On Dirichlet eigenvectors for neutral
two-dimensional Markov chains

Nicolas Champagnat* Persi Diaconis! Laurent Miclof

December 1, 2011

Abstract

We consider a general class of discrete, two-dimensional Markov
chains modeling the dynamics of a population with two types, without
mutation or immigration, and neutral in the sense that type has no
influence on each individual’s birth or death parameters. We prove
that all the eigenvectors of the corresponding transition matrix or in-
finitesimal generator I can be expressed as the product of “universal”
polynomials of two variables, depending on each type’s size but not on
the specific transitions of the dynamics, and functions depending only
on the total population size. These eigenvectors appear to be Dirichlet
eigenvectors for II on the complement of triangular subdomains, and
as a consequence the corresponding eigenvalues are ordered in a spe-
cific way. As an application, we study the quasistationary behavior of
finite, nearly neutral, two-dimensional Markov chains, absorbed in the
sense that 0 is an absorbing state for each component of the process.
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1 Introduction

This paper studies spectral properties of two-dimensional discrete Markov
processes in continuous and discrete time, having the neutrality property, in
the sense of population genetics (see e.g. [17]). Considering two populations
in interaction, corresponding to two different types of individuals (typically a
mutant type and a resident type), one says that the types are neutral (or the
mutant type is neutral w.r.t. the resident type, or more simply the mutation is
neutral) if individuals of both types are indistinguishable in terms of the total
population dynamics. In other words, the mutant population has no selective
advantage (or disadvantage) with respect to the rest of the population.

More formally, we say that a two-dimensional Markov process (X,,, Y, )ner
(where 7 = Zy = {0,1,...} or R;) with values in R? or Z?2 is neutral if
Zn, = X, +Y, is a Markov process. In particular, the law of the process Z
depends on Zj, but not on X, or Y.

If the process Z is a birth and death continuous-time chain, the class
of neutral processes we consider is the following: the birth and death rates
of the Markov process (Z;);cr, when Z is in state k > 0 are of the form
kXr and kpy, respectively. Note that 0 is an absorbing state for Z. With
this notation, the parameters A\; and p; can be interpreted as birth and
death rates per individual. Then the process (Xi,Y;)ier, is the birth and
death process where both types of individuals have birth and death rates per
individual \; and puy, when the total population has k individuals. This leads
to the following transition rates for the Markov process (X, Y:)er, : for all
(i,§) € 22,

from (i,7) to (i +1,7) with rate 7\
from (7,7) to (i,7 +1) with rate j A4;
from (i, j) to (i —1,7) with rate @ ju4;
from (i, j) to (i,j — 1) with rate j p;y;.

Note that the sets {0} x Z,, Z; x {0} and {(0,0)} are absorbing for this
process. In other words, we only consider neutral two-dimensional processes
without mutation and immigration.



In the case of discrete time, we consider two-dimensional birth and death
processes constructed in a similar way: assume that the birth and death prob-
abilities of the process (Z,)ncz, when in state k are pj, and g, respectively,
with pr + ¢z < 1. Then, when a birth or a death occurs in the population,
the individual to which this event applies is chosen uniformly at random in
the population. This leads to the transition probabilities

with probability % Ditj

)
i,j+1) with probability L p;;
; /) with probability ﬁ Qi+j
) with probability ﬁ Qi+ j

i,7) with probability 7y,

where r := 1 — pr. — q&. Note that this construction requires assuming that
ro = 1 (i.e. that 0 is absorbing for 7).

In [14], Karlin and McGregor studied two families of neutral multitype
population processes (branching processes and Moran model), but only in the
case of nonzero mutation or immigration, for which the set of states where
one population (or more) is extinct is not absorbing. They could express
the eigenvectors of the corresponding infinitesimal generators in terms of
Hahn polynomials. We focus here on neutral processes without mutation
and immigration, which are singular for the approach of [14], and we apply
our study to a much bigger class of neutral population processes, containing
the birth and death processes described above, but also non-birth and death
models.

Our main result is the characterization of all eigenvalues and right eigen-
vectors of the transition matrix of neutral processes without mutation and
immigration. To this aim, we first consider the (easier) continuous state
space case in Section 2 to introduce some tools used in the sequel. Next, we
construct a particular family of polynomials of two variables in Section 3,
using linear algebra arguments. In Section 4, we prove that the eigenvectors
of the transition matrix of neutral two-dimensional Markov processes can
be decomposed as the product of “universal” polynomials (in the sense that
they do not depend on the specific transition rates of the Markov chain) with
functions depending only on the total population size. We then relate these
eigenvectors with Dirichlet eigenvalue problems in subdomains of Z3 of the
form {(i,7) € N*: i+ j >k} for k > 2 (Section 5), where N = {1,2,...}.

The last section (Section 6) is devoted to the application of the previous



results to the study of quasi-stationary distributions. A probability distribu-
tion v on Z3 \ {0} is called quasi-stationary if it is invariant conditionally on
the non-extinction of the whole population, i.e. if

P, (X1,Y1) = (i,7) | Z1 #0) = vy, V(i,5) € Z3 \ {0},

where P, denotes the law of the process (X,Y’) with initial distribution v.
This question is related to the notion of quasi-limiting distribution (also called
“Yaglom limit”, in reference to Yaglom’s theorem on the same convergence
for Galton-Watson processes), defined as

Vij = nETmP((XmYn) = ('L,]) | Zn 7£ 0)7 V(Z’]) € Zi— \ {O}
These notions are relevant in cases where extinction occurs almost surely in
finite time, to describe the “stationary behaviour” of the process before ex-
tinction when the extinction time is large. This is typically the case in many
population dynamics models, where ecological interactions in the population
produce high mortality only when the population size is large (one speaks of
density-dependent models, see e.g. [18], or [5] for discrete stochastic models).

These questions have been extensively studied in the case where the tran-
sition matrix restricted to the non-extinct states is irreducible (which is not
true in our two-dimensional case). The first paper of Darroch and Seneta [6]
studies the discrete-time, finite case. Several extensions of these results to
continuous-time and/or infinite denumerable state spaces have then been
considered in [21, 7, 10]. The case of population dynamics in dimension 1
have been studied by many authors(e.g. [4, 22, 16, 9, 15, 13, 19, 12]).More
recently, the quasi-stationary behaviour of one-dimensional diffusion models
has been studied in [2]|. As far as we know, the two-dimensional case has only
been studied in the continuous state space (diffusion) case [3|. An extensive
bibliography on quasi-stationary distributions can be found in [20]

In Subsection 6.1, we first give the quasi-limiting distribution for gen-
eral finite two-dimensional Markov chains in terms of the maximal Dirichlet
eigenvalues of the transition matrix in several subdomains. Finally, in Sub-
section 6.2, we apply our previous results to prove that coexistence in the
quasi-limiting distribution is impossible for two-dimensional finite Markov
chains which are close to neutrality.

The paper ends with a glossary of all the notation used in Sections 4 to 6,
which may appear at different places in the paper.



2 Preliminary: continuous case

In this section, we consider the continuous state space case, where computa-
tions are easier, in order to introduce some of the tools needed in the discrete
case.

Fix p and ¢ two measurable functions from R, to R, and consider the
system of stochastic differential equations

dY; = \/2Yp(X, + Y1)dB} + Yiq(X, + Yy)dt, (1b)

where (B!, B?) is a standard two-dimensional Brownian motion. Such SDEs
are sometimes called branching diffusions, and are biologically relevant ex-
tensions of the classical Feller diffusion [2|. If p and ¢ satisfy appropriate
growth and regularity assumptions, the solution to this system of SDEs is
defined for all positive times and can be obtained as scaling limits of two-
dimensional birth and death processes (we refer to [2] for the one-dimensional
case; the extension to higher dimensions is easy).

This process is neutral in the sense defined in the introduction since Z; =
X; +Y; solves the SDE

dZt = ZtQ(Zt)dt + 2th(Zt)dBt, (2)

tIX tly.
B :/ ,/—Sst%L/ \/ —=dB?
oV oz, o V Z,

is a standard Brownian motion. Note also that R, x {0}, {0} x Ry and
{(0,0)} are absorbing states as soon as there is uniqueness in law for the
system (1).

For any ¢ € C*(R?%), the infinitesimal generator A of the process (X, Y;):>0
is given by

where

Apto) = (255e0) + 95 2w) ) ol + )
+ (wg—i(ﬂf,y) +yg—§(r&y)> q(z +y). (3)

We first observe in the following proposition that A admits a symmetric
measure, but only on a subset of C*(R?).
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Proposition 2.1 Assume that 1/p and q/p belong to Lj,.((0,+00)). Let us
define the measure i on R% as

z+y g(s)
exp ( | —Sds>
p(dz, dy) = __

P p— dx dy. (4)

Then, the restriction A of the operator A to C2((0,+00)?) is symmelric for

the canonical inner product (-,-), in L*(R2, i), and, hence, so is its closure
in L2(RZ, p).

Note that, because of the singularities in  when x or y vanish, if p > ¢ >0
in the neighborhood of 0, any continuous function in L*(R?%, 1) must vanish
at the boundary of R2. Therefore, L?(R2, 1) C Li-?(R2), where L;2(R?) is

loc loc

defined as the closure of C.((0,+00)?) in LY (R%).

Proof For all f,g € C%((0,+00)?), we have (formally)

_ of dg of dg
(Ao == [ ple+0) (wgrien ) v )50 ) ) dedy
O(zpp) g A(ypp) dg
g f(z,y) ( 5 Y g (:y) + dy (I,y)ay(l‘,y) dx dy
+
[ ey (22 @) + v @y ) uley) ded
- »Y)q Yy Oz Y Z/ay yY) ) BT, Y Y.
Therefore, (f, Ag), = (Af, g), if
o(xup
rate -+ e y) = 2EP 0 g), ey >0
and Ouip)
ya(x +y)p(x,y) = g/;p (z,y), Va,y>0.
Conversely, these equalities can be directly checked from the formula (4),
which implies that d(xup)/0x and O(yup)/0y exist in a weak sense. O

Before studying the eigenvectors of A, we need the following result.



Proposition 2.2 For all A € R, the problem
(1 —2*)n"(z) = —Mh(z) (5)

has no (weak) non-zero solution h € C'([—1,1]) except when A = d(d—1) for
some d € N. For d =1, the vector space of solutions has dimension 2 and 1is
spanned by the two polynomials h(x) =1 and h(x) = x. For all d > 2,

(1 — 2" (z) + d(d — 1)h(z) = 0 (6)

has a one-dimensional vector space of solutions in C*([—1,1]), spanned by a
polynomial Hy of degree d, which can be chosen such that the family (Hg)a>2
is an orthonormal basis of L2([—1,1], %) In addition, Hy has the same
parity as d (all powers of x that appear are even if d is even and odd if d is

odd).

Proof The case A = 0 is trivial, so let us assume that A\ # 0. Note that,
assuming A # 0 implies that any solution h € C'([—1,1]) satisfying (5)
must satisfy h(—1) = h(1) = 0. Indeed, the function h(z)/(1 — z*) has a
finite integral over [—1, 1] in that case only. The equation has the form of the
classical Sturm-Liouville problem, but does not satisfy the usual integrability
conditions, since (1 — 2?)~! is not integrable on [—1, 1].

First, uniqueness in C'([—1,1]) for (5) can be proved using the classical
Wronskian determinant: given two solutions hy and hy of (5) in C'([-1,1]),
set W(x) == hy(x)hy(x) — by (z)he(x). Since h;(—1) = h;(1) =0 for i = 1,2,
we have W(—1) = W (1) = 0. Moreover, one has W'(z) = 0 a.e. in [—1,1]
and thus W(z) = 0 on [—1,1]. Thus (h1(0),,}(0)) and (h2(0), h5(0)) are
linearly dependent, and so h, and hy as well.

Second, assuming that (5) has a polynomial solution of degree d, the
comparison of the higher degree terms yields A = d(d — 1). So assume that
A =d(d—1) with d > 2. The polynomial

h(xz) = Z aq ", (7)

0<k<d, d—k even
where aq 4 # 0 and

(k(k—1)—d(d—1))agr = (k+2)(k+1)agrs2, Y0<k<d—2, d—Fk even,



is a nonzero solution of (6). Since h(1) = h(—1) = 0, we can choose aqg4
to define the polynomial Hy := h satisfying ||Hyl|? = 1, where p(dx) =
(1—2%)'dx and | - ||, is the norm corresponding to the inner product (-, -),.

Third, let h € C?([—1,1]) be a solution to (5) for some A # 0. Then
h(x)/(1 — x?) is continuous on [—1, 1], and for any d > 2,

! h(l’) . -1 ! "
/_1 T Hya)de = g /_1 h(x) HY (2)dx .

A L h(2)
- /_1 S H (),

where the integration by parts is justified by the Dirichlet conditions for A
and Hy. Therefore, either A = d(d — 1) for some d > 2, and then f and Hy
are linearly dependent by the previous uniqueness result, or

1
H
(h, Hy), = / h(z) d(x)z dr =0, Vd>2,
1 11—z

where {Hy(z)/(1 — 2%)}4>2 is a family of polynomials of all nonnegative
degrees. Therefore, f_ll h(z)P(z)dz = 0 for all polynomial P, and hence
h =0.

