CENTRAL LIMIT THEOREM FOR BIASED RANDOM WALK ON
MULTI-TYPE GALTON-WATSON TREES

AMIR DEMBO* AND NIKE SUNf

ABSTRACT. Let 7 be a rooted supercritical multi-type Galton-Watson (MGW) tree with types
coming from a finite alphabet, conditioned to non-extinction. The A-biased random walk (X;)¢>0
on 7 is the nearest-neighbor random walk which, when at a vertex v with d,, offspring, moves closer
to the root with probability A\/(A+d,), and to each of the offspring with probability 1/(A+d,). This
walk is recurrent for A > p and transient for 0 < A < p, with p the Perron-Frobenius eigenvalue for
the (assumed) irreducible matrix of expected offspring numbers. Subject to finite moments of order
p > 4 for the offspring distributions, we prove the following quenched CLT for A-biased random
walk at the critical value A = p: for almost every T, the process |X|n¢)|/+/n converges in law as
n — oo to a reflected Brownian motion rescaled by an explicit constant. This result was proved
under some stronger assumptions by Peres and Zeitouni (2008) for single-type Galton-Watson trees.
Following their approach, our proof is based on a new explicit description of a reversing measure for
the walk from the point of view of the particle (generalizing the measure constructed in the single-
type setting by Peres and Zeitouni), and the construction of appropriate harmonic coordinates.
In carrying out this program we prove a zero-one law and moment and conductance estimates for
MGW trees, which may be of independent interest. In addition, we extend our construction of the
reversing measure to a biased random walk with random environment (RWRE) on MGW trees,
again at a critical value of the bias. We compare this result against a transience-recurrence criterion
for the RWRE generalizing a result of Faraud (2008) for Galton-Watson trees.

1. INTRODUCTION

Let 7 denote an infinite tree with root o. The A-biased random walk on 7, hereafter denoted
RW,(T), is the Markov chain (X;)¢>0 with X = o such that given X; = v with offspring number
d, and v # 0, X1 equals the parent of v with probability A\/(\+d,), and is uniformly distributed
among the offspring of v otherwise (and if X; = o, then X;y; is uniformly distributed among the
offspring of o).

For supercritical Galton-Watson trees without leaves, if p denotes the mean offspring number,
then RW), is a.s. recurrent if and only if A > p (|20, Thm. 4.3 and Propn. 6.4]), and ergodic if and
only if A > p ([15, Propn. 9-131] and [20, p. 944 and p. 954]). With |v| denoting the (graph) distance
from vertex v to the root o, | X;|/t converges a.s. to a speed V', with V' = V() deterministic, positive
for A < p and zero otherwise (see [22, 23] for A < p and [27] for A = p; the case A > p follows
trivially from positive recurrence).
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Further, subject to no leaves and finite exponential moments for the offspring distribution, a
quenched CLT for RW) (A < p) on single-type Galton-Watson trees was shown by Peres and

Zeitouni [27], and extended to the setting of random walk with random environment (RWRE)
by Faraud [10]. In contrast, if leaves occur, there emerges a zero-speed transient regime A < A.
(for Ac < p) [23] where the leaves “trap” the random walk and create slow-down. It follows from
the results of Ben Arous et al. [2] that in this setting, for sufficiently small A there cannot be a

(functional) CLT with diffusive scaling. In this paper we consider the critical case A = p, where
[27, Thm. 1] proves that on a.e. Galton-Watson tree, the processes (| X|,||/v/n)i>0 converge in law
to the absolute value of a (deterministically) scaled Brownian motion. Their proof is based on the
construction of harmonic coordinates and an explicit description of a reversing probability measure
IGWR for RW, “from the point of view of the particle.” Having such an explicit description is a
very delicate property: even for Galton-Watson trees, no such description is known for A < p except
at A = 1 which is done by [22, Thm. 3.1]. One thus might be led to believe that [27, Thm. 1] is a
particular property resulting from the independence inherent in the Galton-Watson law.

Here we show to the contrary that such a quenched CLT extends to the much larger family
of supercritical multi-type Galton-Watson trees with finite type space. We allow for leaves (but
condition on non-extinction), demonstrating that at A = p the “trapping” phenomenon of [2] does
not arise. We also replace the assumption of exponential moments for the offspring distribution by
an assumption of finite moments of order p > 4, so that our result restricted to the single-type case
strengthens [27, Thm. 1]. However, the main interest of our result lies in moving from an i.i.d. to
a Markovian structure for the random tree.

As in [27], the key ingredient in our proof is the construction of an explicit reversing (probability)
measure IMGWR for RW), from the point of view of the particle, generalizing IGWR to the multi-
type setting, for A at the critical value on the boundary between transience and recurrence. See §2
for the details of the construction which may be of independent interest.

The model we consider is as follows: let {2 be the space of rooted trees with type, where each
vertex v is given a type x, from a finite alphabet Q. We let B be the o-algebra on (2 generated by
the cylinder sets (determined by the restrictions of trees to finite neighborhoods of the root). We
write T for a generic element of €2 and o for its root. A multi-type Galton- Watson tree is a random
element 7 € (), generated from a starting type ag € Q and a collection of probability measures q°

(a € Q) on
QF = U QZ’

£>0

as follows: begin with a root vertex o of type xo = ag. Supposing inductively that the first n
levels of T have been constructed, each vertex v at the n-th level generates random offspring
according to law qXv. For our purposes the ordering of the children does not matter, so each q®
may equivalently be regarded as a probability measure on configurations z = (zp)pco € (ZZO)Q,
where zj is the number of children of type b. Continuing to construct successive generations in this
Markovian fashion, we denote the resulting law on (2, Bg) by MGW®. We denote by MGW any
mixture of the measures MGW®, ag € 9, and let X denote the event of extinction.
For a,b € Q let

A(CL, b) = Z qa(£)$ba
x
the expected number of offspring of type b at a vertex of type a. (Unless otherwise specified, the

implicit assumption hereafter is that Eqa[|z|] < oo for all a € Q where |z| = ), x;.) Throughout
the paper we will refer to the following assumptions:
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(H1) The matrix A = (A(a,b))qpeo is irreducible with Perron-Frobenius eigenvalue p.
(H2) A is positive regular (every entry of A™ is positive for some ng € N), p > 1, and
Eqa[|z|log |z]] < oo for all a € Q.
(H3P) Eqa[|z|P] < oo for all a € Q.
Note that (H1) and p > 1 together imply MGW*(X) < 1 for all a € Q. We take all real-valued
processes to be in the space D[0, c0) equipped with the topology of uniform convergence on compact
intervals. Our main theorem is the following:

Theorem 1.1. Under (H1), (H2), and (H3P) with p > 4, for MGW-a.e. T ¢ X, if X ~ RW,(T)

then the processes (| X |n4)|/(0v/n))i0 converge in law in D[0, 00) to the absolute value of a standard
Brownian motion for o a deterministic positive constant (see (2.5)).

Let RWS™(T) denote the continuous-time version of RWy(7'), which when at v € T moves to
the parent of v (if v # 0) at rate A and to each offspring of v at rate 1.

Corollary 1.2. Under the assumptions of Thm. 1.1, for MGW-a.e. T ¢ X, if X% ~ RWZtS(T) then

the processes (| XS

Brownian motion.

|/(0/2pn))i>0 converge in law in D[0,00) to the absolute value of a standard

By moving the root of the tree to the current position of the random walk, RW) on the tree
induces a random walk on the space €, the “walk from the point of view of the particle.” As in
[27, §3], to make the latter process Markovian we amend the state space so as to keep track of the
ancestry of the vertices. Specifically, we consider the space | of pairs (7,&), where T is an infinite
tree and £ = (0 = vp, v1,v2,...) is a ray emanating from the root o; this ray indicates the ancestry
of each vertex in the tree. Let By denote the o-algebra generated by the cylinder sets. We define
a height function h on T as follows: set h(v,) = —n, and for v ¢ £ set

h(v) = h(Ry) + d(v,€) (1.1)
where d denotes graph distance and R, is the nearest vertex to v on & (see Fig. 1). We denote
by RW,(T,€) the A-biased random walk (Y;);>0 on (7,&), where the bias goes in the direction of

decreasing height. With TV the tree T rooted at v instead of o, and £ the unique ray emanating
from v such that £ N &Y is an infinite ray, let

(T, &) = (T",€"), t=>0. (1.2)
This is a Markov process with state space 2|, and we hereafter refer to it as TRW,. Let RW§™®
denote the continuous-time version of RW,(7,&) (moving in the direction of increasing height at
rate 1 and in the direction of decreasing height at rate ), and let TRWS$™ denote the induced
continuous-time process on the space €1;.

As in the single-type Galton-Watson case considered in [27], the key to our proof lies in finding
an explicit reversing measure IMGW for ’TRWZtS, which is then easily translated to a reversing
measure IMGWR for TRW,,. For a tree 7 (with or without marked ray) and for any vertex v € T,
we denote by 7 the subtree induced by v and its descendants, where descent is in direction of
increasing distance from the root for a rooted tree, and in the direction of increasing height for a
tree with marked ray. If p is a law on trees we use p ® RW), to denote the joint law of the tree and
the realization of RW) on the tree.

Theorem 1.3. Assume (H1).

(a) There exists a reversing probability measure IMGW for TRWf,tS, and if we define
AIMGWR  d, + p
dAMGW ~  2p
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then IMGWR is a reversing probability measure for TRW,.
(b) If (T, ), (Y2)i>0) ~ IMGWR ® RW, then the stationary sequence (T(Y1));>q is ergodic.

The IMGW trees always have an infinite ray £, though the trees coming off the ray may be finite.
The measures IMGW,IMGWR are the multi-type analogues of the measures IGW,IGWR of [27].
Thm. 1.3 and the construction of harmonic coordinates allow us to prove the following quenched
CLT for RW, on IMGWR trees, which will be used to deduce Thm. 1.1.

Theorem 1.4. Under (H1), (H2), and (H3?) with p > 2, for IMGWR-a.e. (T,&), if Y ~ RW,(T,¢)

then the processes (h(Y|ne))/(0v/))i>0 converge in law in D[0, 0c) to a standard Brownian motion.

In the setting of RW) on MGW trees, A = p represents the onset of recurrence. Indeed, MGW-
a.e. tree 7 has branching number br7 = p [20, Propn. 6.5, therefore RW,(7) is transient for
A < p and recurrent for A > p [20, Thm. 4.3]. In fact, recurrence for all A > p follows from a
simple conductance calculation (for the general theory see [24, Ch. 2]), therefore p is the boundary
between transience and recurrence for RW) on MGW trees. Further p is the boundary between
non-ergodicity and ergodicity, with RW, null recurrent (see [15, Propn. 9-131] and [20, p. 944 and
p. 954]) and of zero speed (e.g. from the bound of Lem. 3.5).

