﬂz))(ﬂcﬁl (p(ﬁl))X¢>> >> :

then 1
¢§{_ )= Gu+ Z Pij Pit-

(i,5,1)€P
Br<(i,5)

Let Xyt = x5,(p(Br)) X s—1). By Lemma 4.1,

@ @ 4 peT™Y ) ifa =i and (a,b,1) € P,
Pt = ¢(T_ ) otherwise
il ’ .

However, if a = ¢ and (a,b,l) € P, then by the choice of ordering, the set {(b,k,l) € P | [, <
(b, k)} must be empty (since a < b). Thus,

¢§{)={

=dut Y. pibi
(i,5,1)eP
Br<Ging)

(bg;—l) + pap®p, if a =1 and (a,b,l) € P,
(

-1 .
qﬁilr ) , otherwise,

as desired.
The proof for (b) is similar. O

By first applying (a) and the (b) of the Theorem to X4, we obtain the following corollary.

Corollary 4.1. Let ¢,7,p € J*. If Xy = 2, Xyx,, then

Gh=du+ D bt Y. bwput+ D, Tibikpki

(i,5,1)eP (i,k,1)eP (i,3,k,1)EP

12



Define the matrices M Qf and M f by

, ifi=j7, (i,k, 1) €P, . .

) anom ={ o e O for (i,1), (k) € J,
e k=1, (i,4,0) € P, o

(MQSR)(ZJL(.YJC) = { 85‘7 Otherwisé j ) fOI‘ (271)7 (]7k) e J

Corollary 4.2. Let ¢ € J*. Then

(a) The size of the right orbit containing Xy is qrank(Mf),

(b) The size of the left orbit containing Xy is qrank(MdE).

Proof. (a) Consider the vector space isomorphism

J
ving — IE‘L‘

X, o, where (V) (i) = Pij-

By Theorem 4.1, the equation
Xd)xp = X¢) + X¢Xp

becomes
v(Xgpw)) = vy + Mffup.

Thus, the right orbit containing X4 has the same size as
’{M(f’l) ’ = Fl}]\}’ _ qrank(Mf).
The proof of (b) is similar. O

Cautionary example. For the full upper-triangular group, much of the character theoretic
information depends only on the “shape” or the support of the particular ¢ or n in J* [§].
The following example shows that this does not hold for general pattern groups (at least in the
obvious way). Consider ¢ > 3 and

5 €1 — &5
3/ \4 or % N
| > T T
1 2 €3 — €5 €2 — &4 €1 — €3
€4 — €5 €2 — &3

The group Uy is then the set of matrices of the form

oSO O O
S O O = O
S = O ¥% %
— % % ¥ %

S O = ¥ %
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The matrices

10110 10 210
01 110 01 110
z1=]1 0 0 1 0 O and zo=| 0 0 1 0 O
00010 00010
0 0001 0 0001
have two-sided orbits given by
1 01 1 a 1 0 2 1 a
01 11 a 01 1 1 b
00100 acl, and 00100 a,belF,»,
00010 00010
0 0001 00001

respectively, so although z1 and x5 have the same “shape,” they have different size superclasses.

4.2 Pattern group co-orbits
The group U; acts on the dual space n* on the left and right by
2N Xp)y = A(m_1X¢y_1), for x,y € Uy, A € n*.

For n € J*, let
O" = {U; x Uj-orbit containing A, }.

Lemma 4.3 (Dual row and column reducing). Let € J, t € Fy, and n: J — F,. Then

(a) Ayzg(—t) = Ny, where

ng:{na—l—tnmrg, zfa+@eJAND5<a+ﬁ, ael
Na otherwise,
(b) xg(=t)\; = Ay, where

a e J.

o :{ No +tNayp, ifa+pe€J AND a+ (3 < f3,

Na otherwise,

Proof. (a) If « < OR a+ 3 ¢ J, then
Ap(Xa)zp(=t) = Ay(@a(l)zs(t) — 25(1) = Ap(Xa).

If 6<a AND a+ 8 € J, then

Ap(Xa Zm (Xazs(t))
yeJ
_ZT/’Y the-i-ﬁ—i_X )
yeJ

= tna—i-ﬁ)‘a—i-ﬁ(Xa—i-ﬁ) + na)\a(Xa)
= ()‘77 + tnoc-i-ﬁ)\a)(Xa)

14



Thus,

— 1\, r_
Antp(=t) = Ay where g { Na otherwise.
The proof to (b) is similar.
The poset version of Lemma 4.3 is

Lemma 4.4. Let x.,_,(t) € Us, t € Fy, and n € J*. Then
(a) xe;—e,(—t)\y = Ay, where

S+ tne, ifl=j AND (i,5,k) € P, ,
n;k:{ Nk Nik f J ( J ) (j,k)GP,

Nik otherwise,

(b) ApTe;—e,(—t) = Ay, where

Nk Nik otherwise,

We have a similar result to Theorem 4.1, but in this case we act by a:;l.
Theorem 4.2. Let n,p € J*. Then
(a) x,' Ay = Ay, where

Wik = Mjk + Z PijMik

(b) )\na;;l = A,y where

Mj = Mk + Z PKiT;j1-

Proof. The proof is the same as for Theorem 4.1, with the reversed ordering.
Combine (a) and (b) from Theorem 4.2, to obtain
Corollary 4.3. Let n,7,p € J*. If Ay = a:;l)\nx;I, then
Wik = Nk + Z TijNik + Z NjiPkl + Z TigMil Pkl -
(i.4,k)EP (4:,k,DEP (4,5,k.L)EP

Define the |.J| x |J| matrices M} and M}, by

/ :{ 77jk+t77jl, ZfZZkAND (]71{7)[) GP; (j,k‘)EP

Na +tNatp, fa+peJAND 3 < a+ S,

ik, i£1=37,(i,5,k) P, ) .
0D ={ 08 S b for (. k), (,1)) € J.

