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Abstract

In the symmetric group S, consider the elements
Ri=(1,9)+(2,9)+---+(F—-1,4i), 2<i<n

Murphy [17] showed that these R; are commuting elements of the
group algebra, and explicitly computed their eigenvalues at irreducible
representations. We use Murphy’s results to derive character formulae
and to derive closed form expressions for random walk problems. We
show that the R; generate a maximal commutative subalgebra of the
group algebra containing the center. Finally, we suggest an underlying
reason for Murphy’s results which in turn suggests generalizations.

1 Introduction

Alfred Young derived three distinct forms for the irreducible representations
of the symmetric group S,. Young’s natural form has integer entries and a
combinatorial description which can be neatly presented using Specht mod-
ules, as in James [12]. Young’s seminormal form has rational entries but
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restricts from S, to S,_; in block diagonal form without change of basis. A
modern construction of Young’s seminormal form appears in James-Kerber
([13], Section 3.3). Young’s orthogonal form gives orthogonal matrices and
block diagonal restriction. It is obtained by an explicit change of basis from
the seminormal form ([13], Section 3.4).

Murphy [17] gives a new derivation of the seminormal form from the
natural form. A central part of his construction is based on the elements

Ri= Y (j,i) 2<i<n (1)

1<5<i

Murphy showed the R; commute and obtained explicit diagonal forms for
these elements as linear operators on the group algebra.

To state Murphy’s results in a form useful to present applications, order
the standard Young tableaux (SYT) by their last letter order. Thus if A =
{3,2}, the five standard Young tableaux are

215] <[11314] <_:1);2i] <711_2§|

B
]!
o
o

B

O

In general, if » is in a lower row, a tableau is further down in the order. If n
is in the same row, delete and compare n — 1.

The number of standard tableaux of shape A will be denoted by f (A).
Let Ty < Tp < --+Tf(n be the standard tableaux of shape X. Young’s
seminormal form py(7) is an f(A) x f()) matrix indexed by these tableaux
for each 7 € S,.. Let the transform of R; at py be defined by

Ri= Y p((i) 2<i<n

1<5<i

Theorem 1.1 (Murphy [17]) In the symmetric group S, the R; defined by
(1) are commutative elements of the group algebra with

R; = Diag(ci(), es(3), - - -, ey (5)) (2)

in Young’s seminormal form. Here c;(i) = col(i) — row(s) in the jth SYT.



Remarks. c;(i) will be called the content of i in the jth standard tableau.
As an example, when n = 5 and ) = {3,2}

R, = Diag(0,0,2,2,-1)

The c;(7) are eigenvalues of the transform of R; in any basis. It is straight-
forward to argue that R; commute, by a combinatorial argument. This fact
also follows from the diagonal form of their transforms.

The present paper applies Theorem 1.1 and attempts to give some mo-
tivation. In Section 2 we show how it yields closed form expressions for the
characters of p) at simple conjugacy classes. In section 3 we show how it
allows explicit Fourier analysis of random walk problems. Section 4 presents
a view of Murphy’s result which makes it look natural (to us) and suggests
appropriate variations for other groups. Section 5 studies the algebra gener-
ated by the R;. The main result here shows that this algebra is a maximal
commutative subalgebra of the group algebra QS,, of dimension 3= f().
Acknowledgment We thank Mehrdad Shahshahani, Richard Stong, and

Hansmartin Zeuner for discussions as this work progressed.

2 Formulas for characters

This section derives closed form expressions for characters X A(7), when 7 is
a transposition, 3-cycle, product of two 2-cycles, n-cycle, and (n — 1)-cycle.
It also gives a proof of an identity for Schur functions due to Frobenius.
Murphy’s elements enter through the following result.

