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Abstract

Three-dimensional volumetric data are becoming increasingly available
in a wide range of scientific and technical disciplines. With the right tools,
we can expect such data to yield valuable insights about many important
systems in our three-dimensional world.

In this paper, we develop tools for the analysis of 3-D data which
may contain structures built from lines, line segments, and filaments.
These tools come in two main forms: (a) Monoscale: the X-ray trans-
form, offering the collection of line integrals along a wide range of lines
running through the image — at all different orientations and positions;
and (b) Multiscale: the (3-D) beamlet transform, offering the collection
of line integrals along line segments which, in addition to ranging through
a wide collection of locations and positions, also occupy a wide range of
scales. We describe three principles for computing these transforms: exact
(slow) evaluation, approximate, recursive evaluation based on a multiscale
divide-and-conquer approach, and fast exact evaluation based on the use
of the two-dimensional Fast Slant Stack algorithm (Averbuch et al. 2001)
applied to slices of sheared arrays.

We compare these different computational strategies from the view-
point of analysing the small 3-D datasets available currently, and the
larger 3-D datasets surely to become available in the near future, as stor-
age and processing power continue their exponential growth. We also
describe several basic applications of these tools, for example in finding
faint structures buried in noisy data.
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1 Introduction

In field after field, we are currently seeing new initiatives aimed at gathering
large high-resolution three-dimensional datasets. While three-dimensional data
have always been crucial to understanding the physical world we live in, this
transition to ubiquitous 3-D data gathering seems novel. he driving force is
undoubtedly the pervasive in uence of increasing storage capacity and computer
processing power, which a ects our ability to create new 3-D measurement in-
struments, but which also ma, es it possible to analyse the massive volumes of
data that inevitably result when 3-D data are being gathered.

s e amples of such ongoing developments we can mention tragalac-
tic stronomy , where large-scale gala y catalogs are being developed  i-
ological Imaging, where methods li e single-particle electron microscopy and
tomographic electron microscopy directly give 3-D data about structure of bio-
logical interest at the cellular level and below 3, and perimental article

hysics, where 3-D detectors lead to new types of e periments and new data
analysis questions 1.

In this paper we describe tools which will be helpful for analy ing 3-D data
when the features of interest are concentrated on lines, line segments, curves,
and filaments. uch features can be contrasted to datasets where the ob ects
of interest might be blobs or pointli e ob ects, or where the ob ects of interest
might be sheets or planar ob ects. ectively, we are classifying ob ects by
their dimensionality and for this paper the underlying ob ects of interest are of
dimension 1 in

igure 1 simulated large-scale gala y distribution, courtesy of natoly
lypin

s an e ample where such concerns arise, consider an e citing current develop-
ment in e tragalactic astronomy the compilation and publication of the loan



Digital y wurvey, a catalog of gala ies which spans an order of magnitude
greater scale than previous catalogs and which contains an order of magnitude
more data.
he catalog is thought to be massive enough and detailed enough to shed
considerable new light on the processes underlying the formation of matter and
gala ies. It will be particularly interesting for us to better understand the
filamentary and sheetli e structure in the large-scale gala y distribution. his
structure re ects gravitational processes which cause the matter in the universe
to collapse from an initially fully three-dimensional scatter into a scatter con-
centrated on lower-dimensional structures , , , .
igure 1 illustrates a point cloud dataset obtained from a simulation of
gala y formation. ven cursory visual inspection suggests the presence of fil-
aments and perhaps sheets in the distribution of matter. f course, this is
artificial data. imilar figures can be prepared for real datasets such as the as
ampanas catalog, and, in the future, the loan Digital y wurvey. o the
eye, the simulated and real datasets will loo similar. ut can one say more
an one rigorously compare the quantitative properties of real and simulated
data isting techniques, based on two-point correlation functions, seem to
provide only very wea ability to discriminate between various point configura-
tions , .
his is a challenging problem, and we e pect that it can be attac ed using
the methods suggested in this paper. hese methods should be able to quantify
the e tent and nature of filamentary structure in such datasets, and to provide
invariants to allow detailed comparisons of point clouds. While we do not have
space to develop such a specific application in detail in this paper, we hope to
brie y convey here to the reader a sense of the relevance of our methods.
What we will develop in this paper is a set of tools for digital 3-D data

which operationali e the and related transforms. or analysis
of continuum functions with , the -ray transform ta es
the form

where is a linein , and is a variable inde ing points in the line hence
the mapping contains within it all line integrals of

It seems intuitively clear that the -ray transform and related tools should be
relevant to the analysis of data containing filamentary structure. or e ample,
it seems that in integrating along any line which matches a filament closely over
a long segment, we will get an unusually large coe cient, while on lines that
miss filaments we will get small coe cients, and so the spread of coe cients
across lines may re ect the presence of filaments.

his sort of intuitive thin ing resembles what on a more formal level would
be called the principle of matched filtering in signal detection theory. hat
principle says that to detect a signal in noisy data, when the signal is at un nown
location but has a nown signature template, we should integrate the noisy data
against the signature template shifted to all locations where the signal may be



residing. ow filaments intuitively resemble lines, so integration along lines is
a ind of intuitive matched filtering for filaments. nce this is said, it becomes
clear that one wants more than ust integrating along lines, because filamentarity
can be a relatively local property, while lines are global ob ects. s filaments
might resemble lines only over moderate-length line segments, one might find
it more informative to compare them with templates of line integrals over
at all lengths, locations, and orientations. uch segments may do a

better ob of matching templates built from fragments of the filament.

ence, in addition to the -ray transform, we also consider in this paper
a multiscale digital -ray transform which we call the beamlet transform. s
defined here, the beamlet transform is designed for data in a digital
array. Its intent is to o er multiscale, multiorientation line Integration.

ur point of view is an adaptation to the 3-D setting of the viewpoint of Donoho
and wuo, whoin have considered beamlet analysis of -D images. hey have
shown that beamlets are connected with various image processing problems
ranging from curve detection to image segmentation. In their classification,
there are several levels to -D beamlet analysis

a special collection of line segments, deployed across
orientations, locations, and scales in -D, to sample these in an e cient
and complete manner.

the result of obtaining line integrals of the image along
all the beamlets.

a graphical structure underlying the -D beamlet dictio-
nary, e pressing notions of ad acency and allowing to pose algorithms for
e ploring the space of curves in images in terms of connected multiscale
chains of -D beamlets, which can be e pressed naturally as connected
paths in the beamlet graphs.