1 itk =1, (j,k1) € P, o
(MR) o, i) = { 3]’ Otherwiséj ) for (j,k), (i,1) € J.

Note that
(M) k), ig) = mare if and only if  (M2) ¢ iv.¢j.k) = Mik-

Thus, rank((M]) = rank(M}). Define the corank of 7 to be
corank(n) = rank(M}) = rank(M}}).
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Corollary 4.4. Letn € J*. Then

(a) The size of the right orbit containing A, is georank(n)

(b) The size of the left orbit containing A, is georank(n)

Cautionary example. Two co-orbits with the same support shape can also have different
co-orbit sizes (cf. cautionary example in Section 4.1). A similar argument to the one in 4.1 gives
that

€1 — &5
4 5!
\3/ or €9 — €5 €1 — &4
1 2 €3 — €5 €2 — &4 €1 — €3
/ \
€3 — &4 €2 — €3

has co-orbits whose sizes depend on more than their shape. Furthermore, while the number of
orbits equals the number of co-orbits [10, Lemma 4.1], the sizes of the two-sided orbits for an
orbit or co-orbit indexed by the same symbol 1 can differ (in fact, they usually will).

5 A pattern group supercharacter formula

This section states and proves our main theorem, a formula for a supercharacter on a superclass.
Following this, examples (Heisenberg and U, (F,)) show how the formula can be used.
The superclass corresponding to ¢ € J* is

{:L'P | pEe O¢}7

and is a union of conjugacy classes in Uj.
Fix a nontrivial homomorphism 6 : IE“;r — C*. For n € J*, let x": U; — C be the map given
by

corank(n)

X"(zg) = q|07,7| D 0((Xy)

corank(n)

q I
0. Z 0 (A (X))-

%l <5,

By [10, Theorems 5.6 and 5.8], these maps are the supercharacters of Ujy. They are constant on
superclasses, and are orthogonal under the usual inner product with the relation [10, Lemma

5.9],

_— q2corank(n)
(X y X > = 577MW

To state the main theorem, we need one final piece of notation. For ¢,n € J*, let M(Z be the
|J] x |J| matrix given by

n _ ¢jk77il7 if (ivja kal) € P7
(M), ht) = { 0, otherwise. (5:1)
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Let a € F/l and by € Fi'l be given by

(I (z,] Z ¢]k772k
(3,9,k)€P
bn y k) Z ¢zy771k-
(3,9,k)€P
The functional ¢ meshes with n if
(1) a solution to the equation M(Za: = —ag exists,

(2) bg is perpendicular to the nullspace of M(Z (with respect to the usual dot product).
The following theorem gives a formula for a supercharacter on a superclass.
Theorem 5.1. Let ¢,n € J*. Let M", a¢, and b’7 be as in (5.1), (5.2), and (5.8). Then

goorank(m)—rank(M )H(b b") H 0(¢pijniz), if ¢ meshes with n,

XMzg) = (4,5)€supp(¢)Nsupp(n)
0, otherwise,

where by € IE‘LJ‘ satisfies Mgbo = —ag.

Proof. Let Fy = Flj”. For a,b € Fy, let Xo, = Xy, where

Gh=du+ D agbu+ > dubu+ D aijdikbi

(i,4,1)€P (i,k,1)eP (4,5,k,1)EP

Since |Oy| divides ¢?!, we can overcount to get

qcorank(n) qcorank(n)
X"(2g) = o Z 0(Ap(Xp)) = T Z 0(Ap(Xab))-
¢ PEK a,beF 5
By the definition of ), and X,
corank(r]
Xxg) = AT A <¢iz + > agdit dpbi+ Y az’jcbjkbkl)
a,beF ; G,1)eJ (i,4,1)eP (4.5,k,1)EP

Corank(n 0¢
=T AN 77:'1( > aydit+ dipbi+ Y. aij¢jkbkl> ;
a,bel 5 (i,)eJ (4,5,1)eP (3,9,k,1)eP
where the second equality comes by collecting all summands that do not depend on a and

Ogn = 9( > 7h’l¢il> = 11 0(Mudir)-

(i,0)eJ (4,5)€supp(¢)Nsupp(n)
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Collect summands that contain a;; for all (4, ) € J,

