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Summary

This paper explores characterizations of Bivariate Binomial distributions of the
Lancaster form with Krawtchouk polynomial eigenfunctions which are equivalent
to a characterization by Eagleson (1969). Generalized Ehrenfest urns with Bino-
mial stationary distributions have transition functions which are equivalent to the
Lancaster distributions. There is a partial extension to d-colour ball Ehrenfest urns.
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1. Introduction

A classical problem, which has become known as the Lancaster problem
(Lancaster, 1969; Koudou, 1996) is to characterize bivariate distributions
with given marginals and orthogonal polynomial eigenfunctions. Let (X,Y )
have a bivariate distribution with marginal distributions f(x), f(y) and let
{Pn(x)}n∈N be a complete orthogonal polynomial set on f(x), such that for
m,n ∈ N

E
[
Pm(X)Pn(X)

]
= δmnh

−1
n .
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Exchangeable Lancaster bivariate distributions have the form

f(x)f(y)
{

1 +
∞∑
n=1

ρnhnPn(x)Pn(y)
}
, (1)

where {ρn}n∈N is a sequence of constants with ρ0 = 1. The expansion
holds in mean square, assuming that

∑∞
n=1 ρ

2
n < ∞. The sequence is a

correlation sequence between the orthogonal polynomial sets {Pm(X)}m∈N
and {Pn(Y )}n∈N because

E
[
Pm(X)Pn(Y )

]
= δmnh

−1
n ρn.

A characterization of which sequences are correlation sequences amounts to
finding necessary and sufficient conditions such that (1) is non-negative and
thus a bivariate distribution. The set of correlation sequences S is a con-
vex set so that if {ρn}n∈N, {ωn}n∈N ∈ S then for λ ∈ [0, 1] λ{ρn}n∈N +
(1 − λ){ωn}n∈N ∈ S. There is also closure under direct products with
{ρnωn}n∈N ∈ S. Since S is a convex set it is characterized by its extreme
points. A more general problem is to characterize correlation sequences when
the marginal distributions and orthogonal polynomial sets are not identical.

The bivariate distribution leads to transition functions for a reversible
Markov chain with stationary distribution f of

f(y;x) = f(y)
{

1 +
∞∑
n=1

ρnhnPn(x)Pn(y)
}
. (2)

For such Markov chains {Pn}n∈N are the right eigenfunctions of the transi-
tion distribution f with eigenvalues {ρn}n∈N such that

E
[
Pn(Y ) | X

]
= ρnPn(X).

We call these Markov chains with orthogonal polynomial eigenfunctions.
Conversely if a reversible Markov chain has stationary distribution f(x) and
transition distributions f(y;x), then f(y;x)f(x) is an exchangeable bivariate
distribution with marginals f(x), f(y). The k-step transition functions from
the single step transition function (2) are

f (k)(y;x) = f(y)
{

1 +

∞∑
n=1

ρknhnPn(x)Pn(y)
}
. (3)
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From the representation (3), the L2 or chi-square distance to stationarity
can be bounded via

χ2(k) =
∑(

f (k)(y;x)− f(y)
)2

f(y)
=
∞∑
n=1

ρ2kn hnP
2
n(x).

Now, analytic estimates using knowledge of ρn and Pn(x) are used to bound
the right-hand side, determining how large k must be to make it suitably
small. For many examples, see Diaconis, Khare and Saloff-Coste (2008).

If {Xk}k∈N is a reversible Markov chain with transition functions (2)
started in stationarity, then the joint distribution of (X,Y ) = (X0, Xk) is
exchangeable with marginal distributions f(x), f(y). Embedding the process
into continuous time by taking {Z(t) = XN(t)}t≥0 with {N(t)}t≥0 a Poisson
process of rate λ independent of {Xk}k∈N, then {Z(t)}t≥0 has transition
functions

∞∑
k=0

e−λt
(λt)k

k!
f (k)(y;x)

= f(y)
{

1 +
∞∑
n=1

e−(1−ρn)λthnPn(x)Pn(y)
}
. (4)

Bochner (1954) studied the general form of the eigenvalues of a continuous
time Markov process with given stationary distribution and eigenfunctions.
Eigenvalues have the form in (4) or can be obtained as a limit

lim
λ→∞

e−
(
1−ρn(λ)

)
λt = e−cnt

from sequences depending on λ such that ρn(λ) → 1 and
(
1 − ρn(λ)

)
λ →

cn. Characterizations of {ρn}n∈N are known for most distributions in the
Meixner class. For the Normal distribution the sequence is a moment se-
quence of a random variable on [−1, 1] and for the Gamma, Poisson and
Negative Binomial distributions the sequence is a moment sequence of a
random variable on [0, 1]. Characterizations for distributions which do not
have an infinite support interval are more difficult, though characterizations
for Beta distributions and Binomial distributions are known. A good gen-
eral reference is Koudou (1996). Griffiths (2009) obtains characterizations of
reversible continuous time stochastic processes with polynomial eigenfunc-
tions related to the bivariate distribution characterizations. In this paper
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we study bivariate distributions when the marginals have Binomial distri-
butions b(x;N, p) and b(y;N, p), where

b(x;N, p) =

(
N

x

)
px(1− p)N−x, x = 0, 1, . . . , N.

The Lancaster distributions are then, for x, y = 0, 1, . . . , N ,

p(x; y) = b(x;N, p)b(y;N, p)
{

1 +

N∑
n=1

ρnhnQn(x)Qn(y)
}
, (5)

where {Qn(z)}Nn=0 are the Krawtchouk polynomials scaled so that Qn(0) =
1, n = 0, 1, . . . , N . We also study reversible Markov chains and processes
which have Binomial stationary distributions and Kratchouk polynomial
eigenfunctions.

Examples of Bivariate Binomial distributions which have orthogonal
polynomial eigenfunctions are the following.

Aitken and Gonin’s 2× 2 contingency table marginals

Let
{
pξη
}
ξ,η∈{0,1} be an exchangeable probability distribution and suppose

that N independent observations form a contingency table from this under-
lying distribution. Aitken and Gonin (1935) show that (X,Y ), the marginal
row and column counts of the number of entries 1,1, has a joint distribution
(5) with ρn = τn, where τ = correlation(ξ, η).

Figure 1: The set of exchangeable binary joint distributions
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A general bivariate binary distribution (p00, p01, p10, p11) is exchangeable
if and only if p01 = p10. These can be pictured as the convex set of Figure
1. The three extreme points (1, 0, 0, 0), (0, 12 ,

1
2 , 0), (0, 0, 0, 1) correspond to

drawing from an urn without replacement. For urns containing two balls
{0,0} or {0,1} or {1,1} respectively, the quadratic curve ((1 − p)2, p(1 −
p), p(1− p), p2) represents the independent Bernoulli measures. The shaded
regions below the curve represents mixtures of Bernoulli measures. These
can be characterized as measures with non-negative correlations (Suppes
and Zanotti, 1980,1981). They apply this to show the impossibility of hid-
den variables in quantum mechanics. Further details on the geometry of ex-
changeability and connections to deFinetti’s theorem are in Diaconis (1977).

Random elements in common

Let X = U + V , Y = V + W , where U, V,W are independent Binomial
random variables with respective parameters N − M,p; M,p; N − M,p,
M < N . Then (X,Y ) has a joint distribution (5) with ρn = M[n]/N[n],
where a[n] = a(a − 1) · · · (a − n + 1). This example is related to a Markov
chain in Diaconis, Khare and Saloff-Coste (2008). Exchangeability of the
marginal distributions can be relaxed in both the last two examples to have
non-identical Binomial distributions.

Cumulative Bernoulli trials

Hoare and Rahman (1983) consider a Markov chain with a fixed total num-
ber of N balls which are either red or blank coloured. If X is the number
of red balls then in the first stage of a transition, independently each red
ball remains red with probability α, or changes to blank with probability
1−α. Let K be the number of red balls after this first stage. In the second
stage the N −K blank balls independently change to red with probability
β or remain blank with probability 1− β. The conditional pgf (probability
generating function) for a transition from X to Y is

EK
[
sK(1− β + βs)N−K

]
where K has a Binomial (X,α) distribution. Let Xt be the number of
red balls after t transitions. {Xt}t∈N is a reversible Markov Chain with a
Binomial (N, γ) stationary distribution, where γ = β/(1 − α + αβ). In a
stationary process (Xt, Xt+1) has a joint distribution (5) with ρn = (1 −
β/γ)n.
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An Ehrenfest Urn

An urn has N balls coloured red or blue. Transitions in a Markov chain
are made by selecting a ball at random and changing its colour. Xt is the
number of red balls after t transitions. {Xt}t∈N is a reversible Markov Chain
with a Binomial (N, 12) stationary distribution.