algorithms for image processing which e ploit the
beamlet transform and perhaps also the beamlet graph.

hey have built a wide collection of tools to operationali e this type of analysis
for -D images. hese are available over the internet , . In the eam ab
environment, one can, for e ample, assemble the various components in the
above picture to e tract filaments from noisy data. his involves calculating
beamlet transforms of the noisy data, using the resulting coe cient pyramid as
input to processing algorithms which are organi ed around the beamlet graph
and which use various graph-theoretical optimi ation procedures to find paths
in the beamlet graph which optimi e a statistical goodness-of-match criterion.
actly the same classification can be made in three dimensions, and very
similar libraries of tools and algorithms can be built. inally, many of the
same applications from the two-dimensional case are relevant in 3-D. ur goal



in this paper is to build the very basic components of this picture describing
the -ray and beamlet transforms that we wor with, the resulting beamlet
pyramids, and a few resulting beamlet algorithms that are easy to implement
in this framewor . nfortunately, in this paper we are unable to e plore all
the analogous eamlet-based algorithms such as the algorithms for e tracting
filaments from noisy data using shortest-path and related algorithms in the
beamlet graph. We simply scratch the surface.

he contents of the paper are as follows

ection o ers a discussion of two di erent systems of lines in 3-D, one
system enumerating all line segments connecting pairs of vo el corners
on the faces of the digital cube, and one system enumerating all possible
slopes and intercepts.

ection 3 discusses the construction of beamlets as a multiscale system
based on these systems of lines, and some properties of such systems,
the most important pair being a the low cardinality of the system it

has elements as opposed to the cardinality of the system of
all multiscale line segments, while b it is possible to e press each line
segment in terms of a short chain of log beamlets.

ection discusses two digital -ray transform algorithms based on the
verte -pairs family of lines.

ection discusses transform algorithms based on the slope-intercept fam-
ily of lines.

ection e hibits some performance comparisons
ection o ers some basic e amples of -ray analysis and synthesis.

ection discusses directions for future wor .

t o In I1n

o implement a digital -ray transform one needs to define structured families
of digital lines. We use two specific systems here, which we call the verte -
pair system and the slope-intercept system. lternative viewpoints on digital
geometry and discrete lines are described in 3 , 33 .

a e an cube of unit volume vo els, and call the set of vertices
the vo el corners which are not interior to the cube. hese vertices occur on



igure he vertices associated with the data cube are the vo el corners on
the surface a digital line indicated in red, with endpoints at vertices indicated
in green

the faces on the data cube, and there are about 1 such vertices. or an
illustration, see igure

o eep trac of vertices, we label them by the face they belong to 1
and by the coordinates within the face.

ow consider the collection of all line segments generated by ta ing distinct
pairs of vertices in . his includes many global scale lines crossing the cube
from one face to another, at vo el-level resolution. In particular it does not
contain any line segments with endpoints strictly inside the cube.

he set has roughly 1 elements, which can be usefully inde ed by the

they connect and the coordinates of the

endpoints on those faces. here are 1 such face-pairs involving distinct faces,
and we can uniquely specify a line by pic ing any such face-pair and any pair
of coordinate pairs obeying 1

We now consider a di erent family of lines, defined not by the endpoints, but
by a parametri ation. or this family, it is best to change the origin of the

coordinate system so that the data cube becomes an collection of
cubes with center of mass at . ence, for in the data cube we
have . We can consider three inds of lines

, depending on which a is provides the shallowest slopes. n -
driven line ta es the form

with slopes , , and intercepts and . ere the slopes 1. -and
-driven lines are defined with an interchange of roles between and or |, as
the case may be.



We will consider the family of lines generated by this, where the slopes and
intercepts run through an equispaced family

1 1 1

utic t t

he systems of line segments we have ust defined consist of segments
that traverse the cube completely, from one face to another. or analysis of
fragments of lines and curves, it is useful to have access to line segments which
begin and end well inside the cube and whose length is ad ustable so that there
are line segments of all lengths between vo el scale and global scale.
seemingly natural candidate for such a collection is the family of  line
segments between any vo el corner and any other vo el corner. or later use, we
call such segments . his set is e pressive it appro imates any line
segment we may be interested in to within less than the diameter of one vo el.
n the other hand, the set of all such beams can be of huge cardinality with
choices for both endpoints, we get 3-D beams so that it is clearly
infeasible to use the collection of 3-D beams as a basic data structure even for
ote that digital 3-D imagery is becoming available with from
esolution ciences, inc., orte adera, , and an important application is
to the analysis of volumetric images of fibers and other filamentary ob ects. or
such datasets, wor ing with storage would be prohibitive.
he challenge, then, is to develop a substitute for the
collection of 3-D beams, but one which is nevertheless e pressive, in that it can
be used for many of the same purposes as 3-D beams. hroughout this section
we will be wor ing in the conte t of verte -pair systems of lines.

dyadic cube 1 is the collection of points
1 1 1

where for an integer . uch cubes can be viewed
as descended from the unit cube 1 by recursive partitioning.
ence, the result of splitting in half along each a is is the eight cubes
1 where 1 , splitting those in half along each a is we get
the  subcubes where 1 3 ,and if we decompose the
unit cube into  vo els using a uniform -by- -by- grid with dyadic,

then the individual vo els are the cells ,
ssociated to each dyadic cube we can build a system of lines based on

verte pairs. or a dyadic cube tiled by vo els of side 1
for a dyadic with , let be the set of vo el corners on the
faces of  and let be the collection of all line segments generated by

verte -pairs from
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igure 3 Dyadic cubes
e nton
igure ertices on Dyadic ubes are always ust the points on the faces of
the cubes.
his dictionary of line segments has three desirable properties.
Itisa structure it consists of line segments occupying a range
of scales, locations, and orientations.
It has there are only 3-D beamlets, as com-
pared to beams.
It is a small number of beamlets can be chained together to

appro imately represent any beam.

he first property is obvious the multi-scale, multi-orientation, multi-location
nature has been obtained as a direct result of the construction.



igure amples of eamlets at two di erent scales. a cale  coarsest
scale b calel ne t finer scale .

o show the second property, we compute the cardinality of . y assump-
tion, our vo el si e 1  has , so there are 1 scales of dyadic cubes.
f course for any scale there are dyadic cubes of scale each of
these dyadic cubes contains vo els, appro imately boundary
vertices, and therefore 1 3-D beamlets.

he total number of 3-D beamlets at scale is the number of dyadic cubes
at scale , times the number of beamlets of a dyadic cube at scale , which gives
1 . umming for all scales gives a total of appro imately 3

elements total.