29 Z 77il< Z aijdji + Gijbj + Z aij¢jkbkl>

abeFy;  \(i,l)eJ (6,5,1)eP (4.3,k,1)EP

— Z 0 Z a”< Z Gk + Z ¢jkmzbkz>+ Z Djkn;1bk1

a,beF ; (3,9)€J (3,3,k)EP (4,9,k,1)eP (4,k,1)eP

= Z H ¢ a2]< > Gikmkt Y. ¢jk77ilbkl>+ Y Ginljibu

Note that if for any (z’,j) eJ,
ST bimik+ Y, bimabu #0,
(4,4,k)EP (i,5,k,1)EP

then as we sum over all possible values of a;; € F;, we sum over all roots of unity and

> 6 azy< S bumk+ Y ¢gkmlbkl>+ > binjibu | =0.

a;;€Fq (3,5,k)€P (4,5,k,1)eP (4,k,l)eP
If
S={belF; | M(Zb: —ag},
then the equation
ST Gikmint Y. bumabm = (al)ij + (M]b)i,  for (i,5) € J,
(3,9,k)EP (3,3,k,1)eP
implies

Corank( corank

e e
() =2 o R . oo D> bumubm | = T ¢"Z€ b - b).

a€F 7,b€S (4,k,0)eP beS

Fix an element by € S. Since every other vector in S is of the form by + 0/, where V' is in the
nullspace of M, we have

Corank(n)e O(b . b77)
q ¢ 0
() = D DRG]

b eNull(M])

Let {b],bh,...,b.} be a basis for Null(M ) Then

d o)) = ZHth’ by) = HZe(tib;-bg).

b eNull(M]) telf? i=1 i=1t;€F,

Thus, if any b, is not orthogonal to bg, then the product is zero. Thus, if ¢ meshes with n, we
get

qcorank( )9(1)179(170 p ) qcorank( )9(1)179(170 p )

ran 7
X(zg) = Nl = Pl g7mre)

_ qcorank(n)—rank(Mg)9¢n9(b0 . bg)’
as desired. =
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Remarks.

1. In general, the matrices M(Z, M (f, M}, M (5, and M} have many zero rows and columns.
If one is careful, one can significantly reduce the dimensions of these matrices using the
structure of the corresponding posets, but for expository purposes we omitted such “sim-
plifications.”

2. We have avoided choosing orbit and co-orbit representatives in stating Theorem 5.1. In
concrete cases, there appear to be natural choices (often with minimal support). For
example, the Heisenberg group, below, orbits and co-orbits can be identified with cosets
of the center. With U, (F,), below, orbits and co-orbits can be identified with labeled set
partitions as described in [1, 2, 3, 4, 8, 17].

5.1 Examples
Example 1: Heisenberg group.

Let H,, bet the group of order ¢>"~3 represented as n x n upper triangular matrices with ones
on the diagonal, entries in F;, and non-zero entries allowed only in the top row or last column.
That is, let H, be the pattern group U; with

J={(n—1,n),(n—2,n),...,(1,n),(Ln—1),...,(1,2)}, (5.4)
and corresponding poset
n
1
The structure and character theory of H,, is well-known. The center

Z(H,) = the commutator of H, = {z1,(t) | t € F,}.

other cosets
n—2

Thus, the conjugacy classes of H,, consist of Z(H,) together with the (¢2"~* — 1)

of Z(H,). There are ¢*"~* linear characters and (q — 1) irreducible characters of degree ¢
Consider the supercharacter theory of H,. From Corollary 4.1 (or direct computation),
. Xgx, = Xy with ¢}, = ¢; unless (4,1) = (1,n) and

n—1

(blln = ¢1n + Z(le¢1n + (blnpjn)-

j=2
It follows that each superclass is in fact a single conjugacy class. From this, the supercharacters
are each irreducible. These facts also follow from Corollary 5.1, below.
The character formula of Theorem 5.1 is simple for this example. Vectors and matrices M,
a, and b can be indexed by J in the linear order of (5.4) above. Note that for any ¢,n € J* the
matrix M(Z = 0 since there is never (i, j,k,l) € P. Note that

my.. — 771n¢jn7 if (Zyj) = (Lj)v my., — 771n¢1j7 if (‘7’ k) = (j’n)’
(9)is = { 0, otherwise, and (b¢)Jk Lo otherwise,

Now ¢ and 7 mesh if ag = bg = 0. Thus, ¢ and 1 mesh if and only if either
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(a) mn =0, or
(b) ¢4 = 0 for all positions (4, 7) # (1,n).
In both cases, rank(M ) = 0. By Corollary 4.3,

07 if Mn = 07

corank(n) = rank(Mz) - { n — 2, otherwise.

The vector b in Theorem 5.1 can be taken to be 0 (M(Zb = —ag), SO

7 H(i,j)eP 0(pijniz), if mn, =0,
XNzg) = " 20(P1nmn),  if ma #0, x4 € Z(Hy), 5.5
0, otherwise.

Note that it is natural to choose orbit representatives for cosets of Z(H,,) with 71, = 0. Then
(5.5) gives the usual formula for the irreducible characters of H,.

Example 2: U,(F,).

For the full group of upper-triangular matrices, U, (F,), we may reduce the character formula to
the one found in [8]. Let J = R™. In this case, we may choose our orbit representatives ¢ € J*
so that

bjr # 0 implies ¢j1 =0 = Pk, for all j <l # kand j #1i < k. (5.6)
Similarly, choose the co-orbit representatives n € J* such that
njr 7# 0 implies nj1 = 0 = Nk, forall j <l#kand j #i<k. (5.7)

That is, in either case we are permitted at most one nonzero entry for each row and column of
X4, Xy € n. For such choices we may now compute x"(xg).