The fact that the polynomials {H,}4>2 are orthogonal w.r.t. the inner
product (-, -), follows from (8) with h = Hy for d’' # d.

Finally, assume that h € L?([—1, 1], p) satisfies (h, H), = 0 for all d > 2.
As above, we then have

1
/ h(z)P(z)dx =0
-1
for all polynomial P. Since h € L*([-1, 1], p) C L*([-1, 1], dz), such relations
imply that h = 0 a.e., which ends the proof that { Hy}s>2 is an orthonormal
basis of L?([—1,1], p). The parity property of Hy follows from (7). O

Remark 2.3 The polynomials Hy; may be obtained as a limit case of Gegen-
bauer polynomials, defined for a parameter A > —1/2 as (up to a multiplica-
tive constant)

1 1N 202X + 1)a(d + ) —d, d+2\ 1+z
H)(z)= /B, A+ = 2 P —
a() \/ (2’A+2> dd+2x) T\ A+ o )
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for all d > 0, where B is the Beta function, ,Fy, are the classical hypergeo-
metric series and (x), ‘= x(x+1)...(x+n—1) is the shifted factorial. The
normalizing constant has been chosen such that these polynomials form an
orthonormal family in L2((—1,1), (1 — 22)*~Y2dx). Then, for all d > 2, Hy
may be obtained as

d

2d — 1 r (1+ )k
Hd(x):ABH%/QHdU d(d — Zl k' ' w1 )

One easily checks from this formula that Hy solves (6), and the fact that
fjl Hy(z)?(1 — 2?)7Ydx = 1 is obtained applying the limit X — —1/2 in
[YH)M2)2(1 — 22> 2de = 1.

We now introduce the change of variables

r—y

z=rz+y€R; and w=
r+y

e [-1,1], (10)

which defines a C*-diffeomorphism from R? \ {0} to (0, +00) x [—1,1]. Then
w(dz, dy) = v(dz, dw), where

)
dz, dw) = d dzd
Vde,dw) = = ) ©
and 1 —w? 0? 0? 0
—w
A= ~ p(z)an + ZP(Z)@ + zq(2 )8_ (11)
Now, assume that A has an eigenvector of the form ¢(w)y(z). If X is the

corresponding eigenvalue, (11) yields

() (20 (2) + 20 (2) = Mb(2) + (1 = u)e () 2D =0

z

Hence, we have the following result.

Proposition 2.4 All functions on RZ of the form

Hal ) )t +) (12



where d > 0, Hi(x) = x, Hy(z) = 1, Hg, k > 2 are as in Proposition 2.2,
where 1 satisfies

2p(2)Y"(2) + zq(2)Y'(2) — d(d — 1)Mzﬁ(z) =\(z), Vz>0, (13)

z
for some A € R, are eigenfunctions of A for the eigenvalue \.

Now, we proceed to prove that there are no other eigenvectors of A (in
the sense of Theorem 2.5 below). Such a result seems natural as (13) can be
written as the Sturm-Liouville problem

d / z q(s) exp flz ;I%ds B exp flz f%ds
dz (¢ ) eXp/1 z@d8> —dd=1) () = A B(2)

Here again, the usual integrability conditions are not satisfied. More pre-
cisely, if p(z) > ¢ > 0 for z in the neighborhood of 0 and ¢ is bounded,
using the terminology of [23], for all d > 0, the problem (12) is a singular
self-adjoint boundary value problem on (0, 00), where the endpoint 0 is LP
(limit point) singular (see [23, Thm. 7.4.1]). In this case very little is known
about the existence of an orthonormal basis of eigenvectors in L2((0, 00), /),
where

N 2exp< . %ds)
v(z) =

zp(2)

(the spectrum might even be continuous, see [23, Thm. 10.12.1(8)]).

For this reason, we state our next result on the operator A with a re-
stricted domain corresponding to the case where the diffusion is reflected in
the set

(14)

D={(z,y) eR2 :a<z+y<b}

where 0 < a < b < oco. For all initial condition (Xo, Yy) = (x0,%) € D, we
consider the process (X3, Y;, k), kt(b))tzo such that k:(()a) = kéb) =0, k& and
k® are nondecreasing processes, (X;,Y;) € D for all t > 0,

t
) = / Lix,ivieaydkl®, V>0, a=ab
0

dX; = \/2Xp(X; + Yo)dBL + Xoq(X, + Yy)dt — V2 dk® + 2 dk
—1 1 (a
dY, = \/2Vp(X, + V) dB? + Yiq(X; + Yy)dt — V2 dk” + 2 dk®.

10



Then Z;, = X; +Y; is the solution of (2) reflected at a and b with local time
kY at a (resp. k” at b). Therefore, (X;,Y;) is also neutral in the sense of
the introduction.

The corresponding infinitesimal generator is defined by (3) with domain

the set of p(z,y) € C'(D) N C?*(int(D)), where int(D) denotes the interior
of D, such that

0

a—i(m,y) + 8—y(x,y) =0, Y(zr,y)eDst.x+y=aorb.
Theorem 2.5 For 0 < a <b < oo, assume that p > ¢ >0 on [a,b] and q/p
belong to L' ([a, b]).

(a) There erists a denumerable orthonormal basis of 1L2(D, 1) of eigenvec-
tors of A of the form (12), where d > 2 and 1 solves (13) on (a,b)
and satisfies Y'(a) = ¢¥'(b) = 0. Moreover, any eigenvector of A in
L2(D, p) is a linear combination of eigenvectors of the form (12), all
corresponding to the same eigenvalue.

(b) There exists a family of right eigenvectors of A of the form

u{"ue+y), 2

T4y o4y

U{H(=2) el @+ (9)

x k>1
i>2 +y >

Uy (x +y)} U

k>1

which is a basis of the vector space
V= {f € L2(D,Leb) : 3y, fo € L*([a,b], Leb) and f; € L*(D, u) s.t.

flow) = o hle ) + bty + Sy | (6)

where Leb denotes Lebesque’s measure. More precisely, for all f €
V', the functions fi, fa, f3 in (16) are unique and there ezists unique
sequences {ag ti>1, {Bktr>1, and {Vak faso, k>1 such that

_ x Yy
f(ﬂ%y)—;akw+y¢k($+y)+;ﬁk$+y¢k($+y)
+ ) deHd<i_T_?;> W +y), (17)

d>2 k>1

11



where the series Zk apr and Yy, Bry both converge for || - ||z and
dedeHd(Hy)@% (x +y) converges for || - ||,

Point (b) says that the eigenvectors of the form (12), although not orthog-
onal in some Hilbert space, allow one to recover a bigger class of functions
than in Point (a). The vector space V is not equal to L?(D, Leb), but the
following result shows that it is much bigger than L?(D, u).

Proposition 2.6 The vector space V' of Theorem 2.5 contains H'(D, Leb).

Proof To prove this result, it is more convenient to consider the variables
(z,w) as in (10) instead of (x,y). The vector space V' then becomes the set
of g € L*([a,b] x [—1,1], Leb) such that

1+w ()+1—w
zZ
5 N 2

for some g1, 9o € L?([a,b], Leb) and g3 € L%([a,b] x [-1,1],v) = L*([a, b] x
[—1,1], (1 — w?)~'dz dw).

We first introduce the following notion of trace: we say that a function
g € L*(Ja,b] x [-1,1], Leb) admits the function g € *([a, ], Leb) as a trace
at w = 1, or w = —1 respectively, if

9(z,w) = 92(2) + g3(z, w) (18)

g(z,w) — g(2) € L*([a,b] x [0,1], (1 — w?*) " dz dw),
g(z,w) — g(2) € L*([a,b] x [-1,0], (1 — w?)"'dz dw)

respectively.

Our first claim is that any g € L?([a, b] x [—1, 1], Leb) which admits traces
g1 and go at w = 1 and w = —1 respectively, belongs to V', and these traces
are exactly the functions g; and g, in (18). To see that, we only have to
check that g3 € L2([a,b] x [0,1], (1 — w?)"'dz dw), and the same result on
[a,b] x [—1,0] will follow by symmetry:

b 1 1+w —w 2
(9— B4g — 5%9)
/dz/ dw -
g—g1)
<2/ d d 2| d d _
/z/w +/z/wg1+gz4(1+) 0.

12




Second, we claim that any g € H'([a,b] x [~1,1], Leb) admits traces at
w=1and w = —1 as defined above. Assume first that g € C*'([a, b] x [0, 1]).
Then, using the Cauchy-Schwartz inequality,

/01 dw/abdz (g(z,ui)_—jgz,u)? :/(:dw/abdz <f$ ng(z,x)dx>2

1—w?
1 b 1
g/ dw/ dz/ dz [Vug(z,2) > < | Vugl[feb-
0 a w

Since in addition ||g(-,1)||L2(ren)y < 4/|g]/a1(Leny by classical trace results (cf.
e.g. [1, p. 196]), the function g — (g(-,1), g —g(-, 1)) extends by density to a
linear operator ¢ continuous from H'([a,b] x [0,1],Leb) to L?([a, b], Leb) x
L2([a,b] x [0,1],(1 — w?)~'dz dw). Since obviously ¢1(g) + ¥(g) = g, the
claim is proved and the proof of Proposition 2.6 is completed. 0

Proof of Theorem 2.5 An eigenvector of A of the form Hy(w)y(z) satis-
fies the Neumann boundary condition in D iff ¢'(a) = ¢'(b) = 0. The prob-
lem (13) with this boundary condition is a regular Sturm-Liouville problem
with the weight v defined in (14). Therefore (cf. e.g. |23, Thm. 4.6.2]), for all
d > 0, there exists an orthonormal basis {w,gd)}kzl of I?([a, b],7) composed
of solutions to (13) on (a,b) with Neumann boundary conditions. All the
corresponding eigenvalues are real, simple and the corresponding spectrum
has no accumulation point.
Now, we claim that

P Yo,
d>2 =

forms an orthonormal basis of L2(D,u). The orthonormal property fol-

lows from the fact that, if p(z,y) = Hd(%)w,gd)(x +y) and ¢'(z,y) =

Hy (Z2) ) (@ +y) for d,d’ > 2 and k, K > 1,

T+y

(o= [ [ Halw) Bl @ vtz

d d
= <’¢](g )7 %E;/ )>'z7 <Hd7 Hd’)(lwa)—ldw-

13



To prove that F is a basis of L?(D, i), assume that f € L2(D, u) satisfies

y)wff”(x +y)dp(z,y) =0, Vd=>2, k>1.

/Df(as,y)Hd@;y

By the Cauchy-Schwartz inequality, for all d > 2, the function

ﬁl(z) o /_llf(z(1+w) z(l—w))Hd(w) i

2 ’ 2 1 — w?
belongs to L?([a, b], 7). In addition,

(fa D)y =0, Vk>1.

Therefore, ]?;l( ) =0 for all d > 2, for Lebesgue-almost every z > 0. By
Fubini’s theorem, w > f(2H%) 22y belongs to L2([~1,1], (1 — 22)~'dx)
for almost every z > 0. Hence We deduce from Proposition 2.2 that this
function is 0 for almost every z > 0. Hence f = 0.

Thus F is an orthonormal basis of IL?(D, u) composed of eigenvectors of
A. Tt is then classical to deduce that A admits no other eigenvector in this
space, in the sense of point (a).

For point (b), let us first prove that the decomposition

f=

j_yfl(if +y) + J yfz(x +y) + f3(z,y)

is unique for f € V, with f1, fo € L?([a,b],Leb) and f3 € L?(D, ). We only
need to prove that this equality for f = 0 implies f; = fo = f3 = 0.
Since f3 € L%(D, ), we have

/Oadx/abjdyfg(x,y) gs/oedx/abjdy@:o(g)

as € — 0. Therefore,
2
L+ f3)

/dx/bx x+y /dx/ (
<2/daz/bm Tl ole) = o).

14




This implies that fab f3(2)dz = 0, i.e. fo = 0. Similarly, f; = 0 and thus

f3 - O

Since L?([a, b], Leb) = L2([a, ], 7), the result then follows from the de-
composition of f; and fo (resp. f3) in the orthonormal basis {w,gl)}kzl of
L([a,b], %) (vesp. {Ha(552)05" (x + y)}aze 21 of LA(D, 1) ). 0

To motivate the calculations of the next section, let us finally ohserve
that, for all ¢ € C*(R2),

Ap(z,y) = Tz, y)p(x +y) + Le(z,y)q(z +y),

where

~ 0 0
L = ZL’% -+ ya—y
and o2 o2

and that TL = LT.

3 On a family of bivariate polynomials

The goal of this section is to prove the existence of a family of polynomials
in R of two variables X and Y, satisfying the family of relations

XPX+LY)+YPX,)Y+1)=(X+Y +d)P(X,Y) (20a)
XP(X -1,Y)+YP(X,Y - 1)= (X +Y —d)P(X,Y) (20b)

for an integer d > 0.