Proposition 2.1 Let R; be defined by (1). The kth elementary symmetric

function in Ry, Ra,..., R, is the sum over all conjugacy classes with n — k
cycles. Thus for ezample

=2 B = 3 {transpositions}
Lagicicn iRy = T {3-cycles} + T {products of 2 disjoint 2-cycles}
[T, R = Y {n-cycles}

Proof: Let ¢ be an indeterminate. Then

I1 (1 +9R) =I+¢TRACTRR+-+ ¢ [[B (3)
=2 i

i<J =2

3



We need to show that

I (U +eR) = T wq™® @
i=2 TESn
where () denotes the number of cycles in 7. Assume this fact is true in
Sn—1, which we identify with the set of all permutations in 3, fixing n. Coset
representatives for S,_; in S, are (1,n),(2,n),...(n — 1,n). Furthermore,
multiplying any permutation in S,—; by (i,n) decreases the number of cycles
by 1. It follows that

E an-v(") = an Z 7rqn_1—7(7r)

WGSn Wesn—l

Now the result follows by induction.

Corollary 2.2 Let X5(2) be the character of the irreducible representation
determined by \ at the transposition 7. Then

%(2) = %[x (;)—z(g)] = A - ei-

2 %

Proof: Let p) be the corresponding irreducible representation. From Schur’s
Lemma and Proposition 2.1

noo ) (;)X)‘(T)
Ri = T) = y with =
; 2-c}gl:es T e i it % f(A)

Indeed, the matrix M = ¥ ps(7) is invariant under the action of S,, that
is, pa(c™)Mpy(o) = M for all o € S,. It follows that M = cl, and taking
traces yields the value of c.

On the other hand, c can be computed by considering the (1,1) element

in Y R;. This is equal to 3 col(z) —row(z), as 7 runs from 2 through n in the
first SYT:
I A 41 M +A+1

2 X 42

T, =3
X
Al



Thus the first tableau T; has entries 1,2,3,... down the columns in order,
and A’ denotes conjugation. For this (or any other tableaux), it is clear that

¢ =3 c(i) = Z(;) —(E=1)) = %Z[A?—(%-—l))\;] (5)
Remarks: This formula for X,(2) has many applications. It was used to
show the non-existence of perfect codes in the symmetric group by Rothaus
and Thompson [18]. Diaconis and Shahshahani [5] use it to study random
walks based on randomly transposing pair of cards. Diaconis and Graham
[4] use it to determine when Radon transforms on S, are invertible. These
applications and others are reviewed in [2], Section 3-D.

Corollary 2.3 Let X(3) be the character of the irreducible representation
determined by A at a 3-cycle. Then

%G = o _3’;52 — [2_ (A,-(j2 —j+1) +3(A2a'> +2();,-) _jA?) - (

2

Proof: It is easy to see that

2::123 = (’2‘) I+ 3 {3-cycles} 6)

since every 3-cycle can be uniquely written as (4, k)(j, k) with k > i,j. Fur-
ther, 3°% R? is in the center of the group algebra, so Schur’s Lemma, gives

XZ: 2 = cI
with
50 = ()i +2(3 )@

As before, c can be computed by looking at the (1,1) entry. Writing c(?) =
col(z) — row(s) in the first tableau, we get ¢ = ¥, c(2)?. Finally

Xx(3-cycle) = n(n 3{52 =3 (; c(2)? - (;))

5

n

2

)



Summing ¢(z)? over T} as in Corollary 2.2 gives

zeir = T (et -i+n+(3)+2(3) -%) @

I

Corollary 2.4 Let X(2,2) be the character of the irreducible representation
determined by A at the product of two disjoint 2-cycles. Then

022 = g—%) (et -3Tet7 +2(;))

with 3° c(2) given as in (5) and 3 c(3)? given as in (7).

Proof: Arguing as in Corollary 2.3 it is easy to show that

(X:: R)? = (;) I+3) {3-cycles} +2 {two 2-cycles} (8)

Solving (6) and (8) gives

> two 2-cycles = %(Z R)* - g(z R} + (g) I

Computing characters as above yields
02,2 = % (et -3 e +2(3)

Corollary 2.5 Let X,(n) be the character of the irreducible representation
determined by \ at an n-cycle. Then

~1)M"1 i X is a hook
Xa(n) ={ ( ()) ef;se

with X' the partition conjugate to ).

Proof: From Proposition 2.1 we have

X,\(n)
f)

& = T mi) = (m-1)

=2 n-cycles v



Consider the (1,1) term of the product. Clearly this is zero unless ) is a
hook — indeed some element i in 2,3,...,n occupies the 2-2 position, and
so for this element col(z) — row(:) = 0. For a hook shape the first-ordered
tableau appears as

1 AM+1 -+ n

2
L, = 3

AL
This shows the product has (1,1) entry
(1=2)(1=3) - (1=2)@-1)BE~1) - (A =1) = (=147 (X\ = 1)!() — 1)!