An Ehrenfest (p) Urn

Let q ≤ p, p + q = 1. In a transition choose a ball at random and change
the colour of a ball drawn according to the transition matrix

P =

[
0 1
q/p 1− q/p

]
(6)

That is, if a blue ball is selected it is changed to red with probability 1,
whereas a red ball is changed to blue with probability q/p. {Xt}t∈N is a
reversible Markov Chain with a Binomial (N, p) stationary distribution.

This process is an example of applying the Metropolis algorithm to the
original Ehrenfest urn. For discussion and a complete analysis, see Bassetti
and Diaconis (2006).

A Generalized Ehrenfest (p) Urn

At a single transition choose z ∈ {0, 1, . . . , N} balls at random without
replacement according to a probability distribution {a(z)}Nz=0 and indepen-
dently change the colours of the balls drawn according to the transition
matrix (6). {Xt}t∈N is a reversible Markov Chain with a Binomial (N, p)
stationary distribution.

This generalization will be used extensively in what follows.

Eagleson (1969) characterizes correlation sequences of bivariate Binomial
distributions (X,Y ) with distribution (5) as having a representation

ρn =

N∑
z=0

a(z)Qn(z), (7)

where {a(z)}Nz=0 is an arbitary probability distribution. Extreme point cor-
relation sequences are the actual polynomials themselves, {ρn = Qn(z)}Nn=0

obtained for fixed z when a(w) = δwz, w = 0, . . . , N . The characterization
holds when p ≥ q(= 1 − p). (If p < q the roles of x,N − x; and p, q are
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interchanged.) If a(z) = b(z;N, p) then ρ0 = 1, ρn = 0, n = 1, . . . , N and
X,Y are independent. If a(z) = δz0, then ρn = 1, n = 0, . . . , N and X = Y .

Eagleson’s work is connected to Bochner’s characterization of the Fourier
transform on a group in terms of a positive definiteness condition. In a series
of papers, Bochner extended this to characterize the transform of a probabil-
ity using eigenfunctions. Let K be a self-adjoint operator on a compact space
with eigenfunctions fj(x) (so Kfj(x) = λjfj(x)). If P (x) is a probability
measure, define P̂ (j) =

∫
fjdP . Roughly put, for the cases he considered,

Bochner shows that a sequence tj can be represented as tj = P̂ (j) if and
only if for all sequences {aj} with

∑
ajPj(x) ≥ 0 for all x, it holds that∑

ajtjPj(x) ≥ 0 for all x. Eagleson treated the case of general finite state
space and applied his results to the Krawtchouck polynomials. There have
been some extensions; Vere-Jones (1971) shows that the Krawtchouck poly-
nomials are the spherical functions for the hyperoctahedral group and thus
relates Eagleson’s theorem to Bochner’s theorem for groups. For extensions
using the language of hypergroups, see the excellent surveys of Bakry and
Huet (2008) and their references.

In this paper we prove the equivalence of three characterizations of bi-
variate Binomial random variables (X,Y ) which have distributions of the
form (5) with Krawtchouk polynomial eigenfunctions. The first is the Ea-
gleson (1969) characterization that correlation sequences have the repre-
sentation (7). The second characterization is that (X,Y ) =

∑N
i=1(ξi, ηi),

where {(ξi, ηi)}Ni=1 are Bernoulli (p) pairs, independent within the marginal
sequences, and with a random distribution of correlations in the two-point
set {−q/p, 1}. The third characterization is that the conditional distributon
of Y given X can be identified with transition functions in the generalized
Ehrenfest urn model. The distribution {a(z)}Nz=0 in Eagleson’s characteri-
zation (7) is the same as the distribution of the number of balls drawn in the
urn model. There is also a characterization when the distributions have Bi-
nomial (N, p1) and Binomial (N, p2) marginals; and another with Binomial
(N, p) and Binomial (M,p) marginals.

Section 5 compares the Lancaster distributions with the Frechét bounds.
Section 6 treats Markov chains with binomial stationary distributions; pass-
ing to various limits gives results for Gaussian processes and M/M/∞
queues. In Section 7 we consider d-dimensional generalized Ehrenfest urn
processes, extending the 2-dimensional case. The eigenvector, eigenvalue
structure is generally not clear in these higher dimensional processes.
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2. The Krawtchouk Polynomials

The Krawtchouk polynomials
{
Kn(x;N, p)

}N
n=0

are orthogonal on the Bi-
nomial (N, p) distribution. A comprehensive treatment is in Ishmail (2005).
MacWilliams and Sloane (1997) list many properties and identities with
applications in coding theory. The polynomials have a generating function

G(z;x) =
N∑
n=0

Kn(x;N, p)
zn

n!
= (1 + qz)x(1− pz)N−x. (8)

The scaling is such that

Kn(0;N, p) = n!

(
N

n

)
(−p)n, E

[
Kn(X;N, p)2

]
= n!2

(
N

n

)
(pq)n.

Defining Qn(x) = Kn(x;N, p)/Kn(0;N, p), so that Qn(0) = 1,

hn = E
[
Qn(X)2

]−1
=

(
N

n

)(
p/q
)n

(9)

and

Qn(x) =

N∑
ν=0

(
− q/p

)ν (xν)(N−xn−ν
)(

N
n

) (10)

=
N∑
ν=0

(
− q/p

)ν (nν)(N−nx−ν
)(

N
x

) . (11)

The generating function for {Qn(x)}Nn=0 is

N∑
n=0

(
N

n

)
Qn(x)zn =

(
1− (q/p)z

)x(
1 + z

)N−x
. (12)

There is the self-dual relationship that Qn(x) = Qx(n), seen directly from
the hypergeometric identity of terms in (10) and (11). We use the notation
Qn(x;N, p) and hn(N, p) when it is important to distinguish parameters,
otherwise we suppress N, p.

If X is Binomial (N, p) then X =
∑N

i=1 ξi where
{
ξi
}N
i=1

is a sequence of
independent Bernoulli (p) trials. Orthogonal polynomials on the Bernoulli
distribution taking values 0 or 1 with probabilities q, p are {1,K1(ξ; 1, p)},
where K1(ξ; 1, p) = ξ − p, with ξ = 0, 1. Denote the first polynomial in this
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special case of the Binomial with N = 1 by u(ξ) = ξ − p. The generating
function for the Krawtchouk polynomials (8) can be expressed as

G(z;X) =
N∏
j=1

(
1 + u(ξj)z

)
, (13)

because if X of the entries in {ξi}Ni=1 are 0 and N −X are 1, then there are
X terms in the product of 1+u(0)z = 1−pz and N−X of 1+u(1)z = 1+qz,
showing the identity with (8). Let SN be the symmetric group on {1, . . . , N},
then from the generating function (13)

Kn(X;N, p) = n!
∑
σ∈SN

u(ξσ(1)) · · ·u(ξσ(n)), (14)

and similarly

Qn(X) =

(
N

n

)−1 ∑
σ∈SN

v(ξσ(1)) · · · v(ξσ(n)), (15)

where v(ξ) = (p−ξ)/p. The sums are the nth symmetric products in the in-
dependent, identically distributed, sequences of random variables {u(ξj)}Nj=1

and {v(ξj)}Nj=1. This is an interesting important representation for the
Krawtchouk polynomials which is not well known. It is applied in the next
section.

3. Eagleson’s characterization of Bivariate Binomial distributions

Eagleson (1969) shows that his characterization (7) of {ρn}Nn=0 is equivalent
to the non-negativity of the triple product sum

K(x, y, z) =

N∑
n=0

hnQn(x)Qn(y)Qn(z) ≥ 0, x, y, z = 0, 1, . . . N, (16)

where hn is defined in (9). Following Eagleson’s introduction such triple
product sums have been widely used for other families, (Bakry and Huet,
2008). The property (16) actually follows from the representation (15).
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Using duality

K(x, y, z) =
N∑
n=0

hnQn(x)Qn(y)Qn(z)

= q−N
N∑
n=0

(
N

n

)
pnqN−nQx(n)Qy(n)Qz(n)

= q−NE
[
Qx(WN )Qy(WN )Qz(WN )

]
(17)

where WN is Binomial (N, p). The positivity of (17) follows using (15)
because of independence of variables and that E

[
v(ξ)r

]
≥ 0 for r = 1, 2, 3.