Before stating the main result of the section, let us recall some notation.
R[X] is the set of polynomials on R with a single variable X and R[X, Y]
the set of real polynomials with two variables X and Y. The degree deg(P)
of a polynomial P € R[X,Y] is defined as the maximal total degree of each
monomial of P. We define

Py ={P € R[X,Y] : deg(P) < d}.
For all P € R[X, Y], we may write

P(X,Y) =) ay X'V

4,520

15



where only finitely many of the a; ; are nonzero. The real number a; ; will be
called the (i, j)-coefficient of P.

For any P € R[X,Y] and for any d > 0, we denote by [P]y the sum of all
monomials of P of degree d:

d
[Pla(X,Y) =) aja i XY
=0

In particular, [P],; is homogeneous of degree d and P = >~ [P];.
We denote by A; the first-order symmetrized discrete derivative with
respect to the i-th variable:

P(X+1,Y)—P(X —1,Y)
2

P(X,Y +1) = P(X,Y — 1)
2 Y

VP e R[X,Y], AP(X,Y)=

and A,P(X,)Y) =

and by A? the symmetrized second-order discrete derivative with respect to
the 7-th variable:

P(X+1,Y)+ P(X —1,Y) — 2P(X,Y)
2
P(X,Y +1)+ P(X,Y —1) = 2P(X,Y)

and AJP(X,Y) = 5 :

VP eR[X,Y], A’P(X,Y)=

Note that the superscript in the notation A? does not correspond to the
composition of the operator A; with itself.
Finally, we define the linear operators on R[.X, Y]

L=XA+YAy and T =XA?+YAZ

Then, adding and substracting the equations (20a) and (20b), the system (20)
is equivalent to

LP =dP (21)
TP =0. (22)

We are going to prove the following result

16



Theorem 3.1 For d = 1, the system (20) has a two-dimensional vector
space of solutions in R[X,Y], spanned by the two polynomials Pl(l) =X and
rP® =y,

For any d € {0,2,3,...}, the system (20) has a one-dimensional vector
space of solutions. All these solutions, except 0, are of degree d. For d = 0,
this is the vector space of constants, spanned by Py = 1. When d > 2, we
denote by Pd the umque solution to (20) with (d — 1,1)-coefficient equal to
—2H/(1 1)%2y/d(d — 1)(2d — 1), where Hy is defined in Remark 2.5.

It can be checked that the first polynomials are

R=1 pPY=x pPP=v

P, = 2v6 XY,

Py=—2v30 XY (X —Y),

Py =4V21 XY (X? - 3XY +Y?*+1),

Py = —6v20 XY (X - Y)(X? - 5XY + Y% +5).

Before proving this result, let us give some properties of the polynomials
Py, proved after the proof of Theorem 3.1.

Proposition 3.2 The polynomials P;, d > 2, defined in Theorem 3.1 satisfy
the following properties:

(a) For all d Z 2, [Pd]d(X, Y) (X + Y)de (
Remark 2.5.

X+Y)J where Hd 18 deﬁned m

(b) [Pla—2k—1 =0 for all 0 < k < d/2.

(c) For alld > 2, Py is divisible by XY. For d odd, P;(X,Y) is divisible by
XY (X - Y).

(d) for all d>2, Py(Y,X) = Py(—X,=Y) = (—=1)2P4(X, Y).
(e) Py(i,j)=0ifi,j €Z,ij >0 and 0 < |i| +|j| < d—1.

(f) Foralld > 0, the matriz (P;(j, d—j))o<i j<a is invertible, where Py = Pl(l).
In particular, (Py(j,d — j))o<j<d # 0.

(g) Foralld>3, Py(j,d—j)Pi(j+1,d—j—1)<0if1<j<d-2.

17



(h) For alld,d k> 2,

k—1

Pd —ZPd/( k’—l)_ k’+d—1
; = o P 72 (23)

where 0;; ts the Kronecker symbol and by convention (;) =01i7<0
or j > 1.

Proposition 3.3 For all d > 2, the polynomial Py is given by the following

formula:
d
(=d)k(d =Dk (=X)s

Py(X,Y) = -X-Y 24

where
2d —1
C, = d+12 )
In order to prove Theorem 3.1, we need the following lemma.
Lemma 3.4
(a) We have
TL=LT+T, (25)

(b) Define for all d > 0
={PeP;: T(P)=0}

Then dim(Dy) = 1 and dim(Dy) = d + 2 for all d > 1.

Proof of Lemma 3.4 To prove (25), it would be enough to expand both
sides of the equation. We prefer to give a proof based on differential cal-
culations, because it is related to the method used in the rest of the proof.
First, let I = {1,3,5,...} and J = {2,4,6,...} be the sets of odd and even
integers, respectively. Using the fact that, for @ € R[X].

(n) _1ynO™
Q(X+1)=ZQn$X> and Q(X—l):ZM,

! n!
n>0 n>0
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where Q™ denotes the n-th derivative of @, one has

1 or or
T_Zﬁ(XaXp+YaYp), (26)
peJ
1 01 ox
L= a(Xan%—Yan). (27)
qel
Since for all p,q € N
o o1 , Ot optra—1
oXxp <X6Xq) =X OXrta +pX oXpta—1’

one easily checks that

11 orta-t gra-t
TL-LT= Y ——(p—q) (X@XW_1 + Yayp+q_1) .

11 11 11
> grma= > S )3 ol

p€J,q€l, p+q=2n+1"*" pel,qel,p+q=2n"""  pecJ qcJU{0},p+q=2n

11 L, 1
—m 2 o aEm
= ((1—1)2”+1)ﬁ=ﬁ.

This completes the proof of Lemma 3.4 (a).

To prove (b), let H, be the subspace of P; composed of all homogeneous
polynomials of degree d. Recall the definition (19) of the operator T on
R[X, Y], and observe that, for all d > 1, T is a linear map from Hy to Hy_.
Now, the family {(X — Y)*(X + Y)¥* 0 < k < d} forms a basis of H,.
Hence, any P € H,4 can be written in the form P(X,Y) = (X +Y)?h (55),

XY
where h € R[X] has degree d. With this notation, it can be checked that

%(x, Y)=d(d—1)(X +Y)" (W)
+4(d - D)Y(X + )30 (W) + 4Y3H(X + V)R (W),
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where W = (X —Y)/(X +Y), and similarly for the second variable. This
yields

TP=(X+Y)! (d(d — )W) + 4%%1”(1/1/)) .

Using the relation 4XY/(X + Y)? = 1 — W2, we finally obtain that P €
Ker(f) NH, if and only if & solves (6). By Proposition 2.2, for all d # 1, this
equation has a unique (up to a multliplicative constant) polynomial solution,
which has degree d. Since dim(H,) = d + 1, we deduce that T:Hy — Hy
is surjective for all d > 2. If d = 1, Ker(f) N H, = H; which has dimension
2.

Now, let P = [P]; + ...+ [P]s € P4 and observe that any k-th order
derivative of [P],, belongs to H,,_ if & < m. Therefore, by (26), the equation
TP = 0 is equivalent to the fact that, forall 0 < n < d —1,

1 o o
[Tp}n = Z (X 2 +Y 2 ) [P]nJrZDfl = Oa
= (2p)! X oY
or, equivalently,
~ 1 o?p o2
T[Pls1 = —2; 2p)! (X axw Yawp) Pleszpa: - (28)
If n > 1 and [Pluss, [Plats, ... are given, there is a one-dimensional affine
space of solution for this equation. If n = 0, (28) is automatically satisfied,
since both sides are 0. Therefore, choosing recursively [Plg, [Pli-1,- -, [P]2
and setting any value to [P]; and [P]o, the result on the dimension of Dy
easily follows. O

Proof of Theorem 3.1 Fix d > 0. We claim that, as a linear operator
on Py, L is diagonalizable and its spectrum Spp (L) = {0,1,...,d}. To see
this, fix A € Spp,(L) and P an eigenvector for this eigenvalue, with degree
p. Writing as in the proof of Lemma 3.4 P = [P], + ...+ [P]o, the equation
LP = AP is equivalent to the fact that, for 0 <n <p

1 82q+1 a2q+1
MPL =Y o (X Y ) Pl @9

q>0
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Now, for any ) € Hy, one has

- 0Q  L0Q
LQ=X o +Y 55 = kQ. (30)

Therefore, (29) for n = p imposes A = p, and for n = p — 1, [P],-1 = 0.
Moreover, for 0 < n < p — 2, (29) is equivalent to

1 82q+1 a2q+1
(=[Pl = (2q+ 1) (X8X2q+1 + Y6Y2q+1) Plotag,  (31)

q>1

which allows one to compute recursively [P],_o, ..., [P]o given any [P], € H,
and [P],—1 = 0. Since dim(H,) = p + 1, the eigenspace corresponding to the
eigenvalue p of L has dimension p + 1.

Now, it follows from (25) that L is a linear operator from Dy to D,. Since
L is diagonalizable in Py, it is also diagonalizable on any stable subspace,
and Spp, (L) C {0,...,d}.

Let p € {2,...,d} and assume that there exists P € D, \ {0} satisfying
LP = pP. Again, deg(P) = p necessarily. Writing P = [P], + ... + [Po
again, since T'(P) = 0, we have

T 0 [P]p

7Py, = x 2 |y 1P

0X? 0Y?
which has a one-dimensional vector space of solutions in H,. Once [P}, is
fixed and since we have [P],_; =0, (31) can be used recursively to compute
[Ply—2, ..., [Plo. In conclusion, the eigenspace of L in D, for the eigenvalue
p is either of dimension 1 or 0. Now, L is diagonalizable in Dy;. Since
dim(D,) = d + 2 and dim(H,) + dim(H;) = 3, the only possibility is that
Spp, (L) ={0,1,...,d} and that each eigenvalue p # 1 has a one-dimensional
vector space of solutions, and the eigenvalue 1 has a two-dimensional vector
space of solutions.

This easily implies Theorem 3.1, except for the expression of —2H)(1).
This can be easily obtained from (9) and the relation H/(1) = (—1)*"1H)(-1)
which follows from the parity property of Hy stated in Proposition 2.2. [

=0,

Proof of Proposition 3.2 Recall from the proof of Lemma 3.4 that a
nonzero solution P of (20) for d > 2 satisfies

d
[Pla(X,Y) =) by(X = Y)"(X + V)",

n=0
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where h(z) = Y2?_,b,a™ is a polynomial solution of (6). Therefore, the
(d — 1,1)-coefficient a4y, of P is given by

d
a1 =Y _bu(—n+d—mn)=dh(1) - 21/(1) = =2h/(1),

and Point (a) then follows from Proposition 2.2 and the value of the (d—1,1)
coefficient of P;.

Observe that any polynomial solution of (6) with d > 2 is divisible by (X —
1)(X +1). As a consequence of the previous construction, any polynomial P
such that (20) holds satisfies that XY divides [P]4. Note also that [P];—1 = 0,
which implies (b) by (31). Moreover, (31) also implies by induction that XY
divides [P]g—ax for all 0 < k < d/2, which yields the first part of (c).

By Proposition 2.2, (d) is true for [Py)4 and of course for [P,]4_1 = 0. Now,
assume that P € R[X, Y] satisfies P(Y, X) = P(—X,—-Y) = (-1)*P(X,Y).
Then it can be easily checked that, for all £ > 1,

okp okp
QX,Y) = X 5o (XY) + Y 5 (X,Y)
satisfies

Q(Ya X) = (_1)O{Q(X7 Y) and Q(_Xa _Y) = (_1)a+k+lQ(X7 Y)
Therefore, (d) easily follows from (31) by induction.

Now, fix d odd. By Proposition 2.2, H, is odd and thus Hy(X) is divisible
by X. This implies that [P]; is divisible by X — Y. Moreover, it follows
from (d) that the polynomial [P];/(X —Y) is symmetric. Now, let Q(X,Y) =
XY™+ X™Y™ for some n,m > 0, and fix £ > 0. Since
ok ok

Q 00

Xoxr ~ Y oyn

—nln—1)...(n—k+ 1)(X"kHym _ xmyn-htl)
+mim—1)...(m—k+ 1)(Xm—k+lyn B X”Ym_kﬂ),

the polynomial X — Y divides Xg;Qk — Yg%. Since this holds for any
n,m > 0, the same is true for all @ such that Q(X,Y) = Q(Y, X). Now,
any polynomial of the form P(X,)Y) = (X — Y)Q(X,Y) with () symmetric

satisfies

ok P ok P oF1Q oF1Q
XX Y) +Y 5 () = kX 5o (X,Y) = BY 5 (X,Y)
9"Q "Q
+(X-Y) (XW(X, Y)Y Soh (X, Y)) .
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In particular, X — Y divides X § 8 [P]; i
divisible by X —Y fori < d follows form (31) by mductlon. This ends the
proof of (c).

As a consequence of (¢), Py(i,0) = P4(0,7) = 0 for any ¢, j € Z for d > 2.
Applying (20b) for (X,Y) = (d —1,1) yields Py(d —2,1) = 0. By induction,
applying (20b) for (X,Y) = (d — k, 1) implies P;(d — k — 1,1) = 0 for all
k e {1,...,d —2}. Similarly, applying (20b) for (X,Y) = (d — 1 — k,2)
implies Py(d —2 —k,2) =0 for all k € {1,...,d — 3}. Point (e) is therefore
straightforward by induction.