For a hook shape A,

_ (n —1)!
T = o= -
and the proof is complete.

Remarks.

1. The character formulas in this section can be obtained by a variety
of other methods. For example, Ingram [11] uses the Murnaghan-
Nakayama recursion to derive explicit formulas for X,(2), X A(3), Xa(4),
Xx(5), Xx(2,2), Xx(3,2), X»(4,2), Xx(3,3), and Xx(2,2,2). Our deriva-
tions are simpler, and perhaps more “natural”, but depend on knowing
the eigenvalues of the R;’s explicitly.

2. From Corollary 2.5 it is easy to derive the character at an (n —1)-cycle
7 — say fixing n. Consider S,_; C S, as all permutations fixing n. In
Young’s seminormal form,

()
pa(m) =
pra(m)
where A1, A2, ... are the partitions of n — 1 derived from the branching

rule, i.e. by deleting all possible corner cells (see [13] p. 118). The
previous formula can be applied to each component matrix. The only
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nonzero cases have A a hook, or A = {g,2,1,1,1,...}. The first case
gives zero, the second gives (—1)#1"s*1, Thus

_Jo unless A = {q,2,1,1,1,...}
Xa(n ~1) = { (—1)# U if A = {0,2,1,1,1,...)

Using this with Corollary 2.5 allows us to demonstrate an observation
of Serre [19]: the product X,(n)Xy(n —1) equals 0 unless ) is the trivial
representation or the alternating representation.

The identities of this section are developed further in Section 5 where it
is shown that any conjugacy class can be written as a symmetric polynomial
in the R;. To conclude this section we use Murphy’s elements to prove an
identity of Frobenius relating to Schur functions.

The Schur functions are a well known basis for the homogeneous sym-
metric functions. Their properties are described and developed in Stanley
[20] and Macdonald [14]. One convenient definition:

X
3A(mlax2"°' 7xm) = E ,\z(p)pp(xlamb"'sxm) (9)

pkn 4

where p, is the power sum symmetric function p, = p,,p,, - p,. (p; =
> J) Xx(p) is the character of the Ath irreducible representation at the pth
conjugacy class, and z, = []i*a;! where p has q; parts equal to i. Finally, A
is any partition of n = A\; + A, + - - into m or fewer parts.

Corollary 2.6 (Frobenius [8})

ss(L,L,...,1) = 1‘[)\"‘—};*(—:865—””) (10)

where the product is over all cells z in the Ferrers diagram of )\, h(z) is
the hook length associated with cell z, and c(z) is the content of , cz) =
col(z) — row(z).

Proof: It follows from (9) that
sn(1,1,...,1) = meﬂ")

pl-n %5

= E X (7 )ym™)

1r€S,.



where 7(p) denotes the number of parts of p and 7(7) denotes the number
of cycles of 7. We will show that this last expression equals the right hand
side of (10).

Substituting ¢ = 1/n in identity (4) of Proposition 2.1 gives

> am'™ = mf_[(mI+R,-) (11)

WES»

Taking traces in the Ath representation, we obtain on the left

D X(mm"™ = nlsy(1,1,...,1) (12)
TESK

On the right hand side each term (mI + R;) transforms to a diagonal matrix,
and the product equals a constant times the identity. Hence the trace equals
f(A) times the (1,1) entry, which equals

z , n!
SmIlm+e0) = gl Mmeea) 03
Here (i) denotes the content of the cell containing i in the first (or any other)
standard tableau. Equating (12) and (13) completes the proof.

Remarks. One can view (4) as a “lifting” of identity (10) to the group
algebra. According to Stanley ([20], Part 2, p. 263), Corollary 2.6 was first
proved by Frobenius ([8], section 3). MacMahon [15] gave a combinatorial
proof: the left hand side counts the number of column strict plane partitions
of shape X with largest entry at most n. Macdonald ([14], p. 27, 28) gives a
direct proof using the determinant definition of Schur functions.

