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Abstract.

We outline digital implementations of two newly developed multiscale represertation systems, namely,

the ridgelet and curvelet transforms. We apply these digital transforms to the problem of restoring an image from
noisy data and compare our results with those obtained via well established methods based on the thresholding
of wavelet coetcients. We show that the curvelet transform allows us also to well enhance elongated features
contained in the data. Finally, we describe the Morphological Component Analysis, which consistsin separating
features in an image which do not presert the samemorphological characteristics. A range of examplesillustrates

the results.

Key words. methods: Data Analysis { techniques: Image
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1. Intro duction

The wavelet transform hasbeenextensively usedin astro-
nomical data analysis during the last ten years. A quick
seard with ADS shaows that around 600 papers cortain
the keyword "W avelet" in their abstract, and all astro-
physical domains were concerned,from the sun study to
the CMB analysis.

This large successof the wavelet transform (WT) is
due to the fact that astronomical data presens generally
complex hierarchical structures, often described as frac-
tals. Using multiscale approacessuc the wavelet trans-
form (WT), animagecanbe decompsedinto componerts
at di®erent scales,and the WT is therefore well-adapted
to astronomical data study.

A series of recent papers (Candgs and Donoho,
1999d; Candgsand Donoho, 1999c), however, argued that
wavelets and related classical multiresolution ideas are
playing with a limited dictionary made up of roughly
isotropic elemerns occurring at all scalesand locations.
We view as a limitation the facts that those dictionaries
do not exhibit highly anisotropic elemers and that there
isonly a xed number of directional elemers, independert
of scale.Despite the succesof the classicalwavelet view-
point, there are objects, e.g. imagesthat do not exhibit
isotropic scalingand thus call for other kinds of multiscale
represertation. In short, the theme of this line of researd
is to show that classicalmultiresolution ideasonly address
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a portion of the whole range of interesting multiscale phe-
nomena and that there is an opportunity to dewvelop a
whole new range of multiscale transforms.

Following on this theme, Candgs and Donoho in-
troduced new multiscale systemslike curvelets (Candps
and Donoho, 1999c) and ridgelets (Candgs, 1999) which
are very di®erert from wavelet-like systems. Curvelets
and ridgelets take the the form of basis elemens which
exhibit very high directional sensitivity and are highly
anisotropic. In two-dimensions,for instance, curvelets are
localized along curves, in three dimensionsalong sheets,
etc. Continuing at this informal level of discussionwe will
rely on an exampleto illustrate the fundamental di®erence
betweenthe wavelet and ridgelet approaces{p ostponing
the mathematical description of these new systems.

Consider an image which cortains a vertical band em-
bedded in white noise with relatively large amplitude.
Figure 1 (top left) represerts such an image. The pa-
rameters are as follows: the pixel width of the band is
20 and the SNR is setto be 0:1. Note that it is not pos-
sible to distinguish the band by eye. The wavelet trans-
form (undecimated wavelet transform) is also incapable
of detecting the presenceof this object; roughly speaking,
wavelet coexcients correspond to averagesover approx-
imately isotropic neighborhoods (at di®erent scales)and
those wavelets clearly do not correlate very well with the
very elongatedstructure (pattern) of the object to be de-
tected.

We now turn our attention towards proceduresof a
very di®erert nature which are based on line measure-
ments. To be more speci ¢, consider an ideal procedure
which consists in integrating the image intensity over
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Fig. 1. Top left, original image containing a vertical band embedded in white noise with relativ ely large amplitude. Top right,
signal obtained by integrating the image intensity over columns. Bottom left, reconstructed image for the undecimated wavelet
coezcient, bottom right, reconstructed image from the ridgelet coetcients.

columns; that is, along the orientation of our object. We
usethe adjective \ideal" to emphasizethe important fact
that this method of integration requiresa priori knowledge
about the structure of our object. This method of analysis
gives of coursean improved signal to noiseratio for our
linear functional better correlate the object in question,
seethe top right panel of Figure 1.

This example will make our point. Unlike wavelet
transforms, the ridgelet transform processeslata by rst
computing integrals over lines with all kinds of orienta-
tions and locations. We will explain in the next section
how the ridgelet transform further processesthose line
integrals. For now, we apply naive thresholding of the
ridgelet coexcients and \in vert" the ridgelet transform;
the bottom right panel of Figure 1 shavsthe reconstructed
image. The qualitative di®erencewith the wavelet ap-
proach is striking. We obsene that this method allows
the detection of our object even in situations where the

noise level (standard deviation of the white noise)is ve
times superior to the object intensity.

The cortrasting behavior betweenthe ridgelet and the
wavelet transforms will be one of the main themesof this
paper which is organizedasfollows. We rst brie°y review
some basic ideas about ridgelet and curvelet represena-
tions in the cortinuum. In parallel to a previous article
(Starck et al., 2002), Section 2 rapidly outlines a possible
implemertation strategy. Sections3 and 4 presen respec-
tively how to usethe curvelet transform for image denois-
ing and and image enhancemenh

We nally dewelop an approac which combines both
the wavelet and curvelet transforms and seard for a de-
composition which is a solution of an optimization prob-
lem in this joint represeration.