By our choice of representatives 1 and ¢, the matrix M(Z has at most one nonzero entry in
every row and column. Suppose (M(Z)(ij)(kl) # 0 so that (4,7,k,1) € P, ¢ji # 0, and 1, # 0.

Since
a¢ (7) Z ¢]k772k7
(4,3:k)
our choice of representatives implies that in each summand either ¢;;, = 0 or n;;, = 0. Thus, for

every row of M(Z that has a nonzero row, the corresponding entry in ag is zero, and a solution

to the matrix equation
n _
M bO — ¢7
exists (and can be by = 0) if and only if ad) = 0. Note that ag = 0 implies that if (i, j, k) € P,
then either ¢, = 0 or n;, = 0. In other words, any entry in supp(n) that shares a column with
an entry of supp(¢) must be below that entry.

The nullspace Null(M ) of M has as a basis

Null(M(Z) = C-span{e(;) | the (k,l) column of Mg is zero},
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where ey is the vector with one in the (k,l)-slot and zeroes elsewhere. Thus, for bg to be
perpendicular to Null(M(Z) it suffices that (bg)(k,l) = 0 for every column (k,1) of M(Z which has
no nonzero entry. Since
0k = Z Pikit
(Z7k7l)

this condition implies that for all (i,k,l) € P, either ¢;z = 0 or n; = 0. In other words, any
entry in supp(n) that shares a row with an entry of supp(¢) must be to the left of that entry.

We may conclude x"(z,) is nonzero (n meshes with ¢) if and only if the following two
conditions hold

(a) ¢ij # 0 and ny # 0 implies j > I,
(b) ¢jr # 0 and n;, # 0 implies ¢ < j.

This gives us a combinatorial interpretation of everything in the character formula except for
the power of q.

By the choice of 7, the matrix M)} has at most one nonzero entry in every row and column.
Thus, the corank(n) = rank(M}}) is the number of nonzero entries in M}, which is

Gk eP | m0 = 3 ki 1
(i,k)eP
Nk 70

In terms of matrices kK — i — 1 is the number of entries below the (i,k) entry and above the
diagonal.
The rank of M(Z is also the number of nonzero entries in Mg, SO

rank(M(Z) = |{(Zv.7) kJ) P | quk 7& Ov'rh'l 7£ 0}|

In terms of matrices,

Number of entries Number of (j, k) € supp(¢)
corank(n) —rank(MJ) = Z below (i,1) and - such that (j, k) is
(i,))esupp(n) \ above the diagonal strictly SouthWest of (i,1)

In the language of posets, if P;; is the the interval in P from ¢ to j, then

corank(n) — rank(MJ) = Z |Pit11-1| — |supp(é) N Pit11-1],
(i,1)€supp(n)
SO

H q\73z‘+1,171|—\Supp(@ﬂﬂpiﬂ,zﬂ|9(ml¢il)7 if bij # 0, ma # 0 impli?S j‘Z l,‘
X" (zg) = (1) Esupp(n) ojk 7 0, ni # 0 implies ¢ < 7,

0, otherwise.

Example 3: No 4-chains

Let P be any poset that contains no sequence of elements ¢ < j < k < [, and for expository
purposes assume that every element is contained in some 3-chain. Let

T={keP | (i,j,k) € P for some i,j € P}
M={jeP | (i), k) € P for some i,k € P}
B={ieP | (i,j,k) € P for some j, k € P}
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so that by our assumption P =7 UM U B. The group Up consists of matrices of the form

Idg A C
’LL(A,C,B) = 0 [d\./\/t\ B
0 0 Idq

Note that if B < M <7 in P, then Up is the unipotent radical of the parabolic subgroup

A

B imi7 = | A€ GLg(Fy), B € GLjp(Fy),C € GL7((Fy)

o g *
Q * %

0
0
of GLy|1 m|+/7|(Fg)-

If u(A, C, B) € Up, then the corresponding two-sided orbit is

[d\B\ A C+AX+YB Id|B| 0 0 [d\B\ Y 0
0 Id|M| B 0 [d\./\/l\ X s 0 Id|M| 0 e Up
0 0 Idyr, 0 0 Idg 0 0 Idgp

Similarly, if A\(U, W, V) € n3, corresponds to the matrix u(U, W, V'), then the co-orbit containing
AU, W, V) is

i i Idg 0 0 Idg ~Y 0
AU +W(X™, W,V +¥™W) | 0 Idpg—X |, 0 Idpg 0 | eUp}.
0 0 Idr 0 0 Idg

Since there are no sequences of length four, the matrix M(Z = 0, so ¢ meshes with 7 if and
only if ag = bg = 0. But,

(ad)ij = Gmer and  (D))jk = (ij)ep
0, otherwise, 0, otherwise,

which translate into the conditions for u(A4, C, B) and \(U, W, V),
A*j W =0, lfj <k, and Bj* Wi =0, ifi< 7, (58)

where M,; is the jth column of M, M;, is the 7th row of M and - is the usual vector dot product.
For j € M, let _
W) = columns W, of W that j < k in P.