When r = 3,

E
[
v(ξ)3

]
= p−3[qp3 + p(−q)3] = p−2q(p2 − q2) ≥ 0.

The non-negativity of K(x, y, z) implies that

pxy(z) =

(
N

z

)
pz(1− p)N−zK(x, y, z), z = 0, 1, . . . , N

is a probability distribution for fixed x, y. The duplication formula

Qn(x)Qn(y) =
N∑
z=0

Qn(z)pxy(z) (18)

holds because of the way K(x, y, z) is defined in (16). Using duality, the
duplication formula (18) shows that the product of two different orthogonal
polynomials can be expressed as a linear combination of polynomials in the
same family with positive coefficients.

4. Characterizations of Bivariate Binomial distributions

We build a set of characterizations from the very simplest bivariate distri-
bution when N = 1 and P is a 2 × 2 transition matrix with stationary
distribution (p0 = q, p1 = p). Then

pxy = py

{
1 + ρ1h1Q1(x)Q1(y)

}
= py

{
1 + ρ1(x− p)(y − p)/(pq)

}
, x, y = 0, 1. (19)

ρ1 is the usual correlation coefficient in the bivariate distribution pxpxy.
Clearly with p ≥ q, pxy ≥ 0 for x, y = 0, 1 if and only if p01 ≥ 0 and
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p00 ≥ 0. That is −q/p ≤ ρ1 ≤ 1. The extreme points of the possible
correlation coefficient are−q/p, 1. In Eagleson’s characterization ρ1 = a(0)+
a(1)Q1(1) = a(0)− a(1)q/p, so a(1) = p(1− ρ1) and a(0) = 1− a(1).

Theorem 1. Three equivalent characterizations of bivariate Binomial (N, p)
random variables (X,Y ) with Krawtchouk polynomial eigenfunctions are the
following.

(i) The distribution of (X,Y ) has a Lancaster expansion

p(x; y) = b(x;N, p)b(y;N, p)
{

1 +

N∑
n=1

ρnhnQn(x)Qn(y)
}
, (20)

for x, y = 0, 1, . . . , N . The correlation sequence {ρn}Nn=0 has a representa-
tion

ρn =

N∑
z=0

a(z)Qn(z), (21)

where {a(z)}Nz=0 is a probability distribution (Eagleson, 1969).

(ii) There is a representation

(X,Y ) =

N∑
i=1

(ξi, ηi), (22)

where {(ξi, ηi)}Ni=1 are Bernoulli (p) pairs of random variables, independent
within marginal sequences {ξi}Ni=1 and {ηi}Ni=1, with random correlations
{τi}Ni=1 such that random variables within and between the pairs {(ξi, ηi)}Ni=1

are conditionally independent given {τi}Ni=1. The distribution of {τi}Ni=1 can
be always be taken to be exchangeable with correlations in the two-point set
{−q/p, 1}.

(iii) (X,Y ) is distributed as (Xt, Xt+1) for all t ∈ N in a stationary general-
ized Ehrenfest (p) urn process, where X0 has a Binomial (N, p) distribution.

The distribution {a(z)}Nz=0 has an intrepretation in the three characteriza-
tions of:
(i)

ρn =

N∑
z=0

a(z)Qn(z), n = 0, 1, . . . , N (23)

a(z) = P (Y = z | X = 0), z = 0, 1, . . . , N. (24)
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(ii) {a(z)}Nz=0 is the distribution of the number of correlation coefficients
{τi}Ni=1 in the two-point set {−q/p, 1} equal to −q/p;

(iii) {a(z)}Nz=0 is the distribution of the number of balls drawn in each
transition in a stationary generalized Ehrenfest (p) urn process.

Proof.
(i) This is Eagleson’s (1969) characterization.
(ii) Take {τi}Ni=1 to be an exchangeable sequence, because if not it could
be replaced by {τθ(i)}Ni=1, where θ is a random permutation on SN . This
leaves the distribution of (X,Y ) invariant. Each pair (ξi, ηi) has the property
E
[
ηi − p|ξi

]
= τi(ξi − p), and therefore

E
[(N

n

)
Qn(Y ) | X

]
(25)

= E
[
E
( ∑
σ∈SN

v(ησ(1)) · · · v(ησ(n)) | {ξj}, {τj}
)
| X
]

= E
[ ∑
σ∈SN

τσ(1) . . . τσ(n)v(ξσ(1)) · · · v(ξσ(n)) | X
]

= E
[
τ1 · · · τn

]
E
[ ∑
σ∈SN

v(ξσ(1)) · · · v(ξσ(n)) | X
]

= E
[
τ1 · · · τn

](N
n

)
Qn(X), (26)

showing that
ρn = E

[
τ1 · · · τn

]
(27)

and
E
[
Qm(X)Qn(Y )

]
= δmnhnρn, m, n = 0, 1, . . . , N.

In general τi ∈ [−q/p, 1], i = 1, . . . , N . There is a decomposition into
extreme points which are endpoints of the interval

τi = λi × (−q/p) + (1− λi)× 1, λi ∈ [0, 1], i = 1, . . . , N.

The correlation coefficients can always be taken to be in the two-point set
{−q/p, 1}. Define

τ?i =

{
−q/p with probability λi

1 with probability 1− λi.
(28)
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Then the distribution of (X,Y ) is invariant under the change in correlations
because

ρn = E
[
τ1 · · · τn

]
= E

[
τ?1 · · · τ?n

]
.

To complete the proof in (ii) we show that the extreme points in the repre-
sentation (27) are {Qn(z)}Nn=0, z = 0, 1, . . . , N , the same as in (i). Choose a
sequence of correlations {τ zj }Nj=1 to have a uniform permutation distribution
on a sequence with z entries −q/p, and N − z entries 1. The number of
entries in a collection of n correlations equal to −q/p has a hypergeometric
distribution so

ρn = E
[
τ z1 · · · τ zn

]
=

N∑
ν=0

(
− q/p

)ν (zν)(N−zn−ν
)(

N
n

)
= Qn(z). (29)

The condition that K(x, y, z) ≥ 0 is not explicitly used in the proof of (ii).
Effectively it is replaced by the fact that the correlations are mixtures of
extreme point Bernoulli correlations −q/p and 1.

(iii) In the generalized Ehrenfest (p) urn, label the balls 1, . . . , N . Before a
given transition let ξi be the indicator function as to whether the ith ball
is red. Let ηi be a similar indicator function for red balls after a transition
is made. Balls change colour according to the transition matrix P given by
(6). Under P the regression of ηi on ξi is

E
[
ηi | ξi

]
= P (ηi = 1 | ξi) = p− (q/p)(ξi − p),

in agreement with the second column in P when ξi = 0 or 1. If z balls are
chosen to change colour then it follows that the transition distribution is
identical to the distribution described by (ii) with an extreme point corre-
lation sequence (29).

The examples of bivariate Binomial distributions in the Introduction
have correlation sequences and mixing distributions shown in Table 1. Mix-
ing distributions are straightforward to calculate by taking the joint pgf of
(X,Y ), E

[
sXtY

]
, setting s = 0, then rescaling E

[
tY I{X = 0}

]
to be a pgf.

Table 1: Correlation sequences and mixing distributions.
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Model ρn a(z)

Contingency table corr(X,Y )n b(z;N, p01/q)
Random elements in common M[n]/N[n] b(z;N −M,p)

Cumulative Binomial trials (1− β/γ)n b(z;N, β)
Ehrenfest (p) urn Qn(1) = −(n/N − p)/p δz1

In the next two theorems we relax the assumption of exchangeability of
(X,Y ) by considering different trial parameters N,M in Theorem 2, and
different Bernoulli probabilities p1, p2 in Theorem 3. The non-negativity of
three triple product sums with non-identical Krawtchouk polynomials (33),
(45) and (48) is of independent interest.

Theorem 2. Two equivalent characterizations of bivariate random vari-
ables (X,Y ) with Binomial (N, p) and Binomial (M,p) (M ≤ N) marginal
distributions and Krawtchouk polynomial eigenfunctions are the following.

(i) The distribution of (X,Y ) has a Lancaster expansion

b(x;N, p)b(y;M,p)
{

1 +

M∑
n=1

ρn
√
hn(N, p)hn(M,p)Qn(x;N, p)Qn(y;M,p)

}
.