Starck et al.: The Curvelet Transform 3

2. The Curvelet Transform
2.1. The RidgeletTransfam

The two-dimensional cortin uous ridgelet transform in R?
can be de ned as follows (Candgs, 1999). We pick a
smooth univariate function A : R | R with suzcient
decay and satisfying the admissibility condition
iR()j?T»j2d»< 1 ; (1)
. . x . R
which holds if, say, A hasa vanishing mean A(t)dt= 0.
e will supposea special normalization about A so that
01 j,&(»)jz»i 2d» = 1.
For eath a > 0, each b2 R and eath u 2 [0;2Y), we
de ne the bivariate ridgelet Ay, 1 R2! R by

Rapu(x) = a 12 ¢A((x1 cosp+ Xz sinpj b)=a); )

A ridgelet is constart alonglinesx; cosp+ X, sinpL = const.
Transverseto theseridgesit is a wavelet.

Figure 2.1 graphsa few ridgelets with di®eren param-
eter values. The top right, bottom left and right panels
are obtained after simple geometric manipulations of the
upper left ridgelet, namely rotation, rescaling, and shift-
ing.

Given an integrable bivariate function f (x), we de ne
its ridgelet coexcients by

Ri(@bil) = Agpy, (0f (x)dx

We have the exact reconstruction formula
z 21/4Z 1 VA 1

B Lk da  du
o= - Ri@bAm )5l @)

valid a.e. for functions which are both integrable and
squareintegrable.

Ridgelet analysismay be constructed aswavelet analy-
sisin the Radon domain. Recall that the Radon transform
of an object f is the collection of line integrals indexed by
(4t) 2 [0;2%) £ R given by

z
Rf (t) =  f(X1;X2)H(Xg cosp+ Xpsinpj t) dxidxs;(4)
where % is the Dirac distribution. Then the ridgelet trans-
form is preciselythe application of a 1-dimensionalwavelet
transform to the slicesof the Radon transform where the
angular variable p is constart and t is varying.

This viewpoint strongly suggestsdeveloping approxi-
mate Radon transforms for digital data. This subject has
received a considerableattention over the last decadesas
the Radon transform naturally appearsas a fundamertal
tool in many "elds of scierti ¢ investigation. Our imple-
mentation follows a widely usedapproad in the literature
of medical imaging and is basedon discrete fast Fourier
transforms. The key componert is to obtain approximate
digital samplesfrom the Fourier transform on a polar grid,
i.e. along lines going through the origin in the frequency
plane.

2.2. An Approximate Digital RidgeletTransfam
2.2.1.Radontranform

A fast implementation of the RT can be performedin the
Fourier domain. First the 2D FFT is computed. Then it is
interpolated along a number of straight lines equal to the
selectednumber of projections, ead line passingthrough
the origin of the 2D frequency space,with a slope equal
to the projection angle, and a number of interpolation
points equal to the number of rays per projection. The
one dimensional inverse Fourier transform of ead inter-
polated array is then evaluated. The FFT based RT is
however not straitforw ard becausewe needto interpolate
the Fourier domain. Furthermore, if we want to have an
exact inverse transform, we have to make sure that the
lines passthrough all frequencies.
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Fig. 3. lllustration of the digital polar grid in the frequency
domain for an n by n image (n = 8). The "gure displays the
set of radial lines joining pairs of symmetric points from the
boundary of the square. The rectopolar grid is the set of points
{ marked with circles{ at the intersection betweenthose radial
lines and those which are parallel to the axes.

For our implementation, we use a pseudo-plar grid.
The geometry of the rectopolar grid is illustrated on
Figure 2.2.1. We select 2n radial lines in the frequency
plane obtained by connecting the origin to the vertices
(k1; k2) lying on the boundary of the array (ki;k») , i.e.
such that k; or ky 2 fi n=2;n=2g. The polar grid ».n (
senesto index a givenradial line while the position of the
point on that line is indexed by m) that we shall useis
the intersection between the set of radial lines and that
of cartesianlines parallel to the axes.To be more specic,
the sample points along a radial line L whoseangle with
the vertical axis is lessor equalto ¥#4 are obtained by in-
tersecting L with the setof horizontal linesfx, = ky; ko =

de nes our sample points whene\er the angle between L
and the horizontal axis is lessor equalto ¥#4. The cardi-
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Fig. 2. A Few Ridgelets

nality of the rectopolar grid is equalto 2n? asthere are 2n
radial lines and n sampledvalueson ead of theselines. As
aresult, data structures assaiated with this grid will have
a rectangular format. We obsene that this choice corre-
spondsto irregularly spacedvaluesof the angular variable
K. More details can be found in (Starck et al., 2002).

2.2.2.1D WaveletTransfam

To complete the ridgelet transform, we must take a one-
dimensional wavelet transform along the radial variable
in Radon space.We now discussthe choice of digital one-
dimensional wavelet transform.