For all d < k, the polynomial Qy 4(X) = Pi(X,d — X) satisfies [Qx.alr =
[d*Hy (374)], # 0 for all k > 2. Therefore, deg(Qpq) = k for all k > 0,
and {Qo 4, Ql,d, .., Qaa} 1s a basis of P, = {Q € R[X] : deg(Q) < d}. Since
0(Q) = (Q(0),... ,Q(d)) defines a linear isomorphism from P/ to R4 we
deduce that {p(Qo.a),--.,¢(Qa4a)} is a basis of R¥! which is equivalent
to (f).

Point (g) is a simple consequence of points (e) and (f) and of formula (20a)
with X =jand Y =d—j— 1.

Because of point (e) above, (h) is obvious if k < d—1or k < d — 1.
So let us assume that d,d’ < k. Multiplying (20a) by (X +Y —d+ 1) and
applying (20b) to both terms on the Lh.s. yields

2XY —d(d—1))Py(X,Y) = XY (Py(X +1,Y —1)+ Py(X —1,Y +1)). (32)

This means that, for all £ > 2 and 2 < d < k, the vector (Py(i, k —1))1<i<k—1
is a right eigenvector of the matrix A, = (ag?)lgmgk,l for the eigenvalue
—d(d — 1), where

al® = —2i(k —i) for 1 <i<k—1,

aglz)ﬂzz(k—z') for2<i<k-—1,

aglz)l:z(k—z’) for 1 <i1<k-—2
and a!¥) = 0 for |i — j| > 2.

v

It is straightforward to check that the matrix Ay is self-adjoint for the inner
product (-,-),, where p; = 1/i(k — ¢), which implies that two right eigenvec-
tors of Ay corresponding to different eigenvalues are orthogonal w.r.t. this
inner product. This yields (23) for d # d'.
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Finally, fix 2 < d < k. Using (20a) and (20b), we have

Pd(i, k— 2)2
k+d
k+d) 2 ==
=1
- Py(i + 1,k —1) — Py(i,k—i+1)
d ) d\?
_ZPd(z,k i) - —I—ZPd(z,k—z) -
i=1 i=1
k k .
, Py(i — 1,k —i+ Py(i,k —1)
= Py(i,k—i+1 Py(i, k —
; (7, i+1) T —|—; (i i+1) -
k
Pd(l k—1i+ 1)
=(k—d+1
( +)Z; (k—i+1)
Applying this equality inductively, we deduce that
%Pd(i,k—z’)Q _ okt
~ i(k—i) 2d — 1
for some constant C.
Now, by point (a) and Proposition 2.2, we have
1 PQ(Z k; = Hd (2= ) ' H2(z)
— 2 ———dr =2
as k — +o00. Thus C' = 2 and the proof of (h) is completed. O

Proof of Proposition 3.3 In [14], the authors construct a family of func-
tions of two variables satisfying relations close to (20), which they use to
study neutral, multitype population processes with non-zero mutation or im-
migration. These functions are expressed in terms of the Hahn polynomials,
defined for fixed parameters a > —1, § > —1 and N € N by

—z, d—i—oz—l—ﬁ—&—l.l)

a+1l, —N+1 (33)

Qd(I, 04757 N) = 3F2(_d’

for all integer d > 0. Karlin and McGregor proved that the rational function

d

$a(X,Y) = Qu(X;0, 8, X +Y + 1) Z
=0

Xnd+a+6+m
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satisfies

(X+a+1D)os(X+1LY)+ (Y +84+1)pa(X,Y +1) = (X +Y)pa(X,Y)
(34)
X¢d(X — 1,Y) +Y¢>d(X,Y — 1)

(XY H1I-X+Y +d+a+[+2) (35)
B X+Y+1 $a(X.Y).

Let us define

wd<X7 Y) ( X Y)d linj O}inil1<05 =+ 1>¢d(X7 Y)
_  (—d)r(=X)r(d — D)y
= (=X =Y (k—DI(=X = Y)k!"

k=1

Passing to the limit in (34) and (35) proves that v, satisfies (20). Since 14
is a polynomial, Theorem 3.1 entails (24). It only remains to check that
Capa(X,Y) has its (d — 1,1) coefficient equal to (—1)92,/d(d — 1)(2d — 1),
The (d — 1,1) coefficient of ¥4(X,Y) is

d
d ) d+1 2
Z . 1 T =) = (1)
k=1 k=1

= (=1)*d(d — 1), <_d 22’ d; 1).

d+2k 1(d) k-1
k— 1)k

M&

The Chu-Vandermonde formula (cf. e.g. [8]) implies that

- — _1\d

which gives the expression of Cj. 0

4 Spectral decomposition of neutral two-dimensional
Markov chains

In this section, we consider neutral extensions of the two-dimensional birth
and death chains in Z? described in the introduction. In the sequel, this
family will be called N2dMC, for neutral two-dimensional Markov chains.
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A N2dMC (X, Y;)iez, is constructed by specifying first the Markov dy-
namics of Z; = X; + Y, in Z,. Assume that its transition matrix is

1_[O = (pn,m)n,m207

where >~ Ppm = 1 for all n > 1 and the state 0 is absorbing (pgo = 1).
Then, the process (X;,Y;)iez, is constructed as follows: if there is a birth at
time ¢ (i.e. if Z;41 > Z;), the types of the new individuals are successively
picked at random in the population; if there is a death at time ¢ (i.e. if Z;11 <
Zy), the types of the killed individuals are successively picked at random in
the population; finally, if Z,,; = Z;, then X;,; = X; and Y, =Y.

For example, the transition probability from (i,7) to (i + k,j + 1) for
(4,j) € 2% and k,1 >0, k+1>11is

(k+l)i(i+1)...(z’+k—1)j(j+1)...(j+l—1)
k G+)Gi+j+1) .. (i+j+k+1—1)

Pitjitj+k+i-

After some algebra, one gets the following formulas for the transition prob-
abilities: for all [ > 0 and £ > 0 such that [ + k > 1, the Markov chain
(X,, Y )n>o has transitions from (¢, j) € Z3 to

()05

(kg +0) Wb Tapkasy = gy Pk
Nkt
o (I (36)
(i —k,j—1) w.p. T(i,5),(i—k,j—1) = ((kl)Jrgl)) DPitj, itj—k—1
o K+l
(4,7) w. p. T(i,5),G5) =  Ditg,itjs

with the convention that (;) =0if2<0, 7 <0 or j >4 In particular, once
one component of the process is 0, it stays zero forever. We denote by

I = (7(i,5),00)) (1.), (D)2

the transition matrix of the Markov process (X,Y).

The state space of the Markov chain Z will be denoted by Sz, and the
state space of (X,Y) by S. We are going to consider two cases: the case
where Z has finite state space Sz := {0,1,..., N} for some N > 0, and the
case where Z has infinite state space Sz = Z,. In the first case, the state
space of (X,Y) is the set

Inv ={(i,j) €Z% i+ j < N}. (37)
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In the second case, S = Z2.

We also define the sets S* == SNN? T3 = Ty NN? and S} := Sz \ {0}.
Finally, let Iy be the restriction of the matrix IIy to S5 (i.e. the matrix
obtained from Il by suppressing the row and column of index 0) and let Il
be the restriction of the matrix II to S*.

Extending the usual definition for Markov chains, we say that a matrix
M = (mj);jea is reversible with respect to the measure (y;)ica if p; > 0
and iy = 144 for all Z,j € A

For all d > 0, we define

V, = {U € RS 1V = Pd(i,j)uiﬂ' with u € RSZ},

where we recall that the polynomials P; are defined in Theorem 3.1 and
P = Pl(l). Note that, by Proposition 3.2 (e), a vector v; ; = Py(i, j)uir; € Va
is characterized by the values of u; for £ > d only.

For all d > 0, we also define the matrix II; = (pn[?n)(n,m)e‘&nZd’ m>d, Where

for all (n,m) € S such that n > d and m > d,

( (m+d—1
(") .
" Pnm if m>n,
(d) Sﬁﬁi)
pn,m = (n:Lm) pmm lf m < n, (38)
(n—m)
Pnn if m=n.

All these notation, as well as those introduced in the rest of the paper,
are gathered for convenience in Appendix A.

The following result is the basis of all results in this section.

Proposition 4.1 For all d > 0, the vector space Vy is stable for the matrix
II. In addition, for all v, j = Py(i, j)ui+; € Vy,

() ; = Pa(i, 5)(Mgw )iy ;.

Proof Using (20a) inductively, we have

n

3 (Z)X(XJrl) (X HE=1)Y (Y41 . (Y+n—k—1)Py(X+k, Y +n—Fk)
k=0
(XY 4+ )XY +d+1).. (X +Y +d+n—1)PyX,Y)
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for all d > 0 and n > 1, which can be written as

[ X+k-1\/[Y —k—1
S o PuX + kY +n—k)
k n—=k

k=0
B (X+Y+d+n—1

. )Pd(X, Y)

for (X,Y) € Z3. Similarly, an inductive use of (20b) yields

i ()]j) <n}_/k)Pd(X—k,Y—n+k) = <X+:;_d)Pd(X,Y)

k=0

foralld > 0,n>1and (X,Y) € Z2, where we recall the convention (Z) =0
ifa<0,b<0orb>a.

Proposition 4.1 then easily follows from these equations and from the
transition probabilities (36). O

4.1 The case of finite state space
4.1.1 Eigenvectors of Il for finite state spaces

In the case where Z has finite state space, the main result of this section is
the following.

Theorem 4.2 Assume that S; = Ty for some N > 0.

(a) For all d > 0 and all right eigenvector (uy)nes, n>a of g for the eigen-
value 0, the vector

V) = Pa(i, J)uiry, (i,5) €S (39)

15 a right eigenvector for the eigenvalue 0 of the matriz 11, where the
polynomials Py are defined in Theorem 3.1 and where P, = Pl(l).

In addition, if d > 2, v is also a right eigenvector for the eigenvalue 0
of the matriz I1.

(b) All the right eigenvectors of I1 are of the form (39), or possibly a linear
combination of such eigenvectors in the case of multiple eigenvalues.
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(c) Assume that Iy admits a positive reversible measure (tn)nesy- Then, the

matriz 11 1s reversible w.r.t. the measure

U+ J) isj . .
V(ij) = —( U) Ly V(i,j) € ST, (40)
and hence is diagonalizable in a basis orthonormal for this measure,
composed of vectors of the form (39) for d > 2.

In addition, 11 is diagonalizable in a basis of eigenvectors of the form (39)

for d > 0.

Hence, the right eigenvectors of the transition matrix of a finite N2dMC
can be decomposed as the product of two terms, one depending on each
population size, but “universal” in the sense that it does not depend on the
transitions matrix Il of Z, and the other depending on the matrix Ily, but
depending only on the total population size.

Remark 4.3 There is some redundancy among the right eigenvectors of 11
of the form P(i, j)ui; for P = P, Pl(l) or Pl(Q): if u is a right eigenvector
of 111, the vectors

(i) pes  and  (jUivi)j)es

are right eigenvectors of II for the same eigenvalue. In particular, iu;y; +
Juiyj is an eigenvector of 1L of the form Po(i, j)ui, ;. This will also be true
when Z has infinite state space.

Remark 4.4 In the following proof (and also in the case of infinite state
space), no specific use is made of the fact that the matriz 11 is stochastic.
Therefore, Theorem 4.2 also holds true in the case of a continuous-time
N2dMC, where the matriz Iy is now the infinitesimal generator of the process
Zt - Xt + Y;g

Proof Point (a) is an easy consequence of Proposition 4.1.
For all 0 < d < N, the matrix Il; is conjugate with its Jordan normal
form. Let {u®*},c,<n denote the basis of CN=4+! corresponding to this

normal form, where u(®* = (ugd)’k,ué?’lk...,u%)’k). Then, the family of
vectors

F o= {(Pali e )osper 10 <A< N, d <k <N}
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is composed of (N + 1)+ N+ (N —-1)+...+1=(N+1)(N+2)/2=|Tx|
elements. Moreover, one can prove that it is linearly independent as follows:
since {u®*},c,<n is a basis of CN~4*+! it is sufficient to check that

N
> Pali, gl =0, W(i.j) € Ty (41)

d=0

implies that v(Y = 0 for all 0 < d < N, where v(@ = (v((id),...,v%)) S
CN=d+1 gseen as a subspace of CN*! by putting the d first coordinates to
be zero. Given k < N, the equality (41) for i + j = k combined with
Proposition 3.2 (f) yields v,io) =...= v,ik) = 0.

Therefore, F is a basis of C?¥ and, by point (a), the matrix IT has a
Jordan normal form in this basis. Point (b) is then staightforward.

If I, admits a positive reversible measure p, it is straightforward to check
that the vector v in (40) is a reversible measure for II, and hence the first
part of Point (c) is true.

