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Abstract

Motivated by genetic expression data, we introduce plaid models.
These are a form of two-sided cluster analysis that allows clusters to over-
lap. Using these models we find interpretable structure in some yeast
DNA data, as well as in some nutrition data and some foreign exchange
data.

1 Introduction

This article introduces the plaid model, a tool for exploratory analysis of multi-
variate data. The motivating application is the search for interpretable biolog-
ical structure in gene expression microarray data. Eisen, Spellman, Brown &
Botstein (1998) is an early and influential paper advocating the use of cluster
methods to identify groups of co-regulated genes from microarray data. We
present the model and illustrate it on gene expression and other data. The
plaid model allows a gene to be in more than one cluster, or in none at all. It
also allows a cluster of genes to be defined with respect to only a subset of sam-
ples, not necessarily with respect to all of them. Thus for example some yeast
genes may belong together in a cluster according to the way they are expressed
when the yeast is forming spores while clustering with other genes under other
conditions.

Section introduces the plaid model as a sum of terms called layers, using
microarray data as motivation. Section describes our approach to fitting this
model to data. Section is devoted to the problem of deciding how many layers

to include in a model. Sections , and present examples using data on food
composition, foreign exchange rates, and yeast respectively.  ur main
interest is in the application, but the other examples give us insight into

how the model wor s. Section 8 compares the plaid model to others in the
literature. Section 9 presents our conclusions.



id od

microarrays allow the measurement of expression levels for a large number
of genes, perhaps all genes of an organism, within a number of di erent experi-
mental samples. The samples may correspond to di erent toxins or time points.
In other cases, the samples may have come from di erent organs, from tumors
or healthy tissue, or from di erent individuals. The data ta e the form of a large

matrix 1 , 1 , where indexes genes and indexes
samples. The value measures the strength with which gene is expressed in
sample . The number of data values can be very large, over with

present technology, and continues to increase with time. Simply visuali ing such
a volume of data is challenging, and extracting biologically relevant nowledge
is harder still.
natural starting point is to form a color image of the data on an by
grid, with each cell colored according to the value of . igure 1 shows one
such image described in Section . The ordering of the rows and sometimes
the columns in such an image can be arbitrary. It is natural then to consider
ways of reordering the rows and columns in order to group together similar
rows and similar columns, thus forming an image with bloc s of similar color.
Bertin (198 ) uses the term reorderable matrix for data of this type and gives
examples of reordering. That text contains a photograph of an old manual device
for reordering matrices. The larger values are represented by dar beads,
and the user can lift and permute rows or columns of beads until a nearly bloc
diagonal pattern emerges. The rows in igure 1 were ordered after running a
hierarchical clustering on the genes.
n ideal reordering of the array would produce an image with some number

of rectangular bloc s on the diagonal. Each bloc would be nearly uniformly
colored, and the part of the image outside of these diagonal bloc s would be
of a neutral bac ground color. This ideal corresponds to the existence of
mutually exclusive and exhaustive clusters of genes, and a corresponding -
way partition of the samples. Every gene in gene-bloc is expressed within,
and only within, those samples in sample-bloc . lgebraically, this ideal
corresponds to the representation

(1)

where  is a bac ground color,  describes the color in bloc is 1 if gene
is in the th gene-bloc ( ero otherwise), and is 1 if sample is in the
th sample-bloc ( ero otherwise). The conditions that every gene and every
sample be in exactly one cluster are then 1 for all , and 1
for all respectively.

It has long been recogni ed (see eedham (19 )) that such an ideal re-
ordering will seldom exist in real data. It is more li ely that the bloc s will
overlap in some places. That is, we may need to allow for some |,
or for some . Similarly there may be some genes or samples that



do not fit well into any cluster. In clustering there is often a miscellaneous (or
ragbag ) cluster for items that do not belong to any well defined cluster. This

corresponds to for some , or for some , assuming that
the ragbag cluster is close to the bac ground level.
If we remove the constraints 1 and 1 from e uation (1)

we obtain a model which represents the data as a sum of possibly overlapping
constant layers that don t have to cover the whole array.