3 An application to card shuffling

Consider n cards face down in a row on a table. Suppose the cards are
numbered 1,2,...,n, from left to right. The cards are repeatedly mixed by
randomly transposing pairs according to the following scheme: the right hand
picks a card with chance w(i) of the ith position. Here w() 20, T w(t) =1is
a fixed probability on {1,2,...,n}. Then the left hand picks a card at random
(uniformly) between position 1 and the right hand card. These cards are then
transposed. This can be described by the following probability distribution

9



p(id)
p((G,7)) = M 1<i<j

w(1)

p(x) = 0 otherwise

Two special cases have been carefully considered previously. Diaconis
and Shahshahani [5] worked with random transpositions. Flatto, Odlyzko,
and Wales [7] worked with randomly transposing a card with card 1. In both
cases, the diagonal nature of the Fourier transform permits complete answers
to the standard questions. For example, it takes (1/2)nlogn + cn random
transpositions to mix things up ([5]). In takes nlogn + cn transpositions
with 1 to mix things up ([3]). It takes order n! steps to return to the starting
arrangement ([7]). It takes order n!logn! steps to hit every arrangement
([16]).

The formulas above allow these questions to be studied for any system of
weights w(z). Thus if p, is an irreducible representation in Young’s seminor-

mal form then

o def

B(pr) = 2 p(m)pa(n)
is diagonal, with ith element

o)+ 2 )
i=2J —1

where ¢;(j) is as defined in (2). From here it is possible to carry out the

computations more or less as described by the authors cited above.

As discussed by Diaconis ([2] Chapter 3-B) the availability of a closed
form for the Fourier transform has application to the existence of perfect
codes ([1], [18]), to the inversion of Radon transforms ([4]), and to graph
labeling problems. Each of these applications can be extended to varying
weights.

4 A general remark

The properties of Murphy’s elements seem mysterious when first encountered.
In this section we present several results which make the R;’s seem like a fairly

10



natural construction, and suggest extensions to other groups.

Definition 4.1 Let G 2 H 2 K be a tower of subgroups, and let h be an
element of H — K. Let

Ry = 3 K 'hk
k€K

where the * denotes that only distinct terms in the sum are taken.

Definition 4.2 Let G 2 H D K, and let p be a representation of G on a
vector space V.. A basis B of V is said to block-reduce p with respect to H
and K if p|H is represented by a matriz in which the irreducible constituents
of p|H appear as diagonal blocks, and the same is true of p|K.

Proposition 4.3 Let G 2 H D K as above, with h € H — K. Suppose
that the action of K on H by conjugation splits the "H-orbit of h into two
K -orbits, one of which lies in K. Let p be a representation of G on V, and
let B be a basis which block-reduces p with respect to H and K. Then for Ry,
as defined above, R = p(Ry) is diagonal.

Proof: Let k and k be representatives of the two K-orbits of k. Then
R, = ¢ -c®

where C,(,H) and C,SK) denote the class sums of % and k in H and K respec-
tively. It follows from Schur’s lemma and the block diagonal nature of p that
both p(C,(,H)) and p(C,EK)) are diagonal matrices, and the conclusion follows
immediately.

Example 1. Consider S, D S; D S;-1 , and take A = (1,5). Then

R, = Rj = (1’J)+(27])++(J_1a.7)

and Young’s seminormal form as constructed restricts in the required block
diagonal fashion. Thus ]Aij(p) is a diagonal matrix.

The next proposition shows that the conditions on % in Proposition 4.3
may be weakened, if we assume a somewhat stronger condition on p.

11



Proposition 4.4 Let G 2 H D K, and let p be a representation of G on
V such that for every irreducible n occurring in p|H, the restriction 9|K is
multiplicity free. Let B be a basis of V which block-reduces p with respect to
H and K. Let R be an element of the group algebra whose support lies in H
and is K -conjugacy invariant. Then R = p(R) is a diagonal matriz.