In addition, the matrix II; is reversible w.r.t. the measure
W =2n2p,, nesSy,

n

which implies that II; admits a basis of right eigenvectors orthonormal w.r.t.
pM. Similarly, II, admits a basis of right eigenvectors orthonormal w.r.t. .
By Point (a), this gives N+1 (resp. N) right eigenvectors of IT of the form (39)
for d = 0 (resp. d = 1). Together with the basis of right eigenvectors of I
obtained above (extended by zero on {0} x N and N x {0}), this gives a basis
of eigenvectors of IT and ends the proof of (c). O

4.1.2 Example: 3-colors urn model (or 3-types Moran model)

The class of transition matrices given in (36) can be obtained by composition
and linear combinations of the transition matrices [T+ = (W((Z;I(kjl)))(Z'J),(k,l)eg,

™ = () oy s and T = (w7 )i ks, where for all
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ﬁ'j, ifk=i1+1,1l=ji+j=n
Wt =, k=i, l=j+1 itj=n

0 otherwise,

'#j, ithk=i—1,1=j 1i+j=n
nWT = k=i, l=j—1,i+j=n

0 otherwise,

and for alln >0

n) 1, ifk=dl=j i+j=n
i =
0 otherwise.
One easily checks, first that the vector spaces V,; for all d > 0 are stable
for all these matrices, and second that, for the matrix (36),

I = Z pn,m(H(n)+)mfn + Z pn,m(H(n)f)nfm Z pan(n)

n<meSy n>meSy neSy

Hence, the vector spaces V,; are trivially stable for such matrices.

One may however recover a much larger class of matrices for which V,
are stable vector spaces, by considering the algebra of matrices spanned by
the matrices II™* and II(. Below, we study in detail such an example.

Consider an urn with N balls of three different colors and consider the
following process: one picks a ball at random in the urn, notes its color, puts
it back in the urn, picks another ball in the urn and replaces it by a ball
of the same color as the first one. The number of balls of each colors then
forms a Markov chain, which can be viewed as the embedded Markov chain
of the 3-types Moran model, defined as follows: consider a population of N
individuals, with 3 different types. For each pair of individuals, at rate 1, the
second individual is replaced by an individual of the same type as the first
individual in the pair.

Let ¢ denote the number of balls of the first color, and 7 the number of
balls of the second color. Then, there are N — ¢ — j balls of the third color.
The transition probabilities of this Markov chain are as follows: given that
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the current state of the process is (i, 7), the state at the next time step is

(i+1,7) with probability ’(N];#’
(i —1,7) with probability ’(N];+J)7
(i,7+ 1) with probability ](N];#,
(1,7 — 1) with probability j(N];;_J)’
(i +1,5 —1) with probability %,
(1—1,7+ 1) with probability -%

2
(i,7) with probability M*W

These transition probabilities do not not have the form (36). However, a
variant of Proposition 4.1, and hence of Theorem 4.2, apply to this process,
because of the following observation: let us construct the matrices H+A, I,
I, II" from the matrices II§ = (p:{’m)n’mesz, Iy = (Prm)nmesz g =
(D s )nimes I = (D) )nmes, respectively, exactly as II was constructed
from TIj in (36), where

p:zr,mrl - %7 pnn =1- %, pf{ym = 0 otherwise,
Prn1= 7 pr.=1—%, Py = 0 otherwise,
Prni1 = k(]]\\//;k)a pnn =1- WX, k) Pm = 0 otherwise,
ﬁ:,nﬂ - k(Nj;];_l)a nn =1- %, ﬁ;{m = 0 otherwise.

Then the transition matrix of the 3-colors urn model is given by
= + 0 - 10

In particular, the vector spaces V; for 0 < d < N are all stable for this

matrix.

The transition matrix II has absorbing sets {(i,0) : 0 < i < N}, {(0,7) :
0<i< N}and {(i;,N —i):0<1i< N}, and absorbing states (0,0), (N,0)
and (0, N). The restriction of the matrix II on the set

S*={(i,j):i>1,j>1i+j<N-1}

admits the reversible measure
1
Vi) = T T -

Hence the matrix II admits a family of right eigenvectors null on the absorb-
ing sets, which forms an orthonormal basis of IL?(S**, v).
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One easily checks, using (32), that vj; j) = Pa(i, j)u4; is a right eigenvec-
tor of II for the eigenvalue 6 if and only if for all d < k < N

Our, = (N — k) [(k + d)ugy1 — 2kug + (k — d)ug_1]

= (N — k) [k(ugs1 — 2kug + up—1) + d(up1 — up—1)], (42)
where o — dd—1)

Now, the Hahn polynomials @, (z;«, 3, N) introduced in (33) satisfy (cf.
e.g. [14])

—n(n+a+p+1)Qq(x) = x(N+0—2)Qn(x—1)+(N—1—2z)(a+142)Q,(x+1)
—[e(N+p—2)+(N—-1—2)(a+1+2)]Q,(x).

Hence, for all 0 < n < N —d, (42) admits the polynomial (in k) solution of
degree n
up = Qu(k—d;2d —1,—1,N —d +1).

If n > 1, this polynomial must be divisible by (N — k), so we can define the
polynomial RY"? (X) of degree n — 1 as

(N = X)RMM(X)=Q.(X —d;2d — 1,-1,N —d +1).

Obviously, the family of vectors (1,...,1) and ((N—d)RgLN’d)(d), ce R;N’d)(N—
1),0) for 1 <n < N — d is linearly independent and hence forms a basis of
the vector space RV ~9+! of real vectors indexed by d,d + 1,..., N. In addi-
tion, (42) cannot admit any other linearly independent solution and hence,
necessarily, %N’d)(k) =0foralln>N—-dandd<k<N-1

We have obtained a basis of right eigenvectors of II of the form

{Pali: 1) Yocaen | J {Pali, )N — i = RV (i + 1)} ocaen—1, 1<nen—d”

and the eigenvalue corresponding to the eigenvector Py(i,7) if n = 0, or

Pa(i, (N —i— HRND (G + j) ifn > 1, is

_ n(n—1)+2nd — d(d —1) (d+n)(d+n—1)
Oy i=1— - —1- = .
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Similarly as in the proof of Proposition 3.3, this family of eigenvectors can
be seen as a singular limit case of those obtained in [14] for the multitype
Moran model with mutation or immigration.

Note that in the case of the 2-colors urn model, one can easily check
that a basis of right eigenvectors of the corresponding transition matrix is
given by (1,...,1) and (NRY?(0),..., R\O(N = 1),0) for 1 < n < N,
Hence the spectrum is the same in the 2- and 3-colors urn models, although
the multiplicity of each eigenvalue is different. In the case of two colors,
the eigenvalues have the form 1 — k(k — 1)/N? for 0 < k < N, each with
multiplicity 1 (except for the eigenvalue 1, with multiplicity 2). In the case
of three colors, the eigenvalue 1 — k(k —1)/N? has multiplicity k£ + 1 (except
for the eigenvalue 1, which has multiplicity 3).

Concerning the eigenvectors in L?(S**,v). they are given by

{Zj —1 _] Qd(z j) ( )(Z —i_j)}ggdgj\f,l7 1<n<N-d’

and for all 3 < k < N, the eigenspace for the eigenvalue 1 — k(k — 1)/N? is

Vi i= Veet{ij (N — i = ))Qa(i. ) Ry5 (i + j),
N — i Qs DR+ )
We shall end the study of this example b?f giving an apparently non-trivial
relation between the polynomials Py and Ry, . Because of the symmetry of
the colors, we have
- . . (N,2) :
Vi = Vect{ij(N —i —j)Q2(i, N —i— j)R; /(N — j),...,
ij(N =i = )Qua(i. N —i = YR V(N — )}
= Vect{ij(N —i— 7)Q2(N — i — j, j)l?i’(ly’2 (N — 1),
(N =i = Qua(N — i = j. )R TIN = i)},

and hence

Vect{Q(1, j)R(JX’z)(Z' +7)s - Qo (4, J')R(Nmil)(i + )} .gyes
= Vect{Qa(i, N —i —j)RiNQQ)(N — 7)o Quoa (i, N —i —])R(Nn 1)<N — J)}ig)es
= Vect{Q2(N —i — j, ])Rlezm(N - i), oy Qua (N =i — Ja])RgN’n_1)<N — 1) }ijes-
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4.2 The case of infinite state space

The goal of this subsection is to extend Theorem 4.2 to the case where Z has
infinite state space and the matrix Il is a compact operator and admits a
reversible measure. To this aim, we need first some approximation properties
of II by finite rank operators.

4.2.1 Approximation properties

Recall that Il is a Markov kernel on Z, absorbed at 0 and that ﬁo denotes
its restriction to N (equivalently, ﬁo is the sub-Markovian kernel on N cor-
responding to IIy with a Dirichlet condition at 0). We assume that I, is
reversible with respect to a positive measure u on N (not necessarily finite).
For any N € N, consider the sub-Markovian kernel TNI(()N) on N defined by

Ho(z,y) ifz,y<N

(V) o
vny e, o @ y) = {O otherwise.
In other words, ﬁ(()N) = PrNﬁOPrN, where Pry is the projection operator
defined by Pry(ui,ug,...) = (u1,...,un,0,...).

The kernel ﬁ(()N) is not Markovian (since ﬁ(()N) (x,N) =0 forz > N), but it
can be seen as the restriction to N of a unique Markovian kernel H(()N) on Z
absorbed at 0. With this interpretation, we can construct the matrix )
from HE)N) exactly as the matrix IT was constructed from II, in the beginning
of Section 4. B

Of course H(()N) remains reversible with respect to u, and thus, like IIj,
it can be extended into a self-adjoint operator on L?*(N, ). We denote by
I llo the natural operator norm on the set of bounded operators on L3(N, ),
namely if K is such an operator,

[ Kull,,

I &£o = :
u€L2(N, 1)\ {0} HUHu

If furthermore K is self-adjoint, we have, via spectral calculus,

Kuy),
Ik = sup B
u€L2(N,1)\{0} HUH#

The next result gives a simple compactness criterion for ﬁo.
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Lemma 4.5 The operator ﬁo acting on L2(N, ) is compact if and only if

(o I
Aim |Tly —Toy ™o = 0,

Proof Sinceforany N € Z,, ﬁ(()N) has finite range, if the above convergence
holds, ﬁg can be strongly approximated by finite range operators and it is
well-known that this implies that 11, is compact.

The converse implication can be proved adapting a standard argument

for compact operators: assume that Il is compact and let € > 0 be fixed.
Then IIy(B) is compact, where B is the closed unit ball of L*(N, x). Hence

n

o(B) = | J B, ),

i=1

for some n < +oo and M ... Y™ € ﬁO(B), where B(1),¢) is the closed
ball centered at 1) with radius e. For any i < n, since ¢y € L?(N, p1), there

exists N; such that ZkZNi<¢I(:))2Mk < ¢, and thus

n

Io(B) = | B(Pry,p?, 2¢).

=1

In other words, for all ¢ € B, there exists ¢ < n such that Hﬁogp—PrNM(i) I <
2¢e. This implies that B B
[Tloe — PraTlowp|l, < 2e,

where N = sup{Ny,...,N,}, ie. |, — PrNﬁ(()N)H]O < 2e. Since ﬁgN) =
PryIlyPr, we obtain that

. ~ ~(N
im [[ToPry —TI6% o = 0.
In order to complete the proof, it only remains to check that
Jm Ty — HoPryflo = 0.

If this was false, one could find a sequence (™) = in B such that c,png) =0
for all k < N and [[Tlop™]|, would not converge to 0. Such a sequence

(9™ n>1 weakly converges to 0. Now, another usual characterization of
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compact operators is the fact that the image of weakly converging sub-
sequences strongly converges to the image of the limit. In other words,
[Tloe™||,, — 0. This contradiction ends the proof of Lemma 4.5. O

The interest of ﬁéN) is that it brings us back to the finite situation. Let
ﬁ(()N) be the restriction of ﬁ(()N) to [1, N], which can be seen as a N x N
matrix. We have for instance that the spectrum of ﬁ(()N) is the spectrum of
ﬁ(()N) plus the eigenvalue 0.

We are now going to see how the results of Section 4.1 are affected by the
change from Il to HE)N). More generally, we consider two Markov kernels II
and IIj, on Z, absorbed at 0, whose restrictions to N, ﬁg and ﬁg, are both
reversible with respect to p. We associate to them IT and IT' defined on Z2 as
in (36), and their respective restriction to N2, II and II'. We also define the
matrices II; and IT), for d > 1, as in (38). Note that 1T and II' are reversible
with respect to v, defined in (40) and it is straightforward to check that, for

any d > 1, II; and IT, are both reversible w.r.t. u(@ = (/vbgld)>nesz,n2d defined

by

2d —1

We will denote ||-|| and |- || the operator norms in L?(N?, ) and L?(Ng, u#(4),

where Ny := {d,d+1,...}. The next result shows that, if one takes IIjj = H(()N),

the approximation of ﬁo by ﬁ(()N) behaves nicely.

d—1
4D =2y (n+ )u neN, n>d (43)

Proposition 4.6 We always have
ITT = IT')| = sup |1 — ITg|lq
d>2
Furthermore, if I, — ﬁ{) > 0 (in the sense that all the entries of this infinite
matriz are non-negative), then
Vd > 1, [[Hgpr = G lavr < e — 1G]l (44)

and B B
I, — I Iy = [ITTo — IT5 - (45)

In particular, L -~ -
I — ) = 11, — T3l < Yo — Tyl
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Proof For d > 2, denote by V) the set of v € L?(N? v) of the form
Vl,] S Na vi,j = Pd('l,])uﬁ-]

with u € L2(Ng, p¥). We denote by v(d,u) the sequence v defined by the
above r.h.s. The definitions of v, ;¥ and Proposition 3.2 (h) enable us to
see that the mapping

L3 (Ng, p' D) 3 u — v(d,u) € L3(N? v)

is an isometry.
Proposition 3.2 (h) also shows that V), and V), are orthogonal subspaces
of L?2(N? v) for all d,d’ > 2, d # d'. We actually have

) =PV (46)

d>2

Indeed, let v € L?(N?, v) be orthogonal to V) for all d > 2. For all d > 2, we
define the vector

(i, 1 — 1)
— Hdl va T [>d.