We believe that the existence of a reversing measure and CLT is a feature of the onset of recur-
rence in a more general setting. Indeed, we will consider random walk with random environment
(RWRE) on MGW trees, again with an adjustable bias parameter, defined formally as follows: we
continue to suppose a finite type space Q, but for each a € Q we now let q® be a probability
measure on

9 :=[J9) 9=02xRuy;

>0
we write an element of Q! as
(Q?Q) = ((yhal)a ceey (yfa Oé@)).

The collection of distributions q% (a € Q), together with a starting type ag € Q, specifies a law
MGW® on the space § of rooted trees where each vertex v has a type x, € Q, and every v # o has
a weight o, € Rsg. As before we let MGW denote any mixture of the MGW®. Fixing such a tree T
(the environment), the A-biased random walk on 7, which we denote RWRE}, is the Markov chain
(Xt)t>0 with Xo = o which, at v # o with parent u and offspring (y,«) € Q¢ moves to the j-th
offspring with probability o /(A + Zle «;) and to the parent with probability A\/(A + Zle a;).
If X; = o then X;; is chosen from the offspring w of o according to weights a,,. (Note that RW,
corresponds to the case o, = 1 for all v.) We let RWRES™ denote the continuous-time version of
RWRE). This model, studied for Galton-Watson trees in [10], allows for quite general distributions
on each neighborhood (a vertex v, its type, and its offspring vector (y%,a") € Q*), but conditioned
on types the weights in different neighborhoods must be independent. For v € R and a,b € Q, let

AN (a,b) = / > 1gy,na] do(y, ) (1.3)

J

(not necessarily finite for all 7). Let () be the Perron-Frobenius eigenvalue of A where well-
defined (i.e. where A has finite entries and is irreducible), and oo otherwise. We will prove the
following characterization of the transience-recurrence boundary for RWRE}, extending part of [10,
Thm. 1.1]:
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Theorem 1.5. Suppose A0 is positive reqular, and p(v) < oo for v in an open neighborhood of
0. For A >0 let

N G)
P= o N
(a) If px < 1, then RWRE) is positive recurrent.

(b) If px > 1, then RWRE) is transient.

Thus the recurrence-transience boundary occurs at the unique value p° for which p,e = 1. On
the other hand, let €2 denote the space of trees with ray (where each vertex v has type x, and
weight o), and let TRWRE) and TRWRES®™ denote the Markov chains in | induced by RWRE)
and RWRES™ respectively. We then have the following generalization of Thm. 1.3 (a):

Theorem 1.6. Suppose MGW is such that A = AW is irreducible with Perron-Frobenius eigenvalue
p = p(1). Then there exists a reversing probability measure IMGW on | for TRWRE%tS. If we let
ag; denote the weight for the j-th child of the root vy, and set

dMGWR  p+ X2, ag;

dIMGW 2p
then IMGWR is a reversing probability measure for TRWRE,.

)

We can see that p° matches p if and only if the function v — p(vy)/(p°)? attains its infimum at
~ = 1. If this fails, Thm. 1.6 still gives a reversing measure at p, but p > p° and the walk is already
positive recurrent above p°. However, at least in the single-type case, we have p° = p in all cases
in which a CLT is possible: indeed, if

m::inf{vzo: P0) :1},
(p°)7

by results of [13] a CLT cannot hold unless k > 2 (see [10, p. 3]). We expect k > 2 also to be a
necessary condition in the multi-type case, and thus Thm. 1.5 and Thm. 1.6 support the claim that
reversing measures occur at the boundary between transience and recurrence in cases in which a
CLT 1is possible. However, even in the single-type case the random environment creates technical
difficulties, and the RWRE CLT of [10] requires some restriction on x. While we expect that the
methods of this paper and [10] can also be adapted to extend the RWRE CLT to the multi-type
setting under the same restrictions on k, new ideas are required to achieve a CLT for the entire
regime Kk > 2.

Outline of the paper.

e In §2.1 we construct the reversing measure IMGWR for TRW,, (and, in §2.2, its generaliza-
tion IMGWR for TRWREj). We show that if ((7,£), (Y:)i>0) ~ IMGWR ® RW,, then the
stationary sequence (7)), is ergodic.

Conditioning on (7,&) ~ IMGWR, we construct in §2.4 a function v — S, (v € T) which
is harmonic with respect to the transition probabilities of RW,, (7). Then, if Y ~ RW,(T,£),
M; := Sy, is a martingale. Using the stationarity and ergodicity of the process (Tm))tzo
under IMGWR, we are able to control the quadratic variation of M; and thus to show that
it satisfies a CLT.

e In §3, adapting the methods of [27, 10], we prove Thm. 1.4 by showing that /(Y}) is uniformly
well approximated by M;/n, for n an explicit constant.
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e In §4 we prove Thm. 1.1. First, using the “shifted coupling” introduced in [27] (see also
[10]), given (T, (X)e>0) we construct ((T,€), (Yi)i>0) with marginal law IMGW, ® RW,
such that excursions of X into undiscovered territory are coupled with excursions of Y
into undiscovered territory away from &. From this we obtain an annealed CLT for X by
controlling the amount of time spent outside the coupled excursions as well as the drift
of Y along &. Since (X,Y) depend on the realization of (T, (7,¢)), we do not see how
to use the shifted coupling directly to prove a quenched MGW CLT. Instead we adapt the
method of [5] to deduce it from the annealed CLT by controlling the correlation between
two realizations of RW, on a single MGW tree 7 (as was done in [27, §7] in the case A < p).

e In §5 we prove Thm. 1.5. The main result needed is a large deviations estimate (Lem. 5.2)
on the conductances at the n-th level of the tree, which extends the estimates of [21, p. 129]
and [10, p. 7] to our setting of Markovian dependency. The result then follows by adapting
the proof of [21, Thm. 1] (see also [10, Propn. 1.1] for the single-type case).

e In §6 are collected some basic properties of MGW which are needed in the course of our
proof and which may be of independent interest:

— In §6.1 we prove a zero-one law which is used for the proof of ergodicity in Thm. 1.3.

— In §6.2 we adapt the methods of [1] to prove that moments for the offspring distributions
translate directly to moments for the normalized population size defined in §2.3 (see
Propn. 2.2).

— In §6.3 we prove the existence of harmonic moments for the normalized population size
(extending part of [25, Thm. 1.1] to the multi-type setting) and use this result to prove
conductance estimates (Propn. 4.4) used in the proof of Thm. 1.1.

Open problems. We conclude this section by mentioning some open problems in this area. These
problems are open even for single-type Galton-Watson trees.

(1) Does a CLT with diffusive scaling hold for RW, in the entire regime p > 27
(2) Does a CLT with diffusive scaling hold for RWRE; in the entire regime x > 27
(3) What happens on the critical tree (p = 1) conditioned to non-extinction?

(4) Does a CLT with any scaling (or other limit laws) hold for RW, when p < 27

A common feature of these problems is that while the reversing measure for the process from the
perspective of the particle is given by Thm. 1.3, the method of martingale approximation used in
[27, 10] and in this paper seem not to be directly applicable.

Acknowledgements. We are very grateful to Ofer Zeitouni for suggesting the proof of ergodicity
in Thm. 1.3 and the method of going from the annealed to quenched CLT in the proof of Thm. 1.1.
A.D. thanks Alexander Fribergh for discussions on the results of [2] which motivated us to extend
our results to trees with leaves. N.S. thanks Yuval Peres for several helpful conversations about the
papers [27, 17] which led to the construction of the reversing measure. We thank the anonymous
referee for valuable comments on an earlier draft which helped to improve the presentation of the

paper.

2. REVERSING PROBABILITY MEASURES FOR TRW, AND TRWRE;

Consider a multi-type Galton-Watson measure MGW with offspring distributions (q%),co and
mean matrix A. Hereafter we let e and g denote the right and left eigenvectors respectively
associated to the Perron-Frobenius eigenvalue of A, normalized so that >, g = >, €, = 1. Since
our results are stated for MGW-a.e. tree, with no loss of generality we set g(a) = MGW(x, = a) = gq.
Unless otherwise specified, X and Y denote RW,, on trees without and with marked ray respectively.
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Ficure 1. IMGWj tree
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2.1. Construction of IMGWR. Assuming only (H1), in this section we use ideas from [17] to
construct the reversing measure IMGWR on the space 2. We begin by constructing two auxiliary
measures. Let the infinite ray £ (without types) be given. For some n > 0, we let vertex v, be
given a type x, according to a distribution 7, to be determined shortly. It is then given offspring
z¥" according to the inflated offspring distribution gX», where

@) = '@ 29 vaeo

Peaq
note that q®(Jz| > 1) = 1. One offspring w of v, is then identified with the next vertex v,_; along
&, where each w is chosen with probability ey, /(z"",e). We proceed in this manner along the ray
ending with the identification of vg = 0. The sequence of types xn, Xn—1,- .. seen along the ray is
then (by (H1)) an irreducible Markov chain with transition probabilities

K(a,b) =Y G%(2) 2 =3 q(2) 2 = - A(a,b). (2.1)

. (z,€) "~ Pea pea

This chain has stationary distribution 7(a) = €94/ (€, g), so starting with y,, ~ 7 yields a consistent
family of distributions for (v, ..., v1) and their (immediate) offspring, with types. By Kolmogorov’s
existence theorem, this uniquely specifies the distribution of the backbone of the tree, that is, of
the ray £ together with all (immediate) offspring of the vertices v;, i > 0.
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To each of these offspring (off the ray) and to o, we attach an independently chosen MGW tree
conditioned on the given type, and denote by IMGW, the resulting measure on the pair (7,¢).
The inflated multi-type Galton-Watson measure IMGW is obtained from IMGWj by an additional

biasing according to the root type x,. Specifically, we set
dMGW  1/e,,  [Egle,]

AMGW,  Eq[l/en] ey,

where x denotes a random variable on Q with the specified distribution. We note that under IMGW,
Yo ~ g and so 7(® has marginal law MGW, which implies

Eimew|do] = Emew|do] = Zga Z A(a,b) = p.
a b

With this in mind, we define the probability measure IMGWR such that
dIMGWR do+ p _dotp
dAMGW — Ewview(do +p]  2p

and proceed to show that it is a reversing measure for 7RW,. From now on we adopt the notation

that if p is a law on trees 7 (with or without marked ray) and a € Q, u® refers to the law conditioned
on x, = a.

(2.2)

Proof of Thm. 1.3. We first prove (a). If MGW produces a.s. a d-regular tree then the result holds
trivially, so we omit this case in what follows. For notational convenience we view IMGWy, etc. as
measures on planar trees with marked ray (by letting the offspring of each vertex be ordered in an
exchangeable manner). Given (7,&) we denote by (vi1,...,viq, ) the offspring of v; € &, and we
use the shorthand 4 for v; and ¢j for v;;.