The resulting character formula is

> e rank(W ) )i ;
qiem H O(Nijuij), if A and u satisfy (5.8),
XA(U’W7V) (U(A7 C7 B)) = (4,7)€P (59)

0, otherwise.

Proposition 5.1 below shows that for these examples supercharacters and superclasses are ir-
reducible characters and conjugacy classes so that (5.9) gives a formula for the irreducible
characters of Up.
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5.2 Supertheory versus usual character theory

For n € J*, let

ann’f(n) = {p € J* | XyX, € ker()\,), for all ¢ € J*}
annl(n) ={p e J* | X,X, €ker(),), for all ¢ € J*}

Diaconis and Isaacs give the following characterization of which supercharacters are irreducible
characters [10].

Theorem 5.2 (Diaconis, Isaacs). Let J be closed, and n € J*. Then x" is irreducible if and
only if annf(n) + annk(n) = J*.

This implies the following more combinatorial proposition.
Proposition 5.1. Let J C RT be a closed subset.

(a) Suppose ¢ € J* and there is no 4-chain (i,j,k,1) € Py such that (i,j),(k,l) € supp(®).
Then the two sided orbit of x4 is a conjugacy class.

(b) Suppose n € J* and there is no 4-chain (i,j,k,1) € Py such that (i, k), (j,1) € supp(n).
Then x" is an irreducible character.

Proof. (a) Note that if ¢ satisfies the hypothesis, then any ¢ € Oy satisfies the hypothesis. If
the hypothesis is satisfied, then for every (i, j) € J, the group element x;;(t) acts trivially either
from the right or from the left. Thus, conjugation by z;;(t) is either a right or left action.

(b) Suppose there is no (i, j,k,1) € P such that (i,k), (j,I) € supp(n), and let p € J*. By
Theorem 5.2, it suffices to find p’ € ann%(n) and p” € annk(n) such that p = p' + p”. Let
p 0, if there exists (7,7, k) € P with (i, k) € supp(n),
pjk, otherwise.
" 0,  if there exists (4, k,l) € P with (j,1) € supp(n) OR p;.k #0,
pjk, otherwise.

Note that by the assumption, if p;x # 0, then either p;) # 0 or pf # 0. Thus, p = p' + p".
For ¢ € J*,
X¢X ;= —X¢ + X¢a:p/,

If X4X, = Xy, then by Theorem 4.1,

Py = Z Gij Pt

(4,5,1)eP
SO
A XX ) Z Nik Z ¢ijgk = Z Gij ( Z ThkPJk> =0.
(i.k)  (6:k) (i.5,k)
Thus, p’ € ann J( ). Similarly, p” € ann’j(n), so by Theorem 5.2 x" is an irreducible character.

0

Corollary 5.1. If P; has no 4-chains, then all superclasses are conjugacy classes, and all
supercharacters are irreducible characters.
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The following Corollary uses [10] and the fact that we may choose our co-orbit representatives
to satisfy (5.7) to obtain a full characterization of when supercharacters are irreducible.

Corollary 5.2. Let J = R*" so that Uy = U,(Fy). Let n € J* such that n satisfies (5.7).
Then x" is an irreducible character if and only if there is no 4-chain (i,7,k,l) € Py such that

(i, k), (4,1) € supp(n).
Proof. Consider

) =per | 5 m( X som) —odoranger)

(i,k)€supp(n) (1,3:k)
={peJ | kapjk =0, for all (i,5) € J}
k>j

anng(n) ={peJ | Z 77ik< Z pij¢jk> =0,for all p € J*}

(i,k)ESupp(T]) (iujvk)

={peJ" | Y mirpi; = 0,for all (j k) € J}.
i<j

By assumption, (,7), (k,1) € supp(n) implies that ¢ # k and j # [, so
ann’f(n) = {p € J* | nixpjx = 0,for all (i,,k) € P, (i,k) € supp(n)}
ann’j(n) = {p € J* | npi; = 0,for all (i,j,k) € P, (i,k) € supp(n)}.

Thus,
ann®}(n) + annfj(n) = J*

if and only if there does not exists (¢, 7, k) € P and (j, k,1) € P such that (i,k), (j,1) € supp(n).
[l

Examples.

1. Corollary 5.1 implies that the supertheory for the Heisenberg group and the pattern groups
of Section 5, Example 3, is just the ordinary irreducible character theory.

2. If ¢,n € J* satisfy |supp(¢)| = |supp(n)| = 1, then x4 is a conjugacy class and x" is an
irreducible character.

3. If Up = Uy (F,), then the supercharacters x”7 with maximal degree are given by supp(n) =
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{(i;mn+1—1) | 1 <i<|[n/2]}, orin terms of the poset, supp(n) is the set of pairs

While the poset contains i < j < k < [, there is no such sequence such that (i, k), (j,1) €
supp(n). Thus, Proposition 5.1 implies x" is an irreducible character. Note that since the
degrees of supercharacters are bigger than the degrees of irreducible characters, we have
that the all irreducible characters of maximal degree are supercharacters of this form.

These characters were first identified by Lehrer [13]. André [4] and Yan [17] realized that
they are in fact supercharacters. The fact that they constitute all of the characters of
maximal degree is first proved by Isaacs [12].