Experience has showvn that compactly-supported
wavelets can lead to many visual artifacts when used
in conjunction with nonlinear processing- suc as hard-
thresholding of individual wavelet coetcients - particu-
larly for decimated wavelet schemesusedat critical sam-
pling. Also, becauseof the lack of localization of sud
compactly-supported wavelets in the frequency domain,
°uctuations in coarse-scalevavelet coexcients can intro-
duce ne-scale °uctuations; this is undesirablein our set-
ting. Here we take a frequency-domain approach, where
the discrete Fourier transform is reconstructed from the
inverseRadon transform. These considerationslead us to
use band-limited wavelet { whose support is compact in
the Fourier domain rather than the time-domain. Other
implemertations have made a choice of compact support
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in the frequency domain as well (Donoho, 1998; Donoho,
1997). Howewer, we have chosena speci ¢ overcomplete
system, basedon work of Starck et al. (1994;1998), who
constructed such a wavelet transform and applied it to
interferometric image reconstruction. The wavelet trans-
form algorithm is basedon a scaling function A sud that
A vanishesoutside of the interval [i °c;°]. We de ned the
scaling function A as a renormalized B3-spline

AC) = SBa@);

and A as the di®erencebetween two consecutive resolu-
tions

R@e) = Ae) i Aee):

BecauseA is compactly supported, the sampling theorem

shaws than one can easily build a pyramid of n + n=2 +

i1+ 1= 2n elemerts, see(Starck et al., 1998) for details.
This transform enjoys the following features:

{ The wavelet coezcients are directly calculated in the
Fourier space.In the context of the ridgelet trans-
form, this allows avoiding the computation of the one-
dimensional inverse Fourier transform along ead ra-
dial line.

{ Each subband is sampled above the Nyquist rate,
hence, avoiding aliasing {a phenomenontypically en-
courtered by critically sampled orthogonal wavelet
transforms (Simoncelli et al., 1992).
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{ The reconstruction is trivial. The wavelet coetcients
simply needto be co-addedto reconstruct the input
signal at any given point. In our application, this im-
plies that the ridgelet coexcients simply needto be
co-addedto reconstruct Fourier coexcients.

This wavelet transform introduces an extra redun-
dancy factor, which might be viewed as an objection by
advocatesof orthogonality and critical sampling. However,
we note that our goal in this implemertation is not data
compression/exciernt coding - for which critical sampling
might be relevant - but instead noiseremoval, for which it
well-known that overcompletenessan provide substartial
advantages (Coifman and Donoho, 1995).

Figure 4 showsthe °owgraph of the ridgelet transform.
The ridgelet transform of animageof sizen£ n is animage
of size2n £ 2n, introducing a redundancy factor equal to
4,

We note that, becauseour transform is made of a chain
of steps, eath one of which is invertible, the whole trans-
form is invertible, and so has the exact reconstruction
property. For the samereason,the reconstruction is stable
under perturbations of the coezcients.

Last but not least, our discrete transform is compu-
tationally attractiv e. Indeed, the algorithm we preseried
here haslow complexity sinceit runsin O(n?log(n)) °ops
for an n £ n image.

The ridgelet transform of a digital array of sizen£ n is
an array of size2n£ 2n and henceintro ducesa redundancy
factor equalto 4.

2.3. Local RidgeletTransfoms

The ridgelet transform is optimal to "nd only lines of the
size of the image. To detect line segmetts, a partition-
ing must be introduced (Candgs, 1998). The image is de-
composedinto smoothly overlapping blocks of sidelength
b pixels in such a way that the overlap betweentwo ver-
tically adjacert blocks is a rectangular array of size b by
b=2; we use overlap to avoid blocking artifacts. For an n
by n image, we count 2n=b such blocks in ead direction.
The partitioning introducesredundancy; asa pixel be-
longsto 4 neighboring blocks. We preseri two competing
strategiesto perform the analysisand synthesis:

1. The block valuesare weighted (analysis) in suc a way
that the co-addition of all blocks reproduce exactly the
original pixel value (synthesis).

2. The block values are those of the image pixel values
(analysis) but are weighted when the image is recon-
structed (synthesis).

Experiments have shawvn that the secondapproad leads
to better results. We calculate a pixel value, f (i; j) from
its four corresponding block values of half-size ™ = b=2,
namely, Bi(i1;j1), Ba(i2;j1), Bs(is;j2) and Bua(iz;j2)
with i1;j1 > b=2 and i, = i1 “;j2 = j1i ~,in the
following way:

f1 = w(iz=)Ba(i1;j1) + W(li 12=)Ba(i2;j1)

fo = w(i2=")Ba(i1;j2) + W(1j i2=")Bal(iz2;j2)
f(;)) = w(i=)f1+w(li j2=)f2 )

with w(x) = cog(¥x=2). Of course,one might selectany
other smooth, nonincreasingfunction satisfying, w(0) = 1,
w(1) = 0, w)0) = 0 and obeying the symmetry property
w(x)+ w(lj x)=1.

It is worth mentioning that the spatial partitioning
intro ducesa redundancy factor equalto 4.