In model (1) a layer describes a response that is shared by all genes in
it for all samples in it. It would also be biologically interesting to identify a
set of genes that had an identical, though not constant, response to a set of
samples. onversely a set of samples with a common expression pattern for a
set of genes would be interesting. The following models support one or other or
both of these notions

( ) ()

( ) ()

( ) ()

where each 1 ,each 1, andif is used, then
to avoid overparameteri ation, with a similar condition on . The name plaid
model describes the appearance of a color image plot of

Each model (1) to ( ) approximates the image by a sum of layers. We use

the notation to represent either | or , Or , Or ,
as needed. We get a little more generality by mixing layer types, so that or
might appear in some but not all . The model may then be written as

a sum of layers,

()

where describes the bac ground layer. In some settings it might ma e sense
to have a bac ground layer with and or terms.
We conclude this section by describing some interpretations of the layers.
If 1 for all , but is not 1 for all , then layer describes a cluster
of samples. converse description applies for a cluster of genes. If the layer
for a cluster of genes contains a term , then that cluster of genes is a set of
-vectors centered near the vector ( ). If that layer also
contains a term  , then the genes cluster along a line segment through this
center.
Each layer may represent the presence of a particular set of biological pro-
cesses or conditions. The values of and provide orderings of the e ects



of layer upon the genes and samples. enes with larger values of are
more greatly a ected under the conditions of layer  than other genes within the
layer. These e ects are also greater for samples with larger values of
If is positive for one gene , and negative for another, then the first
gene is upregulated and the second gene is downregulated within layer

layer may contain some but not all genes, and some but not all samples.
This can be interpreted as a group of genes that express themselves similarly
within the given set of samples. Such layers combine gene clustering with vari-
able selection on the samples. To avoid repetition, we will not describe converses
to all of the features of the plaid model.

These interpretations are most straightforward if there is only one layer,
or if multiple layers do not overlap significantly. Where layers overlap, the
interpretations for layer apply to the values of , after first subtracting the
other layers.

ti  tion

Suppose that we see a plaid model with a small value of

- ()

or each layer , there are ( 1) ( 1) ways to select the participating
genes and conditions. Even for modestly large and , it is impossible to
investigate all possible selections, and so there is no assurance of finding the best
fitting model for a given number  of layers. ordon (199 ) notes that many
clustering problems are  -hard, and we cannot expect the present problem to
be simpler. or an up to date survey of optimi ation issues in clustering, see
ansen & aumard (199 ) . Even though an optimal fit is li ely to be beyond
our ability, we may still find that a numerical search provides an interpretable
layer.
To simplify matters, suppose that we have 1 layers and are see ing the
th layer to minimi e the sum of s uared errors. et

! ( ) ()

where

is the residual from the first 1 layers.
We adopt an iterative approach with each cycle updating values, values
and valuesin turn. et denote all of the values at iteration . Similarly



let and represent all of the and values at iteration . fter

selecting starting values and as described below, we follow full update

iterations. or 1 , at iteration is updated from and

, then is updated from and and finally is updated from

and . otice that genes and conditions are treated symmetrically in

this iteration. The and updates would be the same if they were done in the

opposite order. The final update only changes , so that the final layer
values are , , and

It is convenient to consider and values in a continuous range, only forcing
them to ta es values or 1 in the last one or several iterations. t intermediate
stages, the values of describe a fu y analysis of variance in which
and are not necessarily or 1. In what follows we drop the subscript to
simplify the presentation.

To update the values, given and  we minimi e

! ( ) ) (8)

sub ect to identifying conditions

Straightforward agrange multiplier arguments show that

(1)
C )
( ) (1)
( )
(1)
The update (1 ) for above is the same whether or not the  th layer includes
or , and updates (11) and (1 ) for and  respectively, are the same

whether or not the other is included in the layer. If  is near ero, so observation
is e ectively absent, then is ta en to be ero, and similarly when is close
to ero, ista en to be ero.

iven values for and , the values for that minimi e are



and similarly, given and , the minimi ing values for  are
(1)

The uantities and  pertaining to gene are updated only with data from
that gene. This ma es the updates particularly fast.

We do not allow the values and  to move too uic ly towards or 1, as
this might loc in a suboptimal initial condition. Instead, at iteration |
and  arereplaced by () if they are larger than  and by ()
otherwise.

We have considered starting values alle ualto , and starting values randomly
generated near . The most successful starting values have been found as
follows fix 1 for all and , and perform several iterations updating
and values only. The and vectors then approach multiples of the singular
vectors of  corresponding to the largest singular value. The starting values
are obtained by replacing the singular vectors and by their absolute values,
scaled so that they sum to and respectively.