2d1 =1

The Cauchy-Schwartz inequality and Proposition 3.2 (h) imply that v(%
L%(Ng, ') and since v is orthogonal to V}, by the definition of V/,, the vector
v@ is orthogonal to L2(Ng, p(9), i.e. v = 0. Fixing [ > 2 and applying
Proposition 3.2 (f), one deduces from the equations vl(d) =0for2<d<
that v;;_; =0 for 1 <7 <[ —1, and thus v = 0, ending the proof of (46).

Now, Proposition 4.1 show that V) is stable by Il and IT’ and, more
precisely,

Vu € L3(Ng, ),  Hfu(d,u)] = v(d,1gu) and I'o(d,u)] = v(d, ).
It then follows from (46) that

I I = sup |1, — T0 .

Let us now come to the proof of (44). Let d > 1 be fixed and define

d+1 /
g = (;) and @ — Wt 7).
du d(Hd — Hd)
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1.e.

@ ._ (n—d)(n+d

Vn>d+1 =
n=datlo g 2d(2d + 1)
and oy
T2 i
0 i1+d
Vij>d+1, A% ={J—d if j <i
i—d ’
1 if § = 4.

For any u € L?(Ngy 1, u+Y), we get

d d d
(, (M = Wy )y | _ Sigen i (a =100 B3 il ]

HuHi(dH) B ZieN Nz('d) gi(d) u22
u, (II; — 1) u (d)
B, |90
”U’HM(d) i.j€Na1 \| g;

where

Vi>d =g lu@),

and ; = 0if i = d. It is clear that u € L2(Ng, u'?), so, taking the supremum
over u € L2(Ng, 1, p4tY)), we have

(d)
I — Wyl < sup | 2 B T, — T .

. d
4,J€Ng11 g]( )

Hence, it only remains to show that

9i (d)
~sup @ h;; <1.
4,J€Ng11 gj

(@)
Since 1 /%h\Y =1 for all i > 1, it is sufficient to prove that
g; ’

(d)

Vji>i>d+1, In® <1
9i
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since the L.h.s. is symmetrical in ¢, j. For 7 > i > d + 1, we compute

gi(d) 7@ (i —d)(j +d)
@ i A\ 5 VA
9;

ending the proof of (44). A similar computation using the fact that

(0) — d,u(l) and h(o) — d(]___[l - H,l)

dp d(Tly — TI})

are given by
Vi,j>1, ¢¥ =22 and AY=<%
leads to (45). O

Again, let TI™ be the restriction of IIV) to 75, which can thus be seen as
a finite 7 x 75 matrix. Similarly to the remark after the proof of Lemma 4.5,
the spectrum of II") is the spectrum of II®Y) plus the eigenvalue 0.

4.2.2 Spectral decomposition of infinite, compact, reversible N2dMC

The following result is an immediate consequence of Lemma 4.5 and Propo-
sition 4.6.

Corollary 4.7 If ﬁo 15 compact and reversible, the same is true for L.

We can now extend Theorem 4.2 to the infinite compact, reversible case.

Theorem 4.8 Assume that Z has an infinite state space, i.e. Sz = 7, .

(a) Theorem 4.2 (a) also holds true in this case.

(b) If Il, is compact and reversible w.r.t. the measure (tin)nen, then, there
exists an orthonormal basis of L?(N? v) of right eigenvectors ofﬁ of
the form (89) for d > 2, where v is defined in (40). Moreover, any right
etgenvector ofﬁ in L2(N?,v) is a linear combination of eigenvectors of
the form (39) all corresponding to the same eigenvalue.
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(c) Under the same assumptions as (b), there exists a family of right eigen-
vectors of 11 of the form

Dy~ (1,1 2) /.~ (1) .o (D)
o { PG PP G o (PG} @)

d>2

which is a basis of the vector space

_ 72 Lo J e 3)
V= {v eR™ 1y, =a+ i+jv§+)j+mv§+)j+vf,j), Vi,j € Ly,

with a € R, vW, v? ¢ L*(N, 1) and v® € L2(N?, 1/)} (48)

in the sense that, for all v € V, there exist unique sequences {ay};>1,
{Bi}i>1, and {yai}a>2, 1>1 and a unique a € R such that

U@j =a -+ Z ozliug}r);l + Zﬁljuz(_li_)jl + Z ’Ydlpd(i,j)ugi)jl, (49)
I>1 >1 d>2 1>1
where the series ), ozlk:ug)’l and ), @/{;u,(:)’l both converge for || - ||,
and Zd,l yled(i,j)ugi)]’»l converges for || - ||,

Example 1 Assume that Z, = X,,+Y,, is a birth and death process, i.e. that
the matrixz 1y is tridiagonal. Assume moreover that all the entries just above
or below the diagonal are positive (except of course for po1, which is 0 since
Poo = 1). It is well-known in this case that there always exists a reversible
measure i for Ily. A well-known sufficient condition for the compactness of
1y is the case where this operator is Hilbert-Schmidt, which translates in our
reversible, discrete case as

Z PigPii < 00. (50)
7,JEN

For a birth and death process, letting py (resp. qr) denote the birth (resp.
death) probability in state k and r =1 — pp — qx, > 0, this gives

Z (7’12 +P¢%+1> < 0.

>0

As a side remark, note that II is not necessarily Hilbert-Schmaidt when ﬁ[) 18,
as the condition Y7 & 1) T(i.g),(0e) T (k1) (ig) < OO @8 not equivalent to (50).
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Proof Point (a) can be proved exactly the same way as Theorem 4.2 (a).

The fact that compact selfadjoint operators admit an orthonormal basis
of eigenvectors is classical. To prove (b), we only have to check that all these
eigenvectors can be taken of the form (39) for d > 2. This easily follows from
the fact that I, is compact selfadjoint in L2(Ny, u(?) for all d > 2, from (46)
and from Point (a).

The proof of (c) is similar to the proof of Theorem 2.5 (b). Fix v € V
and define a, v®, v and v® as in (48). Since pi"” = k2u/2, (0" /k) €
L2(N, zM) and there exists (c;);>1 such that

v,(:) =k Z ozlu,(:)’l = Z oqku,(cl)’l, Vk e S5, (51)

1>1 1>1
where the convergence of the first series holds for || - [| 1), and thus of the
second series for || - ||,. A similar decomposition for v and the use of (b)

for v complete the proof of (49).

It only remains to observe that, for all v € V, the equation
; .
W + J U(Q)j +v

e ( (3)
Z'+jz+] Z+]Z+

i3

Vij=a+

uniquely characterizes a € R, v, v@® ¢ L%(N,p) and v® € L*(N? v).
Indeed, since v(()f? = UZ-(%) = 0, one must have a = vy, ol

(3
@ _ ., .
v =g —a. O

= v,0 — a and

5 On Dirichlet eigenvalues in the complement
of triangular subdomains

In this section, we consider the same model as in the previous section, and
we assume either that S = 7Ty is finite or that S = Zi and the restriction Il
of Il to N is compact and reversible w.r.t. some measure . We recall that
T, ={(i,j) € Z% : i+j < k} and 7, = T NN? and we define S; = S*\ 7" ;
for all k£ > 2. Note that S5 = S*. We also define S§ = S\ ({0} xZ,). Finally,
for k > 0, we call ﬁk the restriction of the matrix Iy to {i € Sz : ¢ > k}, and
for k > 1, TI, the restriction of the matrix IT to S;. Note that this notation
is consistent with the previous definition of ﬁo and that ﬁg = 1I. Again, all
the notations of this section are gathered for reference in Appendix A.
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5.1 The case of finite state space

Let us first assume that S = 7y for some N > 1.
For 1 < k < N, the Dirichlet eigenvalue problem for the matrix IT in the
set S; consists in finding § € C and v in R7V, such that
()5 = Ovayy V(i J) € S, (52)
Vig) = 0 V(i,j) € S\ S;.

This is equivalent to finding a right eigenvector of ﬁk and extending this
vector by 0 to indices in S\ S;. For all k& > 1, we define 67 as the supremum
of the moduli of all Dirichlet eigenvalues in Sj;. By Perron-Frobenius’ theory,
0P is a Dirichlet eigenvalue in S;.

For all d > 0, we also define 89 as the supremum of the moduli of all
eigenvalues of I corresponding to right eigenvectors of the form Py(i, j)u;y;.
Again, by Theorem 4.2 (a) and Perron-Frobenius’ theory, (¥ is an eigenvec-
tor of II of the form Py(i, j)u;4+;. Note that, for all d > 2, because of Propo-
sition 3.2 (c¢) and (e), any right eigenvector of II of the form Py(i, j)u;y; is a
Dirichlet eigenvector of IT in S for all 1 < d’ < d. In particular, 95 > gld),
The next result gives other inequalities concerning these eigenvealues.

Theorem 5.1 Assume that S = Ty.

(a) Then,

I I Vi L VI I
1=00 > g > 9@ > g6 > > g0-D > g =py y.

o > 0P > 9P >...> 0%, > 6%

(b) If ﬁk—l is irreducible for some 1 < k < N — 1, then
o > 0P, o®) > gt (53)

and

0P > "), if k > 3. (54)

If 1L, is irreducible and pio > 0 for some 1 <i < N, then 6 < 1.
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Proof Since the matrix Il is stochastic, it is clear from Theorem 4.2 (a)
that 6 = 1. By (38), piih = D forall 1 < n,m < N and thus Ilju = Ou
if and only if II;v = fv, where v, = u,/n. Hence, the largest eigenvalue of

I, is 0. Since
1 0
11, = ~
0 (U Hg)

for some (column) vector v € RY, it is clear that 61 < 0. Ordering
conveniently the states in S, the matrix II; has the form

= ﬁo O
fi, = ( B ﬁg) (55)

for some rectangular nonnegative matrix @, since the set {0,1,..., N} x{0} is
absorbing for the Markov chain. Again, since this matrix is block triangular,
we have 0P = max{6") 0P}. Since Il = II, Theorem 4.2 (b) shows that

0P = supo®.
k>2

Since in addition Iy = pyyId and Iy = py.y, Theorem 5.1 (a) will hold
true if we prove that the sequences (%)), <r<n and (67)s<<y are both non-
increasing.

By Perron-Frébenius’ characterization of the spectral radius of nonnega-
tive matrices (cf. e.g. [11]), for all 1 <k < N,

(k)
%) = sup inf —ZJEN’“ Pig z, (56)

weRNk, >0, uz0 €Nk Uj

where, by convention, the fraction in the r.h.s. is +o0 if u; = 0. Using
the notation of the proof of Proposition 4.6, for all 1 < & < N — 1 and
u € RT’““ \ {0}, we have

(k+1) (K)~ [ (k) (k) (k)
ZjeNkai,j U inf ZjeNk+1pi,juj 9; /gj hi,j

inf = ~
1€ENE 11 U; 1€Nk 1 Uy
(k)~
. Z ieN, Pij Wj
< inf LS el A
IS U;
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Taking the supremum over u € Rﬁ’*’“ \ {0} yields
o+ < k), (57)
For all £ > 2, the Dirichlet eigenvectors in S} belong to the vector space
Uy ={veR™ :v=00n Ty \S;}).
By Perron-Frobenius’ theory again, for all £ > 2,

Dk pyes: M) (kD) Wik,

0r = sup inf (58)
F well\{0}, w>0 (LI)ES; Wi, j)
Since §; C §;_, forall2 <k < N —1,
Z « T0(3,5), (k1) W(k,l
‘91?+1 _ sup inf (k)es; "1 (0.7), (k1) (kD) < 6P (59)
wEMk+1\{0}, w=>0 (Z’J)GSZ w(ZJ)

This ends the proof of (a).

InAthe case where ﬁk,l is irreducible for some 2 < k < N — 1, it is clear
that II; and II; are both irreducible. Then, by Perron-Frébenius’ theory,
0P (resp. O%)) is an eigenvalue of II;, (resp. II;) with multiplicity one, and
the corresponding nonnegative eigenvector has all its entries positive. In
addition, 87 (resp. 8*)) is the only eigenvalue of II; (resp. IT;) corresponding
to a positive eigenvector. In particular, the supremum in (58) (resp. (56) ) is
attained only at vectors w € V*~1) having all coordinates corresponding to
states in S;_, positive (resp. at vectors u € (0, 00)N*). Hence, the inequalities
in (59) and (57) are strict.