Proof: Clearly R is block diagonal with respect to the irreducible con-
stituents of p|H, since the coefficients of R vanish off H. Further, Schur’s
Lemma yields that the H blocks of R must themselves be block diagonal
with respect to their K-constituents. (Here we need the fact that within
each H-block the K-constituents are distinct.) Finally, each K-block is a
constant times the identity, since R is K-invariant. Hence R is diagonal, and
the proof is complete.
Example 2. Take, as above, S, D 5; D S;_1. Let 7 € S; — S,_;. Let

R, = Z o o

0€Sj1

as in Definition 4.1. By the branching theorem, any irreducible representation
of S; restricts in a multiplicity free way to S;_;. Thus the hypotheses of
Proposition 4.4 are satisfied, and it follows that all &, are diagonal in Young’s
seminormal form. We record this formally:

Proposition 4.5 Let S, D Sp—y D Sp2 D --- D {id} with Sy fizing k +
1,...,n. For each v € S, define
. R, = Z o ro

. g€SL

where L is the largest indez such that * € S, — S, and the sum is over
distinct terms in the Sp_; orbit of x. Then all such R, commute and have
diagonal transforms at all irreducible representations given in Young’s semi-
normal form.

Remarks.

1. In Section 5 we show that the R, of Proposition 4.5 are in the algebra
generated by the R;. Of course Murphy’s elements are the simplest R,
in a sense, being Ry ;) = R;.

12



2. The orbits of S,_; on S, partition the S, conjugacy classes, and are
easy to describe. If v € S, has cycle length indicator (a;(«), az(x), ..., a,(r))
with a;(7) the number of i-cycles in , its S, orbit consists of all per-

mutations of cycle type (a;,as,...,a,) with n in the same size cycle
as it isin 7 and 1,2,...,n — 1 distributed arbitrarily. Thus the class
sum with indicator (a1, as,...,a,) in S, splits into % orbits under S,_1,

where k is the number of non-zero a;.

3. The hyperoctahedral group B, also has the property that any irre-
ducible representation of B, restricted to B,_, splits in a multiplicity
free way. Thus a similar theory can be developed for B,. Indeed the
elements

B =k
Qk = Z(Z’ k) + (;, E)
i<k

can be viewed as “Murphy’s elements” for B,, in the sense that they
commute in QB, and satisfy the group algebra identity

n

B, = JII+P+Q)

k=1
We plan to develop these ideas further in another work.

4. Following work of Hirschman [10] and Dunkl [6], Greenhalgh [9] stud-
ied commutative algebras of functions on a finite group G which were
conjugacy invariant under a subgroup H and bi-invariant under a sub-
group K with H normalizing K. An example is S, D Sk X Su_g O Sk.
The techniques involved are similar to the considerations of this section
but the exact connection is unclear: we do not have a symmetry char-
acterization of the algebra generated by Murphy’s elements, and Ry is
conjugacy invariant under Si_; X S,_z and bi-invariant under Sn—k.

5. In previous work, Flatto, Odlyzko and Wales [7] derived the diagonal
form of R, directly. An idea suggested by Hansmartin Zeuner can be
used to derive the diagonal values of R(7) from known values of X A(2).
For example, consider

1<i<j<n i<n 1<i<j<n~1

13



5

The transform of the left hand side is

(X))
O e

€A

in any basis. The first sum is what we want. The second sum is over
Sn-1. Choose a basis so this is block diagonal restricted to S,-; (for
example, as in Young’s seminormal form). We know that the blocks
are constants times J, the constant being

("1 X (7)
Ty T R

e

where A' denotes the ith piece under branching. It follows that R, =
2i<a(?,n) transforms to a diagonal matrix with eigenvalues of the form

> e(z) - > o(z) = ¢(m)

ZEA TEN

Thus R, (p) is as described in Theorem 1.1. Using induction gives the
values of the other R;(p) as known.

It seems natural to try to derive other diagonal forms similarly. Thus
235,k = 3 (5,m) + Y (ih4,k)
1,j<n i,5,k<n
gives the diagonal values for 3(z, j,n) = R 2,n)-

This approach works nicely for a single j-cycle. For more complex
classes, say the product of 2-cycle and a 3-cycle, the right hand side
doesn’t split in such a simple way.