Let S denote the map (7,¢) — (T*,&). We will show that for A, B € Bq,,

/Ap((T,.f),B) dlMGWR(T,g):/Bp((T’,g’),A) dIMGWR(T7,¢") (2.3)

where p((7,£), B) denotes the transition kernel of the process TRW,. For (T,&) ~ IMGWy, let
IMGW{ denote the law of the subtree with marked ray (T\TG=D &) conditioned on y;_1 = a, for
any ¢ > 1. Then

dy

AMGWo(T€) = m(x1)a (@) 77 s AMGWG (T ¢%) [T amGws (747),

j=1
Let P denote the collection of Bq -measurable sets on which § is injective, and suppose B € P. If
p is a measure on Q, Sy = (1o S)1p is a well-defined measure on €. Then

dy
dSEIMGW, (T ,€) = 1((7.gpepym (x)a¥ (¢ )IMGWE (T\TW, %) [T amewas (7019).

j=1
SO

dSHIMGW

QopTMEWo _ 4 PO (2.4)

dIMGW, €x0
We then verify that
dSEIMGW dIMGW

dSEIMGW <d$§|MGWO> dSEIMGW, <dIMGW0 °S> dSEIMGW, 1/ey, pey, 1
TOMOW = = = 1BpP;

- -1 -
dAIMGW B < AIMGW ) dIMGW, B ( AIMGW ) dIMGW, B1/ey, ey,
dIMGW dIMGWg
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and similarly
dSEIMGWR 1 p(di + p)
AMGWR ~ B d, +p
The left-hand side of (2.3) can be written as

do
P 1
T,6) + | ——— " 170 onyer AIMGWR(T, €).
/AmSIB do +p (7€) Ado+p; {(T9£%)eB} (T,¢)
Using the injectivity of S on B, the second integral can be written as
1 1
T,§) = / dSEIMGWR(T, &
/AOSB do+p ( ) s-1ang d1+p B ( )
p
- 7-75 )
/SlAﬂB do +p ( )

from which it is clear that the two sides of (2.3) must agree.

Next we claim that P generates Bo up to null sets. Since we are in the non-degenerate setting,
IMGW-a.e. pair (T ,€) is such that the infinite typed subtrees 70 and 79 are non-isomorphic
for i # j, so Bq, is generated up to null sets by cylinder sets determined by finite trees 7, with no

two subtrees 7}5” ) isomorphic. Given such a set F', decompose F' into the disjoint union of the sets
F; ={(T,§) € F:0=1j} (ie., o is the j-th child of 1). Then F; € P, and the claim follows.

To conclude, for fixed A let By , denote the collection of sets B € Bq, for which (2.3) holds. From

the above gg , contains the mr-system P. Further gg s closed under monotone limits and countable
disjoint unions, and in particular it contains 2} since €1 can be decomposed as a countable disjoint
union of sets in P by a similar argument as above. Thus by the m-A theorem (2.3) holds for all
B € 0(P), and extends to all B € Bq, again using the claim above.

We prove (b) by adapting the method of [30, Cor. 2.1.25]. Letting v denote the law of the sequence
(T(YO),T(Yl), ...) on the space Q> of rooted trees, and & the shift (7o, 71,...) — (71,72,...) on
Q) the content of (b) is that the measure-preserving system (Q>°, F>° v, &) is ergodic.

To this end, let Z denote the G-invariant o-field and fix B € Z, i.e. (671 B) = v(B). We define
¢:Q —[0,1] by

A(T) =v((Te)iz0 € B|To = T).
Let Hy = o(T1,...,T¢): by the shift-invariance of B,

V[(Ts)sz0 € BIHi| = v[(Ts)s2e € BIHi] = o(Th),

50 (¢(T¢))e>0 is a martingale with respect to the filtration (H;);>o. By Lévy’s upward theorem,
v-a.s. ¢(T;) — 1p as t — oc.
It follows that for 0 <a <b< 1,

*le €lab]}

converges v-a.s. to 0. On the other hand, by the Birkhoff ergodic theorem, it converges v-a.s. to
v(¢(T) € [a,b]|Z). Taking expectations on both sides we find ¢(7) € {0,1} v-a.s., that is, ¢ = 1¢,
for some Cjy C €). Further, by the martingale property

¢(T):Ey[¢(ﬂ)!%=ﬂ=pf E[p(T" m+p+d ZM(OJ
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which implies 7" € Cy if and only if 7 € Cy for all v € Jo. As we will show in Propn. 6.2, this
implies MGW(Cy) € {0,1}. Then, if vy denotes the marginal of v on Ty, we have vy < MGW (since
IMGWR < IMGW and 7( ~ MGW under IMGW) and so

v(B) =Ey[¢] = 19(Co) € {0,1},
which completes the proof of ergodicity. O

2.2. Biased random walk with random environment. We now extend the methods of the
previous section to prove Thm. 1.6. Let e, g denote the right and left Perron-Frobenius eigenvectors

of A= AWM normalized to have sum 1; as before we set g(a) = MGW(x, = a) to be g,.
We proceed much as in the deterministic environment setting, although the notation becomes
more complicated. For y € Q° write e(y) = (Ey, )?:1- For a € Q

Eqe[(€(y), )] = > A(a,b)é, = pea,
b

so we define the inflated offspring measure q* by
dq®  (e(y), )
dq® .
We then construct the measure on : let the infinite ray £ (without types or weights) be given,

and for some n > 0 let v, have type x,. It is given offspring (y*»,a"") ~ gX». One offspring w of
v, is identified with the next vertex v,_1 along £, where each w is chosen with probability

), a)

Continuing the procedure along the ray up to vg = o, the sequence of types xn, Xn—1,- .. seen along
£ is an irreducible Markov chain with transition probabilities

éijajl{yFb} _ﬁ*a
€. a) }‘- Ala.0)

pPea
and stationary distribution 7(a) = €,9./(€,g). Thus, starting with x, ~ 7 and applying Kol-

K(a,b) = Ega [

mogorov’s existence theorem, we obtain a measure IMGW, on 2] which is a generalization of
IMGW.

Proof of Thm. 1.6. We argue as in the proof of Thm. 1.3 (a), the key difference being that the
trees now have edge weights as well as types. If MGW produces a.s. a d-regular tree with constant
weights then the result holds trivially, so we omit this case in what follows. For (7,&) ~ IMGW,
let IMGW¢ denote the law of the subtree with marked ray (7\7 01, &) conditioned on x;_1 = a,
for any i > 1. Let S : (T,&) = (T, €Y); we emphasize that S is a mapping on trees with types
and edge weights. Let P denote the collection of Bq -measurable sets on which S is injective. For
A € Bg, and B € P, we compute

] “
AVIGWO(T8) = 7(x0)3 (g} ) 1y cry IGW, (T\T 0, [ MG (74

J=1

d1
dSEIMGWo (T ,€) = L7 gemm(x)a* (y', a")dMGW (TATW, %) [T dMGW™ (7117)),
j=1
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50 €y, 00 dSEIMGW, = 1506, dIMGW,. Letting

dMGW  1/e,,  Egl] dIMGWR  p+Xi% 00, 5+ X0 aof
dIMGW Eﬁ'[l/éx] €x0 , dIMGW Em[ﬁ + 2310:1 an] 2p ’
we obtain
o dSHIMGW = 155 dIMGW, —— 0 dSEIMGWR = 15—~ dIMGWR.
p+ 2k any p+ 251 owj

The analogue of (2.3) thus holds for all B € P, and we extend to all B € Bg, by essentially the
same argument used in the proof of Thm. 1.3 (a): by the non-degeneracy assumption, IMGWy-a.e.

pair (7, &) is such that the infinite subtrees 719 and 7(19) for i # j are non-isomorphic as weighted
typed trees. O

2.3. IMGW as a weak limit. We next provide an alternative characterization of the inflated
Galton-Watson measure IMGW in a multi-type analogue of [27, Lem. 1].

To this end, we will define the notion of “normalized population size” for rooted trees 7 with
type. Let 7, denote the subtree induced by {v € T : |v| < n}, and D, the set {v € T : |v| = n}.
Let (Fy)n>0 denote the natural filtration of the tree, i.e., F, is the o-algebra generated by 7, (a
finite tree with vertex types). Let Z,, = (Z,(b))peco € (Z>0)2 count the number of vertices of each
type at level n, so Z,, is Fp-measurable. Then

= Z 1
Zo=tmt L

n n
P P vEDy,

is a non-negative (F,)-martingale under MGW® for every a, with Eygwe [20] = eq (see e.g. [11,
p. 49]). By the normalized population size of the tree we mean the a.s. limit of ZL, denoted W,.
For v € T we use W, to denote the normalized population size of 7(*). Under (H1) and (H2), it
follows from the multi-type Kesten-Stigum theorem (see [16], or the conceptual proof of [17]) that
W, > 0 a.s. on the event of non-extinction, and Eygwe [W,] = €q.

For a € Q let Q be a probability measure on (infinite) rooted trees defined by

9 _ 2,

AMGW® ¢,
For T ~ Qj, choose v, € D,, at random with probabilities proportional to weights e, , and let Qj,
denote the law of the resulting pair (7, v,). Let Qus := Do TaQpy and Qp := >, c0 TaQy, 5O
that dQ,,/dMGW = En/Eg[eX]. Finally let IMGWq(n) denote the law of (77, &))" (see (1.2) for this

notation), where (7, v,) ~ Qu« and & is any infinite ray emanating from o not sharing an edge
with the geodesic from o to v,,.

Proposition 2.1. Under (H1), IMGWy(n) converges weakly to IMGW.

The proposition can be seen from the following explicit construction of Qf,: begin with vy = o
of type a, and suppose inductively that we have constructed (7;,v;) (i < n) where 7; is the tree
up to level ¢ and v; is the i-th vertex on the geodesic from o to v,. Then v; is given offspring z
according to qX¥i, and one of these offspring w is randomly chosen (according to weights e,,) to be
distinguished as v; 1. Meanwhile all other vertices v € D;\{v;} are given offspring ¥ according to
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qXv. Once (T,,v,) has been constructed, attach to each v € D,, an independent MGWX" tree. For
N >n,

QT T (e v _
MGW&(TN) =0 pexvi <£vi’g> pn€a7

from which it follows that
dQ¢  Z,  dQw  Z
dAMGW® e, dMGW E gley I

Qnx we obtain the measures I\/IGW*, MGW of [17] on rooted trees with

infinite marked ray, as well as the corresponding marginals MGW" WV on trees without marked
ray which satisfy

Letting n — oo in Q%

nx’

dMGW, |  Z, dMGW,  Z,
AMGW? | T e, AMGW? T Egle,]
By the Kesten-Stigum theorem and Scheffé’s lemma (see e.g. [29, §5.10]), Z, L W,, hence
dMGW" W,  dMGW W, W,

AMGW? ~ ¢,7  dMGW — Ewew([W,]  Egley]

We remark that although M/CVV* and IMGWR are both measures on trees with rays, they are not
in general equivalent unless K is reversible.