In the case where ﬁo is irreducible, the same argument shows that 6 >
0@ and since 0V = #P and 0 = 6L we also have #° > §P. This ends the
proof of (53).

In the case where ﬁk_l is irreducible for 3 < k < N — 1, let (u;);en, be
a positive right eigenvector of II;. Then the vector Pj(i,j)u;4; belongs to
Uy, and its restriction to S; is a right eigenvector of 11, However, its has
positive and negative coordinates by Proposition 3.2 (g). Therefore (54) is
proved. B

Finally, if IIj is irreducible and p; o > 0 for some 1 < i < N, then the
absorbing state 0 is accessible by the Markov chain from any initial state
(possibly after several steps). It is then standard to prove that there exists
n such that the sums of the entries of each line of (IIo)" is strictly less than

1. This proves that (ﬁo)” cannot have 1 as eigenvalue, and thus 6 < 1. O
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5.2 The case of infinite state space

Our goal here is to extend the previous result to the case where & = Z2
and ﬁo is compact reversible. So let us assume that ﬁo is compact and is
reversible w.r.t. some measure pu.

In the case of infinite state space, when k£ > 2 the Dirichlet eigenvalue
problem for II in S} consists in finding § € C and v € L*(Z2,v) (where
the measure v is extended by convention by zero on Z, x {0} U {0} x Z,)
satisfying (52). Defining the vector space where Dirichlet eigenvectors are to
be found

U, ={vel*Z%,v):v=0o0nZ2\ S},

the supremum 62 of the moduli of all Dirichlet eigenvalues in S; is given by

’ (u, ﬁu)y

0 = sup . (60)
g ueldp,\{0} [l
In view of Theorem 4.8 (c¢), the natural space to define the Dirichlet

eigenvalue problem in S is

U = {v eR™ :v=0in {0} xZ, and v;; = j_ vf}r)j +U§3j) V(i,j) € ST,
i+ ’
where v € L%(N, 1) and v® € L?(N?, 1/)},

equipped with the norm || - |l,, where ||v]|, = [[v®]|2 + [[0® |2 (this norm
is well-defined since vV and v are uniquely defined from v € ;). Then,
the Dirichlet eigenvalue problem in S; consists in finding # € C and v € U,
satisfying (52). We also define 0P as the supremum of the moduli of all
Dirichlet eigenvalues in S7.

For all d > 1, we also define 89 as the supremum of the moduli of all
eigenvalues of II corresponding to right eigenvectors of the form Py(4, j)u,4;
with u € L2(Ny, u?). By Theorem 4.8 (a),

9(d) — Sup ‘(u, Hdu>u<d) ’

wer2(gu@ongoy el

. Yd>0.

In addition, using the notation V), defined in the proof of Proposition 4.6, it
follows from (46) that

‘ (u, ﬁu)l,

0 = sup , Vd > 2.

wevy  lull?
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Comparing this with (60), we again deduce from Proposition 3.2 (c¢) and (e)
that 95 > 0 for all 2 < d' < d.

Finally, since the matrix I, is not reversible, we need to define #*) in a
slightly different way: 6 is the supremum of the moduli of all eigenvalues
of I corresponding to right eigenvectors of the form Py(7, j)u;4; with u =
al + v, where a € R, 1 is the vector of R?+ with all coordinates equal to 1,
v € L*(N, 1) with the convention vy = 0.

Theorem 5.2 Assume that S = Zi and that ﬁo 15 compact and reversible
w.r.t. a positive measure . Then, for all d > 1, 09 is a Dirichlet eigenvalue
of I1 in the set S} and 0D is a right eigenvalue of 11 for an eigenvector of
the form Py(i, j)ui; with u € L3(Ng, u@). In addition,

or > 0P > 0P > 6P > ...
I I VI VI
1 =60 > e > A2 > B > pM) > .

Proof For all k& > 1, the fact that 0% is an eigenvalue of II for a right
eigenvector of the form Py (i, j)u;y; with u € L2(Ny, u®) follows from Theo-
rem 4.8 (a) and from the fact that II, is compact reversible. Indeed, || is
an eigenvalue of the compact reversible matrix I, (the corresponding eigen-
vector can be obtained for example as the limit of nonnegative eigenvectors
of finite dimensional projections of II;). The result follows since, necessarily,
60)] < |TLe]

For all £ > 2, we define 1) as the matrix whose restriction to S; is
ﬁk and with all other coordinates equal to zero. As the projection of a
compact operator, this matrix is compact. Since it is trivially reversible for
the measure v, Theorem 4.8 (b) applies to II*). Then, Proposition 4.6 tells
us that 6P = H|Hgk> ll2, where Hgk) is defined from IT*) as II, has been defined
from II. Therefore, the fact that 62 is a Dirichlet eigenvalue for IT in S} can
be deduced exactly as above.

Recall the definition of TI'™ in Section 4.2.1. For any N € N, replacing
I by 1™, we define similarly as above the quantities 6,?’(N) and %), Due
to the remark after the proof of Proposition 4.6, we are again brought back
to the finite framework. The following result is an immediate consequence of
Lemma 4.5 and Proposition 4.6.
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Lemma 5.3 We have

vk > 2, lim 67" = gP
N—oo

Vk > 1, lim %) = gk
N—oo

From this lemma and Theorem 5.1 immediately follow all the inequalities in
Theorem 5.2 that concern 0,? for k > 2 and 0% for k > 1.
(1)

As in the finite case, we easily deduce from the facts that p; ;
ugl) = 2¢%p; that ﬁou = Ou with v € L*(N, p) iff [ljv = Ov with v; = u;/i
and v € L(N, uM)). Therefore,

— . .
= <p;; and

o0 = gyp (Tl

u€l2(N,u)\{0} [[wll,. '

Since for all a € R and v € L4(N, 1), Ilp(al +v) = al + v, we deduce that

0 = sup{1;0M}. Since I, is substochastic and reversible w.r.t. j, we have
for all u € L*(N, p)

~ 2 2
(u, o), Zi,jzl HiPi jUi U < \/Zw Ui HiPi,j \/zm U HiDi,jg <

= < <1.
(i 2121“?#1‘ Zizl U p

This yields
0 — 1 > o)

In order to complete the proof, it only remains to check that o = 9V
and that 0P is a Dirichlet eigenvalue in S;. As in the finite case, I, has
the block-triangular form (55). Therefore, we obviously have 6 > 2. In
addition, any Dirichlet eigenvalue in S; which corresponds to an eigenvector
in U; which is nonzero on the set of indices N x {0}, must be an eigenvalue
of Il corresponding to a right eigenvector in L2(N, ). Now, if u € L3(N, u)
satisfies oy = 0@y, then v = Wy with v; = u;/i and it follows from
Theorem 4.8 (a) that the vector #juwj is a right eigenvector of II;. Since
this vector obviously belongs to U, we obtain that 7 = (1) and that 6P is
a Dirichlet eigenvalue in S7. O
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6 Application to quasi-stationarity in nearly neu-
tral finite absorbed two-dimensional Markov
chains

In this section, we restrict ourselves to the finite state space case for simplic-
ity: let S = 7y for some N € N. The first coordinate will be referred to as
type 1 and the second coordinate as type 2. Recall that the sets Z, x {0},
{0} x Z, and {(0,0)} are absorbing for the N2dMC considered above, which
means that each sub-population in the model can go extinct. This means
that the transition matrix I has the form

mm— (7{ g) , (61)

after ordering the states as (0,0) first. Ordering the states in S\ {0} as
{1,...,N} x {0} first and {0} x {1,..., N} second, the matrix () has the

form
Q1 0 0
Q=10 @ 0 (62)
Ry Ry Qs

where @; (1 < i < 3) are square matrices and R; (1 < i < 2) rectangular
matrices.

In this section, we study the problem of quasi-stationary distributions
(QSD) and quasi-limiting distributions (QLD, see the introduction) for Markov
processes, not necessarily neutral, whose transition matrix has the form (61—
62). The classical case [6] for such a study is the case when @ is irreducible,
which does not hold here. A general result is proved in Subsection 6.1. Our
results of Section 5 are then applied in Subsection 6.2 to study the quasi-
limiting distribution of nearly neutral two-dimensional Markov chains.

6.1 Yaglom limit for general absorbing two-dimensional
Markov chains

Let (X,,Y,,n > 0) be a Markov chain on & = 7y, with transition matrix
of the form (61-62). We do not assume that this process is neutral. We call
such processes A2dMC for “absorbed two-dimensional Markov chains”.
Under the assumption that the matrices ()1, ()2 and ()3 are irreducible
and aperiodic, Perron-Frobenius’ theory ensures the existence of a unique

49



eigenvalue #; with maximal modulus for ();, which is real and has multiplicity
one. Moreover, (); admits unique (strictly) positive right and left eigenvectors
for 0;, u; and v; respectively, normalised as v;1 = 1 and v;u; = 1, where
we use the convention that wu; is a row vector and v; is a column vector,
and where 1 denotes the column vector with adequate number of entries,
all equal to 1. In the following result, we use the classical identification
of column vectors and measures: for example, vi = ((v1)i)@,0es\{(0,0)} 15
identified with 7, 5 cs\ 10,0 (v1)i0i, and vs = ((v3)(,5))(.5)es is identified
with 37 5 esrme (U3)0.)0(i.9)-

With this notation, using the results of Darroch and Seneta [6], v; ® dg
and &y ® vy are trivial QSDs for the Markov chain (X,Y).

Theorem 6.1 Assume that the matrices QQ1, Qo and Q)3 are irreducible and
aperiodic, Ry # 0 and Ry # 0. Then, for any i > 1 such that (i,0) € S,

Hm Lo (Xn, Ya) | (X, Ya) # (0,0)] = v @ d, (63)

n—-4o00

and similarly for the initial state (0,7) € S, where L j) denotes the law of
the Markov chain (X, Yy )n>0 with initial consition (i, j).
Moreover, for any (i,j) € S%,

Hm L45[(Xn, Yn) | (X0, Ys) # (0,0)]

n—-+o0o
(01 @ 6 if 01 > 65 and 61 > 65,
(50 & Vg Zf 92 > 93 and 92 > 91,
U3 + w1 ® Oy + Jp ® Wy ‘
= 0 0,0 64
1+ w1+ wnl if 03 > 01,05, (64)
Pij U1 ® 00 + (1 —pij) o @vy  if 01 = 0y > 65,
k(]Ul(850-’-(]_—(])(50@)1)2 if91:92:93.
where
w; = ’UgRZ‘(le — Qi)_17 Z = 1, 2, (65)

Dii = 5(Z»]) (91‘[ _ Q3)71 RlU,l
Y0, (] — Q3)7t (Riuy + Rouo)
vz Ryuy

d = . 67
an 1 v3(Ryuy + Roug) (67)

20



To give an interpretation of this result, we will say that there is extinc-
tion of type i conditionally on non-extinction if the QLD (64) gives mass 0
to all states with positive i-th coordinate. Conversely, we say that there is
coexistence conditionally on non-extinction if the QLD (64) gives positive
mass to the set S*. We also say that type 1 is stronger than type 2 (or type
2 is weaker than type 1) if §; > 65, and conversely if 6, > 6.

Theorem 6.1 says that the limit behaviour of the population conditionally
on non-extinction essentially depends on whether the largest eigenvalue of @
is 01, 05 or 3. If either 6; > 0y and 6; > 605 or Oy > 0, and 0y > 65, the QLD
is the same as if there were no individual of the weaker type in the initial
population, and there is extinction of the weaker type conditionally on non-
extinction. If 35 > 6,605, there is coexistence of both types conditionally
on non-extinction. Finally, when 6; = 05, both types can survive under the
QLD, so none of the types go extinct (according to the previous terminology),
but there is no coexistence, as one (random) type eventually goes extinct.
Observe also that the case #; = 6y > 03 is the only one where the QLD
depends on the initial condition.

Note also that, in the case where 03 < max{6, 6>} and 6, # 6,, the QLD
does not depend on any further information about the matrix (3. In other
words, if one knows a priori that 03 < max{6;,0>} and 0; # 05, the precise
transition probabilities of the Markov chain from any state in &* have no
influence on the QLD. The QLD is only determined by the monotype chains
of types 1 and 2.

Our next result says that, for any values of 61, 65 and 03, all the QSDs of
the Markov chain are those given in the r.h.s. of (64), when they exist and
are nonnegative.

Proposition 6.2 Under the same assumptions and notation as in Theo-
rem 6.1, the set of QSDs of the Markov chain is composed of the probability
measures pv; ® 0+ (1 —p) 0g @ ve for all p € [0,1], with the additional QSD

v3+w1®(50+50®w2
1+w11+w21

(68)
in the case where 63 > max{6;,0s}.

Proof The fact that all the QSDs giving no mass to the set S* are of the
form pv; ® g + (1 — p) 09 @ v for some p € [0, 1] is an immediate consequence

of the facts that the sets {1,..., N} x {0} and {0} x {1,..., N} do not
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communicate and the only QSD of an irreducible and aperiodic Markov chain
on a finite set is given by the only positive normalized left eigenvector of the
transition matrix of the Markov chain (cf. [6]).