(30)
for x = 0, 1, . . . , N , y = 0, 1, . . . ,M . The correlation sequence {ρn}Mn=0 has
a representation

ρn =
√
M[n]/N[n]

M∑
z=0

a(z)Qn(z;M,p) (31)

where {a(z)}Mz=0 is a probability distribution.

(ii) There is a representation

X =
N∑
i=1

ξi, Y =
M∑
i=1

ηi, (32)

where {(ξi, ηi)}Mi=1 are Bernoulli (p) pairs of random variables, independent
within marginal sequences {ξi}Mi=1 and {ηi}Mi=1, with random correlations
{τi}Mi=1 such that random variables within and between the pairs {(ξi, ηi)}Mi=1

are conditionally independent given {τi}Mi=1. The distribution of {τi}Mi=1 can
be always be taken to be exchangeable with correlations in the two-point set
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{−q/p, 1}. {ξi}Ni=M+1 is a Bernoulli (p) sequence of random variables inde-
pendent of {(ξi, ηi)}Mi=1.

Proof. (i) A triple product sum is again important in the proof.

K(x, y, z;N, p,M, p)

=

M∑
n=0

hn(M,p)Qn(x;N, p)Qn(y;M,p)Qn(z;M,p) (33)

= q−M
M∑
n=0

b(n;M,p)Qx(n;N, p)Qy(n;M,p)Qz(n;M,p)

= q−ME
[
(Qx(W ;N, p)Qy(W ;M,p)Qz(W ;M,p)

]
, (34)

for x = 0, 1, . . . , N , y, z = 0, 1, . . . ,M , where W has a Binomial (M,p) dis-
tribution. In the symmetric function representation for the Krawtchouk
polynomials choose W =

∑M
i=1 ξi and ξj = 0 for j = M + 1, . . . , N .

Qx(W ;N, p) is then proportional to the xth symmetric product in the N
variables {v(ξi)}Ni=0 and Qy(W ;M,p), Qz(W ;M,p) are symmetric products
in the first M variables. Then K(x, y, z;N, p,M, p) ≥ 0 from a similar
argument to that used in (17) and by noting v(0) = 1 > 0. Mixing
K(x, y, z;N, p,M, p) over z with a distribution {a(z)}Mz=0 completes the suf-
ficiency of (ii) and the necessity follows by identifying {a(z)}Mz=0 as the
distribution of Y given X = 0.

To show the equivalence of (ii) and (i) note that with XM =
∑M

i=1 ξi,

E
[√

hn(N, p)Qn(X;N, p) | XM

]
=
√
M[n]/N[n]

√
hn(M,p)Qn(XM ;M,p),

so

ρn = E
[√

hn(N, p)hn(M,p)Qn(X;M,p)Qn(Y ;M,p)
]

=
√
M[n]/N[n]E

(√
hn(N, p)hn(M,p)Qn(XM ;M,p)Qn(Y ;N, p)

)
=

√
M[n]/N[n]

M∑
z=0

a(z)Qn(z;M,p).

In a Bernoulli pair (ξ, η) with non-identical marginal distributions the
joint distribution of the pair is

fξ,η = p1ξp2η

{
1 + τ

ξ − p1√
p1q1

× η − p2√
p2q2

}
, ξ, η ∈ 0, 1 (35)
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with p1ξ, p2η marginal Bernoulli p1, p2 distributions, and τ the correlation
coefficient. Arrange indexing so that without loss of generality

p1 ≥ q1, p2 ≥ q2, and p1 ≥ p2.

Then fξ,η ≥ 0, ξ, η ∈ {0, 1} if and only if

−
√
q1q2
p1p2

≤ τ ≤
√
q1p2
p1q2

. (36)

Theorem 3. Three equivalent characterizations of random variables (X,Y )
with Binomial (N, p1) and Binomial (N, p2) marginal distributions (p1 ≥
q1, p2 ≥ q2 and p1 ≥ p2) and Krawtchouk polynomial eigenfunctions are the
following.

(i) The distribution of (X,Y ) has a Lancaster expansion

p(x; y) = b(x;N, p1)b(y;N, p2)

×
{

1 +
N∑
n=1

ρn
√
hn(N, p1)hn(N, p2)Qn(x;N, p1))Qn(y;N, p2)

}
, (37)

for x, y = 0, 1, . . . , N . The correlation sequence {ρn}Nn=0 has a representa-
tion

ρn =
(p2q1
q2p1

)n/2 N∑
z=0

a(z)Qn(z;N, p2), (38)

where {a(z)}Nz=0 is a probability distribution.

(ii) There is a representation

(X,Y ) =
N∑
i=1

(ξi, ηi), (39)

where {(ξi, ηi)}Ni=1 are Bernoulli (p1, p2) pairs of random variables, inde-
pendent within marginal sequences {ξi}Ni=1 and {ηi}Ni=1, with random cor-
relations {τi}Ni=1 such that random variables within and between the pairs
{(ξi, ηi)}Ni=1 are conditionally independent given {τi}Ni=1. The distribution of
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{τi}Ni=1 can be always be taken to be exchangeable with correlations in the
two-point set {

−
√
q1q2
p1p2

,

√
q1p2
p1q2

}
. (40)

(iii) Y given X = x is distributed as the transition function in a generalized
Ehrenfest (p1, p2) urn with blue and red balls. z balls are chosen and colour
changes are made according to a transition matrix P1, and in the remaining
N − z balls colour changes are made according to a transition matrix P2.

P1 =

(
0 1
q2
p1

1− q2
p1

)
P2 =

(
1 0

1− p2
p1

p2
p1

)
(41)

The distribution {a(z)}Nz=0 has an interpretation in the three characteriza-
tions of:
(i)

ρn =
(p2q1
q2p1

)n/2 N∑
z=0

a(z)Qn(z;N, p2), n = 0, . . . , N, (42)

a(z) = P (Y = z | X = 0), z = 0, 1, . . . , N ; (43)

(ii) {a(z)}Nz=0 is the distribution of the number of correlation coefficients
{τi}Ni=0 in the two-point set (40) equal to the first co-ordinate.

(iii) {a(z)}Nz=0 is the distribution of the number of balls drawn in each
transition in a stationary generalized Ehrenfest (p1, p2) urn process.

Proof. We omit most of the proof since it is similar to the proof of Theorems
1 and 2. The extreme point sequences are shown to be

ρn =
(p2q1
q2p1

)n/2
Qn(z;N, p2), (44)

by a similar conditional expectation as (26). Take independent Bernoulli
pairs {(ξj , ηj)}Nj=1 such that z pairs have correlation −

√
q1q2/p1p2 and N−z

have correlation
√
q1p2/p1q2. Qn(z;N, p2) is an average of the n-th products

of N variables with z values −q2/p2 and N − z values 1, and√
p2q1
q2p1

{
− q2
p2
, 1
}

=
{
−
√
q1q2
p1p2

,

√
q1p2
p1q2

}
,
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giving the first factor in (44). Although it is not needed for the proof, the
form of the extreme point correlation sequences implies a non-negative triple
product sum

K(x, y, z;N, p1, N, p2)

=

N∑
n=0

hn(p2)Qn(x;N, p1)Qn(y;N, p2)Qn(z;N, p2) ≥ 0. (45)

There is another direct proof of (45) using a similar formula to (17) and the
symmetric function representation of the polynomials. Calculations needed
are to show that if ξ is a Bernoulli (p2) random variable then

E
[
v(ξ; p1)] =

p1 − p2
p1

≥ 0, and

E
[
v(ξ; p1)v(ξ; p2)

2
]

=
q2
p1p2

[
p1p2 − q1q1

]
≥ 0. (46)

We remark that if X is Binomial (N, p1) and Y is Binomial (M,p2) then if
(X,Y ) has Krawtchouk polynomial eigenfunction

ρn =

√
hn(M,p2)

hn(N, p1)
E
[
Qn(Y ;M,p2) | X = 0

]
=

(M[n]

N[n]

)1/2(p2q1
p1q2

)n/2
E
[
Qn(Z;M,p2)

]
, (47)

for a random variable Z on 0, 1, . . . ,M . Under the conditions p1 ≥ q1,
p2 ≥ q2 and p1 ≥ p2, M ≤ N as in Theorems 2 and 3,

K(x, y, z;N, p1,M, p2)

=
M∑
n=0

hn(N, p2)Qn(x;N, p1)Qn(y;M,p2)Qn(z;M,p2) ≥ 0 (48)

because of the calculations (46). Therefore a characterization of correla-
tion sequences of bivariate Binomial distributions with the conditions on
p1, p2, M,N is (47). This is not completely general however, because of the
assumption that M ≤ N .