2.4. Digital CurveletTransfom
2.4.1.De nition

The curvelet transform (Donoho and Duncan, 2000;
Candpgs and Donoho, 1999a; Starck et al., 2002), open us
the possibility to analyze an image with di®erert block
sizes,but with a single transform. The ideais to rst de-
composethe imageinto a set of wavelet bands, and to an-
alyze each band by a local ridgelet transform. The block
sizecan be changedat eat scalelevel. Roughly speaking,
di®erert levels of the multiscale ridgelet pyramid are used
to represen di®erert subbandsof a Tter bank output.
At the sametime, this subband decomposition imposesa
relationship betweenthe width and length of the impor-
tant frame elemeris sothat they are anisotropic and obey
width = length?.

The discrete curvelet transform of a continuum func-
tion f (x1;X2) makes use of a dyadic sequenceof scales,
and a bank of TTters with the property that the passband
Tter ¢ is concenrated near the frequencies[22S; 225%2 ],

e.g.

Co=2,5af; @, (»)= Q212

In wavelet theory, one usesa decomposition into dyadic
subbands[2%; 25*1]. In cortrast, the subbandsusedin the
discrete curvelet transform of continuum functions have
the nonstandard form [22%;225*2]. This is nonstandard
feature of the discrete curvelet transform well worth re-
membering.

The curvelet decomposition is the sequenceof the fol-
lowing steps:

{ Subland Decomposition. The object f is decompsed
into subbands.

{ Smath Partitioning. Each subband is smoothly win-
dowed into \squares" of an appropriate scale(of side-
length » 2i 9).

{ Ridgelet Analysis. Each squareis analyzedvia the dis-
crete ridgelet transform.

In this de nition, the two dyadic subbands [225;225*1]
and [225*1 ; 2252 ] are mergedbefore applying the ridgelet
transform.

2.4.2.Digital Realization

It seemsthat the \|a trous" subband Ttering algorithm is
especially well-adapted to the needsof the digital curvelet
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Fig. 4. Ridgelet transform °owgraph. Each of the 2n radial lines in the Fourier domain is processedseparately. The 1-D inverse
FFT is calculated along each radial line followed by a 1-D nonorthogonal wavelet transform. In practice, the one-dimensional

wavelet coexcients are directly calculated in the Fourier space.

transform. The algorithm decomposesan n by n image |
as a superposition of the form

X

(X y)=c(xy) + w; (X;Y);
j=1

wherec; is acoarseor smooth versionof the original image
| and w; represeits ‘the details of ' at scale2i !, see
(Starck et al., 1998; Starck and Murtagh, 2002) for more
information. Thus, the algorithm outputs J + 1 subband
arrays of sizen£ n. (The indexing is such that, here,j = 1
corresponds to the nest scale(high frequencies).)
A sketch of the discrete curvelet transform algorithm

is:

1. apply the g trous algorithm with J scales,
2. setB; = Bmin ,

{ partition the subbandw; with a block sizeB; and
apply the digital ridgelet transform to ead block,

{ if j modulo 2= 1then Bj.+;1 = 2Bj,

{ elseBj.+1 = B;j.

The sidelength of the localizing windows is doubled at ev-
ery other dyadic subband, hence maintaining the funda-
mental property of the curvelet transform which says that
elemernts of length about 2i 172 sene for the analysis and
synthesis of the j-th subband [2 ;2 *1]. Note also that

the coarsedescription of the image c; is not processed.

We used the default value B, = 16 pixels in our im-

plemenrtation. Finally, Figure 5 gives an overview of the
organization of the algorithm.

This implemertation of the curvelet transform is also
redundant. The redundancy factor is equal to 16] + 1
wheneer J scalesare employed. Finally, the method en-
joys exact reconstruction and stability, becausethese in-
vertibilit y holds for eat elemen of the processingchain.

3. Filtering

We now apply our digital transforms for removing noise
from image data. The methodology is standard and is out-
lined mainly for the sake of clarity and self-cortainedness.
Supposethat oneis given noisy data of the form
Xij = F(;])+ Y&y ;
where f is the image to be recovered and z is white
noise,i.e. z; S N(0;1). Unlike FFT's or FWT's, our
discrete ridgelet (resp. curvelet) transform is not norm-
preservingand, therefore, the varianceof the noisy ridgelet
(resp. curvelet) coexcients will depend on the ridgelet
(resp. curvelet) index , . For instance, letting F denote
the discrete curvelet transform matrix, we have Fz %'
N(0;FFT). Becausethe computation of FFT is pro-
hibitiv ely expensive, we calculated an approximate value
3% of the individual variances using Monte-Carlo simu-
lations where the diagonal elemeris of FFT are simply
estimated by evaluating the curvelet transforms of a few
standard white noiseimages.
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Fig. 5. Curvelet transform °owgraph. The “gure illustrates the decomposition of the original image into subbands followed by
the spatial partitioning of each subband. The ridgelet transform is then applied to ead block.

Let y Dbe the noisy curvelet coetcients (y = Fx). We
usethe following hard-thresholding rule for estimating the
unknown curvelet coezcients:
g =y ity =%, k¥

¢ =0 if jy j=¥%< k%:

(6)
)
In our experimerts, we actually chosea scale-degndert

value for k; we have k = 4 for the rst scale(j = 1) while
k = 3 for the others (j > 1).