We will now turn to our third claim that the collection of 3-D beamlets is

e pressive. o develop our support for this claim, we will first introduce some

additional terminology and ma e some simple observations, and then state and
prove a formal result.

In decomposing a dyadic cube at scale into its dis oint dyadic subcubes
at scale 1, we call those subcubes the children of , and say that is their
parent. We also say that dyadic cubes are siblings if they have the same
parent. erms such as descendants and ancestors have the obvious meanings.
In this terminology, e cept at the coarsest and finest scales, all dyadic subcubes
have children, siblings and 1 parent. he data cube has neither parents
nor siblings and the individual vo els don t have children. We can view the
inheritance structure of the set of dyadic cubes as a balanced tree where each
node corresponds to a dyadic cube, the data cube corresponds to the root and
the vo el cubes are the leaves. he depth of a node is simply the scale parameter
of the corresponding cube .

he dividing planes of a dyadic cube are the 3 planes that divide the cube

into its children we refer to them as the -divider, -divider and -divider.



or e ample the -divider of is the plane 1 1,
the -divider is 1 1 , and the -divider is 1
1.

igure  Dividing planes of a cube

We now ma e a remar about beamlets of data cubes at di erent dyadic
uppose we have two data cubes of si es and , and suppose
that . iewing the two data cubes as filling out the same volume 1 ,
consider the beamlets in each system associated with a common dyadic cube
, he collection of beamlets associated with
the -based system has a finer resolution than those associated with the -
based system indeed every beamlet in the also occurs in the . ence,
in a natural sense, the beamlet families refine, and have a natural limit, ,
say. , of course, is the collection of all line segments in 1 with both
endpoints on the boundary of some dyadic cube. We will call members of this
family the , as opposed to the members of some , which
are . very discrete beamlet is also a continuum beamlet, but
not the reverse.

emma

Proo . raverse the beamlet starting from one endpoint headed toward the
other. If you travel through more than one subcube along the way, then at any
crossing from one cube to another, you will have to penetrate one of the -, -
or -dividers. ou can cross each such dividing plane at most once, and so there
can be at most di erent subcubes traversed.

heorem



igure  Decomposition of several beamlets into continuum beamlets at ne t
finer scale, indicating cases which can occur.

Proo . onsider the arbitrary line segment inside the unit cube with
endpoints and  that are not necessary vo el corners. We can appro imate
with a beam by replacing each endpoint with the closest vo el corner. ince
the 3 neighborhood of any point inside the unit cube must include a
verte ,the ausdor distance between and is bounded by 3
We now decompose the beam into a minimal cardinality chain of connected
continuum beamlets, by a recursive algorithm which starts with a line segment,
and at each stage brea s it into a chain of continuum beamlets, with remainders
on the ends, to which the process is recursively applied.
In detail, this wor s as follows. If is already a continuum beamlet for
we are done otherwise, can be decomposed into a chain of at most
four segments based on crossings of with the 3 dividing planes of
he interior segments of this chain all have endpoints on the dividing planes
and hence are all continuum beamlets for the cubes at scale 1. We go to
wor on the remaining segments. ither endmost segment of the chain might be
a continuum beamlet for the associated dyadic cube at scale 1 if so, we are
done with that segment if not, we decompose the segment into its components
lying in the children dyadic cubes at scale . gain, the internal segments of
this chain will be continuum beamlets, and additionally, at least one of the two
endmost segments will be a continuum beamlet. If both endmost segments are
continuum beamlets, then we are done. If not, ta e the segment which is not a
beamlet and brea it into its crossings with the dividing planes of the enclosing
dyadic cube. ontinue in this way until we reach the finest level, where, by

11



hypothesis, we obtain a segment which has an endpoint in common with the
original beam . ince is a beam, it ends in a verte corner, and since the
segment arose from earlier stages of the algorithm, the other endpoint is on the
boundary of a dyadic cube. ence the segment is a continuum beamlet and we
are done.

et s upperbound the number of beamlets generated by this algorithm. s-
sume always that we never fortuitously get an end segments to be a beamlet
when it is not mandated by the above comments. o we have continuum
beamlets at the 1st scale and we are left with segments to replace by chains
of discrete beamlets at finer scales. In the worst case, each of the segments
when decomposed at the ne t scale, generates 3 continuum beamlets and 1
non-beamlet. ontinuing to the finest scale, in which the dyadic cubes are the
individual vo els, we can have at most beamlets in the chain at the finest
scale. o in the worst case our chain will include continuum beamlets at the
1st scale, at the finest scale and at any other scale 3 1, o we get
a ma imum total of 1 continuum beamlets needed to
represent any line segment in the unit cube.

We now ta e the multiscale chain of beamlets and appro imate it by a chain
of discrete beamlets. he point is that the ausdor distance between line
segments is upperbounded by the distance between corresponding endpoints.

ow both endpoints of any continuum beamlet in lie on certain vo el faces.

ence they lie within a1~ neighborhood of some vo el corner. ence any
continuum beamlet in can be appro imated by a discrete beamlet in
withina ausdor distanceof1 . otice that there may be several choices
of such appro imants we can ma e the choice of appro imant consistently from
one beamlet to the ne t to maintain chain connectivity if we li e.