Proof of Propn. 2.1. Take (T, v],) ~ WV*, delete everything below the first n levels, and attach
to each v € D,, a standard MGWX" tree. If we denote the resulting rooted tree by T, it follows
from the above discussion that (77,v]) has law Q.. From this description it is clear that if
(T,€) ~ IMGW, then (T("") 0) ~ Q,, (noting that the root type has law 7 under Q,,, which
agrees with the law of e, under IMGWy). In other words the portion of (7 ,&) descended from v,
has the same distribution under IMGW(n) as under IMGW,, proving the result. O

The following result will be shown in §6.2:
Proposition 2.2. If (H1), (H2), and (H3?) hold with p > 1, then Epmew|[W8] < oo

We define for future reference

EMGW[Wg] 2. Eg[ex]2

=E , 0= e
! Egley] Enow V2]

vicw Wol =

given the proposition these quantities are finite under (H32).

2.4. Harmonic coordinates for RW, and CLT. From now on, if x4 is a probability measure
on trees (with or without marked ray), we use p as shorthand also for ¢ ® RW,. We write P for
the law of the quenched random walk RW,(7) and E7 for expectation with respect to Pr, and let
(gtT )i>0 denote the corresponding filtration of the walk. Given 7T, for a vertex v € T we let Jv
denote the neighbors of v, and d1v the offspring of v, i.e., tv = dv N T, We write v < w if
we TW, with v < w if w # v.



CLT FOR BIASED RANDOM WALK ON MULTI-TYPE GALTON-WATSON TREES 13

For v € T recall that W, denotes the normalized population size of the subtree 7.1 For

vertices v € T we define S, as in [27, §3]: if T is a rooted tree, let
Spi= Y. W (2.6)
o<u<v

If 7 has marked ray &, recalling (1.1) we set
Sy =Sk, + 55 where Sp,i=— Y W, S5= > W, (2.7)

ueg,o>u>R, Ry<u<v

While on MGW-a.e. T the map v — S, is harmonic except at o with respect to the transition
probabilities of RW,(7), on IMGW-a.e. (T,&) the map v — S, is harmonic at every vertex with
respect to the transition probabilities of RW, (T, ). Thus, if (Y;)i>0 ~ RW,(T,€), M; := Sy, will be
a martingale given a fixed realization of the tree; we regard it as providing “harmonic coordinates”
for the random walk. Using the reversing measure IMGWR it is easy to prove a quenched CLT for
M (extending [27, Cor. 1]):

Proposition 2.3. Under (H1), (H2), and (H3%), on IMGW-a.e. (T ,§) the process M /(no/n)
converges in distribution to a standard Brownian motion as n — oo.

Proof. We check the conditions of the Lindeberg-Feller martingale CLT (see e.g. [9, Thm. 7.7.4]):
letting

n—1

1
Vn = D Br((Mipa — My)*|G] ),
t=0

we verify that for IMGW-a.e. (T, ¢),
(i) Vi — n?0? in probability and
(ii) for all € > 0, %2?2—01 Er[(Miy1 — Mt)21{|Mt+1fMt\>e\/ﬁ}] — 0.

Let Y,, denote the random walk on (7,£): we rewrite V,, in terms of the induced random walk on
1 as

n—1 d

1 p 1 2
Vn = — Yn _ —_—— |/[/ 2 |/|/ 2..
n ;_1 4,0[(7-,5) ]7 90[(7-75)] 0+ d, o T 0+ d, ;:1: 0y

The key observation is that ¢ is a function only of the subtree 7(°) descended from 0. We saw in
Thm. 1.3 (b) that for (7,€) ~ IMGWR the sequence (70, 701 ) is stationary and ergodic,
and hence V,, = Eimewr[¢], IMGWR-a.s. by the Birkhoff ergodic theorem ([9, Thm. 6.2.1]) as soon
as it is verified that ¢ € L'(IMGWR). We compute

1
Emewrly] = o~ Emcw P+ > Wi | =EvewW;] = n’o?,
P v€do
so condition (i) is proved. Condition (ii) is checked similarly using dominated convergence. O

Remark 2.4. To give some indication of how our results might be extended to RWREj;, we note
that the main ingredient needed is the appropriate generalization of the normalized population

INote that if 7 has a marked ray &, then for v € &, Zfl = (Z;,e)/p™ is not necessarily a martingale for the first
|h(v)| steps. Nevertheless it is eventually a martingale so we can still define W, to be the a.s. limit of Z,,.
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size: we define it tohe the random variable W, which is the a.s. limit of the martingale Zn = Z(ll)
defined by (5.1). If W, denotes the normalized population size of 7@ then

pWy = Z W,
wedtv
so the W, can be used to define harmonic coordinates for the RWRE. In the single-type case, W,
has finite second moment if and only if x > 2 [19, Thm. 2.1], so clearly Propn. 2.3 cannot apply
outside this regime. We emphasize again that due to the same technical barriers which arise in
[10], simple adaptations of our proof will not cover the full regime x > 2.

3. PROOF oF THM. 1.4

In this section we prove the quenched CLT for IMGWR trees by controlling the corrector
M,
e = — — h(Y})

n
on the interval 0 <t < n. For 1/2 < § < 1 and n > 0 fixed, let 77(j), for j|n%| < n denote integer
times chosen uniformly at random (independently of one another and of the random walk Y') from
the interval [j|n’], (j + 1)|n°]).
Proposition 3.1. Assume (H1), (H2), and (H3P) with p > 2. There exists 6y = do(p) € (1/2,1)
such that for 6o <6 <1 and e >0,

nan;OIP(T’g) (jfrILl‘%}Scn |€Tn(j)} > e\/ﬁ> =0, IMGWR-a.s. (3.1)
Further, for any ¢ with 2¢ +6 < 1,
lim P(7 ¢ ( max |h(Y;) — h(Ys)| > nl/“’) =0, IMGWR-a.s. (3.2)
n—o0 ’ r,s<n,|r—s|<nd

Given this proposition, we can prove the quenched CLT for RW, on IMGWR trees:
Proof of Thm. 1.4. If t < n then |t — 77(j)| < |n°] for some j, so
M, M,
N
M satisfies a CLT by Propn. 2.3, and it follows from (3.1) and (3.2) that

nlLH;oP(T’E) (1}1<a7§<|5t| > e\/ﬁ> =0, IMGWR-as.,

+ max [emm(;)|+ max |h(Y;) — h(Ys)].

max |e¢] < max
t<n jlnd|<n r,s<n,|r—s|<|nd |

r,s<n,|r—s|<|nd |

which gives the result. O

The remainder of this section is devoted to the proof of Propn. 3.1. By (2.7),

1
— max || < B+ Ey 3.3
v i ool &

where, with R; = Ry, denoting the nearest ancestor of Y; on ¢,

3
1 SY,n,
, Ey:=— max |—2

Vnjnej<n | m

~ h(R) — (V)6

Our strategy will be to control the two terms individually. We will make use of the following
classical result:
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Lemma 3.2 ([28, p. 60]). If z1,..., 2z, are independent random variables with Ez; = 0 and E|z P <

o0, then
E [

Let 7 be a rooted tree. Recalling the definition of S, for rooted trees ((2.6)), for e > 0 we write

n

>

i=1

] . {2 i Bz f1<p<2, 5.4

Clp)n?* ' S Ellal?] ifp>2.

A;:{veDn:’%—n‘>e}, n > 1. (3.5)

The following lemma says that the harmonic coordinates (S,),ec7, rescaled by 7, are a good ap-
proximation to the actual coordinates |v| on the MGW rooted trees. Let H, := min{t > 0: X; = o}
denote the first return time to the root by the walk X.

Lemma 3.3. Assume (H1), (H2), and (H3P) with p > 2. For any € > 0, the expected number of
visits to Aj during a single excursion away from the root is

H.
o C B
Emow | Y Lixieasy| < Bmew | Y (1+dy)| < Clp,e)k 2.
t=0 P vEAS
k
Proof. If v € T with |v| = k > 1, a simple conductance calculation (see [24, Ch. 2]) gives
H,
. Pr(o —»wv) p+d,
E x| = = 3.6
T tZ:; {X¢=v} IP)T(U N 0) Clopk ) ( )
so the first inequality follows. For the second we follow the proof of [27, Lem. 3] (in particular the

estimate [27, (20)]) and of [10, Lem. 4.2]. Recall from §2.3 the probability Qf on rooted trees T
obtained from a size-biasing of MGW®, and further the probability Qf, on rooted trees 7 with a
marked path (0 = vo,...,vx) to level k.

Emows | Y (1+dy)| < CEmows | Y ex, (1+dy)
vEAS vEAY

[ZUEAZ €Xv(1 +dy)
= EQa

— k o .
<Zk7§> ]EMGW [<Zk’§>} = €ap EQ}C* [(1 +dvk)1{'vk€Ak} )

so it suffices to show
Eqg, [<1 + dvk)l{vkeA;}} < C(p, kP2,

To this end, writing W; = W,,, for ¢ < k we decompose W; = Wiy1/p + /V[vfl where I/TN/l is the
normalized population size of 7\ 7T (¥+1) Then
k—1 >

W Wi

Wz’ = Z _j + s

o

SO
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Conditional on the types (x; = Xvi)f;:]ﬁ the random variables Wl, . ,Wk—l are independent of one
another and of the pair (Wy,d,, ), and all these random variables have finite moments of order p
by Propn. 2.2. Therefore

1 k—1 N

= CiWi—1)

=1

Eqq, |(1+ dvk)l{vkeA;}] < CQf, <

> e/ 2) +Eqe, [du, 1{cowy /kze/2}]

By (H3P), Markov’s inequality, and Holder’s inequality, the second term is

2Ck p-l p—1 C(p,ﬁ) C(p,é)
S(ke) Faz. [dkak ]S T S el

since p > 2. As for the first term, by (3.4) and Markov’s inequality,
= =
QZ* ( k;CiWi_EQZ* [k;CZWz >6/4>

].31:/2—1 k-l N .
< C(p) (he)? {ZEHCi(VVi _E[Wi|Xi])|p]} < Cp, o)k P/2.
i=1

(Xi)?:l]

On the other hand,
k—1

1 ~ .
mo=Eqp, |+ D CiWi| = CocBamWol = Eggy [Wol = n,
i=1
and so
1 k—1 _
kx ( Eqp, | > aw; (Xz‘)f:1] —n| > 6/4)
=1

decays exponentially in k£ by [8, Thm. 3.1.2]. Combining these estimates completes the proof. [J

The next step is to use Lem. 3.3 to show that on the IMGWR trees, SE/T] is a good approximation
to d(v,&). Recalling (2.7), set

S5,

Bi(T,¢) = {w eT dw,§) =k, P

> } . B(TO=UBUT.O. (7
k>1

Lemma 3.4. Assume (H1), (H2), and (H3P) with p > 2. There exists o = do(p) € (1/2,1) such

that for 6o < §d <1 and e > 0,

lim Pre) (3) € Zo0,(n°) <0 Yo € BYT,€)) =0, IMGWR-0.s

n—oo

Proof. We modify the proof of [10, (22)]. Let € > 0 be given; without loss € < 1/2. Recall from the
proof of Propn. 2.1 that if (77, &) ~ IMGW, then (7). 0) ~ Q. Thus a consequence of the proof
of Lem. 3.3 is that