The search for the largest singular values itself needs starting and values.
The search can fail if it is started with vectors that are orthogonal to . We
start the iteration with and e ual to plus very small random numbers
to reduce the li elihood of such a failure.

iven a set of  layers, it is simple to re-estimate all of the , by cycling
through 1 in turn. These bac fitting cycles tend to be extremely
fast, especially if the layers are small. We do not update the and values in
bac fitting.
eciding how large  should be is the sub ect of Section below.
variant on the algorithm updates  and by where
min(  ( ( )) ) for some nonnegative integer . The e ect is that of
steps the final  of them pic and  values in 1 . We use iterations
to find the starting values, then 1 iterations increasing to and finally
iterations where and  are placed in the set 1 . The algorithm does not
appear to be very sensitive to these choices.
layer can be easier to interpret if every and every has
the same sign (that of ). The algorithm has a unisign option that builds
in a preference of this ind. nder this option, each time  is updated the
algorithm chec s whether and are of the same sign. If not, the value
of is reduced.
In the basic algorithm  tends to approach 1 instead of if including that
gene in the layer reduces the total sum of s uared errors. This can happen



because the gene fits the layer well, or because the gene has a very large residual
a small proportion of which is explained by the layer. The algorithm has an
option to trim away such genes. nder this option, any gene whose sum of
s uared residuals is not reduced by a user specified proportion is released from
the layer ( set to ), possibly to be included in some later layer.

u ri tion

greedy algorithm that adds one layer at a time re uires a stopping rule. We
suppose that as each layer is removed from the data, the residual becomes more
and more li e unstructured noise. We propose a simple rule that will give only
a small number of extra layers once the data have been reduced to noise.
irst we measure the si e or importance of layer by a sum of s uares

We would li e to accept a layer if it is significantly larger than what we would
find in noise. The distribution of  on noise is not nown. Instead of using
that distribution, we expand on a permutation techni ue (called random ) in
Eisen et al. (1998) . et be the residual matrix in which we search for layer

or each 1 , let be a matrix obtained by randomly permuting
every row of and then randomly permuting every column of the result. 1l
( ) permutations are independent and all are uniformly distributed. This
means that when permuting column entries each of  possible permutations is
e ually probable, and similarly for the  possible row permutations. et
denote the si e of the layer found by the algorithm in the randomi ed data

The stopping rule is if max and add the new
layer to the model, otherwise stop. ere is a prespecified limit on the
number of layers in the model.

ne way to characteri e noise, is to say that the data values are independent
of row and column labels. The chance of accepting a layer in such noise is
1 1). Tt is reasonable to suppose that the probability of accepting
or more layers from noise is approximately ( 1) , and that the expected
number of layers accepted after the residual has become noise is approximately
1 . These approximations would be the exact, if subtracting a layer from noise
left a residual that was noise.
ne might choose 99 (or 19) to giveonly a1 (respectively ) chance

of accepting a layer in noise. We prefer to wor with on small data
sets and on larger ones. omputational costs are proportional to 1,
so this represents a worthwhile speedup, at the expense of slightly raising the
expected number of noise layers.

In practice we have seen that this stopping rule sometimes gives a large num-
ber of layers. When this happens the real layer is always somewhat bigger than
the ones fitted to permuted data, but as  increases both and usually



decrease. ne interpretation is that such layers are statistically significant even
though they may not be practically significant. The data analyst could rea-
sonably delete them from the model or not bother to interpret them. In other
examples, the stopping rule gives a small number of layers.

There is a small ris that this rule will stop too soon because an unusually
highly structured random permutation might was generated. This ris can be
reduced by accepting a layer if at most of randomi ed layers are larger than
it. The probability of accepting a layer fit to noiseis ( 1) and the expected

number of layers found in noise is then close to (1) ( ). We have found
the original stopping rule to be acceptable.
ood

The first example uses nutritional data from 9 1 di erent foods. This data
was found at . or each food,
the following were recorded grams of fat, calories of food energy, grams of
carbohydrate, grams of protein, milligrams of cholesterol, grams of saturated
fat, and the weight of the food item in grams. Some foods appear in di erent
serving si es, as for example a piece of cherry pie, or an entire pie. To measure
food composition, each of the first  variable values was divided by the weight of
the food item, yielding the value for food and composition variable . The
calorie values have a variance that is over 8 times as large as the saturated
fat values. To e uali e the variance, the data were centered and scaled, leading
to

where (1) and (1) ( ) .