PoissonNoise

Assumenow that we have Poissondata x;; with unknown
meanf (i; j). The Anscombe transformation (Anscombe,
1948)

r

3
x=2 x+ 8
stabilizes the variance and we have x = 2p f + 2 where 2
is a vector with independert and approximately standard
normal componens. In practice, this is a good approxi-
mation whenewer the number of counts is large enough,
greater than 30 per pixel, say.

For small number of courts, a possibility is to compute
the Radon transform of the image, and then to apply the
Anscombe transformation to the Radon data. The ratio-
nale being that, roughly speaking, the Radon transform

®)

correspondsto a summation of pixel valuesover lines and
that the sum of independert Poissonrandom variablesis a
Poissonrandom variable with intensity equal to the sum
of the individual intensities. Hence, the intensity of the
summay be quite large (hencevalidating the Gaussianap-
proximation) ewven though the individual intensities may
be small. This might be viewed asan interesting feature as
unlike wavelet transforms, the ridgelet and curvelet trans-
formstend to averagedata over elongatedand rather large
neighborhoods.

Gaussiarand PoissonNoise

The arrival of photons, and their expressionby electron
courts, on CCD detectors may be modeled by a Poisson
distribution. In addition, there is additive Gaussianread-
out noise.The Ansconmbe transformation (eqn. 8) hasbeen
extendedto take this combined noiseinto accourt. As an
approximation, considerthe signal's value, sk, asa sum of
a Gaussianvariable, °, of mean g and standard-deviation
%; and a Poissonvariable, n, of meanmg: wesetx = °+®n
where ® is the gain. The generalization of the variance

stabilizing Ansconbe formula is (Murtagh et al., 1995):
r

2

= ©

With appropriate values of ®, ¥ and g, this reducesto
Ansconbe's transformation.

®x+g®2+%i ®g
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Then, for an image containing Poisson and
Poisson+Gaussian noise, we apply rst respectively
the Ansconmbe and the GeneralizedAnscombe transform.

These variance stabilization transformations, it has
been shavn in Murtagh et al. (1995), are only valid for
a suzxciently large number of counts (and of course,for a
larger still number of courts, the Poissondistribution be-
comesGaussian).The necessaryaveragenumber of counts
is about 20 if bias is to be avoided. Note that errors re-
lated to small values carry the risk of removing real ob-
jects, but not of amplifying noise. For Poissonparameter
values under this threshold acceptablenumber of courts,
the Anscombe transformation losescontrol over the bias.
In this case,an alternative approad to variance stabi-
lization is needed.lt hasbeenshown that the rst step of
the ridgelet transform consistsin a Radon transform. As a
Radon coezxcient is an addition of pixel valuesalonga line,
the Radon transform of an image containing Poissonnoise
contains alsoPoissonnoise.Then the Ansconbe transform
canbeapplied after the Radon transformation rather than
on the original image. The advantage is that the number
of courts per pixel will obviously be larger in the Radon
domain than in the image domain, and the variance sta-
bilization will be more robust.

Experiment

A Gaussianwhite noisewith a standard deviation xed to
20 was added to the Saturn image. We employed se\eral
methods to "Tter the noisy image:

1. Thresholding of the Curvelet transform.

2. Bi-orthogonal undecimated wavelet de-noising meth-
ods using the Dauchecies-Antonini 7/9 "Tters (FWT-
7/9) and hard thresholding.

3. ptrous wavelet transform algorithm and hard thresh-
olding.

Our experiments are reported on Figure 6. The curvelet
reconstruction doesnot cortain the quarntit y of disturbing
artifacts along edgesthat one seesin wavelet reconstruc-
tions. An examination of the details of the restored im-
agesis instructiv e. One noticesthat the decimatedwavelet
transform exhibits distortions of the boundaries and suf-
fers substartial loss of important detail. The p trous
wavelet transform givesbetter boundaries,but completely
omits to reconstruct certain ridges. In addition, it exhibits
numerous small-scaleembeddedblemishes;setting higher
thresholdsto avoid theseblemisheswould causeeven more
of the intrinsic structure to be missed.

Further results are visible at the following URL:
http://www-stat.stanford.edu/ » jstarck

Figure 7 showvs an example of an X-ray image Ttering
by the ridgelet transform using suc an approad. Figure 7
left and right shows respectively the XMM/Newton image
of the Kepler SN1604supernaova and the ridgelet "Ttered
image (using a v e sigma hard thresholding).

Which transfam shouldbe chosenfor a givendata set
2

We have introduced in this paper two new transforms,
the ridgelet transform and the curvelet transform. Seweral
other transforms are often used in astronomy, sud the
Fourier transform, the isotropic p trous wavelet transform
and the bi-orthogonal wavelet transform. The choise of
the best transform may be delicate. Each transform has
its own domain of optimalit y:

{ The Fourier transform for stationary process.

{ The ptrous wavelet transform for isotropic features.

{ The bi-orthogonal wavelet transform for featureswith
a small anisotropy, typically with a width equalsto
half the length.

{ The ridgelet wavelet transform for anisotropic features
with a given length (i.e. block size).

{ The curvelet transform for anisotropic features with
di®erent length and width equalsto the squareof the
length.