Note that if x4 is such that supp(¢) = {(i,n+1—1) | 1 <i < [n/2]}, then x4 is also a
conjugacy class.

(Counter) Examples. The following examples show that while the conditions in Proposition
5.1 are necessary, they are not sufficient.

1. One can show that if

and supp(¢) = {(1,2),(2,4),(3,5)}, then Oy is a conjugacy class (even though (1,2,3,5) € P).
See [3] for a necessary and sufficient condition in the case when P is a chain.

2. Suppose

5
AN
3 4
P = \2/
S

1
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and supp(n) = {(1,3), (1,4),(2,5)}. Then,

ann’f(n) = {p € J* | msdi2phs + Mmad12phy + mosd21pls = 0, for all ¢i2, ¢os € Fy}
={p' € J" | phs = 0,5 = =013 Pramal},

annJ( ) =A{p" € T | msplades + mapiadoa + nosposdas = 0, for all oz, doa, pas € Fy}
={p" € J" | pla=p3 =0}

Given p € J*, define p' € annf{(n) and p” € ann%(n) by

Pij if (Z ]) ¢ {(273)7( )}7
pi; =4 0, if (,7) = (4,5),

—15 p2amas if (i, J) (2,3).

0, if (1,7) ¢ {(2,3),(4,5)},
pij =19 pas, if (i,7) = (4,5),

p23 + Mg poamia, if (4,5) = (2,3).

Since p = p’ + p”, Theorem 5.2 implies that x" is an irreducible character.

3. This example shows that determining whether a supercharacter x” is irreducible can require
more information than just the support of 7. Suppose

P= N,
/
1 2
and supp(n) = {(1,4), (1,5),(2,4),(2,5), (3,6)}. Then,

ann’f(n) = {p € J* | madizpss + msd13p3s + Mab23p3a + N5 P23pss + MsePaspse = 0,6 € J*}
={p e J" | ps6 =0,7M4p30 = —M15P35,M24P34 = —125035 }
ann’f(n) = {p € J* | nuap13dss + msp13dss + n24p23b34 + Masp2sdsa + n3epsspse = 0,6 € J*}
={p€J" | p35=0,m4p13 = —N21p23,M5p13 = —M25023}-
Let p € J*. We want p = p’ + p” for p' € annf}(n) and p” € annZ(n). Since elements of ann’f(n)
can have arbitrary values at J\ {(5,6), (3,4), (3,5)}, and elements of ann’; (77) can have arbitrary
values at (5,6) and (3,4), we can find p’ and p” such that p;; = pi; + pf; for (i,5) # (3,5).
However, pf3s = 0, so
P35 = P = =15 Maphs = —is WP,
which can happen if and only if 795714 — 115724 = 0. Thus, x” is an irreducible character if and
only if m25m14 — M5M21 = 0.

6 An algebra group supercharacter formula

Let H C U,(F,) be an algebra group with corresponding vector space Vg (as in Proposition
2.2), and let ny = H — 1. This section gives a formula for a general supercharacter on a general
superclass. The main result is followed by a corollary regarding supercharacter values and by
several examples.
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Fix a basis {v1,ve,...,v4} for Viy and let {\1, Aa, ..., Ag} be a dual basis for the dual space
Vi For ¢ = (¢1,02,...,04) € FZ, let x4 € H be the element that corresponds to the vector

P1v1 + Povg + -+ + Pqua € V.
Similarly, for n = (n1,m2,...,14) € Ffll, let A, € n}; be the functional corresponding to
ML+ n2Ae + -+ +naXg € Vi
Let cfj € IF, be defined by

d
k
X X, = X,
k=1

where 1 4+ X, € H is the group element corresponding to the basis vector v; € V. Let C; and
CY denote the d x d matrices given by

(Ci)jk = cf- and (Ci = k.

J 1"

For ¢,n € Fg, let M(Z be the d x d matrix given by

Define az, bg € IE‘Z, by
(a})i = ¢Cin (6.2)
(b7); = 6C7n (6.3)

We say that ¢ meshes with 7 if

(1) there exists b € F§ such that M]/b = —a},
(2) b} is perpendicular to Null(M]).

Theorem 6.1. Let H be an algebra group with dim(Vy) = d. Let ¢,n € IE‘Z so that x4 € H and
Ay € Wy are defined according to bases of Vi and Vi, respectively. Let M, az, and bg be as in
(6.1), (6.2), and (6.3), respectively. Then

d
gk M vy o) T[] 0(oimi), i & meshes with 1,
i=1
0, otherwise,

X"(zg) =

where by € Ffll satisfies Mgbo = —ag, and ¢ k() s the size of the right H-orbit of Ap-

Proof. From the definitions in Section 2.3,

qcorank(n) qcorank(n)

XM(2g) = o D 00N (X)) = i D 00 M (zaXpap)
* perd a,beFd

Note that for a = (a1, as,...,aq),b = (b1,ba,...,bq) € FZ,

d
waXpwy =Y 0iXo, + > (@it + Gibj) e X, + > aidibicf;cfi Xy,
i=1 0,5,k i,4,k,l,m
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Corank( n