Theorems 1 and 3 characterize distributions for which there is a finite
exchangeability of Bernoulli pairs {(ξi, ηi)}Ni=1. If there is an infinite ex-
changeable sequence of Bernoulli pairs the distribution structure is much
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easier. Then {τi}∞i=1 is an infinite exchangeable sequence with entries in
(40) and there exists a de Finetti representation with a measure µ on [0, 1]
such that

ρn = E
[
τ1 · · · τn

]
=

∫
[0,1]

[
−
√
q1q2
p1p2

λ+

√
q1p2
p1q2

(1− λ)

]n
dµ(λ). (49)

That is, with infinite exchangeability of Bernoulli pairs the distribution of
(X,Y ) is the distribution of marginal 1, 1 counts in a contingency table of
N observations where the probability of an observation falling in cell (ξ, η)
is fξ,η in (35) where τ has a random distribution in a continuous interval
with endpoints in (40). If τ is fixed then (37) is the joint distribution of
counts 1, 1 in a usual contingency table.

5. Fréchet bounds

A general bivariate distribution function F (x, y) with marginal distribu-
tion functions G(x), H(y) is bounded by Frechét’s distribution functions,
(Fréchet, 1951)

F∗(x, y) = max
{
G(x) +H(y)− 1, 0

}
(50)

F ∗(x, y) = min
{
G(x), H(y)

}
, (51)

so that
F∗(x, y) ≤ F (x, y) ≤ F ∗(x, y), x, y ∈ R. (52)

The covariance of (X,Y ) can be expressed as

Cov(X,Y ) =

∫ ∫ [
F (x, y)−G(x)H(y)

]
dxdy, (53)

provided the covariance is finite (Fréchet, 1951; Hoeffding, 1940). Frechét’s
bounds (51) and the identity (53) provide bounds for the correlation coeffi-
cient for a general (X,Y ) of

ρF∗ ≤ ρF ≤ ρF ∗ . (54)

In the Binomial distribution P (X ≤ k) = 1−Ip(k+1;N −k), where Ip(a, b)
is the incomplete Beta function. Much smaller correlations are achievable
with the minimal bound than in distributions (5) which have a minimal
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possible correlation of −q/p when p ≥ q. We plot examples of the negative
of the minimal correlation with p ≥ 1/2 in Figure 2 together with a curve of
q/p. The minimal correlation as a function of p is symmetric about p = 1/2,
so a graph for p ≤ 1/2 would be a reflection about p = 1/2 of the graph for
p ≥ 1/2. The non-monotonicity in p is of interest. Griffiths, Milne and Wood
(1979) plot the minimal Frechét correlation in bivariate Poisson distributions
with repect to the mean λ which has a similar property. Presumably the
non-monotonicity occurs because of discreteness as it does for confidence
intervals for p from the Binomial distribution, Brown, Cai and DasGupta
(2001).

Figure 2: Minimal Correlation plots in a Bivariate Binomal (p,−ρF∗)
N = 20, 100
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6. Continuous time Markov processes with Binomial stationary
distributions

A reversible Markov process {X(t)}t≥0 with Binomial stationary distribu-
tion has Krawtchouk polynomial eigenfunctions if and only if the transition
functions, for y = 0, 1, . . . , N have the form

f(x, y; t) = b(y;N, p)
{

1 +
N∑
n=1

e−dnthnQn(x)Qn(y)
}

(55)

with

dn =

N∑
z=0

b(z)
(

1−Qn(z)
)

(56)
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where b(z) ≥ 0, z = 0, 1, . . . , N . We have not seen this result previously,
but it is similar to a characterization in Bochner (1954) and follows the
construction (4) in the Introduction. {X(t)}t≥0 can be constructed from a
subordinated Ehrenfest urn process. Let {X◦k}k∈N be a generalized Ehrenfest
urn model with a mixing distribution for z, the number of balls chosen to
change, of b(z)/

∑N
j=1 b(j) and {N(t)}t≥0 an independent Poisson process of

rate λ =
∑N

j=1 b(j). Then

{X(t)}t≥0 =D {X◦N(t)}t≥0

has transition functions (55).

Limit distributions

Normal limit

Let X(N) be Binomial (N, p). Then (X(N)−Np)/
√
Npq converges in distri-

bution to a N(0, 1) distribution. Let x(N) = v(N)
√
Npq+Np be a sequence

such that v(N) → v ∈ (−∞,∞) as N →∞. It is a standard result that

h1/2n Qn(x(N))→ (−1)n√
n!

Hn(v)

where {Hn(v)}n∈N are the Hermite-Chebycheff polynomials with generating
function

∞∑
n=0

Hn(v)
ζn

n!
= eζv−

1
2
ζ2 .

In the generalized Ehrenfest urn models the extreme processes have transi-
tion functions

P (Xk = y | X0 = x) =

(
N

y

)
pyqN−y

{
1 +

N∑
n=1

Qkn(z)hnQn(x)Qn(y)
}
.

Let x(N) = u(N)
√
Npq +Np, y(N) = v(N)

√
Npq +Np, k(N) = [Nt], so that

as N →∞, x(N) → x, y(N) → y. Since

Q[Nt]
n (z) ∼

(
1− qnz

pN

)[Nt]
→ e−(q/p)nzt,

then

{ξN (t)}t≥0 =
{Y ([Nt])−Np√

Npq

}
t≥0
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converges in distribution to the Ornstein-Uhlenbeck process {ξ(t)}t≥0 with
transition density

1√
2π
e−

v2

2

{
1 +

∞∑
n=1

e−(q/p)nzt(n!)−1Hn(u)Hn(v)
}
,

where ξ(0) = u, ξ(t) = v.

Poisson limit

Let X(N) be Binomial (N, p). Take N → ∞, with q(N) → 0, Nq(N) → λ,
xN → x ∈ [0,∞). We suppose that p ≥ q, so we need to take q → 0. Then(

N

n

)
Qn(N − x(N);N, 1− λ/N)→ (−λ)n

n!
Cn(x;λ),

where {Cn(x;λ)}n∈N are the Poisson-Charlier orthogonal polynomials with
generating function

∞∑
n=0

Cn(x;λ)
zn

n!
=
(
1− z/λ)xez.

To obtain a limit in the generalized Ehrenfest urn model extreme points
measure time in units of N2. Let X ′k = N −Xk, k

(N) = [N2t]. Then

Q[N2t]
n (z) ∼

(
1− nλz

N2

)[N2t]
→ e−nλzt.

The transition distribution of X ′[N2t] converges to

e−λ
λv

v!

{
1 +

∑
n≥1

e−nλzt
λn

n!
Cn(u;λ)Cn(v;λ)

}
, v = 0, 1, . . . .

The limit transition functions are those of a M/M/∞ Queue, with arrival
and service rates λ, 1 and a time change t→ tz. See, for example, Schoutens
(2000). Griffiths (2009) shows that every reversible Markov process with sta-
tionary Poisson distribution and Poisson-Charlier polynomial eigenfunctions
has the distribution of a subordinated M/M/∞ queue.
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Eigenvalue characterizations of Markov processes

Eagleson’s characterization of eigenvalues of bivariate Binomial distributions
with Krawtchouk polynomial eigenfunctions is that they are of the form
(7). The eigenvalues {cn(t)}Nn=0 of the transition functions in a reversible
continuous time Markov chain with Binomial stationary distribution and
Krawtchouk polynomial eigenfunctions have a Bochner style characteriza-
tion as being of the form (56), which can be written as

cn(t) = exp
{
− b(0)nt− t

N∑
z=1

b(z)
(
1−Qn(z)

)}
, (57)

where {bn}Nn=0 are non-negative constants. Sarmanov and Bratoeva (1967)
prove that {ρn}n∈N is a correlation sequence in a bivariate distribution (1)
with standard normal marginal distributions and {Pn} the orthonormal
Hermite-Chebycheff polynomials if and only if

ρn = E
[
Zn], (58)

where Z is a random variable on [−1, 1]. A characterization of the eigen-
values {cn(t)}n∈N of a reversible Markov process with Normal stationary
distribution and Hermite-Chebycheff eigenfunctions is that

cn(t) = exp
{
− t
∫ 1

−1

1− ρn

1− ρ
G(dρ)

}
, (59)

where G is a finite measure on [−1, 1]. If G has an atom of a at 1, then the
point at 1 contributes an in the integral. The proof again follows Bochner
(1954). Griffiths (2009) shows that when G has support only on [0, 1] then
such reversible Markov process with stationary Normal distribution and
Hermite-Chebycheff polynomial eigenfunctions have the distribution of a
subordinated Ornstein-Uhlenbeck process. Our interest is in a limit con-
struction from the Binomial sequences (7), (57), to the Normal sequences
(58), (59). We take p = q = 1/2. The construction is straightforward by
noting that as N →∞ with p = q = 1/2, −1 ≤ φ ≤ 1,

Qn

([
N

1− φ
2

]
, N,

1

2

)
→ φn.