Section 5 will shav how seweral transforms can be used
simultaneously, in order to benet of the advantages of
ead of them.

4. Contrast Enhancement

Becausesomefeatures are hardly detectable by eyein an
image, we often transform it before display. Histogram
equalization is one the most well-known methods for con-
trast enhancemeh Sud an approac is generally useful
for imageswith a poor intensity distribution. Sinceedges
play a fundamertal role in image understanding, a way
to enhancethe cortrast is to enhancethe edges.For ex-
ample, we can add to the original image its Laplacian
(I ‘=1 +°¢I,where® isa parameter). Only featuresat
the nest scaleare enhanced(linearly). For a high ° value,
only the high frequenciesare visible.

Since the curvelet transform is well-adapted to rep-
resert images containing edges,it is a good candidate
for edgeenhancemen Curvelet coexcients can be mod-
i ed in order to enhance edgesin an image. The idea
is to not modify curvelet coetcients which are either
at the noise level, in order to not amplify the noise, or
larger than a given threshold. Largest coextcients corre-
sponds to strong edgeswhich do not needto be ampli-
“ed. Therefore, only curvelets coetcients with an abso-
lute value in [Tmin ; Tmax | are modi ed, where T, and
Tmax Must be "xed. We de ne the following function y,

which modi es the valuesof the curvelet coe+cients:
Ve(X) = 1if X < Tin
X Tmin Tmax p 2Tmin i X
X) = + if X< 2Ty
yC( ) Tmin Tmin ) Tmin min
T .
ye(X) = (%)p if 2Tmin © X < Trmax
Ye(X) = 1if X, Tmax (10)
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Fig. 6. Top left, part of Saturn image with a Gaussian noise. Top right, Ttered image using the undecimated bi-orthogonal
wavelet transform. Bottom left and right, Ttered image by the p trous wavelet transform algorithm and the curvelet transform.

p determines the degreeof non-linearity. T, is de-
rived from the noise level, Tnin = ¢% A c value larger
than 3 guararties that the noise will not be ampli ed.
The Tmax parameter can be de ned either from the noise
standard deviation (Tmax = Km %) or from the maximum
curvelet coexcient M. of the relative band (Tnax = Mg,
with |1 < 1). The rst choice allows the userto de ne the
coezxcients to amplify asa function of their signalto noise
ratio, while the secondone givesan easyand generalway
to x the Tnhax parameter independertly of the range of
the pixel values.Figure 8 showsthe curverepresering the
enhancedcoezxcients versusthe original coexcients.

The curvelet enhancemen method consistsof the fol-
lowing steps:

1. Estimate the noise standard deviation ¥in the input
imagel .

2. Calculate the curvelet transform of the input image.
We get a set of bands w;, eath band w; contains N;
coezxcients and correspondsto a given resolution level.

3. Calculate the noise standard deviation % for ead
band j of the curvelet transform (see (Starck et al.,
2002) more details on this step).

4. For eath band j do

{ Calculate the maximum M; of the band.
{ Multiply ead curvelet coexcient wj.x by yc(j W |
).

5. Reconstruct the enhancedimage from the modi ed

curvelet coexcients.

Example:Saturn Image

Figures 9 shows respectively a part of the Saturn image,
the histogram equalized image, the Laplacian enhanced
image and the curvelet multiscale edge enhancedimage
(parameters were p = 0:5, ¢ = 3, and | = 0:5). The
curvelet multiscale edge enhanced image shows clearly
better the rings and edgesof Saturn.
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Fig. 7. Left, XMM/Newton

image of the Kepler SN1604 supernova.
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Right, ridgelet Ttered image.
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Fig. 8. Enhanced coe+cients versusoriginal coetcients. Parameters are Tmax =30,c=5 and p=0.5.

5. Morphological Component Analysis
5.1. Introduction

The content of an image is often complex, and there is
not a single transform which is optimal to represen all

the contained features. For example, the Fourier trans-
form better represeris some textures, while the wavelet
transform better represers singularities. Even if we limit

our classof transforms to the wavelet one, decision have
to be taken betweenan isotropic wavelet transform which
produce good results for isotropic objects (such stars and
galaxiesin astronomical images,cellsin biological images,
etc), or an orthogonal wavelet transform, which is better
for imageswith edges.This has motivated the develop-
mernt of di®erent methods (Chen et al., 1998;Meyer et al.,
1998; Huo, 1999), and the two most frequertly discussed
approades are the Matching Pursuit (MP) (Mallat and
Zhang, 1993) and the Basis pursuit (BP) (Chen et al.,
1998). A dictionary D being de ned as a collection of
waveforms (' - )-2; , the general principe consistsin rep-
resening a signal s as a \sparse" linear combination of a

small number of basissud that:

X
s=  a'- (11)

or an approximate decomposition

(12)

Matching pursuit (Mallat and Zhang, 1993; Mallat,
1998) method (MP) usesa greedy algorithm which adap-
tively re nes the signal approximation with an iterativ e
procedure:

{ Sets®=0andR°= 0.

{ Find the elemen ®,' -, which bestcorrelateswith the
residual.