Xn(ﬂj(b = Z 0 Z Tim ¢m + Z (llqu +¢z Cz] + Z aZ¢JblCkal
a,beFd 1,5,k,1
Corank(
_ n 9@7 . Z T | Y (@i + dibj)eli + > aidibickeli | |,

a bE]F 7] i?jvkvl

where
Opn = O(d1m1 + d2m2 + - - + dana)-

Collect all terms involving a; to obtain

corank 9 d
X'(zg) = . Z Zal (Z Gjcism + Z QSJc,]ckmmbl) + Z GiCMmb;
a beFd =1 7,k,lm 2,J,m
B Corank 9@7 . "
= >0 T4+ MIb)+b7-b) .

a,beFd

Note that
> O(a- (al + M]b)) =0,

a€Fd

unless MJb = —a}. Thus, if S = {b € Fe | MJb = —aj}, then

corank

) = L0 >0 ()b).

q beS

Fix an element by € S. Since every other vector in S is of the form by + ', where b is in the
nullspace of M, we have

Corank(n)e O(b . b77)
q ¢ 0
XW($¢) = d77 ¢ E H(b/ . bZ)

4 b eNull(M]))

Let {b,bh,...,b.} be a basis for Null(M ) Then

>0 ) ZHth’ o) HZe(tib;.bg).

b eNull(M]) telFy i=1 i=1¢;€F,
Thus, if any b} is not orthogonal to bg, then the product is zero. If ¢ meshes with 7, then

Corank(n)e 0(bo - b
7)(77(3:(1)) _ q ;;77 ( 0 (b)qd—rank(Mg) _ qcorank(n)—rank(Mg)eqme(bO . bg)

as desired. N

Corollary 6.1. Let H C U, (F,) be an algebra group and suppose char(F,) = p. Then
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(a) The nonzero supercharacter values are integer multiples of pth roots of unity,
(b) If p =2, then all supercharacters are real-valued.
Remarks.

1. Note that if H = Uy is a pattern group, then a natural basis of Vi is {0 | (i,5) € J},
where v(#) € F‘ | is given by vﬁsj ) = 0ijrs- With this basis, Theorem 6.1 reduces to

Theorem 5.1.

2. Corollary 6.1 (a) is the supercharacter version of a conjecture by Isaacs [12, Conjecture
10.1] concerning irreducible characters.

6.1 Examples
1. A supercharacter formula

Let H,—1 = 1+ XF,[X]/(X""!) be the abelian group of polynomials that begin with 1 under
polynomial multiplication mod X"~ !. The supercharacters for this algebra group were computed
as an example in [10, Appendix C]. We extend these calculations by considering the semi-direct
product of H,,_1 with F”_l the abelian group under vector addition.

For f =14+ "5 a,XZ Ve Hy 1, t = (t1,ta,... ty1) € FP71 define ff~1 = (t,t5,...,4,_,) €
Fp=! by

n—1
t; =t; + Z apty.
k=j+1

This action makes H = H,_1 X IFZ_I an algebra group. In fact, as a subgroup of U,,

1 ax a3 - ap1| ©
0
1 as as | th—3
H = " ag,...,an_l,tl,...,tn_lGFq
. . 1 a9 tn—2
o 0 --- 0 1 | th1
0 O 0 1
Let {v2,v3,...,Un—1,01,03,...,v;—7} be the basis of Vi given by
Xy, =X éen, where X1; = X941 =+ = X—in—1 = 1 with zeroes elsewhere,
X, =X en, where X, = 1 with zeroes elsewhere.

Let {A2,..., Ap—1,A1, ..., A;=g} be the corresponding dual basis of V};.
A small computation shows that the superclasses are indexed by

{(iajaaat)a(ia'7a70)7('75707t)7('7’7070) ‘ 2 SZSTL— 17n_i<j Sn_lvaate]F;}7

such that natural representatives for the orbits O(; 5 , 1), O(i,..a,0), O(.j0,0)-and O(.. 0,0y correspond
to the vectors

av; +bvj, avi, bu;, O, respectively.

70
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Similarly, the co-orbits are indexed by the same quadruplets such that a natural representative

for the orbits O(i’j’“’t), Olia0) O('J’O’t),and 0(+:9:0) are the functionals corresponding to the
vectors
aXi + bz, aX, bA;, 0, respectively.

We first calculate the basic ingredients M, ag, and bz of (6.1), (6.2), and (6.3). Note that

o 1, 1fZ+j§k,k€{2,,n—1}, E,_O
Cij = 0, otherwise, “j =
Ck—_ 1, lfk:j—l+1,k€{1,,n—1}, CE—O
iJ 1 0, otherwise, ij =
so that by the definition (6.1), for a,b, s,t € Fy, the f, g entry of M((fjlf’g is
bcgg + tcgg
(ac?; + sc2- ac’ ' + s 1 acl, + scl- ac? 1+ SCE) bcﬁ—lvg T tc{l—lvg
f’L fj,..., f’L f] 5 fZ fj,..., fZ fj
0

=0, unless f € {2,...,n—1}.