Sequences {aN (x)} and {bN (z)} can now be chosen, depending on N , so
that (7) and (57) converge to (58) and (59). The Poisson case is quite
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similar, with distributions on [0, 1] instead of [−1, 1]. As q → 0, N → ∞
and Nq → λ, with 0 ≤ φ ≤ 1

Qn([N(1− φ)], N, p)→ φn.

The construction is then similar to the Normal case.

7. An Ehrenfest Urn with N balls of d colours

An analogy of the 2-colour ball generalized Ehrenfest urn scheme to d ≥ 2
colours is to recolour balls in a transition according to permutation matri-
ces. In the 2-colour ball urn, changing colours of z balls in a transition
amounts to a transposition of colours for z balls and an identity permuta-
tion of colours on the remaining N − z balls. Denote the d! 0-1 permutation
matrices by {Pi}d!i=1 and let the permutations represented by the matrices
be {σi}d!i=1, so that in the ith permutation matrix Pikl = 1 is equivalent to
σi(k) = l. Choose σd! as the identity permutation. The extreme points of
d× d transition matrices which are doubly stochastic are the d! 0-1 permu-
tation matrices. In the urn model transitions are made by choosing balls
in groups j = (j1, . . . , jd!), where |j| = N (with notation |j| =

∑
i ji), then

changing their colours within groups in a deterministic way according to
the permutations so that a ball of colour c in group i is mapped to colour
σi(c). The mapping in the last group is the identity. A general transition
distribution is found by mixing over the group numbers j with probability
distribution {a(j)}{j:|j|=N}. Let Zic be the number of balls of colour c drawn
in group i. The pgf of the transition distribution is

∑
|j|=N

a(j)
d!∏
i=1

E
[ d∏
c=1

sZicσi(c)
| j, {xc}

]
, (60)

where if there are totals of {xc}dc=1 numbers of balls of different colours in
the urn before change, then {Zic} has distribution∏d

c=1

(
xc

z1c,...,zd!c

)(
N

j1,...,jd!

) , (61)

with z·c = xc and zi· = ji, c = 1, . . . , d, i = 1, . . . , d!. After a transition the
number of balls of colour c is Yc =

∑d!
i=1 Ziσ−1

i (c). The chain is not necessarily

reversible. If balls are labelled and a single ball followed through transitions
is clear that it will have a uniform stationary distribution on the d colours. It
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is thus intuitive that the stationary distribution of ball colours in the urn is
Multinomial. This is seen formally by showing that the expected value of the
pgf (60) when {xc}dc=1 has a Multinomial distribution is again Multinomial.
If {xc}dc=1 has a Multinomial (N, d−1, . . . , d−1) distribution then {Zic} given
j has an independent Multinomial distribution within groups

d!∏
i=1

(
ji

zi1, . . . , zid

)
d−ji , (62)

and therefore the unconditional pgf (60) is

∑
|j|=N

a(j)
d!∏
i=1

[ d∑
c=1

d−1sσi(c)

]ji
=
[ d∑
c=1

d−1sc

]N
, (63)

since for each i,
∑d

c=1 sσi(c) =
∑d

c=1 sc. This shows that there is a Multino-
mial stationary distribution. The joint pgf of (X,Y ) is similarly

G(t, s) =
∑

{j:|j|=N}

a(j)
d!∏
i=1

[ d∑
c=1

d−1tcsσi(c)

]ji
=

∑
{j:|j|=N}

a(j)

d!∏
i=1

[ d∑
c=1

d−1tσ−1
i (c)sc

]ji
. (64)

The form of (64) implies that

E
[ d∏
c=1

Y rc
c | X

]
is a polynomial of degree |r| in X, and similarly for the conditional moments
of X given Y . This implies that the eigenfunctions of (X,Y ) are orthog-
onal polynomials in X and Y , however their form and the corresponding
eigenvectors are generally not clear.

In the special case where permutations {σi}d!i=1 are chosen independently
with probabilities {αi}d!i=1, and {a(j)}{j:|j|=N} has a Multinomial (N,α) dis-
tribution then (64) becomes

[ d∑
c=1

d!∑
i=1

αid
−1tcsσi(c)

]N
=
[ d∑
c=1

d∑
k=1

d−1Pcktcsk

]N
, (65)
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where

P =

d!∑
k=1

αkPk, (66)

the extreme point representation of a doubly stochastic transition matrix.
We know that the distribution (65) has eigenfunctions which are orthogo-
nal polynomials on the Multinomial (N, d−1, . . . , d−1) distribution (Griffiths,
1971; Zhou and Lange, 2009). If {αk}d!k=1 has a random distribution it is
still not clear what the eigenvector, eigenvalue structure is.

The eigenstructure for a collection of generalized Ehrenfest urns has
recently been calculated by Mizukawa (2010). He works things out in three
scenarios. In the first, a ball is selected uniformly at random and placed
into a uniformly chosen different urn. In the second and third, the urns are
arranged cyclically. A randomly chosen ball is dropped into the following urn
or into an adjacent urn. In each case, there is a group-theoretic symmetry
so that the machinery of Gelfand pairs can be used. One interesting feature
is the appearance of complex reflection groups.

The next theorem connects d-colour ball generalized Ehrenfest urns with
bivariate Multinomial random variables (X,Y ) which are the sum of pairs
of indicator random variables in N trials, each with a random bivariate dis-
tribution. This structure can be regarded as an extension of the 2-colour
case where the Bernoulli random variables in the sum have random corre-
lations, because in a 2 × 2 distribution knowing the correlation and fixed
marginal distributions is equivalent to knowing the bivariate distribution.
The extreme points have a pgf of the form (64) when {a(j)}{j:|j|=N} puts
weight on a single j.

Theorem 4. Let (X,Y ) have a bivariate d-dimensional Multinomial dis-
tribution such that

P (X = x) =

(
N

x

)
1

dN
, x ∈ Nd, |x| = N,

and similarly for Y . Two equivalent classes of bivariate distributions with
these marginal distributions are the following.
(i)

(X,Y ) =

N∑
i=1

(ξi, ηi),

where {(ξi, ηi)}Ni=1 are d-dimensional pairs of random vectors, independent
within marginal sequences {ξi}Ni=1 and {ηi}Ni=1 which are uniformly dis-
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tributed on the unit vectors {ek}dk=1. The pairs have random bivariate dis-
tributions expressed as matrices {Qi}Ni=1, such that they are conditionally
independent given {Qi}Ni=1. The distribution of {Qi}Ni=1 can always be taken
to be exchangeable in the set of permutation distributions {d−1Pj}d!j=1.
(ii) (X,Y ) is distributed as (Xt, Xt+1) for all t ∈ N in a stationary d-

dimensional generalized Ehrenfest urn process with pgf (64).

Proof.
(ii) =⇒ (i). If (X,Y ) has a pgf (64) then take the random matrices {Qi}Ni=1

to have a permutation distribution on ji copies of d−1Pi, i = 1, . . . , d! where
j has the distribution {a(j)}{j:|j|=N}.
(i) =⇒ (ii). The pgf of (X,Y ) in (i) is

E
[ N∏
i=1

t′Qis
]
, (67)

where t and s are d-dimensional and prime denotes transpose. Expectation
is over the random matrices. There is a decomposition

Qi =

d!∑
k=1

bikd
−1Pk,

where B is a non-negative random N × d! matrix with row sums unity. The
pgf (67) is therefore

E
[ N∏
i=1

d!∑
k=1

bikd
−1t′Pks

]
. (68)

Let {Vi}Ni=1 be random variables, conditionally independent given B such
that for i = 1, . . . N

P (Vi = k | B) = bik, k = 1, . . . , d!.

Let Mk be the number of entries in {Vi}Ni=1 equal to k and M = (Mk). Then
we can identify the distribution

a(j) = P (M = j),

and (68) is equal to (64).