{ Update s and R:

K+ @' -,

sj s

Sk+1 —

Rk+l - (13)
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Fig. 9. Top, Saturn image and its histogram equalization. Bottom, Saturn image enhancemern the Laplacian method and by

the curvelet transform.

In caseof non orthogonal dictionaries, it has beenshown
(Chen et al., 1998) that MP may spend most of the time
correcting mistakesmadein the rst fewterms, and there-
fore is suboptimal in term of sparsity.

Basis pursuit method (Chen et al.,, 1998) (BP) is a
global procedurewhich synthesizesan approximation sto
s by minimizing a functional of the type
ksj sk? +, ¢kek,; s= O® (14)
Betweenall possiblesolutions, the chosenonehasthe min-
imum I* norm. This choice of |, norm is very important.
A I, norm, asusedin the method of frames (Daubedies,
1988), doesnot presene the sparsity (Chen et al., 1998).

In many cases,BP or MP synthesis algorithms are
computationally very expensive. We preser in the fol-
lowing an alternative approad, that we call Combina
Transforms Method (CTM), which conmbinesthe di®erert
available transforms in order to bene't of the advantages
of eacth of them.

5.2. The CombinedTransfamation

Depending on the corntent of the data, seweral transforms
can be combined in order to get an optimal represera-
tion of all features contained in our data set. In addition
to the ridgelet and the curvelet transform, we may want
to usethe g trous algorithm which is very well suited to
astronomical data, or the undecimated wavelet transform
which is commonly usedin the signal processingdomain.

Other transform such wavelet padets, the Fourier
transform, the Pyramidal median transform (Starck et al.,
1998), or other multiscale morphological transforms, could
also be considered. However, we found that in practice,
these four transforms (i.e. curvelet, ridgelet, p trous al-
gorithm, and undecimated wavelet transform) furnishes
a very large panel of waveforms which is generally large
enough to well represents all features contained in the
data.

In general, supposethat we are given K linear trans-

an object x after applying the transform Ty, i.e. ®& = TgX.
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We will supposethat for ead transform T, we have avail-
able a reconstruction rule that we will denoteby T; * al-
though this is clearly an abuseof notations.

Therefore, we seard a vector ® = ®y;:::;® sud
that
s= O® (15)
P .
where ©® = Ezl T} '®. As our dictionary is overcom-

plete, there is anin nit y of vectorsveri ng this condition,
and we needto solve the following optimization problem:

min ksj A®K? +C(®) (16)

where C is a penalty term. We easily seethat chosing
C(®) =k ® ki, leadsto the BP method, where the dic-
tionary D is only composedof the basis elemeris of the
chosentransforms.

Two iterativ e methods, soft-CTM and hard-CTM, al-
lowing us to realize such a combined transform, are de-
scribed in this section.

5.3. Soft-CTM

Noting T1;:::; Tk the K transform operators, a solution ®
is obtained by minimizing a functional of the form;

. X
Ty '@ kg +,
k=1 K

J(® =ksj K ® ki (17)

where s is the original signal, and ® are the coe+cients
obtained with the transform Ty.
An simple algorithm to achieve suc an solution is:

1. Initialize Lax, the number of iterations N, , = Lmax,
and & = bpec
2. While , >= 0do
3. Fork=1,.,K do P
{ Calculate the residualR = sj | T, *@®.
{ Calculate the transform Ty of the residual: ry =
TkR.
{ Add the residualto ®: ® = ® + r.
{ Soft threshold the coexcient ®, with the , thresh-
old.
4. . =, i %, andgoto 2.

B

Figure 10 illustrates the result in the casewhere the
input image contains only lines and Gaussians.In this
experiment, we have initialized Lmax to 20, and + to 2
(10 iterations). Two transform operators were used, the g
trous wavelet transform and the ridgelet transform. The
“rst is well adapted to the detection of Gaussiandue to
the isotropy of the wavelet function (Starck et al., 1998),
while the secondis optimal to represen lines (Candgsand
Donoho, 1999b). Figure 10 top, bottom left, and bottom
right represerts respectively the original image, the recon-
structed image from the p trous wavelet coexcient, and
the reconstructed image from the ridgelet coexcient. The
addition of both reconstructedimagesreproducesthe orig-
inal one.

In somespeci ¢ caseswhere the data are sparsein all
bases,it has been showvn (Huo, 1999; Donoho and Huo,
2001) that the solution is identical to the solution when
using a k : kg penalty term. This is however generally
not the case.The problem we met in image restoration
applications, when minimizing equation 17, is that both
the signal and noiseare split into the bases.The way the
noiseis distributed in the coexcients ® is not known, and
leadsto the problem that we do not know at which level we
should threshold the coezcients. Using the threshold we
would have used with a single transform makes a strong
over- Ttering of the data. Using the I' optimization for
data restoration implies to “rst study how the noiseis dis-
tributed in the coetcients. The hard-CTM method does
not preseri this drawback.

5.4. Hard-CTM

The following algorithm consistsin hard thresholding the
residual successiely on the di®eren bases.

1. For noise Ttering, estimate the noise standard devia-
tion 3 and set L min = ks, Otherwise, set %= 1 and

Lmin = 0.
2. Initialize L max, the number of iterations Nj, , = Lmax
andi = L max i L min .