IMGW (|8, /k + 1| > €) < C(p, e)kP/2. (3.8)
With p > 2, it follows from Borel-Cantelli (using that IMGW( and IMGWR are mutually absolutely
continuous) that for IMGWR-a.e. (T, &) there exists kg so that |S,, /k+n| < € for all k > k. For any
1/2 < v <4, let H|;~| denote the hitting time of v|,,»| and Ty, := {HLWJ < 2n}: for n sufficiently
large

e {n; M, < S0, < (<0t eWJ},
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s0 Pir¢)(I'n) — 0 as n — oo by the invariance principle for M proved in Propn. 2.3.
On the event I'S, we decompose the walk into (possibly empty) excursions away from & started
at v;, 0 <1i < |n?], to find

2n
1
Pere) ({3,7 € Z>0,j[n’] <n:Yon( € 36(775)} ﬂTC) ﬁE(Ts) Zl{YtEBe(T&)}]
t=0
1 [nY]-1 2n 1 [n7]—-1
L ETe) [Z LiyvepenTony| = W G;. (3.9)
=0 t=0 i=0

If L; denotes the number of visits to v; before H |n7 | and N;; denotes the number of visits to

BN 7®) during the j-th excursion away from ¢ started at v;, then Wald’s identity (see e.g. [3,
Exercise 22.8]) implies

Gi <E(7g)lLi]E(T ¢)[Nia -
By a conductance estimate E(r ¢)[Li] < P(v; = v|py J)*l < Cd;. During a single excursion away

from ¢ the walk can visit only one of the 7(*) for w € T v\v;_1, so to bound E(1,6)[Ni1] it suffices
to consider an MGW rooted tree 7' (without ray): letting

Ne — Ae A . W0+SU_ Ae . Ae
k_Ak.(T).—{UEDk. w1 e A .—kL;JOA,

it follows from a (very slight) modification of Lem. 3.3 that

H,
Eimew, [Ni1]i U 7] < CEmew !Z Lix,ciq| <C0e) > kP < Clpe)
=0

k>1

(using p > 2). Therefore
Eimew, [Gi] < Eimew, [Cdi - Eimew, [Ni1]i U 0] < C(p,e).

It follows that

[n7] -1
] ; G; =0, IMGWR-a.s.

The proof is completed by recalling (3.9). O

Proof of Propn. 3.1, (3.1). Recall the decomposition (3.3). For any ko,
Sy, Sk

— — h(v; Lt — h(Ry)| -
7 (vi) ) (Ry)

The first term clearly tends to zero as n — oo with kg fixed. The second term is bounded above by

(7 e ) sop |~ 220

Fi < — max
n i<ko

+ — max
/1 t<2n,h(Ry)>ko

Recalling (3.8), the second factor can be made arbitrarily small by taking ko large. We also have

1 1 d(Yeny,
Ey < | —=max |M;| ] max 7_M’
Vo t<2n jlnd|<n |1 Sff
™ ()
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and in view of Lem. 3.4 the second factor tends to zero in probability. By the invariance principle
for M proved in Propn. 2.3, max;<a, | M¢|/+/n stays bounded in probability as n — oo, so the result
follows. g

The proof of (3.2) is based on some a priori annealed estimates for RW :

Lemma 3.5. There exists a constant C' < oo such that for m,n > 1,
MGW <I{1<ax | X¢| > m) < Cne—(m+1?/(2n)
<n

Proof. We modify the proof of [27, Lem. 5]. Take the finite tree with vertices {w € T : |w| < m},
and make this into a wired tree 7* by adding a new vertex o* which is joined by an edge to each
vertex in D,,. Define the modified random walk X* on 7* which follows the law of RW, except at
o* where it moves to a vertex chosen uniformly at random from D,,. Then

n+1
_x
PT(r%angt\ >m) < 2;1%(& = o").

By the Carne-Varopoulos inequality (see [24, Thm. 13.4]),

. % Dl _(m
Pr (X} =0") < 2\/%71’6 (m+1)%/(2t)

MGW(’XZ(‘ _ 0*) < Ce—(m+1)2/(2t)’
and summing over 1 <t < n + 1 gives the result. O

Taking expectations gives

Corollary 3.6. There exists a constant C < oo such that for any m,n > 1,
IMGWR <r{1<ax |h(Yy)| > m) < Cn2e—m2/(2n)
<n

Proof. We argue as in the proof of [27, Cor. 2]. By decomposing into at most n excursions away
from height zero and using the stationarity of IMGWR, we find

IMGWR <maxh(Yt) > m)

t<n

<n-IMGWR (3t <n:h(Y) > m,h(Y;) >0V0 < s<t)
< Cn-MGW (1;[1<ax | X¢| > m — 1> < Cn2em/(2n),
sn
by Lem. 3.5. The same bound holds for IMGWR(min;<,, h(Y;) < —m) by the reversibility of IMGWR,
and the result follows. O
Proof of Propn. 3.1, (3.2). By stationarity of IMGWR and Cor. 3.6, for any fixed s
IMGWR ( max |h(Yara) — h(Ys)| > n1/2—f’> < Cp2e T2
0<u<n?
and summing over s < n gives
IMGWR ( max  |h(Y;) — h(Ys)| > n1/2—f’> < Cp2tlen' T2,
r,s<t,|r—s|<nf

which is summable in n provided 2¢/ +6 < 1. The result then follows from Markov’s inequality and
Borel-Cantelli. ]
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4. FroM IMGW 1O MGW BY SHIFTED COUPLING

4.1. The shifted coupling construction. To transfer the CLT on IMGWR trees to a CLT on
MGW trees, we use a shifted coupling procedure which is essentially the same as the one described
in [27, §6]. We begin by reviewing this construction, following the notation of [27] as much as
possible.

For any tree 7 (with or without marked ray) let £7 denote the set of leaves and 7° := T\LT.
Given trees 7; rooted at o; (i = 1,2) and v € LT3, let T; o¥ T2 denote the tree rooted at o; which
is obtained by identifying the root of 75 with v.

(A) MGW excursions (B) IMGW), excursions

FI1GURE 2. Shifted coupling

Now let (T, (X¢)i>0) ~ MGW ® RW,. Set 79 = 0,79 = 0, and let Uy be the subtree consisting of
vertices {o} UdTo. For i > 1, let

Tic=min{t > ni—1: Xy € LUi—1} excursion start,
7; := min {t >T1: X € Uio_l} excursion end,
Vi ={veT:X;=wvforsomete[rmn)} vertices visited during i-th excursion,

V; ::ViU{wET:weaﬂ) forsomevevz-},
T: := subtree of T with vertices V; and root X,
U; = U;_q o T: subtree explored by time n;.

See Fig. 2a; the vertices visited by X are enlarged and the dotted circle marks a vertex with no
children. We take the convention min & = oo, and let Hx := max {i : 7; < oo} be the total number
of excursions (so {Hx < oo} = X).
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Next we construct a coupled realization ((T,€), (Y)i>0) ~ IMGWq RW,, as follows: first con-
struct the backbone Z/A{O of the tree (¢ and 0% wv; for i > 1, together with types) in the manner
described in §2.1. Set 79 = g = 0, and start a p-biased random walk Y; on Zjo with Yy = 0. The
goal is to match excursions of Y into unexplored territory with the excursions of X into unexplored
territory. For the single-type case this is accomplished by waiting until Y reaches a leaf node of
Uy, attaching T to the leaf node, letting Y take the path of X through 77, and then repeating the
procedure inductively.

In the multi-type case we cannot attach 77 at a leaf node unless the types match, so we make
the following natural modification: let 79 = 79 = 0, and let o; denote the root of 7;. For i > 1,
consider the process (Y;);>5,_,, and suppose it has reached v € Eljli_l. If x» # Xo;, We enlarge

~

U;_1 by attaching offspring 0Tv according to the law qX*. In this manner we continue to let Y
travel according to RW,, attaching offspring as needed; by abuse of notation we continue to call
the enlarged tree ;1. This process terminates at time

7= min {¢ > i1 Vi € L1, x5 = Yo }

and we then set

~ ~

U; = U;_4 oY% T: extended tree,

N =Ti+n —T; excursion end,

(Yo )vepn = (Xt)ieprm) coupled excursion,
Yy, = ancestor of Yz, =Yz .

See Fig. 2b; the vertices visited by Y are enlarged. Finally, with U = lim; LA{i, we define T by
attaching to each vertex of LU/ an MGW tree, depending on type. We thus obtain the following
extension of [27, Lem. 8]:

Lemma 4.1. If (T, (X¢)i>0) ~ MGW®RW,, then the marginal law of (T, €), (Yi)t>0) arising from
the above construction is IMGWy @ RW,,.

4.2. Annealed CLT for MGW. In this section we will transfer the IMGWR quenched CLT to the
following annealed CLT on MGW trees:

Proposition 4.2. Assume (H1), (H2) and (H3P) with p > 4. If X has law MGW ® RW,, condi-
tioned on X, the processes (| X|n)|/(0y/n))i>0 converge in law to the absolute value of a standard
Brownian motion.

Let Ry = h(Y:) — ming<s<t h(Ys) > 0. By Thm. 1.4, for IMGWy-a.e. (%,5), the process
Rnt)/(04/n) converges to a Brownian motion minus its running minimum, which is the same
in law as the absolute value of a Brownian motion (see e.g. [I4, Thm. 3.6.17]). Thus to deduce
Propn. 4.2 we need to estimate the relation between the processes | X,,| and R,,. To this end, let t,
t be monotone increasing bijections

tZZZO—> U[Uifl,ﬂ'), EZZE()—) U[ﬁlfl,f’z)
i>1 i>1
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We make the following notations (the left column refers to the MGW tree, while the right column
refers to the IMGWj tree):

Xs = Xt(s)v Ys = Yy(s)

Hy=o(X, 15 4(5) = a¥i: ¢ < 6(9),

Ji =1t~ 1[7h 1,7i), !/]\z:{" [772 1,7i);

I, =max{i:7; <n}, I = max {i: f; <n};

Ap =10, Ap =0 | Ti;

A% = I HseJ X <}, N HSEJ d(Y,,€) < n® H

In words, given the walk X on the MGW tree, X s is the “inter-excursion process” adapted to
the filtration Hs, J; refers to the i-th inter-excursion interval, I,, is the number of such intervals
contained in [0,n), A, is the total length of these intervals, and A% is the length of these intervals
except for times spent at distance more than n® from the root. The right column defines the
analogous objects for the walk on the IMGWj tree. Finally, let

B, := max {h(Y;)—h(Y,):Y,. Y, €&}

0<r<s<n

denote the maximum displacement by time n against the backward drift on &.

Lemma 4.3. Assume (H1), (H2), and (H3?) with p > 4. Then

(a) There exists a = a(p) < 1/2 so that limp_,eo MGW(AZ # A,|X) = limp_eo IMGW( (A2 #
A, |X©) = 0;

(b) 1xe|Ap|/n £ 0 under MGW;

(c) lxc\ﬁn\/n 25 0 under IMGWy;

(d) 1xB,/v/n - 0 under IMGW,.