By ta ing out the mean of each column, the bac ground layer corresponds
to foods and food measures near the column averages. Some foods are unusually
rich by some measures. or example, egg yol s are about 18 standard deviations
above the mean.  few foods (li e salt) have low values in all measures. If we
had not subtracted out the columns means, such foods would have been at the
bac ground level.

ur algorithm was as follows we searched for up to 1 layers containing
both and  components. We used shu es in the stopping rule, opted to

prefer a common sign for and for within each layer, and released
any row (or column) from a layer if oining the layer did not reduce its sum of
s uares by at least 1 . 111 layers were larger than noise. We decided to

drop the last layers because they were small. The layer si es during and after
search are shown in Table 1.
ayer 1 contains 18 foods and the variables fat proportion, saturated fat
proportion and calories per gram, as shown in Table . Because 1
these foods are about 1  standard deviations above the mean. The values of
range from 1 standard deviations for fat proportion to 9 standard



1
11199 9.8 809. 98 .9 1 1 99.
9 . . .9 9 . 1 . 9.9
811. 8 | 1 .89 . 8 9 91 88.88 8 1.1
91 .1 19 .8 .9 9. . 9.
1. 198. 8 18 . 9. . 9 8
1 . 1 .9 L0111 .1 .
1 9.99 9.9 1.
8 8 . 8 . 1.
9| 1 1 . .8 8. 1 8.
1 1 1 1 9] 1 .8

Table 1 Shown are the layer si es for the food example.  are the si es found
during greedy training. are the corresponding si es found on randomi ed
data. The final two columns show  for 1 and layers respectively, after
bac fitting.

deviations for calories per gram. These are high calorie fatty foods. The
foods with the highest  are listed in Table . This layer also contains more
oils, margarines, nuts and some dairy products.

ayer is described in Table . This layer contains foods that are high in
cholesterol and especially high in protein. or protein the value of is 8
standard deviations, and for cholesterol it is standard deviations. This
layer also contains some more meats, seafoods, nuts and cheeses.

ayer , shown in Table contains foods that are low in all of the variables
except possibly cholesterol. ost are also low in cholesterol, as indeed are most
of the foods not in this layer.

ayer is presented in Table . It contains foods that are on average 1
standard deviations above the mean in proportion of carbohydrate. The ap-
pearance of brea fast cereals near to pure sugar reflects that both have high
carbohydrate counts. data set that bro e carbohydrates into fiber, starch
and sugar or that included vitamin content would be li ely to distinguish these
foods.

ayer , shown in Table has foods that are on average 9 standard devi-
ations above the mean in cholesterol. The cholesterol distribution is extremely
s ewed.

orin ¢ n

The raw data for this example are monthly foreign exchange values or
1 and currency 1 , denotes the number of units of that
currency that one S dollar purchased in that month. The values that we study



1
.8 1
.8 1 TBS
81| B TTE ,S TE 1
.81 | B TTE , S TE 1
B TTE ,S TE 1TBS
B TTE |, S TE 1TBS
B TTE ,S TE 1 T
. B TTE |, S TE 1 T
1 TS, I E ETB S TE 1TBS
A1 TS, I E ETB S TE 1
1. S BE - TI SEE 1, 1 TBS
1. S BE - TT SEE 1, 1
1. E T I 1TBS
1. E T I 1
1. S BE I, E TE 1TBS
1. S BE I, E TE 1
1. I E I 1TBS
1. IE I1
1.1 I 1TBS
1.9 I1
1 at roportion
- Saturated at roportion
-.9 alories per ram

Table  Shown are the top  of 18 foods in ayer 1.

are the monthly logarithmic returns to the currencies

log —— 1 1
The raw data, obtained from Bloomberg, covers months from anuary
19 to anuary inclusive, and so there are returns. There are

18 currencies, corresponding to these countries Belgium, anada, en-

mar , etherlands, inland, rance, ermany,India, apan, alaysia, exico,

orway, South frica, Spain, Sri an a, Sweden, Swit erland, and the nited
States.

Because all of the data are in the same units, we chose not to ma e the
variances e ual. We also did not ad ust for the mean. This way, we have made
the bac ground layer correspond to the S dollar.