The Murphy Algebra

In this section we will study the subalgebra M C QS, generated by the R;’s.
It is well known that the group algebra QS, is isomorphic to a direct sum of
matrix algebras, that is

QSn =~ @A/\
A

14



Young’s seminormal form gives one such isomorphism. Let
D= @D,
)

be the subalgebra of QS, generated by elements corresponding to matrices
which are diagonal in Young’s seminormal form. Clearly D is semisimple and

dim(D) = 3= (3

Further, let Z denote the center of QS,. It is elementary and well known
that Z is spanned by the class functions in S,. Another basis for Z consists
of the characters 3", Xs(x)r, which, under the isomorphism defined above
correspond to constant matrices in A,. Clearly dim(Z) = p(n), the number
of partitions of n.

Theorem 5.1

1. M = D, that is, D is generated by the R;. In particular, M 1is a
mazimal commutative subalgebra of QS,.
2. Z C M consists of those elements which can be expressed as symmetric
polynomials in the R;.
A a consequence of part (1) we obtain
Corollary 5.2 The elements R, defined in Proposition 4.5 are in M.
In simple cases this is easy to see, for example,

R(1,2,n) = R: —-nl

However we do not know a simple argument which proves this result in
general.
Remark. It is straightforward that the primitive idempotents of the algebra
M, thought of as functions on the group, are given by the functions

)

T — WP,\(?F—I)&

15



Here A ranges over partitions of n, 1 <4 < f()), and p, is a representation in
Young’s seminormal form. Indeed these are just the image under the Fourier
transform of the primitive idempotents in the diagonal matrices. We find it
an interesting problem to express these directly in terms of the R;.

Proof of Theorem 5.1 We know that for each ) the matrices &; = INGARE
2,...,n are diagonal. It will suffice to show that these matrices generate the
full diagonal subalgebra of f(A) x f(A) matrices, for each A. Let T} and T}
be distinct standard tableaux of shape A\. One can show that there exists an
m such that ¢;(m) # c;(m), in other words is T; and T are distinguished by
their contents (see [13], Section 3.3). Now fix i and for each j # i let m; be
such that ¢;(m;) # cj(m;). Then for each j # i

PA(Bm;) — c;(mi)]
is a matrix with (¢,1) entry nonzero and (j,5) entry zero. Thus

II on(Ba) —ci(miI
1<i<f()
J#i
is a matrix with (7,7) nonzero and all other entries zero. These matrices span
the diagonal subalgebra of A, and since each is clearly in the image of M
the proof of part (1) is complete.

To prove part (2) we will prove a somewhat stronger result. The argu-
ments generalize calculations already carried out for simple cases in Section
2. In order to state the result we need a notation for class sums. If [ is a
partition of n, let

[1] = 3 _{o | type o =p}

In this notation we also suppress 1’s (which correspond to fixed points) in
all cases except the identity class. Thus

[8] = X {3-cycles}
[2,2] = Y{2 disjoint 2-cycles}

and so forth. We also need the following definitions: if g = {3 > pg > --- >
.uk}v let
pro= {12 m 412 2 e +1)

pmo= {m—12p—-12->p -1}

16



and let
rank(p) = 3 -1 = |u7|

If o is a permutation of cycle type A, define rank(o) = rank()). The main
result, which implies part (2) of Theorem 5.1 is the following.

Theorem 5.3 For every partition \ with M| = ng < n, there ezists a sym-
metric polynomial ¢ of degree at most rank()) such that

[A] = ¢(R2a R3, ceey Rﬂ)

Examples. The following formulas were obtained in deriving the results of
Section 2: ‘

2] = e(Rs,Rs,...,R.) = pi(Ry,Rs,...,R,)

Bl = pa(Ra,Rs,...,Ra) — (3)1

2,2] = 3Pi(Ra,Rs,...,R.)? = 3Py(Ry, Bs, ..., Ra) + ()1

[n] = ea1(R2, Rs,...,Ry)
Here e; denotes as usual the kth elementary symmetric polynomial, and p;
denotes the kth power sum symmetric polynomial, pe(1,...,2,) = T 2F.

