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ABSTRACT

Curvelets provide a new multiresolution representation with several features that set them apart from
existing representations such as wavelets, multiwavelets, steerable pyramids, and so on. They are based on
an anisotropic notion of scaling. The frame elements exhibit very high direction sensitivity and are highly
anisotropic. In this paper we describe these properties and indicate why they may be important for both
theory and applications.
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1. INTRODUCTION

Images have edges. Viewing an image as a mathematical object, one might think of an image as an
otherwise smooth function with discontinuities along curves, a description which would not be suitable,
however, for all kinds of images. Indeed, images of natural scenes are more than just smooth luminance
surfaces separated by step discontinuities; for instance, we do not make any claims about the representation
of textures, which are typically unsmooth. Our intention is rather to describe a class of images where edges
are clearly the dominating features, e.g. cartoons or geometric images.

1.1. Our Viewpoint: Harmonic Analysis

The curvelet construction'? was originally developed for providing efficient representations of smooth

objects with discontinuities along curves; the underlying motivation being to apply this construction to
classical image processing problems such as:

e Data compression. Compression of digitally acquired image data.

e Image restoration, image reconstruction or edge-preserving regularization. Enhancement (noise re-
moval) of digital images possibly obtained via indirect measurements as in tomography.? One of the
main challenges here is to develop smoothing or reconstruction techniques that would smooth out
the ‘flat” part of the image without blurring the edges.

Our viewpoint is that of modern harmonic analysis whose aim is to develop new representation systems.
That is, one is searching for new collection of templates or “elementary forms” that will serve for both
the analysis and the synthesis of an object under study. The most classical example is, of course, that of
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Fourier series where an object, in Ls[0, 1)? is expanded out in a superposition of sinusoids according to the
rule

f@) = Y ™, )= [ fa)e e dn,

nez?

where n indexes the doubles (n1,n9) € Z2. The Fourier transform offers an alternate viewpoint to the
spatial description of the signal and opens up the possibility of developing new schemes based on the
processing of Fourier coefficients. This approach is powerful and in image processing, the two-dimensional
Fourier transform and analogs are at the core of a countless number of algorithms. For instance, blocking
a digital image into disjoint arrays of 8 by 8 pixels and coding the coefficients obtained after applying the
Discrete Cosine Transform to those arrays used to be the of basis of JPEG, the former image compression
standard.

In the last decades, many representation systems have been introduced as alternatives to the ‘classical’
Fourier representation; among those, the Gabor system (time-frequency viewpoint) and wavelets (time-scale
viewpoint) probably occupy a prominent place. Wavelets have had a wide impact, both in theory and in
practice, and especially in the our areas of preoccupation, namely, data compression and signal restoration.
The shrinking of wavelet coefficients, originating in the work of Donoho and Johnstone,* proved to be a
very powerful tool for statistical estimation, from both a theoretical and a practical standpoint. Similarly,
wavelet based-coders have found wide applications in various data compression applications and have been
included in JPEG-2000, the newly developed still picture compression standard.

1.2. Our Grail

Within this framework, we aim at finding a representation that is ‘optimal’ for representing objects with
discontinuities along curves. We need, however, to explain what we mean by ‘optimal’ representation.

First, the concept of representation is classical in harmonic analysis and consists of finding a system
(fu) and a rule such that any function can be represented as follows:

F=cul)fus (1)
12

classically, one would require that

1. the coefficients ¢, are bounded linear functionals of f, and

2. the decomposition is stable in the sense that one has a quasi-Parseval relation

> len(HP ~ 1I£17,-
I

Second, by ‘optimal’ representation for a class of objects, we mean that the coefficients of the objects
in question are as sparse as possible. In nontechnical terms, this means that, when reordered by decreasing
amplitude, the coefficient sequence decays as rapidly as possible.



1.3. Three Anomalies

About twenty years ago, Burt and Adelson introduced the Laplacian pyramid, a ‘revolutionary’ idea which
triggered a series of completely new algorithms in numerical image processing. Canonical pyramid ideas
are perhaps known today under the name of wavelets, although a few of these ideas were introduced before
the name ‘wavelet’ was coined. In that sense, we follow Meyer® in viewing wavelet theory as a unifying
mathematical language for describing a set of connected ideas that arose in different areas.