Given this lemma, we can prove the annealed MGW CLT:

Proof of Propn. 4.2. Let s : Z>o — Z>0 be a nondecreasing map which maps each [7;, 7j;) bijectively
to [7i,m;). Then for t € [7;,7;) we have |Xg)| — [Xr| = d(Y3, ) — d(Yz,,§), so, recalling that R,
denotes the nearest ancestor of v on &,

1Xso)] = Rel = [ Xs| — d(¥e, €) — h(By) + min h(Yi)| < | X[+ d(Y7, ) + |Bnl.
It follows that on the event {AO‘ = A N {AY = A},

2n® + |By|

TJE?? [[Xsy| — Ra| < "
so by Thm. 1.4, Lem. 4.1, and Lem. 4.3 (a) and (e) the processes (|X(|n¢))l/(0v/n))i>0 converge
in law to a reflected Brownian motion. On the other hand, Lem. 4.3 (b) and (c) imply that
n~ maxo<;<1(s(|nt]) — [nt]) - 0 so we obtain the CLT for the processes (| X negl/ (0v/n))i=0
from the continuity of Brownian motion. g

The remainder of this subsection is devoted to the proof of Lem. 4.3. Let C,, = C(o, /) denote
the conductance between o and Dy in T, with respect to the stationary measure @ for RW,(7)
with the normalization w(o) = d,. The following estimate, a version of [26, Lem. 2.2], will be
proved in §6.3:
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Proposition 4.4. (a) Under (H1), (H2), and (H3?%), there exist 0 < r,C < oo such that for all
e >0, MGW(C, ; > k!*e|X%) < Ck".

(b) If further (H3P) holds with p > 2, then for MGW-a.e. T ¢ X there exists a random constant
Cr < 00 such that CO_; < Crk for all k.

Corollary 4.5. Assume (H1), (H2), and (H3?) with p > 2, and let N*(n) := Y \"  1qx,|<no}-
There exists 0 < ¢,C < 0o (depending on «) such that for all € > 0,

I\/IGW(NO‘(n) > n1/2+a+6’X0) < On~c,
Proof. By Markov’s inequality it suffices to show
MGW (E7[N®(n)] > n'/2ote|Xe) < Cn~°.

If HS denotes the first hitting time of level |n'/2*¢ | then MGW(HE < n) < o—cn by Lem. 3.5,
so it suffices to show this result replacing N®(n) with N*(H¢ ) for some € > 0.

Letting L,(n) denote the number of visits to o by time n, E7[L,(HS )] < doC(o, [n*/?>T¢ )1 so
by Propn. 4.4

MGW (ET[LO(H;’)] > n1/2+26/|XC) < on. (4.1)
If V denotes the number of visits to levels [0, |n®]|] during a single excursion away from o, then

(3.6) implies
(e +1

Er(V)<C Y [Dyl,
k=0

so by Markov’s inequality
MGW(E;[V?] > n+) < cn~c. (4.2)
By Wald’s identity
E7[N®(H},)] < Er[Lo(Hy )JET V],

so setting € = €/3 gives the desired result. O

Most of the technical estimates required for the proof of Lem. 4.3 are contained in the following
auxiliary lemma (cf. [10, Lem. 7.3]). For fixed n let £(n) = |(logn)3/?| and define the sequence of
(Hs)-stopping times

Oy =0, O = min{s >0, (p?s\ ~ |Xe,| = €(n)‘}
and similarly the sequence of (ﬁs)-stopping times
@0 = 0, @j+1 = min {8 > @j . ‘d(fg,f) — d(?@],f)‘ = E(n)} .

Lemma 4.6. Assume (H1) and (H2).
(a) Assuming (H3P),

IMGW (r?gaf Liy,ees Wy, > n1/4—e> < C(€7p)n1—p(1/4—e)_

In particular, if p > 4, there exists € = e(p) > 0 such that these probabilities tend to zero.
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(b) Assuming (H3P) with p > 2, for any € > 0 there exists C = C(p,€) such that
MGW (I, < n'/2+

Xc) < 6—0n6/2’ IMGW, (fn < n1/2+e) < o~ Cn/?

(c) With @j,@j defined as above,
MGW(3i < I,,,0,_1,0; € J;, | Xe,| > |Xo, ,|) < Cn?p~ ™),
IMGW,(3i < I,,,0,_1,0, € @,d(f/@j,g) >d(Yy, .6) <e R,
(d) Assuming (H3P) with p > 2, for any € > 0 there exists « = a(p) € (0,1/2) such that if

[n®] [n®]
A= | . BW= ) B
k=|n*]|—|(logn)?] k=[n®|—|(logn)?]

(where A5, By, are as defined in (3.5), (3.7) respectively) then

lim MGW (3t <n: X, € A(”)) —0, (4.3)
n—oo
lim IMGW, (Elt <n:Ye B(“>) = 0. (4.4)
n—oo

Further, if p > 4 then a can be chosen such that for constants 0 < ¢,C < oo depending on €, p,

MGW (3t <n:X, e (] 45| <Cn® (4.5)

k>no

Proof. (a) See proof of [27, (63)].
(b) We will show that with probability > 1 —e~C""” conditioned on X, one of the first [n!/2+¢]|
excursions has length n; — 7 > n which certainly implies the result. Conditioning on X¢ is needed
simply to ensure Hx = oo; for the purpose of proving the claim we may artifically define n; —7; = oo
for i > Hx.
Then, conditioned on (n; — 7;)

</

i—1

=1 the probability that n; — 7, > n dominates

C - MGW(H, > n)

where H, is the first return time to o. For a fixed rooted tree T, let HZ/ % denote the first hitting
time of level |n!'/?t¢/2|. Then

Pr(H, > n) > Pr(H, > H/? > n) > Pr(H, > H/?) — Pr(H/? < n),
so Propn. 4.4 and Lem. 3.5 imply MGW(H, > n) > C/n'/?*</2 for C = C(p,e). Thus the
probability that none of the first |n!'/2*¢| excursions has length > n is

1/2+€
C " _Cne/Z
< (1 - n1/2+e/2> =e )
which proves the result.

(c) See proof of [27, Lem. 11] for the bound for MGW. For the IMGW|, tree, the event of interest
implies one of two possibilities:
1. there exist times ty < t; < t2 < n with Y}, =Y;, and d(Yy,, &) = d(Yy,, &) + [4(n)/2], or
2. there exist times t; < to < n with d(Yy,,€) = d(Y,,€) + [£(n)/2] such that some a € Q
does not appear on the geodesic between the Y;,.
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By a simple random walk estimate and summing over at most n? possibilities for (V;,,Y,), the
first event has probability < Cn2p~{m)/ 2] The second event has probability < e~°/(" by the
construction of IMGW( and the irreducibility of the Markov chain, and combining these estimates
gives the result.
(d) For the proof of (4.3), arguing as in Cor. 4.5 it suffices to show
lim MGW(3t < HS : X; € AM) = .

n—oo
By Wald’s identity
Pr(3t < H : X, € A™) <E7[Lo(HS)] - Py

where P, is the probability (conditioned on 7)) to visit A™) during a single excursion away from
0. By (4.1), Ef[Lo(HS)] < n'/?*2¢ except with probability Cn=¢ for C,c¢ depending on p,e. By
Lem. 3.3, Emew|[Pn] < C(a, €, p)(logn)?(n®)~P/2, so, using p > 2 and choosing a sufficiently close
to 1/2 and e sufficiently small, it follows from Markov’s inequality that MGW(P,, > n—1/ 2+3€)) <
Cn~¢, and (4.3) follows. On the other hand, if P/ is the probability (conditioned on T) to visit
Upspe A5 during a single excursion away from o, then Emew[Pn] < C(a, €, p)(n®)!7P/2 so (4.5)
follows by a very similar argument.
For (4.4), arguing as in the proof of Lem. 3.4 it suffices to show

7)1
lim Y IMGW,(3t <n:Yie B NTM) =0.
1=0

If ﬁl denotes the probability conditioned on (7, &) to visit B (") during a single excursion away from
& started at v;, then

)
)

IP)('7—,5) (Elt <n:Y; € B(n) N T(vz)) < ]E('T,ﬁ) [Ll] < Cd; P

~

By a slight modification of Lem. 3.3,

Eivaw, [Pili Udti] < C(e, p)(log n)>n=/2,

therefore
[n7]—1
> IMGW,(3t <n:Y; € BWNTM) < C(e, p)(log n)*n? =/,
i=0
Since p > 2 this tends to zero by choosing v, a sufficiently close to 1/2. 0

Proof of Lem. 4.3. (a) See proof of [10, (28),(29)], making use of Lem. 4.6 to replace [10, Lem. 5.1].

(b) By (a) it suffices to show 1xeN*(n)/n - 0 under MGW, and a stronger result was proved
in Cor. 4.5. R N

(c) By (a) it suffices to show 1xc N®(n)/n - 0 under IMGWq where N%(n) := Y7 Lia(y; 6)<no}-
This can be deduced from the estimate (4.2) by the same arguments which were used in the proofs
of Lem. 3.4 and Lem. 4.6 (d).

(d) The height process (hs)s>o for the walk Y restricted to £ (i.e. deleting all excursions away
from &) is a random walk on Z<o with a p-bias in the negative direction, so it clearly suffices to

show that for B!, := maxo<,<s<n{hs — h}, we have B! /\/n L5 0. Set 0p = 0 and define for j > 0

oj = inf{i > oj—1:h;= hoj_l —1}.
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Now the processes (hgj) = hs — ho;)o;<s<0,,, are iid., and clearly o, > n, so

B/, < max ( max Egj)>.

0S]<7‘L O'jSSSO'j+1
The probability that maxy, <s<s;., ﬁgj ) > m is at most the probability that a random walk on
Z started at 0 with a p-bias in the negative direction will reach m before —1, which is (1 —

p 1/ (p™ — p~1) < p~™. Therefore P+(B/, > m) < np~™, so in fact we have the stronger result
that B/, /y/n — 0 a.s. on MGW-a.e. T. O

4.3. From annealed to quenched CLT. We now describe how to move from the annealed to
the quenched CLT; the proof is motivated by some ideas in [27, §6-7].

For X ~ RW,(T) for any rooted tree T, let B}’ (X) denote the polygonal interpolation of k/n
| X%|/+v/n. Let t5 be the unique increasing bijection

ZZO — Zzo\{t > 0: |Xt| < ’I’LE};

and let X, := th((s)> so that X is the time change of X obtained by killing time spent within n¢
of o (the total time killed during the first n steps of X is precisely n — (t5)~(n) = N¢(n)).