If there is an infinite exchangeable sequence {(ξj , ηj)}∞j=1 with fixed
marginal distributions within each pair, then there is a de Finetti repre-
sentation such that the counts (Nij) in cells (i, j) are distributed as in a
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contingency table with random probabilities of falling into cells. That is,
there is a random d× d doubly stochastic matrix Φ with

P
(
(nij)

)
=

(
N

(nij)

)
E
[ ∏
i,j∈[d]

Φ
nij
ij

]
d−N .

The joint pgf of (X,Y ) is then

E
[ d∑
i=1

d∑
j=1

d−1Φijsitj

]N
. (69)

As we expect a characterization of the distribution of (X,Y ) by (69) under
infinite exchangeability of {(ξj , ηj)}∞j=1 is much easier than the characteri-
zation in Theorem 4 under finite exchangeability.

We briefly consider exchangeability of (X,Y ) with joint pgf (64), corre-
sponding to a reversible urn process. Label the d! permutations so that the
last L, (say) π1, . . . , πL are idempotent and the 1st 2M are arranged as

σ1, σ
−1
1 , . . . , σM , σ

−1
M , π1, . . . , πL,

where M,L are determined constants, with 2M + L = d!. Then indexing
the ordered sequence j = (j1, . . . , jd!) by permutations instead of 1, . . . , d!
as

j = (jσ1 , jσ−1
1
, . . . , jσM , jσ−1

M
, jπ1 , . . . , jπL),

the distribution of (X,Y ) is exchangeable if and only if {a(j)}{j:|j|=N} only
depends on unordered pairs and the idempotent permutations

{jσ1 , jσ−1
1
}, . . . , {jσM , jσ−1

M
}, jπ1 , . . . , jπL .

This is seen by writing the pgf G(t, s) (64) as

∑
|j|=N

a(j)

M∏
i=1

[ d∑
c=1

d−1tcsσi(c)

]jσi[ d∑
c=1

d−1tσi(c)sc

]j
σ−1
i

L∏
i=1

[ d∑
c=1

d−1tcsπi(c)

]jπi
,

(70)
and noting that G(t, s) = G(s, t) if and only if {(jσi , jσ−1

i
)}Mj=1 is exchange-

ably distributed within pairs. Also in the idempotent permutation terms

d∑
c=1

tcsπi(c) =

d∑
c=1

tπi(c)sc.
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The easiest case is when {a(j)}{j:|j|=N} just has weight on idempotent per-
mutations.

As an example, if d = 3 and the 3! = 6 permutations are ordered as

(231, 312), 321, 213, 132, 123

then a(j1, . . . , j6) has to be exchangeable in j1, j2.

7.1. Joint Multinomial distributions and Markov chains

Let (X,Y ) be two R and C dimensional random vectors with a pgf of

( R∑
i=1

C∑
j=1

pR,Cij sitj

)N
, (71)

which is the pgf of the joint marginal counts in a R × S contingency table
with N observations, where the probability of an observation falling in cell
(i, j) is pR,Cij . The distribution of (X,Y ) has a Lancaster expansion in or-
thogonal polynomials on the Multinomial distribution (Griffiths, 1971; Zhou
and Lange, 2009) that we now describe briefly.

Let {u(l)j }
d−1
l=0 be a complete set of orthonormal functions on a probability

distribution {pj}dj=1 with u
(0)
j = 1 for all j such that for k, l = 0, 1, . . . , d− 1

d∑
j=1

u
(k)
j u

(l)
j pj = δkl.

Define a collection of orthogonal polynomials on the Multinomial distribu-
tion

m(x, {pj}) =

(
N

x

) d∏
j=1

p
xj
j{

Qn(X; {u(l)})
}

, with n = (n1, . . . nd−1), and |n| ≤ N , as the coefficients of
wn1
1 · · ·w

nd−1

d−1 in the generating function

G(x,w; {u(l)}) =
d∏
j=1

(
1 +

d−1∑
l=1

wlu
(l)
j

)xj
. (72)

It is straightfoward to show, by using the generating function, that

E
[
Qn(X; {u(l)})Qn′(X; {u(l)})

]
= δnn′

(
N

|n|

)(
|n|
n

)
. (73)
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The transform of Qn(X; {u(l)}) is equal to

E
[ d∏
j=1

φ
Xj
j Qn(X; {u(l)})

]
=

(
N

|n|

)(
|n|
n

)
T0(φ)N−|n|T1(φ)n1 · · ·Td−1(φ)nd−1 , (74)

where

Ti(φ) =

d∑
j=1

pjφju
(i)
j , i = 0, . . . , d− 1.

Let Z1, . . . , ZN be independent identically distributed random variables such
that

P (Z = k) = pk, k = 1, . . . , d.

Then with
Xi = |{Zk : Zk = i, k = 1, . . . , d}|,

G(X,w; {u(l)}) =
N∏
k=1

(
1 +

d−1∑
l=1

wlu
(l)
Zk

)
. (75)

We also have from (75) that

Qn(X; {u(l)}) =
∑
{Al}

∏
k1∈A1

u
(1)
Zk1
· · ·

∏
kd−1∈Ad−1

u
(d−1)
Zkd−1

, (76)

where summation is over all partitions of subsets of {1, . . . , N}, {Al} such
that |Al| = nl, l = 1, . . . , d. This is an analogue of the symmetric function
representation (15) for the Krawtchouck polynomials. Qn(x; {u(l)}) is a
polynomial of degree n in (S1(x), . . . , Sd−1(x)), with

Sk(x) =

d∑
j=1

u
(k)
j xj , k = 1, . . . , d− 1

whose only term of maximal degree |n| is
∏d−1

1 Snkk . Another form is

Sk(X) =

N∑
j=1

u
(k)
Zj
, k = 1, . . . , d− 1.

Let

pR,Cij = pi·p·j

{
1 +

min(R,C)−1∑
l=1

ρlu
(l)
i v

(l)
j

}
, i = 1, . . . , R, j = 1, . . . , C
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be a Lancaster expansion in orthonormal functions {u(l)}, {v(l)} on the
respective marginal distributions {pi·}, {p·j}. Then the joint distribution of
(X,Y ) has a Lancaster expansion

P (x, y) = m(x, {pi·})m(y, {p·j})

×
{

1 +
∑

{n:1≤|n|≤N}

γnQ
◦
n(x; {u(l)})Q◦n(y; {v(l)})

}
, (77)

where γn =
∏d−1
k=1 ρ

nk
k , and {Q◦n} are the polynomials scaled to be orthonor-

mal, that is

Q◦n =
Qn√(
N
|n|
)(|n|

n

) .
7.2. d-urn Ehrenfest urn models

Mizukawa (2010) finds the eigenfunctions for several multivariate Ehrenfest
models. In his models there are d urns and N balls. For a correspondence
with our model, numbers of balls in the d urns are thought of as numbers of
d distinctly coloured balls. Three different transition schemes are considered
where a ball is selected at random, then in the different models the ball is
moved into: (a) a randomly chosen different urn; (b) the next urn right
(mod d); or (c) one of the two adjacent urns (mod d) with equal probability.

An extended model where transitions of a single ball from colour i to
colour j are given in a d×d transition probability matrix P with stationary
distribution {pi} is now considered. Denoting x as the d-dimensional colour
configuration in the urns before a transition and Y after a transition, Y has
a conditional pgf

d∑
i,j=1

xi
N
pijtj

d∏
l=1

txl−δill . (78)

If X has a Multinomial (N, {pi}) distribution then the joint pgf of (X,Y ),
from (78), is ( d∑

i,j=1

sipipijtj

)( d∑
k=1

pksktk

)N−1
. (79)

The d-dimensional chain is seen to have a Multinomial stationary distribu-
tion from (79) by setting si = 1, i = 1, . . . , d producing an unconditional

Multinomial pgf for Y of
(∑d

k=1 pktk

)N
. Transition matrices in Mizukawa’s

schemes are:
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(a) P =
(
(1−δij)/(d−1))

)
, with a representation (66) of P = N−1d

∑Nd
k=1 P

′
k,

where {P ′k} is the set of Nd = d!
∑d

r=0(−1)r 1
r! permutation matrices with

diagonal entries zero.
(b) P = P+, a permutation matrix of a complete directed cycle through
1, . . . , d where p+i i+1(mod j) = 1 and p+ij = 0 otherwise.

(c) P = (P+ + P−)/2, where P+ is the matrix in (b), and P− is a similar
permutation matrix of a directed cycle in the opposite direction.
The transition matrices in (a) and (c) are reversible, being symmetric, but
the transition matrix in (b) is not reversible.