Although we recognize the importance and the wide impact of these ideas, we feel, nevertheless, that
these canonical pyramid ideas are part of a larger picture; we intend to make clear how much larger the
question is than just the portion which wavelets represent. In addition, we also believe that a lot of claims
regarding the applicability of wavelets to image processing problems such as those mentioned above have
been perhaps overstated.

1. Inefficient Representations. From a theoretical viewpoint, wavelet series are not optimal for rep-
resenting objects with discontinuities along curves. Although the next section develops a heuristic
argument of the reason, we do not dwell further on this issue and simply refer the reader to existing
literature on the subject, seeS for example.

2. Limitations of Ezisting Pyramid Schemes. Traditional pyramids have only a fixed number of direc-
tional elements, independent of scale.

3. Limitations of Fxisting Scaling Concepts. Traditional pyramids do not have highly anisotropic ele-
ments.

The point of this paper is to show that it is possible to build a pyramid that is very different that
(2)-(3). In fact, the paper will exhibit a pyramid with scaling properties that are very different.

1.4. Outline and Claims

In a recent article,! the authors introduced a new system, namely, the curvelet frame which turns out to
be very different from existing ideas. Curvelets provide a new multiresolution representation that set them
apart from existing representations such as wavelets. The scope of this paper is to review the construction
of curvelets and to detail some of their properties. More precisely, our intention is to develop the following
claims:

e Near-optimal representation. Curvelets provide optimally sparse representation of otherwise smooth
objects.

o Different from existing ideas. The curvelet transform corresponds to a new way of processing data,
unlike any in practice.

e Curvelets have an interesting structure vis-a-vis
— Scale Space,

— Pyramids,

— Non-quadratic image smoothing.

A series of recent articles'3? addressed the first of these three points and, therefore, we shall here be

especially concerned with the other two.



2. LIMITATIONS OF EXISTING IMAGE REPRESENTATIONS

In the introduction, we pointed out that wavelet algorithms only address a portion of the range of pyramids
one can dream of. The scope of this section is roughly to describe the specificity and limitations of wavelet-
like algorithms.

2.1. Inefficiency of Existing Image Representations

Let us describe a simple heuristic argument that may help explaining the reason why wavelets fail at
efficiently representing objects with edges. As we will see, the argument will appear to be rather helpful
for motivating the basic geometric features of the curvelet frame.

Suppose that an image f is decomposed into subbands:

fi=Dji(f), jei

where Dj is a filter extracting components of f in the corona of frequencies |¢| € [27,2771]. (The idea of
decomposing a signal into dyadic subbands goes back a long way, probably to Littlewood Paley, in the
thirties.) The outcome f; of the passband filter is an image with the following specificity: the energy of
fj is mostly concentrated along the edges of the image f. This is well-known to anyone with experience
—even limited— in image processing. For instance, if f is the indicator function of a set B with a smooth
boundary, the support of f; is essentially supported in a region of width proportional to 277 around the
edge 0B. The connection between edges and the localization of each subband is, of course, not new. In
their pioneering work, Marr and Hildreth” proposed a multiscale algorithm for the detection of edges, that
is to say, of intensity changes; because intensity changes occur at different scales, the algorithm tracks, at
each scale j, the curves along which the intensity of the subband f; crosses zero.

In a wavelet representation scenario, those wavelets at scale j will, roughly speaking, serve to recon-
struct the j-th subband f;. The inadequacy of wavelets for representing an image with an edge now
becomes apparent. Two-dimensional wavelets are oscillatory isotropic bumps; at scale j, they are essen-
tially supported inside a disc of radius proportional to 277. The subband fj to be reconstructed, however,
is a very elongated band of width 277 and, instead of isotropic bumps, one would obviously prefer using a
system with elements having the following features

e directional sensitivity, and
e high anisotropy.

2.2. Limitations of Existing Pyramid Schemes

The following list of algorithms seems to be representative of the variety of pyramid ideas that were
developed in a time span going from the early eighties to the present:

e The Laplacian Pyramid of Burt and Adelson,?
e The Wavelet Orthogonal Pyramid of Mallat and Meyer,”
e Steerable Pyramids of Adelson, Heeger and Simoncelli, '

e Multiwavelets of Alpert, Beylkin, Coifman and Rokhlin.!!

All of these algorithms share the following common features:



e they have elements at dyadic scales and dyadic locations, and

e they have a fized number of elements at each scale/location.