Lemma 4.7. Assume (H1), (H2), and (H3?) with p > 4. For € sufficiently small, there exists
a < 1/2 such that

MGW <max 1Xe| — | Xe|| > na> <n
t<n

Proof. We use the method in the proof of [27, (55)]. By Cor. 4.5, MGW(N¢(n) > n/2+2¢) < C'n—c,
so it suffices to consider | X, — X,| for 0 < r < s < n with |r — 5| < n!/?2*2¢, By Lem. 4.6 (a), if
Y =, ;= min{t > 0: Wy, > n1/4’26}, then MGW(¢,, < n) < Cn~¢ for € sufficiently small. If

H, denotes the first return time to the root, then M/ := Sx is a martingale with differences
1/2+42¢ 1/2+2¢

sAHp
bounded in absolute value by n until time 1, when it has a positive jump of size > n

The truncated process

AT / / /

My = My, — (My, = M) 1<y
is then a supermartingale with all differences < n!/2t2¢ in absolute value. Decomposing into
excursions away from the root and applying the Azuma-Hoeffding inequality gives

MGW max  |Sx, — Sx.| > 2n® | < MGW(¢, < n) 4+ n- MGW max  |M, — M| >n®

0<r<s<n 0<r<s<n
Ir_s‘§n1/2+2e \r—s|§n1/2+26
200
n
<Cn 4 ndexpq —
> P\ T 272,20 /4-2¢) [

which can be made < Cn~¢ by choosing « sufficiently close to 1/2. But by (4.5) the same bound
holds replacing Sy, with n|X;|, which proves the result. O

Proof (Thm. 1.1). We use similar ideas as in the proof of [27, Thm. 3]. Regard B}(X) as an element
of C[0,T] with the norm

dr(u,u') = ( sup |u(t) — u'(t)\) Al

0<t<T
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By [5, Lem. 4.1], the theorem will follow once we show that for all F' Lipschitz on C[0,7] with
Lipschitz constant < 1 and for all 1 < b < 2,

ZV&I‘MGW (ET[F(BLka)D < 00.
E>1

To this end, let T ~ MGW, and let X! X? be independent realizations of RW,(T), and write
B = B*(X") and B™ = B"(X*). Then

Varmew (E7[F(B™)]) = Emew [F(B™)F(B™?)] — Emew [F(B™")] Emew [F(B™?)] .
By subtracting a constant we can take F' to be uniformly bounded by 1, so by Lem. 4.7 the above

1S

< Emew F(@”’l)F(I@”’Q)] — Emcw [F(@"vl)} Epmcw [F(@W)} +COnc.

But if A,, denotes the event that the paths of X! and X2 up to time n intersect, then MGW(A,,) <
Cn~¢: indeed, using Cor. 4.5 again, it suffices to note that the chance that X? hits a given vertex
v by time 2n (say) with |v| > n¢ is < Cnp™™, so the chance that X?2 hits the path of X' above
nis < Cn2p~™". On the event A¢ the random variables F(B™!) and F(B™2) are independent, so
finally we obtain

Varpew (E7[F(B")]) < Cn™¢,

and the theorem follows. O

Proof of Cor. 1.2. Given (T, X) ~ MGW®RW, we can obtain (7, X**) ~ MGW®RW¢" by taking
(E;)i>1 i.i.d. exponential random variables with unit mean independent of X, and setting

X' = Xor), O(t) =max{i: )
j=1

Ej
ptdx;, ~

similarly we can obtain (7€), YY) ~ IMGW, ® RWS'* from ((T,€),Y) ~ IMGW, ® RW,,. Thus
a shifted coupling of (7, X) with ((7,¢),Y) (as /Ezonstructed in §4) naturally gives rise to a shifted
coupling of (7, X“) ~ MGW ® RWS* with ((7,£),Y") ~ IMGW, ® RWS"™ by using sequences
(E;)i>1 for X and (Ei)izl for Y% which are marginally i.i.d. exponential but such that the jump

times match during the coupled excursions.
By Thm. 1.3 (b) and the exponential decay of the F;, it holds IMGWR-a.s. that

12”: Ei o { 1 ]_1
”izlﬂﬂLin IMGWR ptd,| "2

It follows from Lem. 4.3 that 1xen '>" | E;/(p + dx,) — 1/(2p) in MGW-probability, hence

MGW-a.s. along subsequences. Along such a subsequence it is easily seen that

0(nt)

max
0<t<1

—2pt‘ —0

so it follows from Thm. 1.1 that (|X¥|/(cy/n)) is uniformly well approximated on 0 < ¢t < 1 by

nt

| Bo(nt)/nl; hence by /2p|By|, for B a standard Brownian motion. O
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5. TRANSIENCE-RECURRENCE BOUNDARY FOR RWRE

In this section we prove Thm. 1.5. Our proof is a straightforward adaptation of that of [21,
Thm. 1] or [10, Propn. 1.1] once we supply the needed large deviations estimate (Lem. 5.2) on the
conductances at the n-th level of the tree, extending the estimates of [21, p. 129] and [10, p. 7] to
our setting of Markovian dependency.

Let D = {7 : max,;, A" (a,b) < 0o}, where A" is as defined in (1.3). Recall that p(7) denotes
the Perron-Frobenius eigenvalue of A with p(y) = oo for v ¢ D. The following lemma collects
some basic properties of p.

Lemma 5.1. Under the hypotheses of Thm. 1.5, p is lower semicontinuous, log-convez, and dif-
ferentiable in D.

Proof. Lower semicontinuity at v € D follows from Fatou’s lemma, so it remains to consider v on
the boundary of D: we must show that if 7 — 7Yoo With max,; A (a,b) — oo then p(y) — oc.
Recall the min-max characterization

~ . (AMg),
(v) = max min

z>0,27#£0 a:xq#0 Tq
(see e.g. [12, Cor. 8.3.3]), which implies p(7y) > max, A (a,a). Since AO is positive regular, so is
AW for all v € D, and by taking matrix powers we may suppose without loss that ming A (a,b) >
€ for all 7 in a neighborhood of 7. The min-max characterization applied to the vectors z > 0
with (z3/24)? = ¢/A)(a,b) and all other entries equal to zero gives

p(7)° > emax AV (a,b),
a#b
which proves lower semicontinuity. The entries of A are log-convex in v by Holder’s inequality, so
p is log-convex by monotonicity and log-convexity of the Perron-Frobenius eigenvalue in the entries

of the matrix (see e.g. [12, Cor. 8.1.19] and [0, Exercise 4.34]). For differentiability of p in D see [8,
p. 75]. O

For v € D let e and Q(V) denote the associated left and right eigenvectors; we use the shorthand
For T ~ MGW and v € T, let

the conductance of the edge leading to v. The natural generalization of the martingale introduced
in §2.3 is

~ 1
7 = _ Z égc'Y)C;/; (5.1)
PO
this is a multi-type Mandelbrot’s martingale and has been studied in various contexts, for example
as the Laplace transform of the branching random walk with increments loga, [7, 18]. Using

this martingale we can make a change of measure (similar to the one of §2.3) and control the
conductances at the n-th level by controlling the conductance of a random vertex. Specifically, for
each a € Q define a size-biased measure QZ on {2 by
iQ, 7
AMGW"  eq
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We then let QZ , denote the measure on pairs (7,v,) obtained by letting T ~ GZ and choosing
v, € Dy, according to weights e, .

Lemma 5.2. Under the hypotheses of Thm. 1.5, for each a € Q, under 62 the random variables
n~tlog C,, satisfy a large deviation principle with good rate function A*(x) = sup, (vz — A(7)),
where A(y) = log p(y) — log p(0). In particular, for any 0 < z < y,

1.

lim inf — log Q. (C,, > 2") > —sup(ylogy — A(7)). (5.2)

~a
nk?

Proof. Let A, denote the cumulant generating function of n~!log C,, with respect to that is,

An(y) = logEqa [CY/™].

Then
Ccy 1
A7) — Bnae [C7 ] = 2vep, ©xo O - gl
€ Qz, [C),] = Eqz [ - Emcewe ey, C.
! ZvGDn Exw eap(0)” vezfi;n Xerw
p(y)" p(y)"

~
—~

Enmewe 2] =

(o)™’
where =< indicates equivalence up to constant factors depending only on e and €. Thus

lim ~ A(ny) = log p() — log p(0) = A(3).

n—oo
By Lem. 5.1 this is an essentially smooth convex function in the sense of [3, Defn. 2.3.5], so the
large deviation principle follows from the Gértner-Ellis theorem (see [3, Thm. 2.3.6]). In particular,
for any 0 < z < g, [3, (2.3.8)] implies
1. —a
liminf —log Q,,(Cy, > 2") > — inf A*(z) > —A*(logy)
n—oo n z>log z
(making use of [3, Lem. 2.3.9]). The result (5.2) follows immediately if logy = A’(vy) for some
v > 0. Next, by the assumption that A < oo in a neighborhood of 0, A*'(z) > 0 for sufficiently
large x and so A* attains its global infimum at z¢ with A*(z9) = —A(0). If logy < inf, >0 A'(v),
then z¢ > logy so (5.2) again follows. O

Thm. 1.5 now follows by adapting the proof of [21, Thm. 1]:

Proof of Thm. 1.5. Since the bias A can always be absorbed into the environment variables ay,

(v eT), we may take A = 1 from now on, and write p = p; = minp<,<1 p(7).

(a) If p < 1 for some v € [0, 1], making use of the martingale ET(L'Y) it is easy to see that the sum
of the conductances C,, v € T is finite MGW-a.s., hence the random walk is a.s. positive recurrent.

(b) Suppose p > 1. We will show there exists w < 1 such that
lim inf w" Z Cy > 0; (5.3)

n—oo
veD,

transience then follows from [20, Cor. 4.2]. By the proof on [21, p. 129],

_ P
p Org%y(;goy p(v)),

and we fix y € (0, 1] achieving this maximum. Then Lem. 5.2 implies that

1, —a
lirginf - log Q,,, (Cy,, > 2") > —log[yp(0)/p] Vz <y,Vae Q.
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Therefore we can choose z < y, 7 € N, € > 0, and w < 1 such that
géiél@?*({Cvj > 20} N {aw > €Yo < w < vj}) > q > (wzp(0)) 7.

Now consider the percolation process described on [21, p. 130]: let 7' be the tree with vertices
{veT:|v] =0mod j}, with an edge v — w if and only if |w| = |v| + k in 7. Form a random
subgraph of 7’ by keeping the edge v — w if and only if

H a, > 2 and min oy > €,

v<ulw
v<ulw

in which case we write v ~ w. Every open cluster of this percolation process is a multi-type
Galton-Watson tree with mean offpsring numbers

N eqp(0)’
A(0) = B | Y- Lramay Loy | = <A Bz, L, =t3 Howup} ]

€
UEDj b

Then
ZA*(CL, bley > eap(0)q > eq(wz) ™,
b

so A* has Perron-Frobenius eigenvalue larger than (wz)~/ and there exists a.s. an open cluster
which is an infinite tree of branching number larger than (wz)™7. It follows that for some random
X > 0 (depending on € and the location of the infinite cluster)

lim inf w"* Z Cy > Xlini}inf Z (wz)™ > 0,

n—o0
’Uean ’UGan

which concludes the proof of (5.3). O

6. APPENDIX: GENERAL PROPERTIES OF MGW TREES

We begin with some definitions. For a € Q and s € [0, 1], let

11 Sf”] ;

beQ

F(s) == (F(8))aco, F*(s) :=Eqe

we refer to F' as the generating function of the MGW tree. If F(™) denotes the n-fold composition
of F', then for all a € Q

Epcue [H $Z0)

beQ
Recall that X denotes the event of extinction, and let ¢, := MGW®(X). The case of MGW(X) > 0
can often be reduced to the simpler case of an a.s. infinite tree without leaves by the following
transformation which is discussed in [1, §1.12] for the single-type case. For 7 ~ MGW, consider
the subtree 7> consisting of those vertices v of infinite descent, i.e. with |7(*)] = co. Conditioned
on X¢ T is an a.s. infinite tree without leaves, following a transformation of the original MGW

= (F"™(8)a, MGW*(|Z,| = 0) = (F"(0))a.

given by the generating function F(s) = (F(s))acq, where

P = 2SI X (1) - sy = 00 minhee)

1= beQ yp<xp 1—
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The transformed law has mean matrix
A=D7'AD, D =diag((1 - qa)aco),

so in particular it has the same Perron-Frobenius eigenvalue as A. Finally, it is clear that if the
original law satisfies (H3P) then so does the transformed law.