0o we get a ma imum total of connected beamlets needed to ap-
pro imate any line segment in the unit cube to within a ausdor distance of
ma 3 1 B 1 .

he fact that arbitrary line segments can be appro imated by relatively few
beamlets implies that

o see this, notice that a smooth curve can be appro imated to within

distance 1 by a chain about line segments this is a simple application
of calculus. ut then, appro imating each line segment in the chain by its own
chain of log  beamlets, we get appro imation within distance 1 1

by log beamlets.  oreover, we can set up the process so that the

individual chains of beamlets form a single unbro en chain. ompare also 1 ,
emma ., orollary .3, emma 3.

rt ir rn or orit
et be a vo el inde , where and let be the
corresponding vo el intensities of a 3D digital image. et be the function
on that represents to the data cube by piecewise constant interpolation



i.e. the value when

e nton

here is an obvious algorithm for computing beamlet -ray coe cients one
at a time, simply compute the sums underlying the defining integrals.  his
algorithm steps systematically through the beamlet dictionary using the inde -
ing method we described above, identifies the vo els on the path  for each
beamlet, visits each vo el and forms a sum weighting the vo el value with the
arc length of  in that vo el.
In detail, the sum we are referring to wor s as follows. et denote the
cube representing vo el and  the curve traversing

ence, defining weights as the arc lengths of the
corresponding fragments, one simply needs the sum
f course, most vo els are not involved in this sum one only Wants to involve
the vo els where . he straightforward way to do this, e plicitly following
the curve  from vo el to vo el and calculating the arc length of the fragment of
curve within the vo el, is inelegant and bul y.  far better way to do this is to
identify three equispaced sequences and then merge them. hose sequences are
1 the intersections of  with the parallel planes the intersections
with the planes and 3 the intersections with the planes
ach of these collections of intersections is equispaced and easy to calculate. It
is also very easy to merge them in the order they would be encountered in a
traverse of the beamlet in definite order. his merger produces the sequence of
intersections that would be encountered if we pedantically trac ed the progress
of the beamlet vo el-by-vo el. he weights are ust the distances between
successive points.
he comple ity of this algorithm is rather sti on an vo el array
there are order beamlets to follow, and most of the sums require
ops, so the whole algorithm requires ops in general. perimental
studies will be described below.
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here is an asymptotically much faster algorithm for 3-D -ray and beam-
let transforms, based on an idea which has been well-established in the two-
dimensional case see articles of randt and Dym 11, by ot e and Druc en-
miller ,and by rady 1 , or the discussion in
he basis for the algorithm is the divide and conquer principle. s depicted
in igure , and proven in emma 1, each 3-D continuum beamlet can be
decomposed into ,3, or continuum beamlets at the ne t finer scale

It follows that

his suggests that we build an algorithm on this principle, so that for we
identify several associated to the child dyadic cubes of , getting the formula

ence, if we could compute all the beamlet coe cients at the finest scale, we
could then use this principle to wor systematically from fine scales to coarse
scales, and produce all the beamlet coe cients as a result.

he computational comple ity of this fine-to-coarse strategy is obviously
very favorable it is bounded by ops, since each coe cient s computation
requires at most additions. o we get an rather than algorithm.

here is a conceptual problem with operationali ing this principle, since in
general, the decomposition of a discrete beamlet in into its fragments at the
ne t finer scale as we have seen produces continuum beamlets, i.e. the are
in general only in ,andnot . enceitis not really the case that the terms

are available from finer scale computations. o deal with this, one uses
appro imation, identifying discrete beamlets  which are near the continuum
beamlets, and appro imates the by combinations of nearby

ence, in the end, we get favorable computational comple ity for an ap-
pro imately correct answer. We also get one very large advantage instead of
computing ust a single -ray transform, it computes all the scales of the mul-
tiscale beamlet transform in one pass. In other words it costs the same to
compute all scales or to compute ust the coarsest scale.

s we have described it, there are no parameters to play with to control
the accuracy, at perhaps greater computational e pense. What to do if we want
high accuracy taying within this framewor , we can obtain higher precision
by oversampling. We create an data cube, where where

is an oversampling parameter eg. e 3, fill the values from the original data
cube by interpolation e.g. piecewise constant interpolation , run the two-scale
algorithm for , and then eep only the coe cients associated to

he comple ity goes up as



o Int rc t rn or orit

We now develop two algorithms for -ray transform based on the slope-angle
family of lines described in ection . . oth are decidedly more sophisticated
than the verte -pairs algorithms, which brings both benefits and costs.

he first algorithm we describe adapts a fast algorithm for the -ray transform
in dimension , using this as an engine , and repeatedly applying it to obtain
a fast algorithm for the -ray transform in dimension 3.

lant tack

he fast slant stac algorithm has been developed by verbuch et al. 1
as way to rapidly calculate all line integrals along lines in -dimensional
slope angle form i.e. either -driven -dimensional lines of the form

where for and where or -driven -dimensional
lines of the form

where and run through the same discrete ranges. he algorithm can obtain
appro imate line integrals along all lines of these two forms in log

ops, which is e cellent considering that the number of pi els is . he
algorithm is appro imate, because it does not e actly compute the vo el-level
definition of -ray coe cient assumed in ection 3 above involving sums of
vo el values times arc lengths . Instead, it computes e actly the appropriate
sums deriving from so-called sinc-interpolation filters. igure shows the -D
arrays of weights involved as coe cient representers, i.e. the true weight pattern
which appro imates the e ect of literally summing along lines of various slopes
and angles.

s verbuch et al. point out, the fast slant stac belongs to a group of algo-
rithms developed over the years in synthetic aperture radar by awton 3 and
in medical imaging by ascia and by dholm and erman 3, where it is
called the inogram. he inogram has been e ploited systematically for more
than ten years in connection with many problems of medical imaging, includ-
ing cone-beam and fan-beam tomography, which concern image reconstruction
from subsets of the -ray transform. he most closely related wor in medical
imaging concerns the see 3 ,1 , and our discussion in ection 1 .
below. he terminology slant stac comes from seismology, where this type of
transform, with di erent algorithms, has been in use since the 1 s 1
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igure D lant tac ines

A2 5
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erall trategy

We can use the slant stac to build a 3-D  -ray transform by grouping together
lines into subfamilies which live in a common plane. We then e tract that plane
from the data cube and apply the slant stac to that plane, rapidly obtaining
integrals along along all lines in that plane. We ignore for the moment the
question of how to e tract planes from digital data when the planes are not
oriented along the coordinate a es.

In detail, our strategy wor s as follows. uppose we want to get transform
coe cients corresponding to -driven 3-D lines, i.e. lines obeying

Within the family of all ~ lines of this type, consider the subfamily

of all lines with a fi ed value of and a variable value of . uch lines
all lie in the plane of with arbitrary, . We
can consider this set of lines as ta ing all -driven -D lines in the plane
and then tilting the plane to obey the equation . ur intention

is to e tract this plane, sampling it as a function of and , and use the slant
stac to evaluate all the line integrals for all the -driven lines in that plane,
thereby obtaining all the integrals in at once, and to repeat this
for other families, wor ing systematically through values of  and
ome of these subfamilies with constant intercept and varying slope are

depicted in igure

In the end, then, our coordinate system for lines has one slope and one
intercept to specify a plane and one slope and one intercept to specify a line
within the plane.

hear ng

o carry out this strategy, we need to e tract data lying in a general -D plane
within a digital 3-D array.



igure lanes generates by families of lines in the lope- ngle dictionary
subpanels indicate various choices of slope.