We say use here the word ‘limitation’ because it seems plausible to envision pyramids with different
properties. e.g. with a number of elements at each scale/location that is scale dependent.

2.3. Limitations of Existing Scaling Concepts

In the literature of wavelet analysis and image analysis, one must frankly admits that there exists a
prevailing notion of scaling. To fix ideas, let us consider the case of the orthonormal wavelet transform. A
wavelet coefficient is calculated as follows:

/f(.%'l, x2)2j¢(2j£€1 — kl, 2jx2 — k‘g) d:Bld.%'Q = /TQf($1, $2)¢(1‘1, :Ez) dxldltz
where Tq is the transport operator
TQf = 2jf(2j$1 + k1, 2jl‘2 + ]432)

Hence, a coefficient is obtained by evaluating the inner product between a dilated and translated version
of f and of a single function 1 (or of a fixed number in the case of multiwavelets). The dilation is isotropic
and corresponds to the traditional notion of scaling in current use:

fa(®1,22) = f(az1, axs), a > 0.

However, curves exhibit a very different kind of scaling. For instance let f be the binary function
defined by

f(xl, xg) = 1{212332}.

Then the natural scaling law that applies (at the origin) to this object is of the form

falz1,22) = f(a-x1,a’x2),

which is known in Harmonic Analysis as a Parabolic Scaling.

This last example illustrates the scaling that operates at the origin. In general, the rescaling of a curve
must, of course, be locally adaptive. Suppose that we wish to rescale the curve in a neighborhood of a
point ¢ on an arbitrary C? curve. Then a dilation by a factor of 1/2 in the direction of the tangent at xq
must be accompanied with a dilation by a factor of 1/4 in the normal direction.

To summarize this section, curves exhibit a kind of scaling which is

e anisotropic, and

e Jocally adaptive.



3. CONSTRUCTION OF CURVELETS

Curvelets provide optimally sparse representation of otherwise smooth objects. It is beyond the scope of
this paper to give a detailed description of this new system, see! for a complete exposition. The curvelet
transform is based on combining several ideas:

e Ridgelets, a method of analysis suitable for objects with discontinuities across straight lines.%

e Multiscale Ridgelets, a pyramid of windowed ridgelets, renormalized and transported to a wide range
of scales and locations.

e Bandpass Filtering, a method of separating an object out into a series of disjoint scales.

Given the space limitation, we can only give a very coarse description of the transform and refer the reader
to other articles™? for a more detailed account.

3.1. Ridgelets

The theory of ridgelets was developed in the Ph.D. Thesis of Emmanuel Candes (1998). In that work,
Candes showed that one could develop a system of analysis based on ridge functions

Yapo(r1,22) = a”V2p((x1 cos(9) + 2 sin(6) — b)/a). (2)

He introduced a continuous ridgelet transform R¢(a,b,0) = (¢qp9(x), f) with a reproducing formula and a
Parseval relation. He showed how to construct frames, giving stable series expansions in terms of a special
discrete collection of ridge functions. The approach was general, and gave ridgelet frames for functions in
L?[0,1]¢ in all dimensions d > 2 — for further developments, see.'?

Donoho'® showed that in two dimensions, by heeding the sampling pattern underlying the ridgelet
frame, one could develop an orthonormal set for L?(R?) having the same applications as the original
ridgelets. The ortho ridgelets are indexed using A = (4, k,,¢,¢€), where j indexes the ridge scale, k the
ridge location, i the angular scale, and ¢ the angular location; € is a gender token. Roughly speaking,
the ortho ridgelets look like pieces of ridgelets (2) which are windowed to lie in discs of radius about 2%
Oio=1/ 2% is roughly the orientation parameter, and 277 is roughly the thickness.

A formula for ortho ridgelets can be given in the frequency domain

PA(E) = 1€172 (P (€W (0) + Dy (—[E])wE (0 + ) /2 (3)

Here the ;) are Meyer wavelets for R,14:15 w;g are periodic wavelets for [—m, ), indices run as follows:
G k€Z,0=0,...,2071 —1; i > ip, and, if € = 0, i = max(io,j), while if € = 1, i > max(ig, 7). Notice the
restrictions on the range of 7,¢. Let A denote the set of all such indices A.

In the space domain, the ridgelet p) is essentially located near the line x1 cos 0; ¢+ 2 sin 6; , — k277 = 0.
Hence, we will say that py is oriented in the codirection 6;, = ¢/ 2¢ and the parameter k / 27 will refer to
its location. It is useful to think of an ortho ridgelet as an object which have a “length” of about 1 and a
“width” which is 277 (the width can be arbitrarily fine).