Assume now that p is a QSD for the Markov chain (X, Y},),>0 such that
w(S*) > 0, and write u = (uq1, po, pi3), where gy (resp. pa, resp. ps) is the
restriction of p to the set {1,..., N} x {0} (resp. {0} x {1,..., N}, resp.
S*). The equation u@ = 0Q for some 6§ > 0, which characterizes QSDs,
implies that u3 is a nonnegative left eigenvector for (J3. Thus, by the Perron-
Frobenius theorem, p3 = avz for some a > 0 and ¢ = 03. Using again the
formula pu@ = 630, one necessarily has

[,Ll(egld - Qz) = CLU3RZ', 1= 1, 2. (69)

In the case where 05 > max{61, 605}, the matrices 031d — Q1 and 631d — @,
are invertible, as shown in Lemma 6.3 below. Thus p is given by (68).

In the case where 03 < 6, for i = 1 or 2, we deduce from (69) that
(03 — 0;)iu; = avsRyu;. This is impossible since the Lh.s. of this formula is
non-positive and the r.h.s. is positive as R; # 0, v3 > 0 and u; > 0. 0

Proof of Theorem 6.1 For all (k,l) € S\ {(0,0)}, we want to compute
the limit of

(n)
Qi) (v

]P)(i,j)[(XnaYn) = (k1) | (X5, Ys) # (0,0)] = (70)

o)
2k 1y20.0) Qi . .11

as n — 400, where QEZ;L(k,l) denotes the element of ()™ on the line corre-
sponding to state (i, ) € S and the column corresponding to state (k,l) € S.
Therefore, we need to analyse the behaviour of Q™ as n — 4+00. We have
by induction
Q0 0
o ={ 0 @ o (71)
R Ry Q3

where

n—1
R =3 Qi i=12. (72)
k=0
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By the Perron-Frobenius Theorem (see e.g. [11]),
Q7 = 0'uv; + O((6;0)"1) (73)

for some o < 1 asn — 400, where 1 denotes the square matrix of appropriate
dimension, whose entries are all equal to 1. We need the following result. Its
proof is postponed at the end of the subsection.

Lemma 6.3 If 0, > 03, the matrix 0:1d — Q3 is invertible, its inverse has
positive entries and

R ~ 07(6:1d — Q3) "' Ryuyvy (74)

as n — +oo. If 01 < 03, the matriz O31d — Q1 is invertible, its inverse has
positive entries and

R ~ 02usvs Ry (051d — Q1) ™" (75)
as n — +oo. If 61 = 03, as n — 400,
Rgn) ~ n@?ilugnglulvl. (76)

Theorem 6.1 can be proved from this result as follows. Let D denote the
denominator of (70). If 6,,05 > 05, (74) and (73) yield for all (i, j) € S*

D~ 9?(5(17” (elld—Q3)71R1U1U11+936(i’j) (ezld_Qg)ilRQUQ/UQ]."‘9?(5(7;’]')“3’031

as n — +oo. In the case when 6; > 0, since (/;Id — Q3)~' has positive
entries, we have D ~ 6079 j)(011d — Q3) ' Ryuy. The limit of (70) when
n — oo then follows from (74). The case 0, > 6, is treated similarly. In
the case when 6, = 05,

D ~ 0?(5(ZJ) [(611(1 — Qg)ilRlul + (921(?1 — Q3)71R2U2},

and the fourth line of (64) follows from Lemma 6.3.
In the case when 03 > 6, 05, we obtain

D ~ 036 jyuzvs [Ri(051d — Q1) 7' 1 4 Ry(f31d — Qo) ™'1 + 1],

which implies the third line of (64).
Similarly, it follows from (73) and Lemma 6.3 that

D~ 9?5(2’3) (911(1 — Qg)_lRlul if 61 > 03 > 92,

D~ n@?‘lé(iyj)u?,nglul if 6, = 93 > 62,
D~ n97f_15(i7j)U3vg(R1u1 + RQUQ) if 91 = 92 = 93.
The proof is easily completed in each of these cases. O
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Proof of Lemma 6.3 Assume first that 6; > 3. One easily checks that

n—1
(041d — Q3) Y 07" Q% = 611d — 07" Q5. (77)

k=0

Because of (73), the series in the previous equation converges when n — +oc.
Therefore, 0:1d — ()5 is invertible and

(621d — Q)" = > 6, Qs

n>0

which has positive entries since Q)3 is irreducible. Therefore, it follows from (73)
and (77) that

n—1

RYL) = Z Q]gRl [9?717’6161’1)1 -+ O((el&)nilikl)]

k=0

n—1
= 9?71(911(1 - 9;n+1Qg)(911d - Qg)ilRlul’Ul +0 <U303R11 Z 9’;(9105)”1]6)

k=0

= 0?(‘911(1 — Qg)_lRlulUl + O(@gl) + O ((9; + (910&)“) 1) s

where we used the fact that a may be increased without loss of generality so
that 63 # 61, in which case

n—1
i 08— (61)"
k n—1-k _ Y3
kgzo 05 (61 c) i

Since R; # 0 has nonnegative entries and (6;1d—Q3) ! and u,v; have positive
entries, the matrix (6;1d — Q3) ' Rjujv; also has positive entries, and (74)
follows. The case 03 > #; can be handled similarly.

Assume finally that 6; = 05. By (73),

|
—

n

Rgn) = (9§u3vg + O((an)kl)) Rl (9?_k_1u1211 —+ O((Qla)”_k_ll))
0

B
Il

enfl
= n@?’lugnglulvl + O (1 !

—

(1R1ulvl + U3'U3R11)> -+ O(n(a@l)”’ll),

which ends the proof of Lemma 6.3. 0]
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6.2 The nearly neutral case

Since IT in (61) is a block triangular matrix, we have

Sp'(II) = {1} USp'(Q1) U Sp'(Q2) USP'(Q3),

where Sp’(A) denotes the spectrum of the matrix A, where eigenvalues are
counted with their multiplicity.

In the case of a N2dMC satisfying the assumptions of Theorem 6.1, with
the notation of Section 4, we have Q1 = Q2 = . By Theorem 4.2 (b) and
Remark 4.3, {1}USp'(Q1)USp’(Q2) is the set of eigenvalues corresponding to
right eigenvectors of II of the form FPy(i, j)u;4; and P (4, j)u;y;, counted with
their multiplicity. More precisely, Sp’(Q1) corresponds to eigenvectors of the
form Pl(l)(z',j)uiﬂ', and Sp’(Q2) to eigenvectors of the form Pl(z)(z',j)uiﬂ. In
particular, §; = 0y = ) = P with the notation of Theorem 5.1. Moreover,
since Q3 = II®, Theorem 5.1 shows that ;3 = 6@ = 0P < 0, = 6, and
Sp’(Q3) is the set of eigenvalues corresponding to right eigenvectors of IT of
the form Py,(i, j)u;4; for d > 2, counted with their multiplicity.

In other words, with the terminology defined after Theorem 6.1, coexis-
tence is impossible in the neutral case. Since the eigenvalues of ()1, Q)2
and ()3 depend continuously on the entries of these matrices, we deduce that
coexistence is impossible in the neighborhood of neutrality:

Corollary 6.4 Let II be the transition matriz of some fived N2dMC in Ty
such that My and 11y are both irreducible and there exists i € {1,...,N}
such that p;p > 0. For any A2dMC (X.,Y) in Ty with transition matriz 1T
sufficiently close to 11, coexistence is impossible in the QLD of (X,Y). Let
01,05, 05 denote the eigenvalues 61,04, 03 of Theorem 6.1 corresponding to the
matriz II'. If 0] # 05, the QLD of (X,Y) is the trivial QSD corresponding
to the stronger type: if 0] > 04, the QLD of (X,Y) is v] ® 0y, where v} is the
QLD of (X,0), and if 0, > 0}, the QLD of (X,Y) is §g ® v}, where v is the
QLD of (0,Y).

A Notations

We gather here all the notations used at several places in the paper. Most
of these notations are introduced in Sections 4 and 5.
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A.1 General definitions

e For any measurable subset I' of R? and any o-finite positive measure
pwon I, L2(T, u) is the set of Borel functions f on I' defined up to
p-negligible set such that [, f?du < +oco. We denote by (-,-), the
canonical inner product on L*(T, 1) and || - ||, the associated norm. In
the case when I is discrete, we make the usual abuse of notation to
identify the measure p and the corresponding function on T

e For all I x I square matrix M, where [ is a finite or denumerable set
of indices, and for all J C I, we call “restriction of the matrix M to
J” the matrix obtained from M by removing all rows and columns
corresponding to indices in '\ J.

A.2 Polynomials

Hy(X), H3(X), ... are defined in Proposition 2.2.
Py(X,Y) =1.

PY(X,Y)=P(X,Y) = X.

PP(X,Y) =Y.

Py(X,Y),P(X,Y),... are defined in Theorem 3.1.

A.3 Sets
Z+ = {071,}
N={1,2,...}.

Ny={d,d+1,...}.
Tnv ={(i,7) € Z3 : i+ j < N}, where N > 0 is fixed below.

Ty =Ty NN2
Finite case Infinite case
SZ:{O,l,...,N}. SZ:Z+.
Sy ={1,2,...,N}. S =N.
S =17Tx. S:Zi.
S*=1Ty3. S* = N2
S = {(i,7) GZ%r ck<i+j <N}, S,’;:{(z',j)GZi:kSiJrj},forall
for all k > 2. k> 2.
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A.4 Matrices

Iy = (Pnm)nmes, 18 a stochastic matrix such that pgo = 1.
[Ty is the restriction of Il to the set of indices Sz N Niyq, for all £ > 0.

Pry is the projection operator on RY defined by Pry (uy, us, ...) = (uy,. .., un,0,..

ﬁ(()N) = PryIlyPry, in the infinite case (i.e. when Sy = 7Z,).
H(()N) is the Markovian kernel on Z., whose restriction to N is H(()N).
™ is the restriction of I to {1,..., N}.
= (7(i.5).k.0) ) 0.) (ks Where
( (i—i—k—l) (j+l—1)
%T,ll Divj,ivjresr if (k1) € 22\ {0},
(")
i\ (J
T(i,5),(i+k,j+1) = (k) (l) o
(i+j> Pitj, iti—k—l
ket
0 otherwise,

\ .
with the convention that (;) = 0ifi <0, j <0orj > 1.
lj is the restriction of II to &*.

I, is the restriction of the matrix II to S, for all £ > 1.

™) is constructed from H(()N) exactly as II is defined from II,.

1™ is the restriction of II™) to T3
I, = (pﬁl‘%)(n,m)eg,n,mzd for all d > 0, where for all (n,m) € S, n,m > d,

if (—k,—1) € 72,

( (m+d—1
(") .
= Pnm if m > n,
()
p(d) _ (nfd)
n,m (n;m) . ifm < n,

For A2dMC (see Section 6.1)

10 @ 00
IT = (7" Q)’ where Q= 0 Qs O
Ry Ry Q3

a7

).



A.5 Measures and vectors

= (Ki)ies; is a reversible measure for the matrix I,
(2 + J) i
(tn ))negszd for all d > 1, where

d—
—2n<n+ ),unforallnESzﬂNd.

(V(ZJ))(ZJ)ES , where v(; j) =

2d — 1
g(d gz(d) )iesynNyy, for all d > 0, where

g = 2% for all i € S}, and

1—d)(t+d .
gl(d) :%fbr alld > 1 andzESzﬂNdH.

h(@) = (hl(’c?)(i,j)es,i,jszrl for all d > 0, where
0 _J o *
hij = - for all (z,7) € S* and

IR

b o

hii = J.—d i< forall d > 1 and (i,j) € S, 4,5 > d+ 1.
Z_
1 ifi=j.

A.6 Operator norms (in the infinite, reversible case)

I llo is the natural operator norm on the set of bounded operators on L?(N, ).
I-]| is the natural operator norm on the set of bounded operators on L?(N?, v/).
Il - lla is the natural operator norm on the set of bounded operators on
L2(Ng, p'¥), for all d > 1.

A.7 Eigenvalues

We refer to Sections 5.1 and 5.2 for precise definitions in the finite and infinite
cases.

0P is the biggest Dirichlet eigenvalue of I in S, for all k > 1.
6@ is the biggest eigenvalue of II corresponding to right eigenvectors of the
form Py(i, j)u;tj, for all d > 0.

For A2dMC (see Section 6.1)
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01, 05 and 05 are the Perron-Frobenius eigenvalues of )1, ()2 and ()3, respec-
tively.

A.8 Vector spaces
V= {v e RS :v;; = Py(i, j)uir; with u € RS2},

Finite case
Uy ={v eRT ;v =0o0n Ty \ S;} for all k > 1.

Infinite, reversible case
Uy ={vel*(Z%,v):v=00nZ3 \ S;} for all k > 2.
U = {v eR% ;v = o) £00, o ¢ L2(N, p), v® € L2(N?, )}

z+] Z+J 4,57

= {v e L*(N%,v) : v;; = Py(i, j)usr; with u € L?(Ng, u9)} for all d > 2.
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