Setting row and column release criteria to 1 and prefering constant sign,
the algorithm terminates after finding layers. ayer one describes 1 months



11
.88 E TI , 1E E
1. BEE E T,B ISE
1. SE WEE ,S I I , IE 1
1. ES EESE, TE 1
1. ES EESE, TE 1
1. B, S, ,B ISE | E 1.
9 |S T | E , I E
9 ES EESE, TE 1 TBS
9 B, S, ,B ISE , E
8 S E,B IS, E
, I ,B I, E
1| BEE , ,BTT , E .8
1| BEE , , B E, E
E 1B, E T, STE
I E , STE STI 1.
I E, IE , ,B E ST
B TTE 1 |, IE 1
E ST, B E S, , TI E1
T , , W T | W ITE
, E ,B , E , E S1I
.8 rotein roportion
-.8 holesterol roportion x 1
Table  Shown are the top of 1 foods in ayer

when the
scribes

months when the
ayer three describes 9 months when the

S dollar strengthened against 11 other currencies.
exican peso wea ened against the
S dollar wea ened against the same

11 currencies from layer 1. The si es of the layers are 1

111. fter fitting

Sri
a larger si e.

an a wea ened against the

The 11 currencies in layers 1 and were those of Belgium,

rance, ermany, apan, etherlands,
land. When the dollar was wea ening, too the value
tight range from (Spain) to

the dollar was

ening, too the value
( 1 ) while the othe
1 ( inland).

ctober 19 8 with

r currencies ranged from

11

ayer two de-

layers, the residual has sum of s uares e ual to
The fourth layer found in a greedy search has months in which the currency of
S dollar, but one of three shu ed layers had

enmar
orway, Spain, Sweden, and Swit er-
9,and wasina
9 (Swit erland). The worst month for

9. When the dollar was strength-
apan lost the least ground in those months
(Swit erland) to




1 ., IET, S T E 1

-1 SE, EEE- IE 1TBS

-1 , IET, S T E S 1
-1 EE,B EWE

- .1|S T1TS

~.1|TE ,B EWE 8

-1 BS 1

-1 , IET, S I 1

~.1| ETT EBTIE E , W,E El E
_.1|TE ,IST T, E , SWEETE 8
-1 EE,IST T, E E

19| I ES, BE, I 11 E
18| EE , S T E WST 18T
-1 |BEE B T ,B , S 1

-1 I S , E T, E E1 T
-1 |BEE, I T1

-1 BE ,W EE S I ES

-1 | EIT E, IS E , WWE EIWE E
1| ETT E, IS E , W, E 1 E
1| IE , IE 1TBS

- alories per ram
rotein roportion
arbohydrate roportion
. at roportion

.11 | Saturated at roportion

Table  Shown are the top  of 9 foods in ayer

anada does not appear in these layers. The anadian currency is closely
tied to the S currency, which represents the bac ground.

ayer , has 1, corresponding to a more than 1  decline in the
exican currency in one month. The distribution of the  values for this layer
is very s ewed. The extreme months are ecember 198 ( ), une
19 ( ) and ebruary 198 ( ). There are other months
between and
n r iond t

igure 1 shows yeast gene expression data used by Eisen et al. (1998). The
data are available at http rana.stanford.edu clustering. The columns rep-
resent timepoints within each of ten experimental series. These experiments



1

1. S , WEE SITE 1

1. S , W ITE, TE 1 T

1. S , W ITE, TE 1 TBS

1.1|8S , W ITE, TE 1

1. 8 1

1.8 S ,B W , ESSE W 1

1. I W E 1TS

1. T, TE 1

1. S STE ES, E 1

1. E BE S1

1. S E S IS EE 1

1. v W T I

1. B 1

1.1 T S EE 1

1.1 IE ISIES EE 1

1.1 S1

1.1 | S S S EE 1

1.1 |TI EE 1

1.11 I 1TS

1 , S S TE 1
arbohydrate roportion

Table  Shown are the top  of foods in ayer

are reported in e isi, Iyer & Brown (199 ), Spellman, Sherloc , hang, Iyer,
nders, Eisen, Brown, Botstein & utcher (1998), and hu, e isi, Eisen,
ulholland, Botstein, Brown & ers owit (1998).
The columns in this data are denoted by the following prefixes alpha (columns
1-18),Elu (19- ),cdc( - ),spo( 8 ),spo ( - ),spo-( - 8), heat( 9-
),dtt (- 8),cold ( 9- ), diau ( - 9). Experiments one to three examine
the mitotic cell cycle. Experiments four to six trac di erent strains of yeast
during sporulation. Experiments seven to nine trac expression following ex-
posure to di erent types of shoc s. Experiment ten studies the diauxic shift.
Each of the rows represents a single probe on the microarray designed to
detect the expression level of a particular gene. The rows are ordered according
to the results of the hierarchical clustering algorithm to illustrate the relation-
ships revealed by that approach. The colors in the image (red high, blue low)
correspond to values of log , where is a measurement representing
the expression level of gene obtained from a scanned image of the microarray
used to assay sample The original downloaded data contained values of
alues for missing data (19 of the data) were imputed using the sum of the