If f,ge{2,...,n— 1}, then

0
(k,Lb,t) !
kbt _ fti —f+1 k
(M(i,j,a,s))fuq =(0,...,0,acy; Z,O,...,O,sc}j ;0,..,0) | beg_y,
0
0
_Joab, itk—g=f+1,
1 0, otherwise.
If fe{2,...,n—1}and g € {1,...,n — 1}, then
0
B 0
(k,1b,t) _ f+i —f+1 7
(M5 ) 1g = (0,0, ac; °o,... ,o,sch 0,0, 0) [ ey,
0
0

_Joat, fg—-1l+1=f+1,
1 0, otherwise.
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Similarly,
( (k,1,b,t) ) = 5i+f,kab + (5j_f_1,lst, if fe {g, e, — 1}
977 o, if fe{l,...,n—1},

(b(kv_ivbvt)) _ Op—giab, ifge {g, coon—1}
(ivjvavs) g 5g_l+17iat, lf g 6 {1, “ee 7n - 1}

Note that if bEf;’Z’i)) has a nonzero entry in row g, then M ((zkjl;g has no nonzero entry in column
g, so in order for bgf’;’z’?) to be perpendicular to Null(M ((Z.k;lf’g), we have bgf’;’z’?) =0.

Thus, (i, 7,a, s) meshes with (k,[,b,t) if and only if
(1) k—4i>2impliesa=0o0r b=0,
(2) n—1>i+1—1impliesa=0ort=0,
(3) 7—1—1>2implies s =0 or t = 0.

(kLbt) _ b(k,l,b,t)

In other words, (4,7,a,s) meshes with (k,1,b,t) if a g = 0 (and in this case

_ (27]7a78) - (27.]7(1/78)
((ijljg = 0). Therefore, our supercharacter formula is
— max{k—2,n—1—l} . . 3 (kll_vbvt) — (kL[7b7t) —
XELD (5, ) =4 4 0abdik + stdjn), a5 0 = V500 =0
e 0, otherwise,
where if i = -, j = -, k = -, or [ = -, then substitute i =2, j =2, k=n—1,0or [ =n — 1,

respectively, in the formula. Note that if we restrict this formula to the subgroup H,_ 1 we
obtain the supercharacter formula for H,,_; computed in [10].

2. A supercharacter table

The following example was used for several examples (and counterexamples) in [10]. Let

1 a b d
01 a c

H = 00 1 a a,byc,d € Fa |
0 0 01

which is a group of order 16 with a presentation given by

<l‘,7",Z | 33‘4:7"2:Z2:1,[l‘,7"]:Z,[l‘,Z]Zl,[T‘,Z]:1>,
where
1 100 1 000 1 001
v 01 1 0 . 01 0 1 L 01 00
1o o0 11|’ 1o o010 |’ oo 10
0 0 01 00 0 1 0 0 01
Note that
1 010
101 00| o
=loo1 0|7
0 0 0 1



(We use a slightly different set of generators than [10] for H).
The character table of H is

{1} {z} {ir} {lrz} A{x,zz} {zlr,zlrz} {r,rz} {l iz} {zr,zrz} {zl,zlz}

X1 1 1 1 1 1 1 1 1 1 1
X2 1 1 -1 -1 7 —1 1 -1 ) —1
X3 1 1 1 1 -1 -1 1 1 -1 -1
X4 1 1 —1 —1 —1 ) 1 -1 —1 /)
X5 1 1 1 1 1 1 -1 -1 -1 -1
X6 1 1 -1 —1 1 —1 —1 1 —1 1
X7 1 1 1 1 -1 -1 -1 -1 1

X8 1 1 —1 —1 —1 ) —1 1 ) —1
ol 2 —2 2 2 0 0 0 0 0 0
X10 2 -2 —2 2 0 0 0 0 0 0

The supercharacter table of H is

{1} {z} {ir)lrz} {z,zz,xlrzlrz} {r,rz} {1z} {zr,orz,ozlzlz}

X1 1 1 1 1 1 1 1

Xz 1 1 1 -1 1 1 -1

Xir 1 1 1 1 -1 -1 -1
Yot | 11 1 1 1 -1 1

v 2 2 -2 0 ) 2 0

vl 2 2 9 0 P 9 0

. | 4 —4 0 0 0 0 0

SO
X1 = X1, Xz = X3 Xlr = X5, Xral = X7

Xr=X67TX8 Xt=X2+X4, Xz= X9+ Xio-

There are many more supercharacter theories (in the sense of [10]) and we can find many by
inspection, such as

{1}y {z} Alr)irz} A{z,zz,xlr,zlrz,or,erz,xl zlz} {r,rz} {11z}
a1 1 1 1 1 1
el 1 1 1 1 1 1
wl 2 2 P 0 —2 9
wl2 2 -2 0 ) 2
vl 2 2 9 0 P 9
x| 4 -4 0 0 0 0

with Xir = Xir + Xral;

{1} {z} {l,rir)lz,rzlrz} {z,zz,xlr,zlrz,zr,erz, ol clz}
il 11 1 1
el 1 1 1 1
w6 6 ) 0
X. | 4 —4 0 0
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with X; = x; + x» + Xur; or

{1}y {z} Al ririz,rzlrz,x, cz, xlr, xlrz, ar, orz, ol xlz}
w11 1
Xz | 7 7 -1
. 4 -4 0

with Xz = X1 + Xa-
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