We ma e a simple observation to e tract the plane with , and
, varying from the continuum function , we simply create a new
function defined by

for varying throughout 1 , with ta en as vanishing at arguments
outside the unit cube. We then ta e as our e tracted plane.
he idea is illustrated in igure 11.

In order to apply this idea to the case of digital arrays defined on
a discrete grid, note that, in general, will not be an integer even
when and are, and so the e pression is not defined
one needs to ma e sense of this quantity somehow. t this point we invo e the
notion of as discussed, for e ample, in 3, . iven
a -D image where , we define the shearing of

as a function at slope |, , according to

In words, the image is shifted vertically in each column constant, with the
shift varying from one column to the ne tin an -dependent way. ere is
an image which has been interpolated in the vertical direction so that the second
argument can be a general real number and not ust an integer. pecifically,



igure 1 ines elected from lanes via lope-Intercept inde ing

where is an interpolation ernel a continuous function of a real variable
obeying 1, for . he shearing of as a function of
wor s similarly, with

with

We define a shearing operator for a 3-D data cube by applying a -D operator
systematically to each -D planes in a family of parallel planes normal to one
of the coordinate a es. hus, if we spea of shearing in as a function of , we
mean

What shearing does is map a family of tilted parallel planes into a plane normal
to one of the coordinate a es. In the above e ample, data along the plane

is mapped onto the plane . igure 11 illustrates the process
graphically, e aggerating the process, by allowing pieces of the original image
to be sheared out of the original data volume. In fact those pieces moving out
of the data volume get chopped away in actual computations.

he Algor thm

rmed with this tool, we define the slant stac based -ray transform algorithm
as follows, giving details only for a part of the computation. he algorithm
wor s separately with -driven, -driven, and -driven lines. he procedure for
-driven lines is as follows

for each slope

hear as a function of with slope , producing the 3-D vo el
array



igure 11  hearing and slicing a 3D image. tracting hori ontal slices of a
sheared 3-D image is the same as e tracting slanted slices of the original image.

for each intercept

tract the -D image

alculate the -D -ray transform of this image, obtaining an
array of coe cients , and storing these in the array

end for
end for

he procedure is analogous for - and - driven lines.
he lines generated by this algorithm are as illustrated in igure 1 .
he time comple ity of this algorithm is log . Indeed, the cost of the
-D slant-stac algorithm is order log see , and this must be applied
order  times, one for each member of

particularly nice property of this algorithm is that it is , l.e. it
is very well-organi ed for use with modern hierarchical memory computers 31 .
In currently dominant computer architectures, main memory is accessed at a
speed which can be an order of magnitude slower than the cache memory on
the chip. s a result, other things being equal, an algorithm runs much
faster if it operates as follows



oad items from main memory into the cache
Wor intensively to compute results
end the results out to main memory

ere the idea is that the main computations involve relatively small bloc s of
data that can be ept in cache all at once, are referred to many times while in
the fast cache memory, saving dramatically on main memory accesses.
he lant- tac  hearing algorithm we have described above has e actly
this form. In fact it can be decomposed in steps, every one of which can be
conceptuali ed as follows

oad items from main memory into the cache
Do some combination of

ompute an -point forward or
ompute an -point inverse or

erform elementwise transformation on the -vector
end the results out to main memory

hus the -D slant stac and the 3-D data shearing operations can all be
decomposed into steps of this form. or e ample, data shearing requires com-
puting sums of the form . oreachfi ed

, we ta e the numbers 1, ta e their 1-D

along the last slice, multiply the by a series of appropriate coe -
cients, and then ta e their inverse 1-D. he story for the slant stac is similar,
but far more complicated. typical step in that algorithm involves the -D

, which is obtained by applying order 1-D s, once along each row
and once along each column. or more details see comments in

It is also worth remar ing that several modern architectures o er
, so that the step in the above decomposition runs without any
memory accesses for instruction fetches. uch architectures which include the
processor running on pple acintosh and I are even more
favorable towards this algorithm.

s a result of this cache- and -favorable organi ation the observed be-
havior of this algorithm is far more favorable than what asymptotic theory would
suggest. he verte -pairs algorithms of the previous section sit at the opposite
e treme since those algorithms involve summing data values along lines, and
the indices of thos evalues are scattered throughout the linear storage allocated
to the data cube, those algorithms appear to be performing essentially ran-
dom access to memory hence such algorithms run at the memory access speed
rather than the cache speed. In some circumstances those algorithms can even
run more slowly still, since cache misses can cost considerably more than one
memory access, and random accesses can cause large numbers of cache misses.

hese remar s are in line with behavior we will observe empirically below.



athematical analysis shows that the 3-D -ray transform of a continuum
function can be obtained from the ourier transform , . his
frequency-domain approach requires coordinati ing planes through the origin in
frequency space by

e tracting sections of the ourier transform along such planes,

and then ta ing the inverse ourier transform of those sections

he resulting function gives the -ray transform for lines

with an appropriate orthobasis .

o carry this out with digital data would require developing a method to
e ciently e tract many planes through the origin of the ourier transform cube,
and then perform -D inverse s of the data in those planes. ut how to
rapidly e tract a rich selection of planes through the origin he problem
initially sounds similar to the problem encountered in the previous section, but
recall that the set of planes needed there were families of parallel planes, not
families of planes through the origin.

igure 1 he seudopolar rid for . artesian data with are
converted into data at the intersections of concentric squares and lines through
the origin.

ur approach is as follows. ic a fi ed preferred coordinate a is, , say.
ic a subordinate a is, , say. In each constant-y slice, do a two-dimensional



shearing of the data, shearing as a function of atfi ed slope . Ine ect,
we have tilted the data cube, so that planar slices in the sheared volume become
tilted planar slice in the original volume. o0 now ta e each - plane, and
apply idea of artesian-to-pseudopolar conversion as described in .  his uses
interpolation to convert a planar artesian grid into a new point set consisting
of lines through the origin at various angles, and equispaced samples along
each line. his conversion being done for each plane with fi ed, then, grouping
the data in a given line through the origin across all values produces a plane
see igure 13. We then ta e a -D inverse transform of the data in this plane.

igure 13  electing planes through the origin. erforming cartesian-to-
pseudopolar conversion in the plane and then gathering all the data for
one radial line across di erent values of produces a series of planes through
the origin.

he computational comple ity of the method goes as follows. rder log

operations for transforming from the original space domain to the frequency

domain order log wor for each conversion of a artesian plane to

pseudopolar coordinates, giving log wor to convert a whole stac of

parallel planes in this way order log  wor to shear the array as a func-

tion of the preferred coordinate and 3 such shearings need to be performed.
verall, we get order coe cients in order log ops.