9
1.18|E S, W, 1
1 I E IE, E 1 1E
E S, E, IE 1E
BEE I E , 1IE
E S, E , - E 1E
E S, W, W E1E
1|E S, E , E 1E
. E S, E ,S B E E ET1E
.1|B TTE , S TE 1TBS
.1|B TTE ,S TE 1TBS
. E, E I 1SI1TE
.9|B TTE |, S TE 1 T
9/B TTE ,S TE 1 T
9 E, E I 1
B TTE , S TE 1
. B TTE ,S TE 1
.1/S 1 , E IE
. B S WEI E S I ES
- EESE E1l E
- EESE El1 IE E
holesterol roportion x 1

Table  Shown are the top  of 9 foodsin ayer

row and column means less the overall mean. nnotation of the genes in the
downloaded file was slightly edited to save space.

We used both gene and sample e ects in the bac ground and in the layers.
This choice of bac ground layer ac nowledges that genes and samples both have
di erent expression levels, and focuses the search for biological interpretation on
their interactions. We searched for up to  layers with the unisign option on,
row and column release criteria set to and shu ing times for each layer.

fter the th layer, the algorithm was unable to find a layer that retained any
rows under the release criterion.
verall, the  layers and the bac ground contained 8 parameters, fewer
than of the number of observations. igure shows the complete fitted
model, which recovers much of the visually apparent structure in the original
data. ayers tend to decrease both in si e of e ect and number of genes as the
algorithm proceeds. Towards the end, the algorithm discards large numbers of
genes due to the release criterion. ot surprisingly, the typical sample belongs
to more layers than does the typical gene. The number of columns per layer
remains more or less constant throughout the analysis. Bac ground alone ac-



o. of ayers enes | Samples bservations
1
1 11 8
9 1
1 11 11
-18 1 9
Total 9 19 89

Table  Shown are the numbers of genes, samples and observations appearing
in , 1 or more layers.

counted for 8 of the genes and of the samples in the data. (See Table .) n
additional of the genes were in a single layer. verall, 88 of the data was
explained by bac ground alone. There was little overlap among the layers, with
fewer than 1 of the data falling into more than one layer.

The plaid model consistently puts columns from the same experimental series
together within layers. Table 8 shows the column e ects in the first layers.

nly in layer is an intermediate timepoint (column 1,cdc1 ) excluded when
timepoints both before and after are included in the layer. Similar patterns were
seen in subse uent layers. The sporulation data enter into of the first layers
because of the greater variability in those experiments.
ayers 1 and contain the same samples and share no genes in common.
In igure 1, these layers correspond to the band running through columns 9
8. The timepoints are hours , , , 9 and 11 during sporulation in one yeast
strain and hours and in a second yeast strain. These were the only times at
which the second strain was assayed. n average, the genes in layer 1 are
upregulated to 19 of their bac ground levels, wheras the 1 genes of layer
are downregulated to of their bac ground level.
igure shows how the e ects of layers 1 and mirror each other across the
selected samples. igure shows the means of the data for the same genes and
samples. The mirroring e ect is not visible in the original data, but is visible
in the plaid model after subtraction of the bac ground and other layers.

Table 9 shows the 1 most a ected genes under layers 1 and . ayer 1
includes many genes involved in the cell cycle. ayer includes many genes
involved in glycolysis.

ayer is dominated by genes that produce ribosomal proteins involved in
protein synthesis in which is translated. The layer contains 1 samples,
1 genes and has It includes 11 of the 1  non-mitochondrial
ribosomal proteins identified in the data. ost of the ribosomal protein genes
(1 ) are among the 1 most a ected genes in layer . ayer includes all
five of the acidic ribosomal proteins and none of the 9 mitochondrial ribosomal
proteins. ayer contains several other genes also involved in translation and
in transcription. The genes in layer are downregulated ( 1 9) reaching
to of their bac ground levels. This downregulation occurs within 1



Sample e ects ( ) in first layers
Sample 1
19 Elu
9cdcl .
cde 1 .9
lcdel
cde 19
cde 1
cdc .
cdc .8
cde .
cde 9 .89
9 spo . -1.18 | - .81
spo 1 -1.18 | -1. 1
1 spo -1. -1.1 9
spo 9 .
spo 11 -1.1 9
Spo 9
spo 11
spo-early | 1,19 | - .1 | -1.
8 spo-mid | 1.1 |-.19 ] -1.
heat 1 -1.19 1. -1.
1 heat -1. 1.1 | -1.1
heat -1. .1 -1,
heat 8 - . -
heat 1 - .8 -
dtt
dtt
8 dtt 1 . -.1
1 cold -.9
cold 1 -.9
diau e .
8 diau f -1. 1. -
9 diau g -1. 1. -8 .8