Another important property is the fact that, roughly speaking, the ridgelet py for i > j is supported
outside the unit square [0, 1]2. For a given scale j, the cardinality of the ridgelets supported near [0, 1]? is,
therefore, about 2%:

e There are about 2/ orientations corresponding to codirection 0i0=1/ 2/, and

e There are about 27 locations per direction since we want k/27 = O(1).



3.2. Multiscale Ridgelets

Let @ denote a dyadic square Q = [k1/2%, (k1 + 1)/2%) X [ko/2%, (ko + 1)/2°) and let Q be the collection
of all such dyadic squares. The notation Qg will correspond to all dyadic squares of scale s. Let wg be a
window centered near (), obtained after dilation and translation of a single w, such that the wé’s, Q € 9,
make up a partition of unity. We define multiscale ridgelets by {pg : s > s09,Q € Qs, A € A}

PN = wQ Topa,
where

TQf = QSf(QSCL‘l — kl, 25562 — kig)

The multiscale ridgelet system renormalizes and transports the ridgelet basis, so that one has a system
of elements at all lengths and all finer widths.

3.3. Subband Filtering

The last component required is a bank of filters (Pyf, A1 f, Aof,...) with the property that the passband
filter A4 is concentrated near frequencies [22%,22572], e.g.

Ag=Ugex f, Uoy(€) = W(27%¢).

3.4. The Curvelet Transform

The curvelet decomposition can be stated in the following form:

e Subband Decomposition. The object f is filtered into subbands:

f=(Pof,Avf, Aof,...).
e Smooth Partitioning. Each subband is smoothly windowed into “squares” of an appropriate scale:

Asf = (wQAsf)geo,-
e Renormalization. Each resulting square is renormalized to unit scale
90 = (To) H(woAsf), Q€ Qs (4)
e Ridgelet Analysis. Each square is analyzed in the orthonormal ridgelet system.
ap=(9Q,pn), 1= (Q;A).

Figure 1 gives an overview of the organization of the curvelet transform.

Curvelets are then given by

T = Asp)\7Q7 n= (>‘ € Aa Q € QS) (5)

It follows from both the definition of the ridgelets (3) and of the multiscale ridgelets that pg » is supported
near the corona [27F% 27+5+1] Hence, the only multiscale ridgelets that survive to the passband filtering
are those As such that the scale j satisfies

J+ s~ 2s. (6)



Coarse-Scalg

D

Wavelet

Multiresolution Analysis Relabelling
Filterbank
Po(f) (Brykp s kyko ) (alkykp ) - kq k)
—> M) —o—=>  (Totwoly(f):1(Q)=1/2) —0—> (a@N::1(Q) =112
> Nff) o> (TeiweA(): Q=14  ——> (@QN:11(Q) =19
f
—> N() 90— (TolwgoAi(f) 1 I(Q) = 1/8) —0—> (0(Q,)):: 1(Q) = 1/9)
—> A(f) —0—=>  (TowoA():1(Q)=1/16 —9—> (a@N::1(Q) = 1/1¢)
Window and Orthonormal
Transport to Ridgelet

Figure 1. Overview of Organization of the Curvelet Transform.
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Figure 3. Curvelet Coefficients, and stages of Curvelet Synthesis.

This observation is key for understanding the main properties of the curvelet elements which will be detailed
in the next section.

Figure 2 shows how the curvelet transform operates on a digital image; the size of the image is 256 by
256 pixels. The three stages of the curvelet transform are clearly represented.

Figure 3 shows the different stages of the reconstruction of an image from the datum of its curvelet
coefficients. The reconstruction is obtained by inverting the three stages of the forward transform, namely,

1. the decomposition into subbands,
2. the spatial localization of each subband,

3. the ridgelet transform of each block, localized in space and frequency.

4. PROPERTIES OF CURVELETS

Curvelets make up a tight frame of Ly(R?)"2; we have a Parseval relation

DL = 1113, (7)

and a reconstruction principle

f = Z(fﬂ’)/,uyyﬂv (8)

0



with an equality holding in an Ly sense. Both equalities (7) and (8) are of considerable practical relevance:
one can expand out an object into a curvelet series in a very concrete and stable fashion. Although the Par-
seval relation together with the decomposition formula are reminiscent of an orthonormal decomposition,
we would like to emphasize that the curvelet system is redundant, and therefore, not orthonormal.