We have not pursued this method in detail, for one reason

, providing e -

actly the same results assuming e act arithmetic . his is a consequence of
the pro ection-slice theorem for the slant stac transform proved in

r or nc ur

We now consider two ey measures of performance of the fast algorithms ust
defined accuracy and timing.



o estimate the accuracy of the two-scale recursion algorithm, we considered a
1 array and compared coe cients from two-scale appro imation with direct
evaluation. We computed the average error for the di erent scales and applied
the algorithms both to a 3-D image that contains a single beamlet and to a 3-D
image that contains randomly distributed ones in a sea of ero, both 3D images
has the same norm. he table below shows that the coe cients obtained from
the two-scale recursion are significantly di erent from those of direct evaluation.

| Analy e ngle eamlet || Analy e andom catter |

scale relative error scale relative error
11 .
1 1 1 L1
3 1 1 3 3 1

ne way to understand this phenomenon is to loo at what the coe cients

are measuring by studying the for those coe cients. et

1 denote the two di erent linear transforms in question. pply the ad oint

of each transform to a coe cient-space vector with a one in one position and a
ero in other positions, getting

ach lives in image-space i.e. it is inde ed by vo els , and the entries
indicate the weights such that . In essence this
is the beamlet we are using in that beamlet transform. or later use we
call the operation of calculating that of bac pro ection , because we are
going bac from coe cient space to image space. his usage is consistent with
usage of the term in the tomographic literature, i.e. , 1 . It is evident
from studying displays of the associated beamlets that there is only a rough
qualitative agreement between the two inds of transforms at the finest scale.
owever, the definition of line integral at the finest scale is problematic in any
event, so it is unclear how much to be concerned by this.

he defining feature of 3-D processing is the massive volume of data involved
and the attendant long e ecution times for even basic tas s. o the burning
issue is how do the algorithms perform in terms of time to complete the
tas he display in igure 1 below shows that both the direct evaluation and
the two scale recursion methods slow down dramatically as increases one
e pectsal orl scaling law to be evident in this display, and in rough
terms, the display is entirely consistent with that law. he surprising thing in
this display is the in performance of the slant stac with increasing
his seeming anomaly is best interpreted in terms of the cache-awareness of



the slant stac algorithm. he slant stac algorithm becomes more and more
immune to cache misses as increases at least in the range we are studying ,
and so the number of cache misses per coe cient drops lower and lower for
this algorithm, while this e ect is totally absent for the direct evaluation and
two-scale recursion algorithm.
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We now give a few e amples of the -ray transform based on the slant stac
method.

While we have not discussed it at length, the ad oint of the -ray transform
is a very useful operator for each variant of the -ray transform that we have
discussed, the corresponding ad oint can be computed using ideas very similar
to those which allowed to compute the transform itself, and with comparable
computational comple ity. ust as the -ray transform ta es vo el arrays into

-ray coe cient arrays, the ad oint transform ta es -ray coe cient arrays into
vo el arrays.

We have already mentioned, near . above, that when the ad oint operator
is applied to a coe cient array filled with eros e cept for a one in a single slot,
the result is a vo el array. his array contains the weights underlying the
corresponding -ray transform coe cient. In formal mathematical language
this is the ies representer of the -th coe cient. Intuitively, the representer
should have its non ero weights all concentrated on or near the corresponding
geometrically correct line.

o chec this, we depict in igure 1 representers of four di erent -ray
coe cients. vidently, these are geometrically correct.



igure 1 epresenters of everal - ay oe cients.

It is also worth considering what happens if we apply the ad oint to coe cient
vectors which are ero in various regions in coe cient space. Intuitively, the
result should be a bundle of lines. Depending on the span of the region in slope
and intercept, the result might be simply li e a thic rod if only intercepts are
varying or li e a dumbell if only slopes are varying . o chec this, we depict
in igure 1 bac pro ection of four di erent region indicators. With a little
re ection, we can see that these are geometrically correct.

igure 1 -ray ac -pro ections of various rectangles in coe cient space.

ote that if the rectangle involves intercepts only, the bac pro ection is rect-
angular until cut o by cube boundary . If the rectangle involves slopes, the
bac pro ection is dumbell-shaped see lower right

It is of interest to consider bac pro ection of more interesting coe cient
arrays, such as wavelets with vanishing moments. We have done so and will
discuss the results elsewhere.



ow that we have the ability to generate lineli e ob ects in 3-D via bac pro ec-
tion from the -ray domain, we can conveniently investigate the properties of
-ray analysis.
onsider the e ample given in igure 1 .  beam is generated by bac pro-
ection as in the previous section. It is then analysed according to the -ray
transform. If the -ray transform were orthogonal, then we would see perfect
concentration of the transform in coe cient space, at precisely the location of
the spi e used to generate the beam. owever, the transform is not orthogo-
nal, and what we see is a concentration but not perfect concentration in
coe cient space near the location of the true generator.

RSN

-1 -1

-2 -2
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igure 1 - ay nalysisof a eam. a he -ray transform sliced in the
constant-intercept plane. b  he -ray transform sliced in the constant-slope
plane. ¢ hesi es of sorted -ray coe cients. d hesi es of sorted Wavelet-
ray coe cients.