The joint pgf of (X,Y ), (79), is( d!∑
k=1

ak

d∑
c=1

d−1tσ−1
k (c)sc

)( d∑
l=1

d−1tlsl

)N−1
, (80)

which is of the form (64) where the distribution {a(j)}{j:|j|=N} has support
only on

{j : jk = 1, jd! = N − 1, ji = 0, i 6= k, d!; k = 1, . . . , d!− 1}
∪ {j : jd! = N, ji = 0, i 6= d!}.

Let P have a Lancaster expansion

pij = pj

{
1 +

d−1∑
k=1

ρku
(k)
i v

(k)
j

}
, i, j = 1, . . . , d (81)

where {u(k)} and {v(k)} are orthonormal function sets on {pi}. Then working
with the generating functions of the orthogonal polynomials on X and Y ,

E
[
G(X, {u(l)}, w)G(Y, {v(l)}, z)

]
=
(

1 +

d−1∑
k=1

ρkwkzk

)(
1 +

d−1∑
k=1

wkzk

)N−1
(82)

The eigenvalues of (X,Y ) are the coefficients of
∏d−1
k=1

(
wkzk

)nk in (82) di-

vided by the normalizing constant (73),
(
N
|n|
)(|n|

n

)
;

1, γn =
d−1∑
k=1

ρk
nk
N
,

with corresponding orthonormal functions in a Lancaster expansion (89) of

Q◦n(x; {u(l)}), Q◦n(y; {v(l)}).
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If instead of one ball being chosen initially, s balls are chosen and indepen-
dently reallocated to urns according to a transition probability matrix P ,
then the eigenvalues are(

N

s

)−1∑
j

(
N − |n|
s− |j|

) d−1∏
l=1

(
nl
jl

)
ρjll ,

where summation is over d − 1 dimensional vectors {j : 0 ≤ jk ≤ nk, k =
1, . . . , d − 1}. The corresponding orthonormal functions in the Lancaster
expansion are the same as with one ball being chosen.

The Lancaster expansions (81) for Mizukawa’s transition matrices P have
the following correlation sequences and orthogonal functions.
(a) ρk = −1/(d−1), k = 1, . . . , d−1; {u(k)}d−1k=0 is any complete orthonormal

set of functions with u
(0)
j = 1, j = 1, . . . , d and {v(k)}d−1k=0 is the same set of

functions.
(b) ρk = 1, k = 1, . . . , d − 1; {u(k)}d−1k=0 is any complete orthonormal set of

functions with u
(0)
j = 1, j = 1, . . . , d and v

(k)
j = u

(k)
j−1(mod d), k = 1, . . . , d−1,

j = 1, . . . , d.
(c) The two orthonormal sets of functions are identical and equal to{√

2 cos
(
2πk(j − 1)/d

)}dc
k=1

⋃{√
2 sin

(
2πk(j − 1)/d

)}ds
k=1

, (83)

j = 1, . . . , d, where dc = ds = (d−1)/2 if d is odd, and dc = d/2, ds = d/2−1
if d is even. The correlation sequence is

{
cos(2πk/d)

}
k≤d/2, repeated with

the two cos and sin sets of functions in (83) for k = 1, . . . , dc and k =
1, . . . , ds. The classical eigenfunction complex variable expansion

pij = d−1
d−1∑
k=0

cos(2πk/d)e2πιk(i−1)/de−2πkι(j−1)/d, (84)

where ι =
√
−1, gives rise to the Lancaster expansion by taking real parts

of the right side and identifying identical circular functions for k ≤ d/2 and
k ≥ d/2.

Extending the definition of the orthogonal polynomials to a biorthogonal
system is useful in expressing one-step transition function expansions as
eigenfunction expansions. The k-step transition functions then have the
same form with the eigenvalues raised to the k-th power. In a Lancaster
expansion this does not hold if the transition functions are not reversible.
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Let {α(l)}d−1l=0 and {β(l)}d−1l=0 be biorthogonal functions, which are possibly
complex, on {pi} with α(0) = β(0) ≡ 1 such that

d∑
i=1

piα
(k)
i β

(l)
i = δkl. (85)

Define {
Qn(X; {α(l)})

}
,
{
Qn(X; {β(l)})

}
(86)

in a similar way to previously by generating functions (72) with {u(l)} re-
placed respectively by {α(l)} and {β(l)}. Then (86) are biorthogonal poly-
nomial systems on the Multinomial (N , {pi}) distribution.

For example consider N particles in states 1, . . . , d making independent
transitions according to a transition matrix P with stationary distribution
{pi}di=1 such that the eigenfunction expansion of P is

pij = pj

{
1 +

d−1∑
k=1

ρkα
(k)
i β

(k)
j

}
, i, j = 1, . . . , d. (87)

P is not necessarily reversible and the eigenvalues and eigenfunctions are

possibly complex. The left eigenvectors of P are {piβ(k)i }
d−1
k=0; the right

eigenvectors are {α(k)
j }

d−1
k=0 and the eigenvalues are {ρk}d−1k=0, with ρ0 = 1.

Let Xi be the number of particles in state i, i = 1, . . . , d. X has a
Multinomial (N , {pi}) stationary distribution and the pgf for transitions
from x to Y is

d∏
i=1

( d∑
j=1

pijtj

)xi
. (88)

In a similar way to the contingency table example the eigenfunction expan-
sion for the transition functions from x to y is

m(y, {pj})
{

1 +
∑

{n:1≤|n|≤N}

γnQ
◦
n(x; {α(l)})Q◦n(y; {β(l)})

}
, (89)

where

γn =

d−1∏
j=1

ρ
nj
j . (90)

In the k-step transition functions γn is replaced by γkn.
Mizukawa’s examples all have transition matrices for a single ball change

which are circulant matrices. Let P be a general d × d circulant transition
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matrix with first row {qj}dj=1 and the other rows rotated successively from

the first so that the ith row is {q(j−i)(mod d)+1}dj=1. P is doubly stochas-
tic, with a uniform stationary distribution on 1, . . . , d. An eigenfunction
expansion of P is

pij = d−1
d−1∑
k=0

τke
2πιk(i−1)/de−2πιk(j−1)/d, i, j = 1, . . . , d, (91)

where

τk =

d−1∑
r=0

qr+1e
2πιrk/d. (92)

P is reversible if and only if it is symmetric, because it has a uniform sta-
tionary distribution, then qj = q−(j−1)(mod d)+1, and

τk =

q1 + (−1)kqb d
2
c+1 + 2

∑b d
2
c−1

r=1 qr+1 cos(2πkr/d) if d is even

q1 + 2
∑b d−1

2
c

r=1 qr+1 cos(2πkr/d) if d is odd.

A Lancaster expansion can be constructed with orthogonal functions (83)
and correlation sequence {τl}k≤d/2, repeated in the two sets of functions.

We now consider a biorthogonal expansion for the transition functions
of the urn configuration, rather than the Lancaster expansion. Construct
the functions (89) by taking the biorthogonal systems

α
(l)
i = e2πιl(i−1)/d β

(l)
j = e−2πιl(j−1)/d, l = 0, . . . , d− 1, i, j = 1, . . . , d.

It is straightforward, but detailed, to verify that the pgf of (89) when

γn =
d−1∑
l=0

τ lnl/N (93)

is the correct pgf (78). The eigenfunction expansion for the transition func-
tions of Y | x is therefore (89) with eigenvalues (93). The eigenfunctions
have a particularly nice form, expressed as monomial symmetric polynomi-
als in the d-th roots of unity, as recognized by Mizukawa. If the balls are
ordered so that Zj = k if ball j is in urn k, then from (76),

Qn(X; {u(l)}) =
∑
{Al}

∏
k1∈A1

e(2πι1/d)(Zk1−1) · · ·
∏

kd−1∈Ad−1

e
(2πι(d−1)/d)(Zkd−1

−1)
,

(94)
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where summation is over all partitions of subsets of {1, . . . , N}, {Al} such
that |Al| = nl, l = 1, . . . , d. Let n0 = N − |n|, then (nj)

d−1
j=0 is an ordered

partition of N . Regard λ = (Zk− 1)Nk=1 as a partition
(
0x11x2 · · · (d− 1)xd

)
.

Let ξ = e2πι/d be the d-th root of unity, and Ξ =
(
(1)n0(ξ)n1 · · · (ξd−1)nd−1

)
.

Then directly from (94),

Qn(X; {α(l)}) = mλ(Ξ), (95)

where mλ(Ξ) is a monomial symmetric polynomial.
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