In addition to the tight frame property, the curvelet transform exhibit an interesting structure that
sets it apart from existing image representations:

e The curvelet transform exhibits a new kind of pyramid structure.
e Curvelet frame elements exhibit new scaling laws.

e Curvelets provide an efficient representation of images with edges.

4.1. Pyramid Structure

Figure 2 highlighted the three stages of the curvelet transform. In essence, the first two stages, namely,
the decomposition into subbands and the spatial localization of each subband are classical although the
coronization [22%, 22572] associated with the bandpass filters is nonstandard. In a classical wavelet pyramid,
the coronization would, instead, be of the form [2%,2571]. Bearing this important difference in mind, the
curvelet transform might be interpreted as a sequence of two pyramids:

e A first pyramid, indexed by @ whose range is recalled to be the set of all dyadic squares, which
localizes the image both in space and frequencys;

e A second pyramid, namely, the ridgelet pyramid which analyzes each renormalized block of image
data that obey spatial and frequency localization properties (they were denoted by gg in the previous
section) using directional and anisotropic elements.

First, although the interpretation of the scale may —at this stage— appear somewhat ambiguous, the
transform displays the classical notions of

e dyadic scale, and

e dyadic location.

Second, the ridgelet transform adds an original feature to the pyramid: the latter transform introduces
two new ingredients, namely,

e direction, and

e microlocation.

Our terminology requires some explanation. There are two levels of location associated with the curvelet
transform: a coarse level corresponding to the dyadic square (Q which gives an approximate location of a
curvelet; and a finer one which gives the location of the curvelet relative to this dyadic square, a piece of
information given by the parameter k/27. The word ‘microlocation’ refers to this finer level.



Figure 4. Representation of a few curvelets at two different scales. The left panel corresponds to a scale
s = 2, while the right panel corresponds to a scale s = 3.

4.2. Scaling Laws

In the curvelet pyramid, let us define the scale as being the sidelength of the dyadic square @) indexing a
curvelet element. With this definition and (5), we have that the scale of a curvelet is roughly equal to its
length. In other words,

length(y,) = 27°. (9)

The following anisotropy scaling relation is key to the construction; curvelets have support obeying the
scaling law

width =~ length® (10)

Hence, the anisotropy is increasing with decreasing scales according to a quadratic power law. This property
seems to be new in the literature of computational harmonic analysis as we are not aware of any other
system obeying the same scaling relation. Figure 4 pictures a few curvelets at two different scales.

The quadratic scaling relation follows from the earlier observation (6). A curvelet is supported near
the dyadic square @ and thus, its length is effectively that of @, i.e. 27°. Equation (6) now gives us its
approximate width the width of pg » is about 27577 ~ 2725 which justifies (10).

This same principle, namely, (6) gives two additional scaling relations. Because j = s, it follows from
the definition of a curvelet coefficient

Qy = <gQ7 PA>
(where gg is given by (4)) that
e the number of directions is about proportional to the inverse of the scale, and

e the number of microlocations is about proportional to the inverse of the scale.

Another way, perhaps more insightful, to explain the scaling relations operating within the curvelet
transform is to examine the transition from one scale to the next finer scale, i.e. from 27° to 275~ 1. Each
refinement of scale



e doubles the spatial resolution; that is, the size of the dyadic squares in the pyramid is reduced by a
factor of two (much like wavelet pyramids).

e doubles the angular resolution; that is, the number of directions of the anisotropic analyzing elements
is increased by a factor of two.

This combination is new and of independent interest.

5. CONCLUSION

In this paper we showed that new kinds of pyramids exist with properties, unlike any in current use. We
exhibited one such new pyramid, the curvelet pyramid which derives from ridgelet analysis. Beyond the
novelty of the curvelet transform, it is important to keep in mind that the construction was tailored for
providing efficient representations of images with edges. In this direction, very precise results about the
optimality of curvelets have been proved in another article.! Short of these results, our new construction
would have been perhaps elegant, but not fully justified.

Finally, because of space limitations, we were unable to report on numerical experiments but hope to
do so in a later paper. We invite the reader to visit our webpage at
http://wuw-stat.stanford.edu/ mduncan/curvelet.site/ for some early numerical results.
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