Iso, if the transform were orthogonal, the rearranged sorted coe cients
would have a single non ero coe cient. s the figure shows, the coe cients
decay linearly on a semilog plot, indicating power-law decay.

ic tion t ctin r nt o i

We now s etch brie y an application of beamlets to detecting fragments of a
heli buried in noise. We suppose that we observe a cube of noisy 3-D data,
and that, possibly, the data contains buried in noise a filamentary ob ect.
y filamentary ob ect we mean the ind of situation depicted in igure 1 .
series of pi els overlapping a nonstraight curve is highlighted there, and we
imagine that, when such an ob ect is present in our data, that a constant
multiple of that 3-D template is added to a pure noise data cube.
When this is done, we have a situation that is hard to depict graphically,
since one cannot see through such a noisy cube. y this we mean the following



igure 1 oiseless eli

to visuali e such a data cube, it seems that we have ust two rendering options.
We can view the cube as opaque, render only the surface, and then we certainly
will not see what s going on inside the cube. r we can view the cube as
transparent, in which case, when each vo el is assigned a gray value based on
the corresponding data value, we see a very uniformly gray ob ect.

eing stymied by the tas of 3-D visuali ation of the noisy cube, we instead
display some -D slices of the cube see the rightmost panel of igure 1 . or
comparison, we also display the same slices of the noiseless heli . he ey point
to ta e away from this figure is that the noise level is so bad that the presence
of the helical ob ect would li ely not be visible in any slice through the data
volume.

igure 1 hree rthogonal lices through a a noiseless heli , b the noisy
data volume.

ere is a simple idea for detecting a noisy heli . We
simply ta e the beamlet transform, normali e each empirical beamlet coe cient



by dividing by the length of the beamlet, and then identify beamlet coe cients
if any that are unusually large compared to what one would e pect if we were
in a noise-only situation.

igure  shows the results of applying such a procedure to the noisy data
e ample of igures 1 -1 . he e treme right subpanel shows the beamlets that
were found to have significant coe cients. he center panel shows the result of
bac pro ecting those significant beamlets a rough appro imation to the filament
far left has been recovered.

igure noiseless heli , a reconstruction from noisy data obtained by
bac pro ecting coe cients e ceeding threshold, and a depiction of the beamlets
associated to significant coe cients.

ic tion r o In i nt

We also brie y s etch an application in using the -ray transform for data repre-
sentation. s we have seen in ection .1, the bac pro ection of a delta sequence
in -ray coe cient space is a line-li e element. We have so far interpreted this
as meaning that the -ray transform defines an of data via line-li e
elements. ut it may also be interpreted as saying that bac pro ection from
coe cient space defines a synthesis operator, which, for the right coe cient
array, can synthesi e a volumetric image from lineli e elements.

he tric is to find the right coe cient array to synthesi e a given desired
ob ect. his can be conceptually challenging because the -ray transform is
overdetermining, giving order  coe cients for an order  data cube. Iterative
methods for solving large-scale linear systems can be tried, but will probably be
ine ective, owing to the large spread in singular values of the -ray operator.

here is a way to modify the slant-stac shearing -ray transform to pro-
duce something that has reasonably controlled spread of the singular values.

his uses the fact, as described in verbuch et al. , that there is an ef-

fective preconditioner for the -D slant stac operator say , such that the
preconditioned operator obeys

ere 11. ence, the transform from -d images to their coe cients is
almost norm-preserving. Ine ect, performsa ind of fractional di erentiation



of the image before applying . If, in following the construction of the -ray
transform that was laid out in ection .1, we simply replace each invocation

of by . hene ectively, the transform coe cients, grouped together in the
families have in each such group, roughly the same norm as the
data in the corresponding plane , say of the data cube. or each
fi ed slope , the family of planes with di erent intercepts |, fill

out the whole data cube, and so the norms of all these planes, combined together
by a sum of squares, gives the squared norm of the whole data cube. It follows
that the transform of a volumetric image should yield a coe cient
array with  norm roughly proportional to the  norm of the array

e nton

We should note that in the theory of the continuum -ray transform ,
there is the notion of , which preserves the while mapping
from physical space to line space. his can be viewed as applying the -ray
transform to a fractional di erentiation of the ob ect , rendering the whole
system an isometry. he preconditioned digital -ray operator  we have ust
described is a digital analog, although it does not provide a precise isometry.

tandard facts in linear algebra eg. , imply that, because the output
norm is roughly proportional to the input norm , iterative algo-
rithms rela ation, con ugate gradients, etc. should be able to e ciently solve
equations .

he -ray transform is highly redundant as it maps  arrays into
arrays . S a way to obtain greater sparsity, one might consider applying an
orthogonal wavelet transform to the -ray coe cients. his will preserve the
norm of the coe cients, while it may compress the energy into a few large
coe cients. he transform is naturally -dimensional, but as the display in

igure 1 suggests, our concern is more to compress in the slope variable where

the analysis of a beam is spread out, rather than in the intercept variables,
where the analysis of a beam is already compressed.

e nt on

abel the coe cient indices in the wavelet-compressed -ray transform do-
main as , and let the entries in be labelled they are the
wavelet-compressed preconditioned -ray coe cients.

It turns out that one can reconstruct the original image from its coe -
cients . s the wavelet transform is norm-preserving, the map is
proportional to an almost norm-preserving transform, and hence one can go bac
from coe cient space to image space, using iterative linear algebra. all this

generali ed inverse linear transformation . hen certainly



his can be put in a more interesting form. he result of applying this
generali ed inverse transform to a delta coe cient sequence spi ing at
coe cient inde say provides a volumetric ob ect . ence we may
write

he ob ect is a , and we have thus defined a
in 3-space. mmanuel andes in personal correspondence has
called such things , although we are reluctant to settle on that name for
now tubes being e ible rather than striaght and rigid .

In 1 a similar construction has been applied in the continuum case a
wavelet tight frame has been applied to the -ray isometry to form a lineli e
frame in the continuum

his construction is also reminiscent to the construction of ridgelets for
representation of continuous functions in -D 13 . Indeed, orthonormal ridgelets
can be viewed as the application of orthogonal wavelet transform to the adon
isometry 1 . In 1 a construction paralleling the one suggested here has been
carried out for -D digital data.

igure 1 frame element

1 1 cu ion

We finish up with a few loose ends.

he figures in this paper can be reproduced by code which is part of the beamlab
pac age. oint your web browser to



to obtain the software. he software has the ability to reproduce all the figures in
this paper and has been produced consistent with the philosophy of reproducible
research.

here are of course many variations on the above schemes, but we have re-
strained ourselves from discussing them here, even when they are variations we
find practically useful, in order to eep things simple. few e amples

We find it very useful to wor with an alternative vrte -pair dictionary,
where the vertices of beamlets are not at corners of boundary vo els for
a dyadic cube, but instead at midpoints of boundary faces of boundary
vo els.