Table 8 Shown are the column e ects for the first layers of the yeast expression
data. olumns that do not appear in these layers are omitted, unless they fall
between two timepoints included in a single layer.

samples from early stage of sporulation, in the diauxic shift and following cold
and heat shoc . (See Table 8)

Table 1 lists all layers containing more than one ribosomal protein. ine
of the 1 non-mitochondrial ribosomal proteins that do not appear in layer
appear in layer . Interestingly, seven of these form a continuous set (numbers



11 ayer 1
ene, nown function
E 11, cell wall biogenesis
E 1, leucine biosynthesis, -isopropylmalate dehydratase
S1, cell cycle, anaphase inhibitor (putative)
, cell cycle, - protein inase
I 1, cytos eleton, spindle pole body associated protein

1. B , cell cycle, 1-S cyclin
1. meiosis, chec point
1. ST  cytos elton, spindle pole body component
1. B T1, branched chain amino acid, transaminase
1. , replication, origin recognition complex, ...
1. , cell cycle, anaphase-promoting complex subunit
1.1 I, export, putative, -binding proteinli ation
1 ayer
ene, nown function
- .11 1, glycolysis, glyceraldehyde- -phosphate dehydrogenase 1

T
. T 1, pentose phosphate cycle, trans etolase

-1.99 1, glycolysis, phosphoglycerate inase

-1.9 | E , glycolysis, enolase I1

-1.8 | T , glycolysis, glyceraldehyde- -phosphate dehydrogenase
-1. 9 1, diauxic shift, response to nutrient limitation

-1. T , glycolysis, glyceraldehyde- -phosphate dehydrogenase
-1. 8 | T I1, glycolysis, triophosphate isomerase

-1. 9 B 1, glycolysis, aldolase

-1. B , bud site selection
-1. 9 1, glycolysis, phosphoglycerate mutase
-1. , ethanol utili ation, acetaldehyde dehydrogenase

Table 9 Shown are the top 1 genes of ayers 1 and

1 1 -1 1) in the hierarchical-clustering order, separated in that analysis from
the main group of ribosomal proteins by four other genes. ayer is less strongly
downregulated ( ) than layer and contains none of the sporulation
samples. (See Table 8.)

ater layers also exhibit biological patterns. or example, the 89 genes in
layer  include 18 of the  proteasome subunits. Interestingly, the most down-

regulated gene in layer is ET ( 1 1), which encodes a cell
surface ferroxidase involved in transport. ET is also the most downregulated
non-ribosomal protein in layer ( 18 ). ayers and shareonly

one other gene S , an asparagine synthetase involved in asparagine biosyn-
thesis. either ET nor S  appearin any other layers. n interpretation is
that ET and S  behaveli e ribosomal proteins under the conditions rep-
resented within layer and li e the proteasome subunits under the conditions



ayer 11 1 1 1 1 9 1 11
enes 1 118 98 | 11 111 91| 89
cidic 1
ito. 8 1 1 1 9
ther | 1 9 9 1 1 1 1 119
11 s |11 1 1 9 1 1

Table 1  Shown are types of ribosomal proteins within all layers containing
more than one such gene.

represented in layer . These latter conditions include the mitotic cell cycle
(columns , , , , ) and later stages of sporulation (columns , ,
)

Some of the later layers are uite small. ayer  contains 1 samples and
only genes, of which are cytos eleton genes. The complete layer is shown in
Table 11.

o ri on

This section surveys literature and methods related to the plaid model.

The singular value decomposition (S ) of a matrix is a sum
min( ) (1)

where are orthogonal vectors, are mutually orthogonal
vectors, and are the singular values. This is similar to a plaid model
with and ( ) , and ( ) . The plaid
model di ers in that the vectors from di erent layers are not constrained to be
orthogonal. In plaid models, and are constrained to ta e values in 1.
ore complicated plaid models with and terms can not be written as
di erently constrained S  s.