6.1. Zero-one law of perpetuating properties. The following zero-one law of MGW trees was
used in the proof of Thm. 1.3, and is similar in spirit to [24, Propn. 5.6]. Recall that 2 denotes the
space of rooted trees with Borel o-algebra Bg; we refer to sets P € B as “tree properties.”

Definition 6.1. We say that a tree property P € Bq is perpetuating if T € P if and only if
T@ e P for all v € do.

The following proposition does not require (H1) since no moment assumptions are needed; instead
we will say the law MGW is irreducible if there is a positive MGW®-probability of having a vertex
of type b in the tree for all a,b € Q.

Proposition 6.2. If MGW is irreducible and MGW(|Z;| > 1) > 0, then all perpetuating properties
are MGW-trivial.

Proof. Let Z2° count the vertices at level n of infinite descent. Then
MGW*(P[X?) < Y “MGW*(Zy = z[X°) [ [ MGW(P|X€)™.
x beQ
Note that MGW*(|Z:°| = 0|X°) = 0, so by considering a for which MGW*(P|X¢) is maximal, it
follows from irreducbility that MGW®(P|X¢) is constant in a. Then, since MGW(|Z,,| > 1|X¢) > 0,
we have that MGW(P|X¢) € {0,1}.

If MGW(X) = 0 we are done so assume MGW(X) > 0, and suppose without loss that the law
of X, is the stationary distribution for the Markov chain with transition probabilities p(a,b) =
> 2 d*(x)zp/|z|; this is chosen for the convenient property that if 7 ~ MGW and 7' = T for v
chosen uniformly at random from do, then 7 ~ MGW. Then

MGW (P|X®) > MGW(T" € X|T € X )MGW/(P|X)
and MGW(T" € X|T € X¢ > 0 by assumption, so if MGW(P|X¢) = 0 then MGW(P = 0).
Finally notice that P is perpetuating if and only if P¢ is perpetuating, so MGW(P|X¢) = 1 implies
MGW(P = 1) which completes the proof. O
6.2. Positive moments of the normalized population size. In this section we prove that

moment conditions on the MGW offspring distribution translate direction to moment conditions on
the normalized population size of the entire tree.

Lemma 6.3. If (H1), (H2) and (H3") hold with n € Z>2, then Emew|[WJ'] < oc.
Proof. We follow the proof of [1, Thm. 0]. For each a € Q let
¢%(s) := Emowe e "], @(s) = (¢%(5))sca,  (s) := Emewle "] = (g, ®(s)).

We have the functional equation ®(s) = F(®(vs)) where v = 1/p. By the assumption (H3"), if
v e (Rzo)g with ‘Q’ =1,

fat;) == (1) {EMGW[QMU,ZQ] ~ 3" Ewmowl(v, 2,)"] (—t)r}

!
r
r=0
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where 0 < ((t;v) < t. From this it is clear that f,(t;v) = o(t") uniformly in v as ¢t — 0. We have

¢a(s) = 1 —eqs+o(s), and the result will follow once we show the existence of constants ma, ..., m,
such that
n - (_S)T n
bn(s) = (—1)" ! {gb(s) —1+4+(g,e)s — Zmr . =o(s") (s—0).
r=2
Suppose inductively the existence of my,...,mg with k& < n: then, writing ®(ys) = et = e
with |v| =1 (note v depends on t), we have
k
tvg, = —log ¢p*(ys) = eqys + Z 2s" +o(s¥) (s —0). (6.2)
r=2
Let ¥(s) := [¢(s) — 1 4 (g,¢)s]/s. By the functional equation and (6.1),
1
¥(s) = ¥(v5) = < [Emowle™ 4] =14 p(1 = (g,™))|
1 k+1 (—t)T
= - [p(l —(g,e™™) = t(g,v)) + > Emewl(v, Z1)"]"—~ + O(tk“)] 7
s s 7!
and it then follows from (6.2) that
k
W(s) = p(ys) = bps" + o(s").
r=1
Since limg o1 (s) = 0,
. 4 LI
U(s) =Y [(rs) = (/s =) s +ols")
, -7
7>0 r=1
and by the definition of 1 this verifies the inductive hypothesis. O

Corollary 6.4. Under the notation and hypotheses of Lem. 6.3,
(1" [buls) = pou(vs)] = fult;vy) + O™ )

tv, .

where v, is defined by ®(ys) = e~

Proof. By the definition of ¢,, and the functional equation,

(1) 60(s) — pbu(13)] = Ewowle 2] — 14 p— plg,e2) = 3 (1 — 47 )
r=2 '

Since s appears only in powers > 2 on the right-hand side, it follows from (6.2) that

(=1)" [gn(s) — pgn(vs)] = {EMGW[G_t<”t’Z1>] —1-Y br(_t)r} + O™,

r=2

Since the left-hand side is o(s"), the expression in braces is a fortiori equal to f,(t;v,). O
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Proof of Propn. 2.2. By Lem. 6.3 we may take &« = n + § for 8 € (0,1). By (6.1) and Fubini’s
theorem,

1 1
[ twor ) dr < o [0z, - )
0 - JO

< Evewl(lZ:] /°° 1—e?
0

dt < oo. (6.3)

n! ti+5

By [4, Thm. B] the result will follow if we can show

/ On(s —(142) g5 < .

This follows from the proof of [4, Propn. 5] replacing [4, (3.13)] with (6.3) and [/, (3.9)] with
Cor. 6.4. O

6.3. Harmonic moments and conductance estimates. In this section we prove the existence
of harmonic moments for the normalized population size, extending part of [25, Thm. 1] to the
multi-type setting (using a similar proof). Using this result we adapt the methods of [26, Lem. 2.2]
to prove the conductance estimates used in the proofs of Cor. 4.5 and Lem. 4.6.

Lemma 6.5. Assume (H1) and (H2). There exists some r > 0 for which

Emew[W, " [X¢] < lim sup Emew[Z;, " X¢] < oc.

n—o0

Proof. By the above discussion we may reduce to the case q*(|z| = 0) = 0 for all a € Q. Expanding
F(™)(s) as a power series we find

(F™(8)a < Y MGW*(Z,, = (b)) +MGW(|Z,| > 1)]|s]3-
beQ
It follows from (H1) that for all a € Q there exists ng such that MGW*(|Z,,,| > 1) > 0 for all
a € Q. Then, given sg < 1, there exists v < 1 such that
(F"(s) <OV lsll Vlislloe < s0,a € Q.

Write
fa(1) = Emewle &9 = (g, FM (7" )peq)).

By Fubini’s theorem,

EMGW T 1 du.

We break up the integral into three parts. Flrst, by a change of variables,

—n

1

p 1
pnr/ fn(u)ur—l du _/ EMGW[ uZn] r—1 du <=
0 0 r

Next, for u > 1 we have ||(e7")pco|loc < e min, so for some v < 1

mn/ falwu™" du < Clyp)" / e emintiy" 1y,
! 1
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Choosing r > 0 small enough so that vp" < 1, this tends to zero as n — co. It remains to consider
the integral over [p~", 1],

1/pt

1 n
I:= ,om/ fr(w)u"t du = p" Z/ frn(wu"1 du
pm i—171/p

— Zpr(n—z) / EMGW[(?_MZ’“Q/’) ]ur_l du.
i=1 1

By conditioning on the first n — ¢ levels of the tree,

Emewle " Z€/P] = Eygw !H @?(U)Z"‘i(a)] = (g, F"[(@¢())acal),
acQ

where ®¢(u) := Epmgwe [e*”Z]. But

supsup @ (u) = sup (1) < 1,
i>1 u>1 i>1

since ®¢(1) < 1 for all a,i and ®¢(1) — Epmgwe[e~*“"°] which is less than 1 by the Kesten-Stigum
theorem as noted in §2.3 (using (H2)). Thus

n o
I< C§ :(,ypr)nz‘/l urfl du
i=1

which is bounded in n for small enough r. Putting the estimates together the result follows. O

Proof of Propn. 4.4. (a) Recall that a unit flow is a non-negative function U on the vertices of T
such that for all v € T, U(v) = > co+, U(w). For v € Dy define
W, Wy
EuEDg WU a pKWO’
it is easily seen that U is a well-defined unit flow on X€¢. It gives positive flow only to vertices of

infinite descent, so by the discussion at the beginning of this section we may reduce to the case
q*(|z] = 0) =0 for all a € Q. By Thomson’s principle [24, §2.4]

Uv) =

k k
_ 1 1
Cok S0 D U@ =05 d> = > Wi
/=1 vED, 0 ¢=1 P veEDy
By Holder’s inequality,
k: T
_ 1 or/(1—r)1—
Encw [ck} = Euew | 7 S W2 EW, 00 < ok
621 ’UGD[

for r sufficiently small, using Lem. 6.5 and p > 2. It follows from Markov’s inequality that
MGW(C, ) > kTe) < Ok
(b) We claim there exist 0 < ¢, C' < 0o deterministic such that

1
MGW By > wpzc| <p* (6.4)
k
vEDy
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Assuming the claim, we have

SO

1Y e, W2 1 1 |Dyle 1
kaU<’U)2=—Z €Dy, < ’ k‘g ZWE’

k 2 2 . k
veDy, P W; Zemin P° | Dyl veDy,
li k Uw? < ¢
imsup p Z (v)” < . <%
k—00 vED min ¥V o

and CO_; < C7k follows from Thomson’s principle.

It remains to prove (6.4). Since p > 2, the W, have finite moments of order 1 + r for some
0 <r<1,soby (3.4) and Lem. 6.5

1

MGW | | —
| Di|

Z (W2 — Emaw [W2])| > € | < C(e,r)Emow [|Di| "] < O, rp ",
vEDy,

for r sufficiently small. But the quantity

1

— E o [W2

vE Dy

is bounded uniformly in k& by a deterministic constant, so (6.4) follows by Borel-Cantelli. ([l
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