We find it useful to wor with slight variations of the slant stac defined
in , where the angular spacing of lines is chosen di erently than in that

paper.

ather than burden the reader with such details, we suggest merely that the
interested reader study the released software.

s mentioned in the introduction, in this paper we have not been able to describe
the use of the graph structure of the beamlets. his structure can be useful
because there are some very interesting networ - ow based procedures 1,
to find optimal paths through graphs. When applied in the multiscale graph
provided by -D beamlets, these algorithms were found in to have interesting
applications in detecting filaments and segmenting datain -D. nee pects that
the same ideas will prove useful in 3-D.

In a series of interesting papers spanning both -D and 3-D applications, David

orn and collaborators alina, bramovic and ideon Dror have found several
ways to deploy line-based systems in data analysis and detector construction 1,

, 1. ostrelevant to our wor here is the paper 1 which describes a lineli e
system of feature detectors for analysis of data from 3-D particle physics detec-
tors. rofessor orn has pointed out to us, and we agree, that such methods
are very powerful in the right settings, and that the main ting holding bac
widespread deployment of such methods is the immense si e of the number of
lines needed to give a comprehensive analysis of 3-D data.

he field of medical imaging is rapidly developing these days, and particularly in
the last few years, 3-D tomography has become a hot topic , with several ma or
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conferences and wor shops. What is the connection of this wor to ongoing wor
in medical imaging

bviously, the -ray transform, as we have defined it, is closely connected
to problems of medical imaging, which certainly obtain line integrals in 3-space
and aim to use these to reconstruct the ob ect of interest.

owever, the layout of our -ray transform is seemingly rather di erent
than current medical scanners. uch scanners are designed according to physical
and economic constraints which place various constraints on the line integrals
which can be observed by the system. In contrast, we have only computational
constraints and we see to represent a very wide range of line integrals in our
approach. or e ample, in an -ray system, a source is located at a fi ed point,
and can send out beams in a cone, and the line integrals can be measured
by a receiving device film or other on a planar surface. ne obtains many
line integrals, but they all have one endpoint in common. In a system,
events in the specimen generate are detected by pairs of detectors collinear
with the event. ne obtains, by summing detector-pair counts over time, an
estimated line integral. he collection of integrals is limited by the geometry of
the detector arrays.

ssentially, in the verte -pairs transform, we contemplate a situation that
would be analogous, in tomography, to having cubical room, with arrays
of detectors lining the walls, oor, and ceiling, and with all pairs of detectors
corresponding to lines which can be observed by the system. In physical -
ray tomography, our notion of -ray transform would correspond to a system
where there is a source wall and the rest of the surfaces were receivers , with
the specimen or patients being studied oriented successively standing, prone,
facing and in profile to the source wall. he omnidirectional -ray source
would be located for a sequence of e posures at each point of an array on the
source wall say .

either situation is quite what medical imaging e perts mean when they
say 3-D tomography. or the last ten years or so, there has been a consider-
able body of wor on so called cone-beam reconstruction in 3-D physical -ray
tomography see ,3 . In an e ample of such a setting , a source is lo-
cated at a fi ed point, the specimen is mounted on a turntable in front of a
screen, and an e posure is made by generating radiation, which travels through
the specimen and the line integral is recorded by a rectangular array at the the
screen. his is repeated for each orientation of the turntable. his would be the
equivalent of observing the -ray transform only for those lines which originate
on a specific circle in the plane, and is considerably less coverage than
what we envisage.

In imaging there are now so-called fully 3-D scanners, such as the
I described in . his scanner comprises 3 circular

detector rings with detectors each, allowing for a total of 1 lines.
While this is starting to e hibit some of the features of our system, with very
large numbers of beams, the detectors are only sensitive to lines occuring within
a cone of opening less than 3 degrees. he closest 3-D imaging device to our
setting appears to be the fully 3-D system described in 3 ,3 , 1 where



two parallel planar detector arrays provide the ability to gather data on all
pairs of lines oining a point in one detector plane to a point in the other plane.
In 3 a mathematical analysis of this system has suggested the relevance of
the linogram nown as slant stac throughout our article to the fully 3-D
problem, without e plicitly defining the algorithm suggested here. Without
doubt, ongoing developments in 3-D can be e pected to e hibit many
similarities to the wor in this paper, although it will be couched in a di erent
language and aimed at di erent purposes.

nother set of applications in medical imaging, to interactive navigation of
3-D data, is described in , based on supporting tools 1 , , which are
reminiscent of the two-scale recursive algorithm for the beamlet transform.

We conclude with a more speculative connection. uppose we have 3-D vo el
data which are binary, with a 1 indicating occupied and a  indicating unoc-
cupied. hen a beam which hits only  vo elsis clear , whereas a beam which
hits some 1 vo elsis occluded . wuestion can we rapidly tell whether a beam
is clear or occluded , for a more or less random beam
he question seems to call for rapid calculation of line integrals along every
possible line segment. bviously, if we proceed in the obvious way, the algo-
rithmic cost of answering a such a query is order , since there are line segments
containing order vo els.
ote that, if we precompute the beamlet transform, we can appro imately
in order log operations.
Indeed the beam can written as a chain of beamlets, and we merely have to
e amine all those beamlet coe cients chec ing that they are all ero. here are
only log coe cients to chec , from heorem 1 above.
We can also rapidly determine
hat is, suppose we are at a given point and might
want to travel in a fi ed direction. ow far can we go before hitting something
0 answer this, consider the the segment starting at our fi ed point and
heading in the given direction until it reaches the boundary of the data cube
we obviously wouldn t want to go out of the data cube, because we don t have
information about what lies there. a e the segment and decompose into beam-
lets. ow chec that all the beamlets are clear , i.e. have beamlet coe cients
ero. If any are not clear, go to the occluded beamlet closest to the origin, and
divide it into its at most four children at the ne t level. If any are not clear,
go to the occluded beamlet closest to the origin, and, once again, divide it into
its at most four children at the ne t level. ontinuing in this way, we soon
reach the finest level, and determine the closest occlusion along that beam. he
algorithm ta es  log operations, assuming the beamlet transform has been
precomputed.
his allows for rapid computation of what might be called safety graphs,
where for each possible heading one might consider ta ing from a given point,
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one obtains the distance one can go without collision. he cost is proportional

to

headings log , which seems to be quite reasonable.
raditional visibility analysis assumes far more about the occluding

ob ects e.g. polyhedral structure perhaps our approach would be more useful
when occlusion is very complicated and arises in natural systems sub ect to
direct vo elwise observation.
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