The semi-discrete decomposition (S ) ta es the form (1 ) except that the ele-
ments of and belongtotheset 1 1. olda&  eary (1998) report
that the S provides faster and more space e cient information retrieval than
the S . InI applications the row represents a term (such as a word), the
column represents a document (such as an article or web page) and the raw

18




9 ayer
ene, nown function
1, carbohydrate metabolism, dihydroxyacetone inase
I 1, cytos eleton, actin cortical patch component
, cytos eleton, -actin capping protein subunit
, protein folding, peptidyl-prolyl cis-trans isomerase
. 1, protein degradation, s proteasome subunit (beta )
.9 1, glycolysis, pyruvate dehydrogenase
, cytos eleton, myosin, class I
olumn, sample
. 8 , heat 1
1, heat
8, dtt 1
, dtt
19, Elu
1, Elu
. 8, diau f
.9 , Spo
. 8 , cde
,ede 9
, Elu
,Elu 9
,dtt 1
, cde
, Spo- early

Table 11 Shown is layer  of the yeast expression data.

data value contains the number of times that term appears in document
. Typically a transformation is applied to the values before fitting an S
oran S . The algorithm for estimating the S alternates between updating
values and and  values. That algorithm eeps 1 1 atall
stages.

ee & Seung (1999) describe a non-negative matrix factori ation. It can be

written as in e uation (1 ) with all 1, and with all elements of  and
constrained to be non-negative. They illustrate the decomposition on images
and on information retrieval problems. nce again, an alternating iterative

algorithm is used. Their preferred algorithm is based on a oisson li elihood,
though they also describe one based on sums of s uares.
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s ee & Seung (1999) point out, -means style clustering of data rows (or of
columns) can be cast in the form (1 ). To cluster the rows of ta e 1
and constrain each  to have one element e ual to 1 and all the others . Then

are the cluster centers.
dditive clustering (Shepard & rabie 19 9) is a method for describing

similarities among a group of observations. ere , the rows and columns
of  describe the same set of ob ects, and the value is a number describing
the similarity between ob ects and . dditive clustering fits the model (1 )
with the constraints 1.

dditive clustering and plaid models both allow clusters to overlap. rabie
& ubert (199 ) survey the literature on overlapping clusters.

Eisen et al. (1998) cluster the rows and columns of their data using hier-
archical clustering. Tibshirani, astie, Eisen, oss, Botstein & Brown (1999)
introduce gene shaving. In shaving a cluster is formed around the largest prin-
cipal component of the data. Structure corresponding to such a cluster is then
removed, and a new cluster forms around the principal component of the remain-
der. In gene shaving the model ta es the form (1 ) with 1, 1 1
and the principal component vector elements unconstrained.

ofmann, u icha & ordan (1999) propose a two-sided clustering model for
dyadic (co-occurence) data. This data ta es the form 1 , for example a
1 representing that a person has seen movie . They describe clusters through
unobserved latent class variables, and employ an E  algorithm to estimate their
model.

i cu ion

The plaid model is a form of overlapping two-sided clustering, with an embedded
anova in each layer.

In this article we have presented an algorithm for finding plaid models, and
a way of protecting against the introduction of noisy terms in a greedy model
search. This may turn out to be of use in other greedy search algorithms.

We expect that the algorithm could be improved. ur updating algorithms
ad ust each  and individually instead of ointly. This is driven by con-
siderations of speed ratios are much faster to compute than is an
dimensional optimi ation. In some cases this simultaneous ad ustment gives rise
to null layers with all

laid models are exploratory tools, li e cluster analysis. ust as in cluster
analysis and many other multivariate methods, the results are sensitive to scal-
ing of the data. If the columns of the yeast expression data are scaled to have
a common variance, then the ribosomal protein layer is found first. Similarly
when the food variables are not scaled the first layer only involves the calories
per gram of food column, because that one has by far the largest variance. If
the foods are not normali ed by weight, then the first layer is dominated by the



large foods, such as entire ca es, pies, loafs and half gallons of ice cream. These
other clusterings are as real as the ones we report. When a choice is to be made
among them, it must be based on a decision of what aspect of the data is of
interest.

We have also found that the results can change in response to changes in the
algorithm. The features we present are ones that have been found more than
once in repeated analyses of the data. This is consistent with advice given by

artigan (19 ) for clustering. or the food data, the first layer is invariably
driven by lard, butter and oils, but the number of foods in this layer can depend
on options of the algorithm. or the yeast data, the mirror imaged sporulation
layers can be the first and second ones after the bac ground, or they can be the
first and fourth, but they are a strong feature that is invariably present.

In our examples, we have found interpretable structure in genetics data,
foreign exchange data, and nutrition data. These structures are clearly not
noise artifacts.
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