Our goal will be to extend these results.
Lemma 5.4

1. If o € S, has cycle type u* (here we assume that the 1’s are sup-
pressed), then

|u*] = # elements moved by o
|| = rank(c) = n—4# cyclesof o

2. If a, B are permutations, then rank(af) < rank(a) + rank(f3).

17



Lemma 5.5 Let P, = pi(Ry, R, .. . Ry) =% RF. _Then

Peo = [k+1]1+D ug[f] (14)
5

where the uy’s are constants, and the sum is over classes [0] such that 0] <
k+1 (less than k + 1 elements are moved) and rank(f) < k.
\

Proof: Every (k+1)-cycle has a unique decomposition (a;,7)(az,2) - - - (a, 7),
with the a;’s distinct and less than 3. This proves that the summand [k +1]
occurs with coeffient 1. Every other term in the expansion of R¥ has at least
one repeated transposition, and hence moves at most k elements. Finally,
every term is the product of k transpositions, and hence has rank < k, by
Lemma 5.4.

Lemma 5.6 Let p = {py 2 pg 2 -++ > pi}, with |p¥| = Ti(p + 1) = np <
n. Define P, = P, P,,---P, . Then

Py = cp’] + Xo:vo[ol (15)

where ¢ is a nonzero constant, and the sum is over classes [0] such that
0] < no and rank(6) < |u|.

Proof: Again, the summand [u*] arises from products in which the terms
are disjoint (u; +1)-cycles. In every other term of the expansion, some factor
moves fewer than p; + 1 elements, and hence the product moves fewer than
lut| = ng elements. Finally, every term appearing in P,; has rank < |u;|, by
Lemma 5.5, and hence and the terms in P, P,, - -- P,, have rank < 3 p; by
Lemma 5.4.

Proof of Theorem 5.3 Linearly order the partitions of all integers 7 with
0<:<n-—1sothat A < pif |\] < |g], or if |A| = |u| and [A\*| < |u*|. Let
P be the matrix indexed by partitions p, v such that P, is the coeflicient of
[v*] in the expansion of P,. By lemma 5.6, this matrix is triangular, and the
diagonal entries P, , are nonzero provided |u*| < n. By hypothesis, A < n,
hence we can solve for [A] and the proof is complete.
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Illustration. Here are the expansions of P, for el < 3:

P =1
P = [2]

P = (H1+3

Py = (3)I+303]+212,2]

Py = (2n-3)[2 +[4]

Py = (3n*+3n—4)(2] + 4[4] + 3,2]

Pin = (3n®+1n—6)[2] + 16[4] + 93,2] + 6[2,2,2]

And here are the corresponding expansions of the class sums:

I = P
[2] = P
Bl = -()I+PR
2,21 = ()P -%P+1P,
[4] = (2n-3)P,+ P;
3,2] = —(3n*—2n+8)P, —4P+ Py,
2,2,2] = -(3n*+8n+5)P+ 2P 3P, +1P
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Remarks:

1. In general, the polynomials ¢ guaranteed by theorem 5.3 are not unique.
For example, in the group algebra of S, [3] = P,—3P, = (P, -3P,)/3.
However for fixed 4 and n sufficiently large (n > |\|) or “generic”, then
¢ is unique.

2. More precisely, the proof shows that if we allow only terms P, such
that |u| < rank()) and |u*| < |A|, then the expansion of [\] in P,’s is
unique.

3. Richard Stong provided some helpful details in this argument.

6 Conclusion

For any finite group G, and any complete system of irreducible matrix rep-
resentations, one obtains a maximal commutative subalgebra M(G) C QG
which is the inverse image of diagonal matrices under Fourier transform.
Conversely, an easy argument shows that M (G) determines the representa-
tion up to conjugation by a monomial matrix, that is, up to renormalization
of the basis elements.

Thus the algebra M(S,) generated by Murphy’s elements is in a sense
“equivalent” to Young’s seminormal form (as well as Young’s orthogonal
form, which is obtained from the seminormal form by renormalization).

Since the R;’s have a simple intrinsic description, one can ask whether
there are similar descriptions of M for other representations of S,, and for
other groups.

A conversation with Barry Mazur suggested the following illustration for
D, the dihedral group with 2n elements, with n odd. This group has two
irreducible representations of degree 1 and (n — 1)/2 irreducible representa-
tions of degree 2. Hence every maximal commutative subalgebra of QD,, has
dimension n+1. One can construct examples of such subalgebras explicitly as
follows: take the n elements of Z,, viewed as a subgroup of D, together with
any central element of QD, — QZ,, for example 2 ¢ep, 9- These elements
generate a commutative subalgebra of the required dimension.

A similar construction works when n is even.
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