3. Setall coeicights ® to 0.
4. While ;| >= Ly, do
5.fork=1,..,K do p

{ Calculate the residualR = sj | T, *@.

{ Calculate the transform Ty of the residual: ry =

TkR.
{ For all coetcients ®; do
{ Update the coezcients: if ®&. 6 O orjry; j>
JYathen @i = @i + i

6., =, i +,andgoto5.

For an exact represeration of the data, ks, must be set
to 0. Choosing ks, > 0 introducesa Ttering. If a single
transform is used, it correspondsto the standard k-sigma
hard thresholding.

It seemsthat starting with a high enoughlL nax and a
high number of iterations would leadto the I° optimization
solution, but this remainsto be proved.

5.5. Experiments
5.6. Experiment 1: Infrared GeminiData

Fig. 11 upper left shavs a compact blue galaxy located
at 53 Mpc. The data have beenobtained on ground with
the GEMINI-OSCIR instrument at 101 m. The pixel "eld
of view is 0:089%pix, and the sourcewas obsened during
1500s.The data are contaminated by a noiseand a strip-
ping artifact due to the instrument electronic. The same
kind of artifact pattern were obsened with the ISOCAM
instrument (Starck et al., 1999).

This image, noted D19, has been decomposed using
wavelets, ridgelets, and curvelets. Fig. 11 upper middle,
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Fig. 10. Top, original image containing lines and gaussians.Botton left, reconstructed image for the g trous wavelet coe+cient,

bottom right, reconstructed image from the ridgelet coezcients.

upper right, and bottom left show the three imagesR g,
Ci0, Wqg reconstructedrespectively from the ridgelets, the
curvelets, and the wavelets. Imagein Fig. 11 bottom mid-
dle shaws the residual, i.e. €10 = D1gj (Rig+ C10+ Wip).
Another interesting image is the artifact free one, ob-
tained by subtracting Rig and C;o from the input data
(seeFig. 11 bottom right). The galaxy has well beende-
tected in the wavelet space,while all stripping artifact
have been capted by the ridgelets and curvelets.

Fig. 12 upper left showvsthe samegalaxy, but at 201 m.
We have applied the samedecomposition on D . Fig. 12
upper right shows the coaddedimage Ry + Cy, and we
can seebottom left and right the wavelet reconstruction
Wy and the residudal e;p = Dyg j (Rgo + Cyo + Wzo).

5.7. Experiment2: A370

Figure 13 upper left shows the HST A370 image. It con-
tains many anisotropic features sud the gravitationnal

arc, and the arclets. The image has beendecompmsedus-
ing three transforms: the ridgelet transform, the curvelet
transform, and the g trous wavelet transform. Three im-
ageshave then beenreconstructed from the coe+cients of
the three basis.Figure 13upper right shavsthe coaddition
of the ridgelet and curvelet reconstructed images. The p
trous reconstructed image is displayed in Figure 13 lower
left, and the coaddition of the three imagescan be seen

in Figure 13 lower right. The gravitational arc and the
arclets are all represenied in the ridgelet and the curvelet
basis,while all isotropic featuresare better represerted in
the wavelet basis.

5.7.1.Elongated- point like object sepaation in
astronomicalimages.

Figure 14 shows the result of a decomposition of a spiral
galaxy (NGC2997). This image (gure 14 top left) con-
tains many compact structures (stars and HII region),
more or lessisotropic, and large scale elongated features
(NGC2997 spiral part). Compact objects are well repre-
sented by isotropic wavelets, and the elongated features
are better represerted by a ridgelet basis. In order to
benet of the optimal data represenation of both trans-
forms, the imagehasbeendecomposedon both the g trous
wavelet transform and on the ridgelet transform by us-
ing the same method as described in section 5.4. When
the functional is minimized, we get two images,and their
coaddition is the Ttered versionof the original image.The
reconstructionsfrom the ptrous coexcients, and from the
ridgelet coexcients can be seenin “gure 14 top right and
bottom left. The addition of both imagesis presened in
“gure 14 bottom right.

We can see that this Morphological Componert
Analysis (MGA) allows us to separate automatically
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Fig. 11. Upper left, galaxy SBS 0335-052(10 * m), upper middle, upper right, and bottom left, reconstruction respectively from
the ridgelet, the curvelet and wavelet coetcients. Bottom middle, residual image. Bottom right, artifact free image.

features in an image which have di®erert morphologi-
cal aspects. It is very di®erent from other techniques
such as Principal Componert Analysis or Independert
Componert Analysis (Cardoso, 1998) where the separa-
tion is performed via statistical properties.
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Fig. 13. Top left, HST image of A370, top right coadded image from the reconstructions from the ridgelet and the curvelet
coezxcients, bottom left reconstruction from the ptrous wavelet coetcients, and bottom right addition of the three reconstructed
images.
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Fig. 14. Top left, galaxy NGC2997, top right reconstructed image from the p trous wavelet coetcients, bottom left, reconstruc-

tion from the ridgelet coetcients, and bottom right addition of both reconstructed images.



